BOTT’S LECTURE NOTES ON MORSE THEORY AT UCLA

GUORAN YE

ABSTRACT. These notes, typed in 2020, are based on lectures given by Raoul
Bott on Morse Theory at UCLA in February 2002. However, the contents
are reorganized and supplemented, since the original lectures, after almost two
decades, are only preserved as handwritten notes that are not very clear. These
notes cover the basics of classical Morse theory, its applications to compact
Lie groups, which ultimately leads to the proof of the Bott periodicity theo-
rem. Section two also includes a very brief introduction of Witten’s alternative
approach to Morse theory.
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1. BABY MORSE THEORY

In this section, we will go through the basics of Morse theory, which Bott calls
“Baby Morse Theory”. Some of the theorems mentioned will be proved in later
sections. Good references include the first chapter of Milnor’s Morse theory ([1])
as well as sections 1-3 in Bott’s earlier lecture notes ([2]).

Definition 1.1. M is a compact n-dimensional manifold and f : M — R is smooth.

A point, p, is a called a critical point if % p= 0 in local coordinates. It is called

non-degenerate if det(% lp) # 0.
It is clear that non-degenerate critical points are isolated.

Definition 1.2. The index, A(p), of a non-degenerate critical point p is the number
2
of negative eigenvalues of (% p), the Hessian of f at p.
Given a smooth function on a manifold M with non-degenerate critical points,
the Morse inequalities relate the number of critical points of f to the Betti numbers
of M.
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Theorem 1.3. If Mi(f) = >, critical tMP)  then we have the Morse inequalities
Mi(f) = P(M, K) = (1+6)Qxk (1),
where Qx (t) is a polynomial with non-negative coefficients and
P(M,K) =Y thdimx H* (M, K).
k

Here P,(M, K) in the above theorem is referred to as the Poincare series. The
following is another more explicit statement of the Morse inequalities (see [1] and
[2]). In this statement, c¢;, h;, and ¢; corresponds to the coefficients of M;(f),
Py(M,K), and Qk(t), respectively.

Theorem 1.3°. Let ¢; be the number of critical points of index i of f and h; the
i-th Betti number of M. Then there exists a sequence of non-negative integers
q-1 =0,q0,q1, ... such that
Ci_hi:qi'i_qifh i=0,1,2,..

Therefore, there is a sequence of inequalities:

co > ho

c1—co > hy—ho
ca+c1—co>ha—hi+ho

The Morse inequalities follow from the following assertions.

Theorem A. Let M, = {p| f(p) < a}, My, = {p| f(p) < b}, a <b. If there are
no critical points between a and b, then M, ~ M, are diffeomorphic.

Theorem B. If there exists one non-degenerate critical point p in (a,b], then
My, = M, U P,
These two theorems are also due to Morse and need the following facts:
(1) Morse Lemma: Near a non-degenerate critical point of f, one can introduce
a non-degenerate local coordinate such that
I T RIEE Su NETRES )
(2) Existence Theorem on ODE: Put a Riemannian structure on M, change df
to the gradient vector field V f characterized by df(Y) = (Vf,Y).

Theorem A is immediate if we follow the flow of Vf. Theorem B can be in-
tuitively understood by looking at the level sets of f = f(p) — y* — 22 where
=2+ 22+ + xf\ Lyt = x?\ﬂ + .-+ 22, and p is the critical point. (Figure

1)

2. SMALE’S AND WITTEN’S APPROACH TO MORSE THEORY

In this approach, instead of a smooth function f, we consider its gradient vector
field Vf. On a compact manifold M, the function f : M — R must have critical
points (since max and min always exist). The gradient flow gives us a trajectory
from one critical point, say p, to another critical point, say q. Physicists call this
trajectory an “instanton” since a particle moving along this trajectory spends a lot
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FIGURE 1. L: level sets of f near p; R: Attaching a A(p)-cell to M,

of time near p, whips across from p to ¢ in an instant, and spends a lot of time near

q.
At a critical point p, the flows starting at p form a cell W,” and those ending at

p form a cell VVPJr . An example on the torus can be seen in figure 2.

Wp
\
/ A
¢
y
Wp
FIGURE 2.
What we would like to do is to show that we can deform the function so that the

cell W~ has flows running into cell W, for A, = A, 4 1 throughout the manifold,
then we would have a CW-structure on M.

hon-generie Oenm‘c

FIGURE 3.
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Generically, we have the following. W; , W, intersect as generically as they
can if and only if the dimension of Wq"' NW, is Ay — Ap + 1. Back to the torus
example, the height function does not give us a generic case. We get a generic case
by perturbing the function a little bit. (figure 3)

In such a construction, we get a CW-structure on M, thus an algorithm for
obtaining the cohomology of M, which also gives us the Morse inequalities.

Proposition 2.1. We can get the cohomology, H*(M) , of a manifold M as fol-
lows:

(1) Choose a non-degenerate generic Morse function, f, such that the corre-
sponding Wq"’, W, intersect generically whenever Ay = Ap + 1.
(2) Construct the chain complex Cf (M) = @ ... ot p Rep, where e, = WF and
dim e, = Ap.
(3) The differential operators d : Cy, — Cr_1 are defined by de, = > +te,,
where the sum is over all q such that there exists instanton from q to p,
e, Ag=Ap + 1.
Then H*(M) = H*(C¥(M)).
The above construction is mainly due to Smale. Witten further developed the
theory using Hodge Theory.

Hodge Theory

First, we have the de Rham complex
QO(M) — QY (M) — Q2(M) —4 ... —Ls Qn(M) .

Nowadays, we view Q9(M) as the space of cross sections of exterior power of the

cotangent bundle:
q
QUM)=T (/\T*M) .

Since d? = 0, we get the de Rham cohomology
Kerd
Tmd
We can see that H};(—) is a contravariant functor, and H}y (M) is finite dimen-
sional for M compact.

Now, let’s put a Riemannian metric (g;;) on an oriented manifold M (i.e. positive
definite inner product on T, M) and define a global inner product:

<W777>:/M9(W»77)V01=/Mw/\77.

