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Chapter III.

Noncommutative Lagrange Theorem

Section 3.1. Algebraic Proof.

3.1.1. Let ag,aq,as,... be non commuting formal variables and R be a ring
of formal series generated by these variables.
Theorem 3.1. A functional equation in R

f=a+af+afi+afi+---  (3.1.1)

has a unique solution f € R and

a) f=|Al ao
where
1—a —a9 —ag
—ayp l—a; —ay ...
A= 0 —ayg l—ay ... (3.1.2)
0

is an infinite matrix and

b) f=P-Q"
where

P:Cl()+ Z ailaiz...aiHl
t1+ig+ et =l

Q:1—|— Z ailaiQ...ail

i1+io+-+i=l
Herel > 1, 4, >0, k=1,2,3,....

Proof. Set deg(a;, ...a;) =141 +---+14;. Let

f=h+h+tfot--



be an expansion f into homogeneous components: deg f; = i. Then (3.1.1)
gives us

fo=ao, fi=aifo, fo=afi+af;,
fs = arfa+ax(fofi + fifo) +asfs, ...

So, every f;11 can be written in a unique way via fy,..., f;. It follows
that (3.1.1) has a unique solution.
To prove a), we need the following:

Lemma 3.1.2. Let A be matrix (3.1.2). Then

|Al1j = (|Al11 - ag ") ao.

Proof. From the “homological relations” for quasideterminants one has
Al - [AM 5 = =] A - [AY 5

Note that
|AM g5 = |Alyj-1,  [AY]a1 = —ao.

So
|Al1; = |Alag ' |Al1j-1-

By induction we obtain
Al1j = (|Aluag ') ao.

Let us prove that f = |A|;{ - ao satisfies (3.1.1). By the definition of
quasideterminant

|Al;1 =1 — a1 — ag] A |30 a0 — as| A 5 a — . . ..
So by Lemma 3.1.2

Al =1~ a1 — as| Alf a0 — az (Al ao)” — -+
Multiplying by f = |A|;'ao from the right we obtain

aozf—alf—a2f2—a3f3—...



and a) is proved.
To prove b) we need the following useful

Proposition 3.1.3. Let B = (b;;), 1 <14, j <n. Let E, be the unit n x n
matrix. Then

1>0 1<ky,....k;<n

where 9;; is the Kronecker delta.

Proof. Use the expansion
(E,—B);'!=E,+B+B>+ B>+
Let us return to our proof. We will need one more
X Y
c=(z7 r)

where X, Y, Z, T are k X k, k X n, n X k, and n X n-matrices respectively.
Suppose that

Lemma 3.1.4. Let

0 0 —«

0 0 0
7 = :

0 0 0

Then,
|T|1_110z = |C|1;kl+1 |C -

Proof. According to the “homological relations”
[Clietr - [C™ it kgr = —Cler - 1CM e
Note that

\Ckk’k+1k+1 = |T\11, |Okk+1’k+lkz = —a.

So
Tl a = |Clike - [Clkk-



Let us return to matrix (3.1.2) and let A, be its n x n-submatrix

1—a —Qy ... —Qp_1 —Qy
—Q 1-— a ... —Qp—2 —Qp_1
A(n) = 0 —Qo oo —Qp—3 —Aap—2
0 0 e —Qo 1-— aq

It follows from Lemma 3.1.4 that

|Amy |11 a0 = [Apri) lrirs * [Amsro)lkk-

Set
Pk = |A(n+k)|lzl}:+1; Q= A(n,k)|l;li'
It is evident that

f=1AR a0 = lim [Apy| a0 = P - Q"
where
Py = lim Py = [Alj, Q= lim Quy = [Al

By Proposition 3.1.3

Pk:a0+z Z ailaiQ...ailH

>0 i1+i2+...+il+1:l

where the sum is taken over all sequences (i1, . ..,7;11) of nonnegative integers
such that for any 1 <r <[+1

i1+i2+...+ir—TZ—k—|—1

By the same proposition

Qk:1+z Z a,-la,-Q...aZ-l

>0 i1+io+... 4=l

where the sum is taken over all sets (iy,...,411) of nonnegative integers,
such that for any 1 <r </



As k — +oo then P, — P, Q) — Q. Hence f = PQ~!. The theorem is
proven.

3.1.2. g-Analog of Lagrange Theorem. In this subsection we will obtain the
Gessel’s g-analog of commutative Lagrange Theorem.
Let ¢ = ¢(z,q) be a function of two variables. Set

P (z,q) = p(2q" " Q)e(20" 2, q) - 0(z,9),

P (2:0) = (2, 0)p(2q7"q) .- p(2q7" " q)
Theorem 3.1.5. (cf. [Gessel]). Let z be a formal variable and ¢, go, g1, g2, - - -
be formal parameters commuting with z (they need not commute each other).

