DEMYSTIFYING THE CURVATURE TERM IN LICHNEROWICZ
LAPLACIANS

PETER PETERSEN

ABSTRACT. The goal is to define two concepts that make computations of
Laplacians of Tensors considerably simpler. This allows us in almost no time
to prove many major theorems that use the Bochner Technique.

1. THE LICHNEROWICZ LAPLACIAN

The goal is to define the Lichenrowicz Laplacian for a tensor and show that
we can deconstruct the curvature term rather easily. One step in our reduction
is modelled on W.A. Poor’s approach to the Hodge Laplacian, which in turn was
inspired by work of Chern. However, we generalize this to all tensors and then take
one more step that will further simplify the curvature term in the Lichnerowicz
Laplacian.

We define

Ric (T) (X1,.... Xp) = > (R(ej, X)) T) (X1, o0y €5, 0, X)
and the Lichnerowicz Laplacian
AT = V*VT + Ric (T)

for a suitable constant ¢ > 0. We shall see below that the Hodge Laplacian on
forms is of this type and that interesting information can also be extracted from
both the Ricci tensor and curvature tensor via this operator when we use ¢ = % The
goal here is to show that one can perform a type change for T' that significantly
simplifies ¢g (Ric(T),T) and immediately shows that it is nonnegative when the
curvature operator is nonnegative. The formula also makes it very easy to show
what happens when T is a (0, 1) or (0,2) tensor.

1.1. The Bochner Technique. The Bochner technique generally works in one of
two ways. First using the maximum principle

Lemma 1. Let T be a tensor such that
Vi VT + Ric(T)
g (Ric(T),T) > 0.

If |T| has a mazimum, then T is parallel.

I
o

Proof. The first observation we have to make is

1
SV T = g(V*VT,T) — |VT|?
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Thus
%v*v TP = - (g (eRic (T),T) + |VT|2) <0.

The maximum principle, then implies that |T|2 must be constant if it has a maxi-
mum. Having shown that it is constant we then obtain

g (Ric(T),T) + [VT|* =0
which is only possible if both

g(Ric(T),T) = 0
VT|? =

Next by using integration.
Lemma 2. Let T be a tensor such that
V*VT + Ric (T) = 0,
gRic(T),T) = 0,
then T is parallel.
Proof. We have

0 < /|VT|2dvol
= / g (V*VT,T) dvol
= —c/g(i)‘{ic (T),T)dvol
<0

showing that all integrals vanish. As the integrands are all nonnegative they must
in addition vanish. ([l

Both methods work when M is compact, although in the second case we might
have to pass to the orientation double cover of M to get integration to work.
Both methods also allow for extensions to complete manifolds provided we have a
maximum or that we are allowed to use integration by parts:

/ VT dvol = / g (V*VT,T) dvol

The two assumptions we make about 7' also require some discussion. The first
assumption is usually implied by showing that we have a more general Weitzenbock
formula

A =V*VT + Ric (T)
and then assuming that AT = 0. The Laplacian A might be more naturally defined
or have some other interesting properties. So the goal is to first show that it is
also a Lichnerowicz Laplacian. That is not always obvious, but the calculations are
rarely that bad.

The second assumption

gRic(T),T) 20
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is often difficult to check and in many cases it took decades to figure what curvature
assumptions gave the best results. The goal here is to give a simple and natural
approach that coveres many known cases including several that have generally not

been so easy to understand.

1.2. Natural Derivations. The goal to define a natural way for (1, 1) tensors to
act as derivations on the space of all tensors. For fixed X,Y the curvature R (X,Y)
is naturally a (1,1) tensor, but it can also beapplied to tensors. The hope is that
this might allow us to gain a better understaning of the more obscure operation

Ric (T).
For any tensor T' we have

R(X,Y)T = (Vx(VyT)) - (Vy (VxT)) - (VixyT)
= V%{,YT—V%,XT
and
(RIX,VT)(X1,...,Xr) = R(X,Y)(T(X1,...,Xp))
~T(R(X,Y)Xy,...,X)

-—T(Xl,...7R(X,Y)Xk)