Then we can the take adjoint of the de Rham differentials and get
(d*w,n) = {w, dn)

Higr(M) =

This gives us

d d d d

QPM) == QM) == P(M) — - == Q"(M)

Definition 2.2. The Laplacian is A := dd* + d*d
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Example 2.3. M =R, d: f — %daﬁ. Since fol(fg)’dx = 0, we have fol f'gdx =
— [ fg'dx. So d* : fdu— —2L.
Theorem 2.4 (Hodge). We have the following decomposition:
Q1(M) = P Q5 (M),
A

where Qf (M) = {g—forms ¢ : Ap = \p}, and N’s range over a discrete set.

Corollary 2.5. The total cohomology is the direct sum of cohomologies over X s,
i.e. H* = @ Hj, where H is the cohomology of the chain complex

QN (M) SN QL (M) b, Q3 (M) SN SN QyM) .

Proof. Since A = dd* + d*d we have Ad = dA = dd*d, so d preserves eigenspaces.
O

A2 I
LN 74

J\b\-‘ R L R
) 3+

\/L‘;'\‘L‘—" — niz_'—'———k ¢

A ¥
FIGURE 4. Hodge decomposition

Corollary 2.6. H*(M) ~ H*(M) = Qf where H* denotes the subcomplex of *
of harmonic forms.

Proof. By Corollary 2.5, we only need to compute H} for each A\. For A > 0,

d d*
Ayp =\ d— + —d=1.
AP P = h + h
If o is closed, i.e. dp =0, then

d*
d _ =
(o) =e¢
so ¢ is also exact, thus HY = 0 for all A > 0. (]

Having (Q*(M),d), the de Rham complex, we now deform the differential to
ds = e %/de®’, which doesn’t change the cohomology, i.e. HX(M) = H*(M).
Applying Hodge theory, we get the corresponding Laplacian A.

Example 2.7. Consider M = S'. As in example 2.3, we have
dp=9¢  do=—¢
then
dep = e 3 desl ¢ = e (sf'es! +e57¢)) = 0+ sf'.
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So ds = 0+ sf’ and similarly, d* = —9 + sf’. Consider the function f = c+ ””—22 at
a minimum (which is a critical point), we have

A =dfody, = (0+sf) (=0 +sf)=—0%+ s*x* — sf"
Al =d,od: = (=0 +sf)0+sf) = 0%+ s%2® + sf"

where f” = 1. To physicists, H, = —0% +s22? is the quantum mechanical harmonic
oscillator, which has a known spectrum: for s > 0, Spec(H,) = s, 3s, bs, ..., thus
Spec(A?) = 0,2s,4s, ... Spec(Al) = 2s,4s, 6s, ...
Similarly, at a maximum of the function f, we have
Spec(A?) = 25,45, 6s, ... Spec(A}) = 0,2s,4s, ...

Recall that the cohomology are the harmonic parts, we can see that the 0-th co-
homology is induced by functions ”concentrated” near the minima and the 1-st
cohomology is induced by 1-forms ”concentrated” near the maxima.

The above situation is not a coincidence, and in fact, we have the eigenspace of
AF induced by k-forms ”concentrated” near critical points of index k. In fact, for s
very large, the complex (2%*(M), ds), which is (Q* (M), ds) restricted to eigenspaces
with eigenvalue less than some a > 0, is exactly the complex constructed in propo-
sition 2.1 with basis in terms of critical points. Then, by H*(M) = H**(M), we
have a similar result to proposition 2.1 which gives us a ways to compute H*(M)
in terms of critical points, so now we can prove the Morse inequalities.

Proof. We show Witten’s proof of Morse inequalities. We have the two exact se-
quences:

0—2Z2—C-%B—0 0-—B-—Z-—H-—0
where Z is the cell complex, B is the boundary, C' is the cycle and H is the coho-
mology. Counting in each dimension, we have for their corresponding polynomials
By

Zt—’_T:C’t’ Zt:Bt+Ht.

Subtracting, we have

B B

with positive integer coefficients, which implies Morse inequalities. O

A richer explanation of this section can be found in Bott’s other lecture notes
which this document also uses as a reference. ([3])

3. MORE ON BABY MORSE THEORY
We now return to the classical approach. In the 1940’s, people did Morse Theory
with the Eilenberg-Steenrod axioms:

(0) H* is contravariant on spaces.
(1) H*(p) =R for a point p.
(2) For X = U UV, we have the Mayer-Vietoris sequence

= HY(X) > H* (U)o H (V) = H(UNV) = H(X) — ...

(3) Homotopic maps induce the same map in cohomology.
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When we attach e* to X, we have
Xnet SN s Xuer X up— Xuel
Then we have the Mayer-Vietoris Sequence in dimension A:
0— H Y XUe - HNYX)a H  (p) —
H NS = HMNX uet) — HNX) @ H p) — 0,

which simplifies to
0= HMLHX Ue) —» HLHX) SR HNX Ued) = HNX) — 0.

Let AH? be the change of the Poincare series in degree A by attaching e to X,
then

(1) If a* is onto, then HA(X) = HMX Ue*), AH =0, AH* 1 = AL,

(2) If a* is zero, then H*1(X) = H* Y (X uet), AH*» =t} AH 1 =0.
Then the change in poincare series: AP, = t* or AP, = —t*~1, while AM, = t\.
So A(My; — P,) = 0 or A(M; — P,) = t*~1 + ¢}, both of which have non-negative
coeflicients. Thus we have proved the Morse inequalities, as we recall:

Theorem 1.3. For the Morse function My(f) = >, tAP) we have the Morse
inequalities
Mi(f) = P(M, K) = (1+t)Qxk (1),

where Qk (t) is a polynomial with non-negative coefficients and Py(M, K) is the
Poincare series:
P(M,K) =) thdimg H*(M, K)
k

By now, we have introduced three approaches to obtain the Morse inequalities.
The first by Smale; the second by Witten; and the third by Morse, as given above.
Now we give a corollary useful for computing homology.