Let G be a ring of formal series generated by ¢;, ¢« > 0. Then a functional
equation in G

F(z,q) = 2q(go+ 91 F (2, 0)+ 32 F®(2,¢)+ g5 F®(2,¢) +. .., (3.1.3)
has a unique solution F'(z,q) and

a) F(z,q) = |Al1{', where

l—gigz =902 —gsg®2® ... —gag("3 )z
—9o 1= g1z —gog®2* ... —gnflq(g)w_lzn_l
A= 0 —g0 1= gPz ... —guoq("z )EDn2
n;2>+3(n73)zn_3

0 0 — 90 e _gn—3q(

b)
n+2
z Zq( )2 1 gy (q”t,q)
n>0
F(z,q) = — CORRT —
Yot 22 [t g (C] t,q)
n>0
where
9(6,q) = go + 1€ + g2E% + ...
and

[tn] ) (Z @ntn> ‘= Pn.

n>0



Proof. We show that Theorem 3.1.5 follows from noncommutative Lagrange
Theorem 3.1.1. Let x, y be g-commuting variables, i.e. xy = qyz. Set z = yz.
In the notations of Theorem 3.1.1 we set

ai:gixiy, 1=20,1,2,...

and suppose that g; commute with z and y.

Let FF = f - xq.

Note that F'is a function of z and q. It follows from the representation
of f as PQ~! and the formulas for the formal series P and Q.

From the obvious identity

r9(2,q) = 0(2q,9)

it follows that
/= (F(2q)™)" = (2q) " F (2g) !

Let us set f = F - (zq)~! and a; = ¢;z'y in functional equation (3.1.1):

2
F(xq)™" = goy + grayF - (zq) " + gor®y (F - (zg ™)) + ...

So
F=q2(90+ @ F+gF®+..)

and we get formula (3.1.3).
Let us prove a). By Theorem 3.1.1 F = fxq = |A|'goyzq = |Al1{ 9024,
where the matrix A is as follows:

l—qzy  —ga’y  —gs2’y

—goy  l—gizy —gex’y

A= 0 —g0y 1—qizy
0 0 —4o0

Multiply j-th column in A by y/~! from the right and é-th row in A by g~/1*i
from the left for all i,j > 2. We get the matrix A. Note that [A];; = |A[1;.

Hence F = |A|; gozq and a) is proven.



Now prove b). By Theorem 3.1.1 we have
F = frq=P-Q g,

where

P = CLO+Z Z ailaiz...aml:

>1 ’i1+i2+...+il+1=l

= goy+ >, S (942"Y) - (gip, 2 Y) =
l21 i1+’i2+...+il+1=l

_ I 1+1 —(io+2i3+...+1i _
= goy+Y. oo Yl g Gy e iy =
>1 i1+’i2+...+il+1:l

= {qgoz +3 STttty et il g g -gzm} (qz)~' =
>1 i1+i2+...+il+1=l

) —2i —(I+1)i -
= {qgonrZ S (wa) (g, g2, g 0D l“gml}(qx) b=

I>1 iy +ig+...+i 1=l
42 _ _
=z {Zzlq( ) (] gy 1t,q)} (qz)™"
>1
and

Q = 1+Z Z ailaiQ---ail:

lZl i1+i2+...+il:l

= 14> > (gua"y)- (gix'y) =
1>1 d1+ia+...+4=l

= 1+ Z Z xlylg—(iz-&-%a-i—--~+(l—1)iz) GGy - - Giy =
I>1 i1+io+... 4=l

= z 1+ Z Z xlylg_(Z‘2+2i3+m+(l_1)il) * Gi19is - - 'giz} x_l B
1>1 i1+i0+... 4=l

) —i —li -
= X 1+Z Z Zlq<2>q lgilq 291'2---(] llgil}x 1:

ZZI i1+i2+...+il:l

= =z Zzlq(“gl) {tl} g(l)(q_lt,q)} x L.

>0

We get the following Gessel’s formula for F' = PQ~! - xq.

142 B
ZZQ( 2) M SN UEN')
1>0

S g ] gy (a2, q)

>0

F=



Section 3.2. Combinatorial Proof of Noncommutative
Lagrange Theorem (following [Gessel])

3.2.1. Let S = {b_1,bo,b1,...,by,...} and let S* be the free monoid generated
by bz es.

For any word w = b;,b;, . . . b;, in S* define its height v(w) = i1 +is+. . . +i;.
Then v : §* — Z, will be a semi-group homomorphism. A word v € S* is
called a left factor of w if w = v - u for some u € S*.