This can be rewritten in a more abstract and algebraic fashion. We have a natural

homomorphism
GL(V)—= GL(T(V))

where T (V') is the space of all tensors over the vector space V. We know that

(s, t)-tensors are spanned by
Ul®"'®vs®¢1®"'®¢t

where v1,...,vs € V and ¢q,...,¢, : V — R are linear functions.
homomorphism acts on tensors as follows:

g (1@ RUsRP; @ @ ¢y)
= g)®-@g(v) @ (¢pr097 )@@ (dy097")
The derivative of this action yields a linear derivation
End (V) — End (T (V))
where now
L(U1®"'®Us®¢1®"'®¢t)
= L(v)® Qus QP @+ R,
+01® @ L(v) ® P @+ @y
*Ul®"'®vs®(¢1°L)®"‘®¢t
—U1®"'®’Us®¢1®"'®(¢t0[/)
Keep in mind that for (0, k)-tensors we have
R(X,Y)(T (X1,..., X)) =0

The natural
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since T (X1,...,Xk) is a function. In particular, we see that R (X,Y) (T) acts
on the tensor T in the way the linear map L = R(X,Y) on T,M extends to a
derivation on tensors.

We note further that T — L (T') preserves (skew)-symmetry of L when an inner
product is present since

S t s t
g<®w®®¢j,®wi®®%) S g (o) g (6,,,)
=1 =1 =1 =1

Finally we need to observe that L (T) has the same symmetry properties that
T has. This is a direct consequence of it being the differential of an action that
preserves such symmetries, but a direct proof is also very simple. E.g., assume T
is a (0,2) tensor, when T is skew symmetric in, then
(LT)(2,2) = -T(L(2),%)-T(Z L(Z))
= T(2,L(2)-T(Z L(Z))
= 0’
and when 7' is symmetric, then
LT)(X,)Y) = -T(L(X),Y)-T(X,L(Y))
= —T(L(X),Y)-T(L(Y),X)
= T(LX+Y),X+Y)+T(L(X),X)+T(L(Y),Y)

which is symmetric in X,Y as well.

1.3. Redefining Ric (T). Since R (X,Y) : T,M — T, M is always skew-symmetric
it can be decomposed using an orthonormal basis of skew-symmetric transforma-
tions 2, € so (T, M). A tricky point enters our formulas at this point. It comes
from the fact that if v and w are orthonormal, then v A w € A*T,M is a unit vec-
tor, while the corresponding skew symmetric operator, which is a rotation of 7/2 in
span {v,w}, has Euclidean norm /2. To avoid confusion and unnecessary factors
we assume that so (T, M) is endowed with the metric that comes from A2?T},M.
With that in mind we have

R(X,Y)

where the last line is due to the convention

g((zAy) (v),w) =—g(zAy,vAw).

This allows us to rewrite the curvature term in the Lichnerowicz Laplacian as
was done in [] for forms.

Lemma 3. For any (0, k) tensor T' we have
Ric (T) - Z R (Ea) (EaT) )
AT VVT —c)  R(Ea) (EaT)
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Proof. We only need to establish the first identity. This works as follows.
Ric (T) (X1, ..., Xz) Z(R(ej,xi):r) (X1, €5y 0y X)
= =) g(R(Ed) e, Xi) (BaT) (X1, €5, o Xi)
= —Z ZaT) (X1, 9 (R(Z0) €, Xi) €5y ooy X
= Z(EQT)(Xl,...,R(Ea)Xi,...,Xk)
= -) (R o)) (X1, X5, ooy X

O

At first sight we have replaced a simple sum over j and i with a possibly more
complicated sum. The next result justifies the reformulation.

Corollary 1. If R > 0, then g (Ric(T),T) > 0.

