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On l ine's Partition 
Theorems, Dyson, 
Andrews, and Missed 
Opportunities 

~ i s tory  almost  never  works  out the w a y  you w a n t  i t  to, especially when  you are 

looking at it  after the dus t  settles. The same  is true in  mathemat ics .  There are 

t imes  when  the solut ion o f  a problem is overlooked s i m p l y  by accident, due to a 

combinat ion  of  unfor tunate  circumstances. In  a celebrated address [D4], Freeman  

Dyson d e s c r i b e d  seve ra l  "missed opportunities," in 
pa r t i cu l a r  his  o w n  a d v a n c e  g l impse  o f  M a c d o n a l d ' s  eta- 
funct ion  ident i t ies .  I p r e s e n t  he re  the  h i s to ry  o f  F i n e ' s  par- 
t i t ion t h e o r e m s  and  the i r  combina to r i a l  p roofs .  As  the 
r eade r  will  see,  m a n y  o f  the  resu l t s  cou ld  and  pe rha ps  
should  have  b e e n  d i s c o v e r e d  a long t ime ago. The re  was a 
whole  s t r ing of  "missed  oppor tun i t ies . "  

The cen t ra l  even t  is the  pub l i ca t ion  of  a sho r t  no t e  [F1] 
by  Na than  Fine.  To quote  George  Andrews ,  "[Fine] an- 
nounced  seve ra l  e l egan t  and  intr iguing pa r t i t i on  theo rems .  
These  resu l t s  w e r e  m a r k e d  by  the i r  s impl ic i ty  of  s t a t emen t  
and [ . . . ]  by  the  d e p t h  of  the i r  proof ."  [A7] Wi thou t  taking 
anything a w a y  f rom the  dep th  and  b e a u t y  of  the  resul ts ,  I 
will s h o w  he re  tha t  m o s t  of  t h e m  have  r e m a r k a b l y  s imple  
combina to r i a l  p roofs ,  in a ve ry  c lass ica l  style.  Pe rha ps  
tha t ' s  e x a c t l y  h o w  it shou ld  be  wi th  i m p o r t a n t  resul ts !  Even 
a r e a d e r  w h o  p re fe r s  ana ly t ic  m e t h o d s  m a y  f ind t ha t  here  
the  c o m b i n a t o r i a l  a p p r o a c h  fits the  p r o b l e m  well .  

F ine ' s  pa r t i t i on  t h e o r e m s  can  be  spli t  into two (over-  
lapping)  ca tegor ies :  t h o s e  dea l ing  wi th  pa r t i t ions  into o d d  
and dis t inct  par t s ,  ~t la  Euler ,  and  those  deal ing wi th  
Dyson 's  rank.  I sha l l  s e p a r a t e  these  two stor ies ,  as  t hey  
have re la t ive ly  l i t t le  to  do  wi th  each  other. The for tune  and  
misfor tune,  however ,  had  the  s ame  roo t  in bo th  s tor ies ,  as  
you will see. 

F ine ' s  no te  [F1] d idn ' t  have  any proofs;  no t  even hints  
on compl i ca t ed  ana ly t ic  fo rmu lae  which  were  used  to p r o v e  
the  results .  It w a s  p u b l i s h e d  in a Nat ional  A c a d e m y  of  Sci- 
ences  publ ica t ion ,  in a j o u r n a l  devo ted  to all b r a n c h e s  of  
science.  Thus the  p a p e r  was  la rge ly  ove r looked  by  subse -  
quent  inves t iga tors .  The  no te  con ta ined  a p romise  to have  
comple t e  p roo f s  p u b l i s h e d  in a j ou rna l  "devoted  en t i re ly  to  
mathemat ics . "  This  p r o m i s e  was  never  fulfilled. 