Consider

R={we S |v(w) =0 and v(v) > 0 for every left factor v of w}.
Then R is a submonoid in S*. Set F' = Rb_;.

Proposition 3.2.1. Let w be a word w € F. Suppose that w starts with b;_y,
J < 0. Then the word w can be uniquely decomposed as w = b;_jw; ... wj,
where w; € F for i =1,...,j. Hence

F=]]bj1F’

5=0
Let Gy, = {w € S*,v(w) =k}, k € Z.
Proposition 3.2.2. Any w € G} has a unique decomposition w = uwv, where

u€F, veE G-
Let us show that both these propositions imply Lagrange Theorem. Set

(missing equation?)

where the sum is considered in the semi-group ring of monoid S*. From
Proposition 3.2.1 it follows that

f= Z bjflfj (3.2.1)
j=0
and Proposition 3.2.2 implies
[ 9k1=gi, k€L (3.2.2)

9



Consider the following almost upper triangular infinite matrix

bp b by
by by b1 ...
B=| 0 b4 b ... (3.2.3)
0 0 b,
Then
|E—B|11'b_1:Z|Bi|11'b_1 = (Z w) b_1:f (324)
=0 weR
Here F is an infinite unite matrix. Setting a; = b;41, 7 = 0,1,2,... and
combining (3.2.1) and (3.2.4) we get Theorem 3.1.1.a).
It is easy to see that for a; = bjy1 we have gy = @), g1 = P in nota-

tions of Theorem 3.1.1. It proves b) by (3.2.2). Moreover (3.2.2) gives a
generalization of Theorem 3.1.1.b).

Proof of Proposition 3.2.1. Let us fix a word w = a;,a;,...a;, € F. Set
j = i1+ 1. Consider all left factors w,, = a;a;,...a;,, 1 < m <[ of
the word w. Then v(wy) = v(a;) = 41, v(w;) = —1. Consider the set of
indices 2 < myq,...,m; < m such that v(w,, =i —k, 1 < k < j and
v(w,) > v(wpy,), 1 < r < mg. It is easy to see that this set is correctly
defined..

Let wy,, = W, , - uk, 1 <k < j. By definition, u, € Fj, for 1 < k < j.
Then w = aj_jujus...u; is the decomposition we need. Its uniqueness
follows directly from the uniqueness of the set (my), 1 <k < j.

Proof of Proposition 3.2.2. Let us fix a word w = a;,a;,...a;, € Gj and

consider its left factors w,, = aja;, ... a;,, 0 < m < [. Then v(wy) =
0, v(w;) = v(w) = k < 0. Then there exists a unique r, 1 <r < 1 such that
v(w,) = —1, v(ws) >0, 0 < s <r. Then w, € F. Let w = w, - u. Then

u € Giy1, i.e. w = w,u is a decomposition we looked for. The uniqueness of
r implies the uniqueness of the decomposition.

Remark. Propositions 3.2.1 and 3.2.2 have a simple description in terms of
paths on the plane (see [GJ]). With a word w = a;,a;, . . . a;,, where i; are in-
tegers, we associate a path ¥, connecting the vertices (0,4g), (1,41),..., (n,i,).

10



Then all paths 0, in upper half-plane are in 1 — 1 correspondence with the
words from R. In these terms, Proposition 3.2.1 is in fact the statement
(5.2.9) from [GJ].

However, we prefer to use the language of monoids because of possible
generalizations and modifications. The idea of using submonoids of words
with the left factors of nonnegative height was used earlier in [?7].

Section 3.3. Application: An Expression
for Ramanujan Continued Fraction.

Let x and y be two non commutating formal variables. Consider the
continued fraction

1
11—z 1 Y
1—2 1 Y
1—
T
which is equal to |C|i7", where
1 2 0 0
y 1 = 0
C=10 v 1 =z
0 0 ¢y 1

is a Jacobian matrix.
Set in Theorem 3.1.1 a; = z'y.

Proposition 3.3.1. In the notations of Theorem we have 3.1.1

11



Proof. It is enough to prove that |C|;]' = |A|;{ where

1—ay —2%y —2%y

—y  l—azy -2’y

A= 0 -y l-uay
0 0 —y

Let A,y be nxn submatrix of A in the first n rows and columns. Subtract
from the 1st row in the matrix A, the 2d row multiplied by x from the left,
then subtract from the 2d row the 3d row multiplied by x from the left,
etc. Under these operations the quasideterminant |A|;; will not change and
matrix A,y will be transformed into the matrix

1 —x 0 ... 0
-y 1 —x ... 0
0O -y 1 ... 0
0 0 0 ... 1—uay

For a monomial u = x®y tze2y’ . 2%y’ denote by a(u) the sum
a; +as + -+ + o, and by S(u) the sum 51 + By + -+ - + (3,. Let