Proof. Select the orthonormal basis =, to consist of eigenvectors for R, i.e., R (Z,) =
AaZq. When taking inner products with 7" and using that R (Z,,) is skew symmetric
we obtain

- Zg (R(Za) (EaT),T) = Zg (BT, R(Ea)T)
= > AalZT)

This shows that the curvature term is nonnegative when the curvature operator is
nonnegative. (]

Having redefined the Ricci curvature of tensors, we can now take it a step further
and also get rid of the orthonormal basis =,. To assist in this we introduce a type
change for a (0, k)-tensor T to a tensor 7' with values in A2T'M as follows

g (L7T(X1, ...,Xk)) = (LT) (X1, ..., X3) for all L € so (TM) = A2TM.
Lemma 4. For any (0,k) tensor T we have
g(Ric(T),T) =g (m (T) T) .
Proof. This is a straight forward calculation

gRic(T),T) = > g(EaT,R(Za)T)
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This new expression for g (Ric (T'),T) is clearly nonnegative when the curvature
operator is nonnegative. In addition it also occasionally allows us to show that it
is nonnegative under less restrictive hypotheses.
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2. THE HODGE LAPLACIAN

The first obvious case to try this philosophy on is that of the Hodge Laplacian
on k-forms as we already know that harmonic forms compute the topology of the
underlying manifold. First we show

Theorem 1. (Weitzenbock, 1923) For any form the Hodge Lapalcian is the Lich-
nerowicz Laplacian with ¢ = 1. Specifically

Aw = V*Vw + Ric (w) .

Proof. We shall follow the proof discovered by W.A. Poor. To perform the calcu-
lations we need

bw(Xa,., X)) = =Y (Vew) (Ei, X2, .., Xi),
dw(XU7...,Xk) = Z(—l)i(inw) (Xo,...,Xi,...,Xk)

and employ the usual assumptions about all covariant derivatives of vector fields
vanishing at a fixed point p € M. We this in mind we get

dw (X1, X)) = > (~ )”1vX5w(X1,... XZ,...,Xk)

- Z(—l)iVXiVij( Xl,...X,...,Xk>
=Y Vx,Vew (X1, Ejy oy X)

8dw (X1,... Xg) = =Y Vgdw(Ej, X1, ..., Xp)
= —ZVEVE.M(Xl,...,Xk)
=3 ) Vi, Vi (B X Ky o X
= (V'Vw) (X1,..., Xi)
+> Ve, Vxw (X1, By, ooy X)

Thus
Aw = V'Vw+ > (R(Ej, X;)w) (X1, ... Bj, .oy Xp)
= Vv VW—Z(R( X)) w) (X1, By, ooy X3
= V*Vw + Ric (w)

O

Given our reworking of the curvature term in this formula the next result is now
almost obvious.

Corollary 2. (D. Meyer 1971 and D. Meyer-Gallot 1975) If the curvature operator
is nonnegative, then all harmonic forms are parallel. Moreover, when the curvature
operator is positive the only parallel p-forms have p = 1,n.
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Proof. Assume that M is closed and oriented. If w is any p-form and R (Z,) =
AaZq, then

0 = /g(V*Vw,w) dvol—l—/g(%ic(w),w)dvel

= /|Vw‘2dvol+2//\a |an|2dvo1
«

So if Ay > 0 then we clearly get that Vw = 0. In case A, > 0 we get that Z,w =0
for all a, and hence by linearity that Lw = 0 for all skew-symmetric L. If we assume
k < n and select L so that L(e;) =0 for i < k, L (ex) = ex+1, then

0= (Lw) (61’ ) ek) = —w (617 w0y Ck—1, ek+1)

Since the basis was arbitrary this shows that w = 0.
When M is not orientable we can pass to the universal covering. When M is
noncompact and complete, we have to invoke the soul theorem. O

It is instructive to try to recover the standard formula for 1-forms using the new
type change of w to w.

Corollary 3. If w is a 1-form and X the dual vector field, then
g(R(@),) = Ric (X, X).

Proof. In this case we have

(Lw)(2) = —w(L(2))
= —9(X,L(2))
= g(L,ZAX)

w(Z)=ZNX.

This shows that the curvature term in the Bochner formula becomes
=Y 9(R(Ea) Baw),w) = D g(Eaw,R(Eq)w)

> 9@ (E), R (@ (E)))

> 9(R(EiAX),Ei AX)

> R(X,E; E;, X)
Ric (X, X)

3. (0,2)-TENSORS
The goal is to calculate h and completely understand *Ric (ﬁ) for any (0,2)-
tensor. We have the corresponding (1, 1)-tensor called H
h(z,w)=g(H (2),w)
and the dual H*
g(H (2),w) =g(z,H" (w)).
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Proposition 1.