Good  news  c a m e  f rom a d i f ferent  quarter.  In the  s ixt ies ,  
George  Andrews ,  whi le  a g r adua t e  s tudent  a t  the Univer-  
s i ty of  Pennsylvania ,  t o o k  a cou r se  of  Nathan Fine  on ba-  
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sic h y p e r g e o m e t r i c  series.  As he wr i tes  in his mini biogra- 
phy  [A8], "His cour se  was  b a s e d  on a manusc r ip t  he had 
been  pe r f ec t ing  for  a decade ;  it eventua l ly  b e c a m e  a book  
[F2]." In fact, the  b o o k  [F2] was  pub l i shed  only in 1988, ex- 
ac t ly  40 y e a r s  a f te r  the  pub l i ca t i on  of  [F1]. It indeed con- 
t a i ned  the  p roo f s  of  all pa r t i t i on  resu l t s  a n n o u n e e d  in [F1]. 
Meanwhi le ,  A n d r e w s  kep t  the  m a n u s c r i p t  and  used  it on 
m a n y  o c c a s i o n s  be fo re  [F2] appea red .  Among  o ther  things, 
A n d r e w s  gave n e w  analyt ic  p roo f s  of  many  results ,  found 
c o n n e c t i o n s  to the  w o r k s  of  Rogers  and Ramanujan,  and, 
w h a t ' s  impor t an t  for  the  sub j ec t  of  this  paper ,  gave com- 
b ina to r ia l  p roo f s  to some  of  the  theo rems .  Much of  the fame 
F ine ' s  long-unpub l i shed  resu l t s  n o w  have is owing to An- 
d r e w s ' s  w o r k  and  p e r s i s t e n c e  ( see  [A1-A8]). 

This  is w h e r e  the  s to ry  sp l i t s  into two. The res t  of  this 
a r t ic le  is la rge ly  ma themat i ca l ,  dea l ing  s epa ra t e ly  with each 
of  F ine ' s  pa r t i t i on  theo rems .  To s impl i fy  the  presenta t ion ,  
I change  the i r  o r d e r  and  use  d i f ferent  nota t ion.  I conclude  
the  d i s cus s ion  wi th  Dyson ' s  p r o o f  of  Euler ' s  Pentagonal  
T h e o r e m  and  a few more  surpr i ses .  

A few w o r d s  abou t  the  nota t ion .  I deno te  par t i t ions  of 
n by  h = (hi,  h2, �9 . �9 , At), and  I wr i te  h F- n, or  ih = n. Let 
h' be  the  con juga te  par t i t ion  to  h. The la rges t  par t  and the 
n u m b e r  of  p a r t s  o f  h a re  d e n o t e d  by  a(A) and  ~(h), re- 
spect ively .  Eve ry  par t i t ion  h m a y  be r e p r e s e n t e d  graphi- 
cal ly  by  its Young d iag ram [h]; reca l l  tha t  one def ini t ion of 
h' is the  cond i t i on  tha t  [h'] is the  t r a n s p o s e  of  [h]. See [A3] 
for  s t a n d a r d  re fe rences ,  def ini t ions ,  and  detai ls .  

Par t i t ions  Into D is t inc t  Par ts  and 
Frank l in 's  Invo lu t ion  
The fo l lowing resu l t  is s t ra igh t  f rom [F1]: 

THEOREM 1 (F ine)  Let ~o and ~ be the sets of partitions 
h of n into distinct parts, such that the largest part 
a(h)  = hi is even and odd, respectively. Then 

1, i f n  = k(3k + 1)/2 
! ~ f J i - [ ~  = - 1 ,  i f n = k ( 3 k -  1)/2 

O, otherwise. 

It is p e r h a p s  sugges t ive  to  c o m p a r e  T h e o r e m  1 with the 
s imi la r - looking  Euler's Pentagonal Theorem, which  can  be 
s t a t ed  as  fol lows:  

THEOREM 2 (Euler )  Let ~{ and ~ be the sets of  partitions 
a of n into dist inct  parts, such that the number  of parts 
((h) = h~ is even and odd, respectively. Then 

o ~ 1 I ( - 1 )  k, i f n = k ( 3 k •  1)/2 
~ ,~1 -  ~ , ,  = 0, otherwise. 

Of course ,  th is  s imi la r i ty  was  no t  over looked .  Fine him- 
sel f  a c k n o w l e d g e d  tha t  T h e o r e m  1 "bears  some  resem- 

b lance  to  the  f amous  pen t agona l  t h e o r e m  of  Euler ,  bu t  we  
have no t  been  able  to es tab l i sh  any  rea l  c o n n e c t i o n  be- 
t w e e n  the  two  theorems ."  In the  Math. Reviews ar t ic le  [L], 
Lehmer  re i t e ra tes :  "This resul t  pa ra l l e l s  a f a m o u s  t h e o r e m  
of  Euler." 