P=y+ay’ +yzy+y’c+--
be formal sum of all monomials u such that a(u) +1 = B(u) and
Q=1+zy+yr+a*y +--

be the formal sum of all monomials v such that a(v) = S(v).
It follows from Theorem 3.1.1 and Proposition 3.3.1 that

K(x,y) = PQ ™'y~
Suppose that ry = qyx and ¢ commutes with z = yx. Then

1
K —

1—gz

1
1 —¢*2

1
1—.--

1—¢32

12



is the Ramanujan continued fraction. Now

P= T;y”“m" <2n+1)q = {go(yx)”q_@l) <2n+1>q} y= {nzoznq_(ngl) (2? 1>q} Y,

n n
nn2n — n n_ — 2n _ n,n+1 27’L
Q=Zyx<>=y12y“:ryl<> y=y" Zq(2)<> y.
n>0 n/j, n>0 n/, n>0 /g

We get the following theorem.

Theorem 3.3.2.

Zz”q‘("gl) <2n + 1>q

1 >0 n
_ i - _(n+1 2n
! ¢*z > )<
1-— 1 n>0 n q

Section 3.4. Noncommutative Inversion Polynomials.

3.4.1. Let T,,, n > 0 be the set of all trees with n + 1 vertices 0,1,2,...,n.
A vpair of vertices (i,7), i < j of a tree t is called an inversion of t if the
vertex j belongs to the path connecting the vertices 0 and i. Let inv(t) be
the number of all inversion of ¢t € T},. The polynomial

Jn(Q) _ Z qinv(t)

teTn

is called the inversion polynomial. It is know that J,(q) satisfies the following
recurrence relation.

)= (1) 0+ @i

k=1

A sequence of integers a = (a,as,...,a,), 1 < aj,...,a, < n such that
Hi|a; <k} <kfork=1,2,...,nis called a majorant sequence of length
n.

13



Denote by M, the set of all majorant sequences of length n. The number

s(b) = by +by+ ...+ by — ("3") is called a weight of b= (by,...,by) € M,.
It is easy to see that s(b) > 0. Let M,(q) = >_ ¢*®.

be M,

Theorem 3.4.1. (Kreweras).

3.4.2. Noncommutative Inversion Polynomials.
Let z,y be two noncommutative formal variables. Set M;(b) = |[{j | b; =

n—i+1} for b= (by,bs,...,by) € M,.

Definition 3.4.1.The following polynomial is call the noncommutative inver-
ston polynomial.

Li(z,y) = > aMOy MOy pMOy = [ (2, y).
beM,,

The relation of I,,(z,y) with the polynomials M,, and J,, is given by the
following proposition.

Proposition 3.4.1. Let xy = qxy and yxr = z. Then

In(z,y) = Mn(q)(q2)" = Ju(q)(q2)"

Proof. It is sufficient to check that
XMl(b)yng(b)y' ' ‘an(b)y _ qs(b)_(my)n

This is true because

+1
S(b):M1'n—|—M2(n—1)+,,,+Mn.1_<n2 )

A generating function for noncommutative inversion polynomials is given by
the following theorem.

14



Theorem 3.4.2.

1
Z Ejn(xvay =P Q_17

n>0
where
1
P = Z 7 'xmlyxmy...xml“y,
mi+mat..A+myp =l mi:Mmay: myp41!
1 m m m,
Q= Z —— ™My x™y .. ™y
mylme! .. my!

mi+...4+m;=l

Proof. Use Theorem 3.1 for a,, = %xmy.
As a corollary we get the following theorem.

Theorem 3.4.3.

Z J lZO

n>0

1

> Z(qZ)ZHQ‘(l;l)(l +q+...+q)
1
Il

(@) ()1 +q+.+ e

Proof. Set zy = qyx and yx = z in the notations of Theorem 3.4.2. Then

1 l
P — - l+1xl i ml(l+1)+m2-l+.“+ml+1-1 —
2 [! <m1m2 . .ml+1>y 1

m1+m2+...+ml+1:l :

_ v !

il ( ! ) (yqj)l+1q_(l+1) . qml(l+1)+mgl+.,,+ml+1.1x71 _
mi+...4+mpp1=l el mi1me Myt
1
> E(qz)l“ff(m) (I+g+...+ )z

1>0

>yll,lqm1 Amo-(I=1)4...4+my

-
mi+.. +ml i m1m2
1
il

- < )(qyx)lq_(é) . qm1(1*1)+m2(l*2)+...+ml.0 _
m1+ +ml l mimes .

- Z (qz) <)(1+q+ g =
>0 !

= (Z;(QZ)I (% 1)(1+q+..-+ql‘1)’) z
>0
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