Proof.
(LRh) (v,y) = —h(L(z),w)—h(z L (w))
= —g(H(L(2),w)—g(H (w),L(z))
= —g(L(2),H" (w))—g(L(2),H (w))

= g(L,z2ANH" (w))+g(L,z
= g(L,—H()ANw+zAH" (w))

>
=
g

This indicates that we have to control curvatures of the type
gR(-HEZ)Aw+zANH (w)),—H (2) ANw+ 2z AN H* (w)).

If H is normal, then it can be diagonalized with respect to an orthonormal basis
in the complexified tangent bundle. Assuming that H (z) = Az and H (w) = pw
where z,w € T, M ® C are orthonormal we obtain

g(m(—H(z)Aw+zAH* (W), “H(2) Aw + 2z A H* (w)) = | A+ A gR(zA0), 7A W)

where g and R are the natural complexifications.

The curvature term g (R (z A w),z Aw) looks like a complexified sectional cur-
vature and is in fact called the complex sectional curvature. It can be recalculated
without references to complexifications. If we let z = £4+/—1y and w = u++/—1v,
z,y,u,v € TM then

gR(zAw),zZAW)

gREAu—yAV), zTAUu—YyAD)
+gR(@Av+yAu),cAv+yAu)
= gR@Au),zAu)+gRYAv),yAv)
+g(R@Av),zAV)+gRyAu),yAu)
—29(R(xAu),yANv)+29g(R(zAv),yAu)
= sec(z,u) + sec (y,v) + sec (x,v) + sec (y, u)
+2R (z,u,y,v) — 2R (z,v,y,u)
= sec(z,u) + sec (y,v) + sec (x,v) + sec (y, u)
—2(R(v,y,z,u) + R(z,v,y,u))
= sec(z,u) + sec (y,v) + sec (x,v) + sec (y, u)
+2R (y,x,v,u)
= sec(z,u) + sec(y,v) + sec (x,v) + sec (y, u)
+2R (z,y,u,v)
The first line in this derivation shows that complex sectional curvatures are nonneg-
ative when R > 0. Thus we see that it is weaker than working with the curvature
operator. On the other hand it is stronger than sectional curvature.

There are three special cases depending on the dimension of span {xz,y,u,v}.
When y = v = 0 we obtain the standard definition of sectional curvature. When
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x,Yy,u,v are orthonormal we obtain the so called isotropic curvature, and finally if
u = v we get a sum of two sectional curvatures

2sec (z,u) + 2sec (y, u)
also called a second Ricci curvature, when x,y,u are orthonormal.

Proposition 2. Let h be a (0,2) tensor such that H is normal. If the complex
sectional curvatures are nonnegative, then g (9‘{ (ﬁ) ,E) > 0.

Proof. We can use complex orthornormal bases as well as real bases to compute
g (2)% (ﬁ) ,B) . Using that H is normal we obtain a complex orthonormal basis e;
of eigenvectors H (e;) = \je; and H* (e;) = A\se;. Using that we quickly obtain

g(ﬁ‘{ (fz) ,fz) Zg(% (fz(ei,ej)) ,ﬁ(ei,ej)>
S (ER(—H (ei) Ae;s + e AH" (e)), —H () Aej + e A H* (ej))

Z ’_)\i +5\j‘29(m(€i/\€j),ei/\€j)

O

In the special case where H is self-adjoint the eigenvalues/vectors are real and
so we need only use the real sectional curvatures. When H is skew-symmetric the
eigenvectors are complex unless they correspond to zero eigenvalues. This shows
that we must use the isotropic curvatures and also the second Ricci curvatures when
M is odd dimensional, however none of the terms involve real sectional curvatures.

These characterizations can be combined to show

Proposition 3. ¢ (9‘{ (ﬁ) ,fz) > 0 for all (0,2)-tensors on T,M if and only if all

complex sectional curvatures on T,M are nonnegative.