As I shal l  show,  T h e o r e m  1 has  a p r o o f  nea r ly  ident ica l  
to the  f a m o u s  involut ive  p r o o f  by  F rank l in  o f  T h e o r e m  2. 
F rank l in  w a s  a s tuden t  of  Sylves ter  a t  Johns  Hopk ins  Uni- 
versi ty,  ac t ive  in Sylves te r ' s  exp lo ra t i on  of  the  "construe- 
tive theory of  partitions." He pub l i shed  his p r o o f  [Fr] r ight  
be fo re  the  pub l i ca t i on  of  a c e l e b r a t e d  t r ea t i s e  [S1] by  
Sy lves te r  ( to which  Frank l in  also con t r ibu ted ) .  These  two 
p a p e r s  la id  the  founda t i ons  of  Bi ject ive Combina to r i c s ,  a 
f ield w h i c h  b l o s s o m e d  in the  s e c o n d  ha l f  of  the  twen t i e th  
century.  

Of course ,  it is ha rd  to b lame  Fine  for  no t  d i scover ing  
the  connec t ion .  In t hose  days  b i j ec t ions  we re  r a re ly  used  
to p rove  c ombina to r i a l  resul ts .  Since the  la te  s ixt ies ,  how- 
ever,  the  m e t h o d  b e c a m e  popu l a r  again,  wi th  a large  num- 
be r  of  p a p e r s  proving  par t i t ion  ident i t i es  by  m e a n s  of  ex- 
pl ic i t  b i jec t ions .  F rank l in ' s  involu t ion  was  far  f rom 
forgot ten,  and  was  used  on many  o c c a s i o n s  to  p r o v e  vari- 
ous  r e f i n e m e n t s  of  Euler ' s  Pen tagona l  t h e o r e m  [KP], and  
even m o s t  r ecen t ly  to p rove  a new pa r t i t i on  iden t i ty  [C]. It 
is a p i ty  tha t  an app l i ca t ion  to F ine ' s  t h e o r e m  r e m a i n e d  un- 
no t i c e d  for  so  m a n y  years .  

Proof  Deno te  by  ~** = ~ 0  U ~ ,  the  se t  of  all pa r t i t i ons  
into d i s t inc t  par ts .  Let h E ~,~, and  let  [h] be the  Young di- 
ag ram c o r r e s p o n d i n g  to  h. Deno te  by  s (h)  the  length  of  the  
sma l l e s t  p a r t  in A, and  by  b(h) the  length  of  a m a x i m a l  se- 
quence  o f  s u b s e q u e n t  par ts :  a, a - 1, a - 2 , . . . ,  w h e r e  a = 
a (h )  = hi. One can  v iew s(A) and  b(h)  as  the  l eng ths  o f  the  
horizontal line and  diagonal line of  squa res  of  [h], as  in 
F igure  1. Now, if s (h)  --< b(h), move  the  ho r i zon ta l  l ine to 
a t t ach  to  the  d iagona l  line. Similarly,  if  s (h)  > b(h), move  
the d iagona l  l ine to  a t t ach  b e l o w  the  ho r i zon ta l  line. If we  
canno t  m a k e  a move,  s tay  put. This def ines  F rank l in ' s  in- 
vo lu t ion  a : c~,~ _.~ ~ , .  

Note  tha t  a changes  par i ty  of  the  n u m b e r  of  par t s ,  ex- 
cep t  when  h is a f ixed  point .  Observe  tha t  the  only  f ixed 
po in t s  o f  the  involu t ion  are  the  Young d i a g r a m s  w h e r e  
the  l ines  over lap ,  and  s (a )  - b(a) is e i the r  0 o r  1 ( see  Fig- 
ure  2). The n u m b e r  of  squares  in t hese  d i a g r a m s  are  
re(am • 1)/2, which  are  ca l led  pentagonal numbers.  
Therefore ,  ~,i~)~ _ ~ is 0 un less  n is a p e n t a g o n a l  number ,  
and  is • 1 in tha t  case.  This  p roves  T h e o r e m  2. 