Corollary 3.1. Let the notations be the same as those in Theorem 1.3.

(1) Lacunary Principle: If M;(f) = Y. ma(f)t*, and mx(f)mr1(f) = 0
for all X, then My(f) = P:(M).

(2) Completion Principle: If to each critical point p, we can assign a com-
pact submanifold N, such that p is a non-degenerate maximum for f|n, ,
then P,(M) = M(f) and the fundamental classes of the H.(N,)’s form a
homology basis of H.(M) over Z/2Z. If all N,’s are orientable, then the
result also holds over Z.

Proof. The Lacunary Principle is an immediate consequence of the Morse inequal-
ities. It applies whenever there are no critical points with adjacent indices.

We now prove the Completion Principle.

Set f(p) = a. Since p is a non-degenerate (also assumed unique) maximum of
f|n,, by the Morse Lemma, we have local coordinates x = (z1,...,2x) of N, near
p, such that

fln,(x) =a—a}—..—23.

We can extend x to coordinates of M near p, (z1,...,Zx,Zx41,...,Ln) such that

f@) =a—a?— . —ad 4 ad ok
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Then by Morse theory, we have
(Np)* = (Np)* U et
M® = M%<y 6)\

where the boundary of the A-cell, é* is {22 + ... + 2} = ;241 = ... = 2, = 0}.
Since f(p) = a is the unique maximum of f|y,, e corresponds to the nontriv-
ial top homology class of H,(Np), so é* is homologically trivial in N,, thus also
homologically trivial in M. Therefore it also induces a homology class in Hy(M).

Recall that the CW-complex is built up by attaching one cell at each critical
point. When a cell is attached during this process, it immediately induces a non-

trivial homology class as shown above. Since é* is homologically trivial for every
cell attached later, this homology class remains nontrivial in H(M). ]

If the conditions of the lacunary principle or the completion principle are satis-
fied, we see that the Morse inequalities become equalities, namely

My(f) = P.(M).
In this case, we call f a perfect Morse function.

Example 3.2. Find the Z/2Z homology of the real projective space RP™. (Refer
to the CP™ case in Milnor’s Morse Theory)

We think of RP™ as S™/ ~, or equivalence classes of (n + 1)-tuples (zo, ..., )
of real numbers, with 3" |x;|> = 1. Denote the equivalence classes of (g, ...z,,) as
(zo :...: xp). Then define a Morse function f: RP™ — R by

flag:imy) = ch|xj|2,

where ¢y < ¢1... < ¢, are distinct real constants. The fact that they are distinct
guarantees that the function has non-degenerate critical points.
To determine the critical points of f, we first observe that

RP" = JU;
where U; = {(z¢ : ... : &) € RP™,z; # 0} and on each Uj, we have coordinate
functions xjo, ..., Ljj—1, Tjj+1, - Tjn : Uj = R
i 2 2

J

that taken together map U; to the unit ball in R™. In these coordinates, we can
express f|y, as

f=cjal+ chxf =¢(1— Zazf) + chacfl =c;+ Z(cz — ¢

i#] i#£] i#] i#£]
Obviously, the only critical point occurs when xj; = 0 for all ¢ and has index (n—j).
So the only critical points of f are pp = (1:0:...:0),pr =(0:1:0:...:0),..,
pn,=(0:...:0:1) and the index of p; is (n — j). This implies that RP™ has one
cell in each dimension from 0 to n, so we need to use the Completion principle.
Define N = {(zo : ... : &) € RP™", zj41 = ... = x, = 0}, then N,, = RP" and

for all j # n, N; C U,. Then we have

(1) pn is the non-degenerate maximum of f|n, = f;
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(2) pj is the non-degenerate maximum of

fln; = flu.nn, = CnJFZ(Ci*Cn)IEn _anrZ i~ Cn )T

i#n N i<j
J
Thus by the Completion principle, p; corresponds to the fundamental class of

H.(Nj;Z/27Z), and the fundamental classes form a homology basis of H,(RP?;Z/27),
SO H*(RP2; Z/2Z) = ®j Z/QZ(])

Until now, we only applied Morse theory to compute homology. We would also
like to know the change of the homotopy groups, 7., when attaching an A-cell. To
achieve this, we need the following theorem on the homotopy group of spheres.

Theorem 3.3. 7,(S") =0, ¢ < n, 7y(X) =7m,(X Uet) forg< A—1.

However in 1949, we only knew:
o T, (S") = 0 for ¢ < n;
T (S") =
Tpt1(S" ) Zg for n > 2;
Tnt2(S™) = Zsy (Whltehead)
73(5?%) = Z (Hopf)
The last bullet point is a result of the famous Hopf fibration p : S% — S2. View 53
as (z1,22) where |21]? 4+ |22/ = 1 in C? = R*, S? as (z,z) where |z|2 + 22 = 1 in
C x R = R3. Then p is given by

(21,22) = (2123, |21]? — |22]%).

In this fibration, the fibers are circles, and any two of them link. The definition of
fiber bundle is in the next section.

4. HoMoTOoPY GROUPS OF COMPACT LIE GROUPS

In this section, we’ll introduce the most important results of applying Morse
theory to the homotopy groups of compact Lie groups. The proof will be outlined
in later sections. We start by defining a fiber bundle. (Reference: [4])

Definition 4.1. A fiber bundle structure on a total space E, with fiber F', base
space X, consists a projection map 7 : E — X such that each point of X has a
neighborhood U for which there is a local trivialization ¢y : 7= (U) — U x F
making the diagram commute

As an easy consequence of the “short exact sequence” F —s E — X, we have
the long exact sequence:

Theorem 4.2. We have the following long exact sequence
5
= m(F) = 7 (E) = m(X) = 71 (F) = w1 (E) = m—1(X) — .

where § is the holonomy map.
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Corollary 4.3. Consider the fiber bundle Y — X x Y —= X, then we have
7Tk(X X Y) = W;C(X) (&) Fk(Y).
To understand d, let’s first look at the following example.