Proof. We decompose h = hg+ h, into symmetric and skew symmetric parts. Then

o (1)) = 0 (8 (he) o) 40 (9 (he) ) (8 (Ba) o) 40 (3 (5e) )
= () b o (R () ) 20 (% (0 )

However,
g(R(h) k) = 3 g(R(hs(eines)) haeines))
= - g(m(ﬁs(ejvei))’Ba(ewel))
~ () )
So

and the result follows from the previous proposition. O
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4. THE CURVATURE TENSOR

The Bochner technique can also be applied to the curvature tensor. It is by no
means clear that this will yield anything. It seems both miraculous and profound
that it works. The goal is to show that compact Riemannian manifolds with divR =
0 and nonnegative sectional curvature, respectively nonnegative curvature operator,
have parallel Ricci tensor, respectively parallel curvature tensor. The key is to show
that when the curvature tensor is divergence free then

1
0 = ApRic=V*VRic+ giﬂic (Ric),
1
0 = ALR=V*VR+ 59“‘dc(R)

We start with the Ricci tensor calculations. They are a bit easier and give us an
idea of what to expect for the curvature tensor. Recall that the divergence of the
curvature tensor can be defined as the (1, 3)-tensor

~V*R=divR(-,-) =Y _(VgR) (B, ")

Theorem 2. (Berger) Suppose that a Riemannian manifold (M, g) satisfies divR =
0, then

0 = V*VRic — % > R(E4) (EaRic).
Moreover, if (M, g) is closed, oriented and sec > 0, then VRic = 0.
Proof. We start by proving that
divR (X,Y, Z) = (VzRic) (Y, X) — (VyRic) (Z,X).
The left hand side is defined by
divR(X,Y,Z) = > (VeR)(E,X,Y,Z)
= > (VgR)(Y.Z,E;,X)
= Y (VzR)(Y,Ei,E;,X) = > (VyR) (%, E;, E;, X)
(VzRic) (Y, X) — (VyRic) (Z,X)

With this in mind we can then calculate
—(V*VRic) (X, X) = Y (VE, g Ric) (X, X)
= > (Vi xRic) (B, X)+ Y (Vg,divR) (X, X, E;)
If we assume divR = 0, then we get
—(V*VRic) (X,X) = Y (V% xRic) (E;, X)
= > R(E;, X) (Ric) (E;,X)+ Y _ (Vi p,Ric) (E;, X)
Here the last term vanishes since
Z (V?X,EiRiC) (EivX) = Z (V§(E R) (Ez‘; Eja EJ»X)
= Y (VxdivR) (E;, E;, X)
0
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Thus we obtain
— (V*VRic) (X, X)

> R(E;, X) (Ric) (E;, X)
= % > R(E;, X) (Ric) (E;, X) + R(E;, X) (Ric) (X, E;)

- %Efﬁc (Ric) (X, X)

where in the second line we used that Ric is symmetric.
Assuming that Ric (E;) = p; F; the curvature term then looks like

g (Ric (Ric),Ric) = g (m (ﬁE) ,ﬁ%)
S~ (i — ;)" sec (i, E;)

Since this is nonnegative when sec > 0 we get the desired conclusion in the usual
fashion by integrating over M. Note in addition that if the sectional curvatures are
positive at a point, the the eigenvalues of Ric are all the same. Hence the metric
becomes an Einstein metric. O

Note that the Berger spheres have divergence-free Ricci tensor, but only the
standard sphere has parallel Ricci tensor. Thus it is not clear that one can get
results without assuming divergence free curvature tensor.

We can now address what happens for the full curvature tensor.