Example 4.4. Let S be the unit sphere in the complex plane. We have a two-
sheeted fiber bundle F — E = S 5 X = S, 71(2) = 22, F is two points.

Pick an element ~ from 71 (X), which is a loop around the circle once, with both
endpoints p. Lifting it to m1(F), we have a curve with two different endpoints,

pi,p5 € w1 (p) = F. Then 6(v) = p; — p5.

F .

1
p*

‘/
FIGURE 5. Example 4.4

For higher 6, pick an element v : S* — X from m,(X). We can view v as a map
from the closed k—disk D¥ to X such that the boundary, which is homeomorphic
to S*~1 is mapped to a single point, say zo. Lift v to v* : D — E, then v*|sp :
Sk=1 — 7=1(x¢) = F is an element of m;_(F). We define as §(7) := v*|ap-

We now turn our attention to the theory of Lie groups.

Corollary 4.5. Let G be a Lie group, K a closed subgroup of G, and G/K the
space of cosets. Then we get the fiber bundle

G
x|
G/K
Example 4.6. In case of the special orthogonal groups, consider the fiber bundle
SO(n+1)
SO(n)l
SO(n+1)/S0O(n) = S"

It gives us the long exact sequence

o — W41 (S™) —— m(SO(n)) —— m(SO(n+1)) —— mp(S™) —— ... .

So for k < n — 1, we have
0 —— m(SO(n)) —— m(SO(n+1)) —— 0 .

Therefore, increasing n for fixed k, 7,(SO(n)) stabilize as n become large enough.
We can then define the k-th homotopy group of the infinite orthogonal group

7 (SO) = 7, (SO(n)) for n>k+1
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Example 4.7. Similarly, in case of special unitary groups, by the fiber bundle
SU(n+1)
SU(n)l )
SU(n +1)/SU(n) = §2n+1
we can see that 7, (SU(n)) stabilizes and defines 7, (SU).
Example 4.8. In case of compact symplectic groups, we also have the fiber bundle

Sp(n+ 1)

smml

Sp(n +1)/Sp(n) = §4+1

Then 7 (Sp(n)) also stabilizes and we can define 7 (SU).
Notice that Sp(n) C U(2n) is the quaternionic unitary group, or the fixed-point

set of the involution A — JA~! on SU(2n) where J = (19 Ié‘)

We now introduce the famous Bott Periodicity Theorem. A sketch of the proof
will be given in later sections:

Theorem 4.9 (Bott). The homotopy groups of the classic groups are periodic:

(1) m(U) = mp12(U)
(2) m,(0) = mi14(Sp)
(3) m(Sp) = 7k 14(0)
By (2) and (3), mx(O) = m48(0) and 7, (Sp) = 48(5p)-

In general, a sequence of Lie groups K C H C G gives the fiber bundle

Also, we have the bundle
Umn)—Un+m)— Un+m)/U(n),
Applying 7, to this bundle, we have
(U +m)/Un)=0 fork<n

as the homotopy groups of the unitary group stabiles. If we apply 7 to the earlier
bundle, we have for k < n:

0 — M1 (Ufi()”fé?in) — m(U(m)) Tk (U%@) =0
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Corollary 4.10. For k < n, we have

7k (U(m)) = mpq1 ([m) ’

where % is the Grassmanian of n-planes in the n+m complex vector space.
Sending m — oo, we have

m,(U) = mp41(BU(n)),

where BU(n) is the classifying space for U(n) or the set of Grassmannian n-
dimensional subspaces in an infinite-dimensional complex Hilbert space.

5. THE BILLIARD-BALL PROBLEM

In this section, we discuss an application of Morse theory. Think of a mass
bouncing inside a domain with elastic reflections off the boundary. The angle
between the trajectory and the tangent line of the boundary on both sides of the
reflection must be the same. We are interested in the case of the mass tracing a
closed trajectory, along which the mass reflects off the boundary finite times, say
k. We say such a trajectory has period k. Figure 6 shows the case when k = 3.
(For more on the Billiard-Ball problem, refer to [5]).

K

IS

xl

FIGURE 6.

Question: How many closed trajectories of period k = 3 are there in a domain
bounded by the boundary X?
Consider the function
l= ‘1’1 _$2‘ + |£C2 —;L‘3| + |3L‘3 —.%'1|

If we vary one point, say xo along the tangent space of the boundary, then

ol d 1
g = ol = w23 = 3) 4 (s — o, — )

r1 — T2 + Tr3 — T2
=\ U —F——— My —F——
Y4 |$1 - $2| vV |$3 - $2|

where p is any unit tangent vector in the tangent space of the boundary at xs.

Then
ol - -
2 o 1, I T2 + I3 T9 —0
Oy Vier — x| /s — o
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Notice that \/”;1_”32 ‘ + \/73%2 ‘ is the angle bisector of the directions from x5 to
T1—T2 T3—IT2

x1 and z3. Therefore the above condition is exactly saying that this angle bisector
is a normal vector of the tangent plane, which means x5 is a reflection point of the
trajectory. The same argument applies for x1,z3. Combining them gives us:

(x1,2,23) is a critical point of | <  xj2923 determines a period-3 trajectory

At this point, for k > 3, it is very hard to proceed, so we consider the simpler
case when k = 2. First, [ is a real-valued function on S™ x S™/Zy = S™ x S™,
the symmetric product of two S™’s. S™ comes from the fact that the boundary is
set to be a closed convex hypersurface of R"*t!. We quotient S™ x S™ by Z, since
swapping the two reflection points doesn’t change the trajectory they represent.
We can then apply Morse Theory.

Example 5.1. Suppose the boundary is an n-dimensional ellipsoid embedded in
R"*1. Then the critical points of the [ are exactly the pair of diagonals, which are
the minimums, and pair of antipodals along the n + 1 axes of the ellipsoid. The
indices of the antipodals as critical points are 2n,2n — 1,2n — 2,...,n.

g

=

FIGURE 7.

If we want to obtain the homology of S™ % S™, we have to apply the completion
principle since the indices of the critical points are consecutive, but it is not clear
how to apply them. However, since we already know that only the chords passing
through the center are relevant trajectories, we can restrict the length function [
to these situations. Each chord can be determined by one of its intersections with
the ellipsoid. Antipodal points determine the same chord, so I becomes a function
from RP™ to R which is exactly the function constructed in example 3.2. Then by
example 3.2, the completion principle applies to [ : RP™ — R, and thus also applies
tol: 8" % S" — R.

Example 5.2. Suppose the boundary is S™ embedded in R"*!. Then the critical
points of [ : S™ * S — R are the diagonals, which are the minimum, or the
antipodal pairs, which are the maximums. However, the critical points are all
degenerate. In fact, the minimums form a submanifold which can be viewed as S™
and the maximums form a submanifold which can be viewed as RP™.

To deal with such a situation, we define a non-degenerate critical manifold,
generalizing the concept of a non-degenerate critical point.

Definition 5.3. Let f be a smooth function on the manifold M. The connected
submanifold N of M will be called a non-degenerate critical manifold of f, if

(1) N is a closed manifold of critical points of f;
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(2) for all x € N, the null space of the Hessian of f, is precisely the tangent
space to N.

We can also extend the notion of the index of a critical point. Assume N is
connected and consider the normal bundle v(N) — N. Then the Hessian of f
defines a self-adjoint endomorphism of the normal bundle . vy = v ® vy. Then
the index of the critical manifold N is simply the fiber dimension of Ay of vy.

Now, we would like to know how a critical manifold N counts in the Poincare
series of M. We have the following result:

Proposition 5.4. A non-degenerate critical manifold N counts as t'¥ - P;(N)
This is a consequence of the following theorem:

Theorem 5.5. Let f be a smooth function on M such that for a < x < b, there
is only one critical value x = ¢, a < ¢ < b. Suppose furthermore that f~'(c) is the
non-degenerate critical manifold N. If M® is compact, then:

My = My U the disk bundle of vy

6. MORE ON LiIE GROUPS

Let G be a compact Lie group. Consider left-invariant vector fields. The set of
left-invariant vector fields on G is called g, the Lie algebra of G.

Since Ad, defined by g — ghg~! is a an automorphism of G, by taking its
derivative at the origin e, we have Ad, : X + ¢gXg¢ ', an automorphism of T,G.
This is the adjoint action of G on its Lie algebra g.

Definition 6.1. The group homomorphism Ad : G — Aut(g), g — Adg is called
the adjoint representation of G.

We also have the Lie bracket operation on g: [X,Y] = XY — Y X, which is also
left-invariant. The Lie brackets satisfy the following axioms:
e (anticommutativity) [X,Y] = —[Y, X]
o (Jacobi identity) [X, [Y, Z]]+[Y, [Z, X]] +[Z,[X,Y]] = 0, or adx is a deriva-
tion where adx = [X, —].
The Lie bracket can also be obtained as the derivative of g — Ad,;

. Adv X — X 4ty +.) X1 —tY +..)—X
lim = lim
t—0 t t—0 t
_ 2
_ limt(YX XY)+t4(...)
t—0 t

=YX - XY =[Y,X] = ady X.

Example 6.2. Let G = SO(3), then g = R3. The Lie bracket would just be the
cross-product: [X,Y] = X x Y. SO(3) acts on R? by rotations and the orbits of
are just the 2-spheres centered at the origin. Some consequences follow:
(1) Any linear function f : R® — R restricts to a perfect Morse function on the
orbits (each orbit), even for the center.
(2) All the indices of the critical points of such functions are even.

In fact, (1) and (2) are properties of the adjoint representation in any compact
connected Lie group.
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Theorem 6.3. (1) and (2) hold for any compact connected Lie group.

(1) Any linear function f : g — R restricts to a perfect Morse function on the
orbits of Ad.

(2) All the indices of the critical points of such functions are even.

In the theorem above, compactness is necessary since it allows us to find a bi-
invariant Riemannian structure on G by averaging an arbitrary left-invariant metric
over the right translations. Correspondingly, this implies that there exists an Ad-
invariant inner product on g, which we denote as (, ). This inner product makes
ad skew-adjoint since t — (Adgv (X), Adeev (Z)) is constant and its derivative at
t=0is

(v, X}, 2) + (X, [Y, Z]) = (ady X, Z) + (X, ady Z).

The canonical form of a skew-adjoint map consists of its kernel and squares of the

form
0 A\ (A2 0
-2 0) 0 A)°
In particular the Killing form
(X,Y) := trace(adx - ady)

becomes non-positive and trace(adx -adx) = 0 only when X lies in the center of g.
Take X € g, X #0. Let gx = {Y € g: [X,Y] = 0} = keradyx. Also denote
g¥ ={[X,Y]:Y € g} = imady, then we have the following theorem:

Theorem 6.4. The following is a short exact sequence:

ad
0 9x g —— g~ 0

where
g=gx®g~

is an orthogonal decomposition that is invariant under ady for oll U € gx. More-
over

g= UgEGAdggXa
i.e., any element in g can be conjugated to an element in gx.

Proof. Since ( , ) is invariant under adx, we have
(9x,07%) = (ox,[X, 0]) = ([gx, X],9) = 0.

So

g=ox ®g".
Next ady invariance follows from

ady ([X,Y]) = [adp X, Y] + [X,adyY] = [X,adyY].

To prove the last statement fix Y € g — gx and let go be a maximum point for

g (Y,AdyX)
the differential of this map at g is given by

Z — (Y,adzAdyX) = (adaq,x Y, Z).

Thus adAdQOXY = 0 showing that Y € JAd, X = Adgox. O
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Consider the orbit of Ad in g containing X. The tangent space of the orbit at
X is by definition:

{ C Adr X — X
hmf

t—0

:—adXY|Yeg}

So in fact, g¥ is just the tangent space of the orbit of Ad containing X at X.

Note that every element in g is contained in a maximal Abelian subalgebra.
Such subalgebras are called Cartan subalgebras. All such subalgebras are in fact
conjugate to each other and their dimension is called the rank of G.