Theorem 3. The curvature tensor R on a Riemannian manifold satisfies
1
(V*VR) (X,Y,Z, W) + iﬂ‘ﬁc (R) (X,Y,Z,W)

5 (VxVR) (Y, 2,W) — 5 (Vy V') (X, 2, W)
1

1
5 (VZ2V'R) (W, X.Y) = 5 (VwV'R) (Z,X,Y)
Proof. By far the most important ingredient in the proof is that we have the second
Bianchi identity at our disposal. We will begin the calculation by considering
the (0,4)-curvature tensor R. Fix a point p, let XY, Z, W be vector fields with
VX =VY =VZ=VW =0 at p and let F; be normal coordinates at p. Then

(V*VR)(X,Y,Z,W) >N (V3 5R) (X,Y,Z,W)
i=1

= Z(sz,,XR) (YvEMZa W)+ (v2E7,YR) (EMX,ZaW)
=1

= Y (VxgR) (Y,Ei, Z,W)+ (V3.5 R) (Ei, X, Z,W)
+ i (R(E;,X)(R)) Y,E;, Z,W)+ (R(E;,Y)(R)) (E;, X, Z,W)
— (VXV'R) (V. Z,W) — (VyV'R) (X, Z,W)

S (BB X) (R)) (B Y. ZW) + (R (B, Y) (R) (X, B Z,W)
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where we note that the last two terms are half of the expected terms in —Ric (R) (X,Y, Z,W).

Using that R is symmetric in the pairs X, Y and Z, W we then obtain

(V*VR) (X,Y,Z,W) = %(V*VR)(X,Y,ZW)—%(V*VR)(ZanXY)
- %((vxv*m (Y, Z,W) = (VyV'R) (X, Z,W))
+% (V2V'R) (W, X,Y) = (VwV"R) (2, X,Y))
LS R (B X) (R) (B Y. 2,W) + (R (B Y) (B) (X, i, Z,W)
_% ; (R(Ei, Z) (R)) (Ei, W, X,Y) + (R (E;, W) (R)) (Z, E;, X, Y)
= ;((;;V*R) (Y, Z,W) = (VyV'R) (X, Z,W))
+>((V2V'R) (W, X,Y) — (VwV*R) (Z,X,Y))

O

We can now go over to the more complicated result we are interested in. It was
first established in [?], and then with a modified proof in [?]. We shall present a
very simple proof based on the above formula relating the divergence and connection
Laplacians of the curvature tensor.

Theorem 4. (Tachibana, 1974) If (M, g) is a compact oriented Riemannian man-
ifold with divR = 0 and R > 0, then VR = 0. If in addition, /8 > 0, then (M, g)
has constant curvature.

Proof. We know from above that
1
V*VR + giﬁic (R)=0
Taking inner products with R and then integrating yields
1
VR[> dvol = —Z= / g(R(Za) (EaR), R) dvol

/| vE 55 | 9(RED)ER).R)
1 - -
5 > /M g (EaR, R(E4) R) dvol

1 = 2
§Z/M Aa |EaR|? dvol

using a basis =, that diagonalizes 2R. So if all eigenvalues are nonnegative we
obviously get that VR = 0. Moreover, should all eigenvalues be positive then
LR =0 for all L € so(T,M). This condition will imply that R (z,y,y,2) = 0 and
R (z,y,v,w) = 0 when the vectors are perpendicular. This in turn shows that any
bi-vector X A'Y is an eigenvector for R, but this can only happen if 8 = kI for
some constant k.
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To show that the mixed curvatures vanish first select L so that L (y) = 0 and
L(z) = z, then

0 = LR(x,y,y,x):fR(L(z),y,y,z)fR(:c,y,y,L(x))
= _QR(xayayvz)

Polarizing in y = v 4+ w, then shows that
R(z,v,w,z) = —R(xz,w,v, z)

The Bianchi identity implies

R(z,v,w,z) = R(w,v,z,2)— R(w,x,v,2)
= —2R(w,z,v,2)
= 2R (z,w,v,z)
= —2R(z,v,w,z)
showing that R (z,v,w,z) = 0. |

Finally we recover Tachibana’s original formula by calculating S for a symmetric
tensor S : A2TM x A2TM — R. This includes 4-forms.