Theorem 6.5. For an open and dense set of X € g the subalgebra gx is a Cartan
subalgebra.

Proof. Let b C g be a Cartan subalgebra.

First note that if X, ..., Xy isabasisfor h, then Y € h—gx, N- - -Ngx, commutes
with the basis elements and thus maximality of the Cartan algebra shows that such
Y cannot exist. So h =gx, N---Ngx,.

We next claim that for an open dense set of (¢1,...,t;) € R¥ we have

gy, N NPy, = 51y,

as long as Y71, ..., Yy commute, which is obviously the case in a Cartan subalgebra.
Clearly the inclusion C always holds and the righthand side has minimal dimension
for an open dense set (t1,...,t,) € R¥. Thus we only need to establish equality for
one such (t1,...,t;) where no coordinate vanishes. Moreover, by induction on k we
see that it suffices to show the claim for k = 2. If Z € g4, v, +1,v, — (8v; N @y, ), then
we have

0 7é ty [YlaZ] = —ty [Y27Z] S ng ngQ

and

adt1Y1+t2Y2 ([Ylv Z]) = [adt1Y1+t2Y2Y17 Z]+[Y17 adt1Y1+t2Y2 Z] = [Ylv adt1Y1+t2Y2 Z] =0.

We note that since Y7, Ys commute also ady,,ady, commute. Thus g Ng" is
invariant under both ady,,ady, and in particular also for ads v, ++,v, for all ¢q,ts.
So as long as ady, v, 11,v, is invertible on g¥* N g¥2, such Z doesn’t exist, so we have

96, Vi+tY, = 0Y; 1 9Ys-

Such nonzero scalars t1,ts clearly exist and in fact form an open and dense set in
R2.

This shows that h = gx for an open dense set of X € h, C h. By theorem 6.4 we
have g = UgecAdyh so Ugeq {Adgh.} is an open dense set consisting of X where
gx is a Cartan subalgebra. (I

Definition 6.6. We say that X is regular if gx is a Cartan subalgebra. The
subgroup, e9¥, is Abelian and has dimension equal to the rank, it is a maximal
torus in G as any maximal Abelian subgroup of a compact group is compact.

Let N C R™ and p a point not in N. Look at the function 1127 where [, is the
distance function from the point p. Then ¢ € N is a critical point of l127| N ifp
is a focal point of N at ¢ and the index of the critical point is the sum of the
multiplicities of the focal points on the segment pgq.
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Example 6.7. Let N be the unit sphere 5? embedded in R3. Let p be a point in
R3, p ¢ S%. The critical points of li are obviously the intersection points ¢; and
g2 of the line p0 with S2. Hesslf,(ql) has index 0 (/2 is degenerate, for no point
between p and ¢, i.e. has no focal point) and Hesslf,(qg) has index 2, for there is
only one point z between p and go such that Hessl?(q2) is degenerate, which is 0
and v(HesslZ(g2)) = 2, i.e., g2 is a focal point of 3| with multiplicity 2.

s?cr3

FIGURE 8.

Let Oy be an orbit of Ad, say gY ¢!, Y # 0. We’ve seen that the tangent space
of the orbit at Y is g¥.

Take a regular X and consider square of the distance function {% on the orbit.
For any point Y’ € Oy, we have

B =Y - X[ =|Y]? -2y, X) + | X

We want to look for the critical points of this function, or the focal points of Oy-.
Notice that Y is a critical point when the line Y X is perpendicular to Oy at Y
and we have the following lemma:

Lemma 6.8. If at one of its points, a line is perpendicular to an orbit, then that
line is perpendicular to all orbits which it intersects.

Proof. Let the line X +tZ be perpendicular to Ox at X. Since the tangent space is
g%, this means that ([4, X],Z) = 0 for all A € g. Since ([4,Z],2) = (A,[Z,Z]) =0
forall A € g, we find: ([A, X +tZ],2) = ([A, X],Z)+1t([A, Z],Z) =0 forall A € g.
Then the line is perpendicular to Ox 1.z at X + tZ for all t. ([l

Let’s see some examples.

Example 6.9. Let G be SU(3), then g is the space of skew-adjoint complex ma-
trices A, such that A + A* = 0 and traceA = 0. Consider the subset of g:

07 0 0
f): 0 ieg 0 |91+92+93:0
0 0 63

This is a Cartan subalgebra. Let h, denote the subset of h for which 61,0, 03 are
all different. In geometric language, b, consists of those points in the vector space
b, which do not lie on any of the hyperplanes 6; — 6; = 0, 7,5 = 1,2,3, ¢ < j.
Obviously, b, consists of “almost all” points of b it is also the set of regular vectors
from theorem 6.5.

We would like to visualize b, especially the "irregular” set where the critical
points lie. b is two dimensional, thus a plane. All Y € b such that 6; = 65 form a
line in this plane. Accordingly, we draw three lines and have the following diagram:
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FIGURE 9.

The intersection of the three lines corresponds to the point Y where 6, = 65 =
03 = 0. The Weyl group is the permutation group on 3 elements. In general, such
diagrams are constructed as follows.

Let’s recall the short exact sequence

ad
0 gx g —— g~ 0

Fix a regular X, set h = gx. Set m = g¥X, then we have
g=bom

which is the more standard notation of the decomposition mentioned earlier. By
lemma 6.8 and the statement about critical points just prior to that lemma, we can
see that given a generic P € b, the critical points of I%|o are exactly the points in
O Nb and these points are independent of the choice of P € b,.

To find these critical points geometrically we construct the infinitesimal diagram,
or the root system of GG. First we have an Fuclidean space with dimension equal the
rank of G. Consider the set {dim gy — dim b} for all Y € h and draw the positive
ones in the Euclidean space. The hyperplanes correspond to the lines in figure 9
and are called root spaces. The critical points then lie on these root spaces. The
Weyl group of G is the subgroup of the isometry group of the root system which is
generated by reflections through the hyperplanes orthogonal to the roots.