—(LS) (X, Y, V, W)
= S(L(X),Y,V,W)+S8(X,L(Y),V,W)+S(X,Y,L(V),W)+S(X,Y,V,L(W))
—S(VWY, L(X))+ S (VW X, L(Y)) = S(X,Y,W,L(V)) + 5 (X,Y,V, L (W))
= —g(SVIMY, LX) +g(S(V,W)X, L)) =g (SX,Y)W,L(V))+g(S(X,Y)V,L(W))
= g(LXAS(V,W)Y) = g(LYAS(V,W)X)+g(LVAS(X,Y)W)—g(L,WAS(X,Y)V)
= g(L,S(V\W)XAY +XAS(V,W)Y +S(X,Y)VAW +V AS(X,Y)W)
= g(L,S(V,\W)(XAY)+S(X,Y)(VAW))

If we also think of S : A°T'M — A2T M, then (modulo signs?)

(LS XY, VW) = —g(S(L(XAY)),VAW) =g(S(XAY),L(VAW))
= —g(S(L(XAY)),VAW)=g(L*S(XAY),VAW)

so if L is skew symmetric
LS =[S, L]

Thus L acts trivally on the identity operator, and one can easily check that if T
is another (1,1) tensor then [L,T] on A2T'M is the same as the derivation coming
from [L,T] on T, M. Finally Lw is a form if w is a form, so L preserves the natural
orthogonal decomposition

S?A*T,M = I ® Rico ® W & A*T,M

We know that 4-forms are spanned by w; A wo where w; are 2-forms. Curvature
tensors are similarily spanned by S; A Sp where S; : T,M — T,M are symmet-
ric, this is equivalent to the Kulkarni-Nomizu product s; o so under type change.
Conformally flat curvature tensors correspond to the case where So = I or s = g.
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5. LAPLACIANS WITH DIFFUSION TERMS

When the measure is changed from being dvol to e~fdvol then we also need to
change the way we compute divergences so as to make sure they are still adjoints
to exterior and covariant derivatives. To this end we define

o = efsef = 0 +ivy
= Vitiyy=e/Vel =V}
Proposition 4. V’} is the adjoint to ¥V and d with respect to the measure e~fdvol.
Proof.

/g(dw,w’) e Tdvol = /g (dw, e~ w') dvol
g )) dvol

g( e W) e dvol

Il
—— —

g(w, ) e ~dvol
Likewise
/g(VS,T)e_fdvol = g(VS,e fT dvol
g(S,V* (e )) dvol
g (S, er* )) e Fdvol

9(S,V3T) e fdvol

\\\\

O

The previous proposition certainly works for tensors with compact support and
thus by extension in W12 the Hilbert space of tensors in L? (e’f dvol) with weak
derivatives also in L2 (e’f dvol) . This is more inteteresting than in the case where
f is not present as we can, e.g., use (M, g) = (R",can) with f = 1 |z|? . In this case
the measure is propoertional to the Gaussian measure and thus has finite volume.
This means that bounded tensors with bounded derivatives lie in W12,

More generally one can consider

by = d+iy

V*U = V'+ iy
for a vector field U, but this divergence operator will not necessarily be the adjoint
to d or V for any measure.

The U-Hodge Laplacian becomes

Ay = dyd+doy
= dd+dd+ipd+ diy
= A+ Ly

and is thus the stardard Hodge Laplacian with a Lie derivative as diffusion term.
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Proposition 5. The U Hodge Laplacian on forms satisfies the Weitzenbock formula
Ayw = V;Vw 4+ Ric (w) — (VU) w.

Proof. Lie derivatives and covariant derivatives are related by the derivation coming
from the (1,1) tensor VU

Ly =Vy—-VU
or
LyT =VyT — (VU)T

for (0,p) tensors T.
Since we already know that A = V*V + Ric on forms this will balance the terms
in the formula that only depend on U. O

This leads us to the new Ricci tensor also called the C tensor by Lichnerowicz
Ricy = Ric— (VU)
and the U-Lichnerowicz Laplacian on tensors
Apuy = VLV + Ricy
= Vi,V +c®Ric— (VU)), ¢>0.
In case U = V f we also use the notation
Ricy = Ric — (VVf) = Ric — Sy,

Proposition 6. The curvature tensor satisfies

1
VEVR+ 3%Ric(R) — 5 (VU)(R) = ApuR

_ !
2
1 N 1 "
= S (VXVER) (Y, Z,W) = 2 (Vy Vi R) (X, Z,W)
1 N 1 *
Proof. We start with the formula
1
V*VR + iimc (R) = ALR
1 1
= 3 (VxV*R) (Y, Z, W) — 3 (VyV*R) (X, Z,W)

% (VzV*R)(W,X,Y) - = (VwV*R) (Z,X,Y)

1
2

To verify the proposition we need the extra terms that involve U to cancel out.
This relies on the second Bianchi identity. Assume as usual that X,Y, Z, W are
parallel at a some fixed point. On the left hand side we have

1
VuR - 3 (VU) (R)
To understand the right hand side we first need to observe that
(VxVpR)(Y,Z,W) = (Vx(V'R+ivR))(Y,Z,W)

(VxV*R) (Y, Z,W) + Vx (R(U,Y, Z,W))
= (VxV*R)(Y,Z, W)+ (VxR) (U,Y,Z,W)+ R(VxU,Y,Z,W)
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This allows us to simplify the U terms on the right hand side:
1 1
+§ (VXR) (U7K Zv W) - 5 (VYR) (U7 X7 Zv W)

45 (V2R) (U W, X,Y) — 3 (VwR) (U, Z,X,Y)

— N

1

+5R(VXUY. ZW) = JR(VyU. X, 2,W)
1

+5R(VZ2UW,X,Y) = SR(VwU, Z,X,Y)

(VxR) (Y,U, Z, W) — % (VyR) (U, X, Z,W)

1
(VZR) (Wa Uava) - 5
1
+3R(VXUY. ZW) + SR(X,VyU,Z,W)

1 1
+3R(VZU,W.X.Y) + SR(Z.VwU.X.Y)

RN RPN RN N

= L (VuR) (XY, ZW) + 5 (VuR) (XY, Z,17)

1 1
+5R(VXUY. 2W) + SR(X,VyU, 2,W)

1 1
+3R(XY, VU W) + S R(X.Y. Z,VwU)

= (VuR)(X,Y,Z,W) - o (VU) R(X,Y, Z,W)

1
2

(VwR) (U, Z,X,Y)

As long as we use the maximum principle we can easily generalize the Bochner
technique to work when we have a diffusion term. The important observation is

Lemma 5. Let T be a tensor such that
ViVT + SRicy (T) = 0,
g Ricy (T),T) =
If |T| has a mazimum, then T is parallel.
Proof. The first observation we have to make is
SVEVITE =g (Vi VT, T) - VT
Thus we have

1
SVEVITT = - (g (Ricy (T),T) + |VT|2> <0.

The maximum principle, then implies that |T|2 must be constant if it has a maxi-

mum. Having shown that it is constant we then obtain
g (HRicy (T),T)+ VT =0
which is only possible if both
g Ricy (T),T) =
VT = o.
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In case U = V f, we can instead use integration.
Lemma 6. Assume that fe_fdvol < 00. Let T be a tensor such that
ViVT + Ricy (T) = 0,
g Riep (1), T) = 0,
then T is parallel.
Proof. We have

0 < /|VT|2 e~ dvol
= /g (V}VT, T) e fdvol
= —c/g (Rics (T),T) e dvol
< 0

showing that all integrals vanish. As the integrands are all nonnegative they must
in addition vanish. O

6. RI1ccr SOLITONS

In case we have a soliton metric

Ric + Sf =\
this means that
0 = AryR
= V;VR+ 59‘{1c (R) — 3 (S¢R)
1 1
= V;-VR + gmic (R) — 3 ((M — Ric) R)

1 1
= VjVR+ JRic(R) + 5 (RicR) +2AR

« 1 = 1.
= V;VE-3 > R(Za)EZa (R)+ 5 (RicR) + 2AR.
If we also think of R : A2TM — A?TM, then
(RicR) (X,Y,V,W) = —g(R[Ric(XAY)),VAW)—g(R(XAY),Ric(VAW))
= —g(RRic(XAY)),VAW)—gRiIcR(XAY),VAW)
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