Example 6.10. (1) SU(2): We have

C[(ig 0 B
h_{(o 102>;91+92_0}

So the rank is 1. Here dim gy > 1 only when 6; = 03 = 0, so we only draw
one point on a line. The Weyl group is Zs.
(2) SO(4), SO(5), G2 all have rank 2, see figure 10, 11, 12.

On the Lie algebra level, only things that commute are in the Cartan subalgebra
h. On the Lie group level, only things that commute are in the maximal torus
eh="T.

Consider G/T, the “flag variety” of G. The Poincare series of G/T can be
calculated by the following theorem.

Pick a generic point X € § such that it is not on a plane in the diagram. Then
define the function A : h — Z by A\(Y") = twice the number of hyperplanes crossed
by the straight line segment from X to Y for all Y € h. Obviously, A is constant
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FIGURE 10. SO(4)

C

FIGURE 11. SO(5)

FIGURE 12. Go

on each region divided by the hyperplanes. Call these regions the cells, and A(«)
the value of X in the cell A,, then we have

Theorem 6.11. The Poincare series of G/T is given by

P(G/T) =Y 1M

e

where A runs over the cells of the diagram.
Example 6.12. When G = SO(4), we have the diagram as shown in figure 13. So
the Poincare series is
P(G/T) =142t +t* = (1 +t?)%
The cohomology is that of S? x §2
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FIGURE 13.

Example 6.13. G = G5, then we have the diagram as shown in figure 14. So the
Poincare series is

P(G/T) = 1+2t> + 2t* +2t5 4265 4 2610 412 = (1 4+ 2) (1 + 2 + 1+ 10 + 5 +10)
The cohomology is that of S? x CP®

FIGURE 14.

We now consider a more global point of view. Recall: g = h @& m and look at
Ad|r. bis invariant under Ad, so Ad acts on m, and m is a module for T'. Moreover,
m is the direct sum of 2-dimensional representations. We may write m = @ E,,
where F, are planes. The diagram of G is just T with the sets T, marked where
T, is kernel of representation on F.

Now we think of the corresponding diagram in h. Since exp : h — T is the
universal covering of the torus, we have a lattice. The lattice points are the kernel
of the covering map, or the center of the Weyl group. The resulting diagram looks
like a series of the previous diagrams one centered at each lattice point of a torus.

FIcure 15. SO(4)
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FIGURE 16. SU(3)

FIGURE 17. G

Example 6.14. SO(4),SU(3),G3: see figure 15, 16, 17.

Starting from a lattice point, we call the section between two adjacent hyper-
planes a fundamental chamber. We can also define A on these diagrams as in the
previous cases. Then we have the following theorem:

Theorem 6.15. The Poincare series of the loop space is:
P(QG) =Y M

« 1s over the cells of the fundamental chamber.

Example 6.16. Consider SU(3), then we have the fundamental chamber as in
figure 18. Then the Poincare series is

1 1
PQSUB) =1+ +2t* + 260+ 33+ ... = —— ——
t( ()) +t7+ + + + 1—1¢21 -4’
which as we shall see in the next section is related to the loop spaces for S and
5%, From this example, it’s also clear that one consequence of the theorem is that
the homology QG has no torsion.

We also note that
P(SUB)/T) =1+2t2 +2t* +15 = (1 +2)(1 + 12 + t4).

So SU(3)/T has the same homology as S? x CP2. Note that we have a natural
fibration
T — $° x 8% = 5% x CP?

which indicates the connection between the two Poincare series.
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Fundamental Chamber

FIGURE 18.

Example 6.17. Consider G5, then we have the fundamental chamber as in figure
19. Then the Poincare series is

1 1
Pi(QGs) = 14+ +t 15 118 42410 4 2412 4214 1 2416 4 2418 1 3470 = T ET o

which as we shall see in the next section is related to the loop spaces for S® and
S, From example 6.13, we also note that

Pi(Go/T) = 14262 +2t* + 265 + 265 4 2610 4412 = (1 4-42) (1 + 12+ t* + 15 + 15 +¢10).
So G2/T has the same homology as S% x CP®. Note that we have a natural fibration
T — 8% xSt » 5% xCp®

which indicates the connection between the two Poincare series.

Fundamental
Chamber

FIGURE 19.

Theorems 6.11 and 6.15 are the key results of Bott’s famous 1956 paper. ([6])
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7. MORSE THEORY PROPER

In order to understand the homotopy of a manifold, we do Morse theory on its
path space. A natural choice of the Morse function is the arclength functional.
However, the arclength functional is invariant under change of parametrization, so
minima, if they exist, do not come with a fixed parameter. This problem can be
overcome by considering the energy functional.

Definition 7.1. Let M be a connected complete Riemannian manifold, define the
path space of M as

E = {piecewise smooth maps c: [0,1] — M}.
Define the path space from a to b as
Q(a, b) = {piecewise smooth maps c: [0,1] = M,c(0) = a,c(1) = b}.

Definition 7.2. Given a piecewise smooth path ¢ : [0,1] — M, define the energy
functional S : £ — R as

Consider the fiber bundle: Q(a,b) - E — M x M, we have the following
proposition:

Proposition 7.3. m(Q(a,b)) = g1 (M) for any a,b e M.

Proof Sketch. This follows from the long exact sequence of homotopy groups for
Q(a,b) - E — M x M by noting that F is contractible.

Alternately observe that when k = 0, the two sides of the equation are just two
different ways of writing the fundamental group of M up to conjugation. In general,
take a = b then Q(a,b) = Q(M) is the loop space of M, then

m(Qa, b)) = [S*,QM] = [£S*, M] = [S*, M) = 101 (M)
where ¥5* is the suspension of S* and * is the Eckmann-Hilton duality. (]

Having this proposition, we now understand why doing Morse theory on the
path space gives us the homotopy groups of the manifold. Now consider the energy
functional restricted to (a,b), then we have

e Theorems A and B hold for S|q(,,p).-
e The critical points of S on Q(a,b) are the geodesics from a to b.
e The index theorem holds.

Theorem 7.4 (The Index Theorem). Let g : [0,1] — M be a geodesic from a to b.
Then g is a critical point of S|qap) and the index \(g) is the number of conjugate
points g(t) with 0 < t < 1 counted with its multiplicity.

Example 7.5. Let M = S?, we know that the geodesics are the paths along great
circles and two points are conjugate if they are antipodal points or the same point.
In both cases, they are conjugate with multiplicity 1.

Suppose a and b are not antipodals, then the geodesics from a to b are gg, g1, g2, ---
with 0,1,2, ... conjugate points respectively.

By the index theorem, these geodesic are critical points of S|g(, ) With indices
0,1,2,.... Therefore, by theorems A and B, we have

Q(a,b) = Uel Ue? U ...
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FIGURE 20.

We can then apply the completion principle. For example, we can consider the
closed submanifold N; of Q(a,b) consisting of paths that are in the intersection of
a plane with S2. With a and b fixed on the plane, the plane can only rotate with
the line segment ab as an axis, so N; is diffeomorphic to S*. Then N is a closed
submanifold with g; as the non-degenerate maximum of S|y, .
The Poincare series then follows:
1
P(QSH =1+t+t2+.. = Tt

Example 7.6. For M = S™, everything is the same except that all conjugate
points have multiplicity n — 1, so we have

1
QS™ — O U en—1 2= P(QS™) = 1_ -1

Moreover, since €’ U e” ™1 = S™~1, we have
Qs" =S tuenTy L

So (8™ 1) = Ty 1(Q28S™) for k < 2n—4. Combining with proposition 7.3 we have
the following theorem:

Theorem 7.7 (The Freudenthal Suspension Theorem). The homotopy group m;,(S™~1)

is isomorphic to mp41(S™) for k < 2n —4.

We can also prove the theorem by starting with Q(a,b) where a and b are an-
tipodal points. Then the minimal set of S|q(, ) forms a critical submanifold dif-
feomorphic to S"~! (see figure 20) and all other critical points have index at least
2(n — 1), which also gives us

QSs" = sty y .

FIGURE 21.
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The Freudenthal suspension theorem can be generalized to the following:
Theorem 7.8. The homotopy groups 7,1+ (S™) stabilize for n > k + 2.
We call these homotopy groups the stable homotopy groups of the spheres.

8. PROOF OF THE PERIODICITY THEOREM

Proposition 8.1. In a compact Lie group C, let T be a maximal torus. Let p € T
be a generic point. Then every geodesic in a bi-invariant metric, that starts at the
identity and ends at p, lies entirely in T.

In the universal cover, the geodesics lie in the universal cover of T', which is an
Euclidean space. So the geodesics are straight lines.

Proof. Since we’ve seen in section 6 that the tangent space of the maximal torus
and the tangent space of the orbit are orthogonal complements, the following lemma
would be sufficient to prove the result:

Lemma 8.2. Suppose s is a geodesic segment that is perpendicular to, L, an orbit
of a group of isometries G, then s is perpendicular to all orbits it intersects

Consider the orbit space C'/G, which may not be a Riemannian manifold, but is
still a metric space and has the concept of minimizing geodesics. Given a geodesic
s in C' perpendicular to an orbit L, it is then a lift of a minimizing geodesic in
C/@G, which is called the “horizontal lift”. Then s must be a minimizing geodesic
between any orbits, which could only be the case when it is orthogonal to all the
orbits. (Reference: [8]) O

Now we try to prove the periodicity theorem for the unitary group. First, we
start with U(2n). In fact, it’s sufficient to consider SU(2n), and the geodesics in
this case are more obvious. Take a = e, b = —e, both in the maximal torus of
SU(2n). By proposition 8.1, all geodesics in Q(a,b) are on the maximal torus.
Consider the geodesic:

It can be easily verified that this geodesic does not cross any root spaces, and thus
has index 0. In fact, all minimal geodesics are of this form up to permutations
along the diagonal. So the minimum critical manifold is U(2n)/U(n) x U(n). It
can be proved that all other geodesics cross some root spaces, and have indices at
least 2n + 2. Therefore, the loop space of SU(2n) is
U(2n)

U(n) x U(n)

It follows that for k < n:

Th41(U(2n)) = m,(QU (2n)) = m,(U(2n) /U (n) x U(n)) = w1 (U(n))

U ...(cells of dimension > 2n + 2).
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where the last equality is by the exact homotopy sequence of the fiber bundle
U(n) = U2n)/U(n) — U(2n)/U(n) x U(n).
Thus 7 (U) = mr12(U) (see [2] for a more detailed proof).

More generally, we consider the case when the manifold is not necessarily a
group, but a symmetric space of the form G/K where G is a Lie group and the
stabilizer K is the fixed point set of an involution o. Symmetric spaces also have
maximal tori, so the method we used before can also be applied.

1

Let G = SO(2n), J = (01 :
geodesics form a submanifold SO /U while other critical points are of higher indices,
so we have

) . Consider the path from e = I to J, the minimal

Fk(QSO) = 7T;€+1(SO/U)

In general, if M is a symmetric space, then the minimal geodesics also form a

symmetric space, so we can apply a similar method inductively and get:
[ ] Wk(QSO) = 7Tk+1(SO/U)

m(QSO/U) = 741 (U/Sp)
7, (QU/Sp) = mi41(Sp/Sp x Sp)
T, (QUSp/Sp x Sp) = mk+1(Sp)
e (Q2Sp) = 11 (Sp/U)
T (QUSp/U) = m11(U/O)
Wk(QU/O) = 7Tk+1(0/0 X O)
ﬂk(QO/O X O) = 7T]€+1(O)

Combining the eight equalities, we have the periodicity theorem:

Theorem 8.3 (Bott). The homotopy groups of the classic groups are periodic:

(1) mx(U) = mi12(U)
(2) m,(0) = mi14(Sp)
(8) m(Sp) = Tr44(O)
By (2) and (3), mi(O) = m4+8(0) and m,(Sp) = mx18(Sp).
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