Similarly,  no te  tha t  a changes  pa r i ty  of  the  l a rges t  part .  
Thus again,  w e  infer  tha t  !~o! _ , ~ '  is 0 un le s s  n is a pen-  
t agona l  number ,  and  is • 1 in tha t  case.  This  c o m p l e t e s  the  
p r o o f  of  T h e o r e m  1. []  

-"--'--'--'--'--'-":::I:~ S.~...~...~ ~ 
__k__L_k__L_' 

F igu re1 .  Y ~ u n g d i a g r a m ~ ] ~ r r e s p ~ n d i n g t ~ a p a # i t i ~ n A = { 9 ~ 8 ~ 7 ~ 6 ~ 4 ~ . H e r e s ~ ) = 3 ~ b ~ = 4 ~ a n d a ~ ) = ( 1 ~ 9 ' 8 ~ 6 ~ 4 } .  
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Figure 2. Fixed points of Franklin's involution. 
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Proof. Denote  by  G,~ = G 1 U G 3 the  se t  o f  all pa r t i t i ons  
into odd  parts .  Define Sylvester 's  bi ject ion ~ : C, --~ %,  as 

s h o w n  in Figure  3. To show it is a b i j ec t ion  as  a l leged  re- 
qui res  some  work,  and  grea t  a s t u t e n e s s  on Sy lves te r ' s  part .  
Observe  tha t  a(/z) = (a(A) - 1)/2 + t(A), for  all /z = ~(A). 
Now rewr i t e  th is  f o rmu la  as  a ( A ) +  2C(A)=  2 a ( / z ) +  1. 
This p roves  T h e o r e m  4. 

Note  tha t  ~(A) --= n rood 2 for  all  A E C,~. F r o m  the above  
equation,  we  conc lude :  r ~0,  G~---> %), when  n is 
even, and  r : C 1 ---) ~ ,  G~ ---) %o, when  n is odd.  This p roves  
T h e o r e m  3. []  

P a r t i t i o n s  In to  O d d  P a r t s  a n d  S y l v e s t e r ' s  B i j e c t i o n  

N o w  I reca l l  ano the r  f amous  t h e o r e m  of  Euler:  tha t  the 
n u m b e r  o f  pa r t i t i ons  of  n into o d d  n u m b e r s  is equal  to the 
n u m b e r  of  pa r t i t ions  of  n into d i s t inc t  numbers .  Here  is an- 
o t h e r  gem f rom [F1]: R a n k  a n d  D y s o n ' s  M a p  

This s to ry  s t a r t ed  in 1944 wi th  Dyson ' s  p a p e r  [D1], which  
THEOREM 3 (F ine)  Let 61, and G 3 be the sets o f  par t i t i ons  A a p p e a r e d  in Eureka,  a pub l i ca t ion  o f  m a t h e m a t i c a l  s tuden t s  
of  n into odd par t s  such that the la~yest par t  a(A) is  1 and in Cambridge.  Mot iva ted  by  R a m a n u j a n ' s  iden t i t i es  for  di- 
3 m o d  4, respectively. Then vis ibi l i ty  of  the  pa r t i t i on  funct ion,  Dyson  i n t r o d u c e d  the 

iG~ I = i%oi, iG~i = i%,,: 1, i f  n is even, rank  of  a par t i t ion ,  which  he c o n j e c t u r e d  w o u l d  give a corn- 
= = ' 0 b ina to r i a l  i n t e rp re t a t i on  of  t he se  ident i t ies .  Still an under-  IG},! '%},!, IG3! I%,,l, i f n  is odd. 

graduate ,  Dyson  d id  not  p rove  these  con jec tu res .  They 
Clear ly  F ine ' s  Theo rem 3 is a r e f i n e m e n t  of  Eu le r ' s  the- were  r e so lved  in 1948 by  Atk in  and  Swinner ton-Dyer  [At], 

orem.  As w e  shal l  see  short ly,  the  fo l lowing  resu l t  o f  Fine a l though thei r  c e l e b r a t e d  p a p e r  [AS] a p p e a r e d  s o m e  yea r s  
[F2] is an ex tens ion:  later .  

For tu i tous ly ,  Dyson  meanwhi l e  had  m o v e d  to the  U.S. 
THEOREM 4 (F ine)  For a n y  k > O, the n u m b e r  o f  par t i t ions  and pub l i shed  his con j ec tu r e s  as  a shor t  p r o b l e m  in the  
tz ~ n into d i s t inc t  par ts  such that a(l~) = k, is equal to 

A m e r i c a n  Mathemat ica l  Month ly  [D2]. Na than  Fine  be- 
the n u m b e r  o f  par t i t i ons  A ~ n in to  odd par ts  such  that 
a(A) + 2~(A) = 2k + 1. c ame  in t e re s t ed  in the  p r o b l e m  and  devo ted  th ree  t h e o r e m s  

in [F1] to e n u m e r a t i o n  of  pa r t i t i ons  wi th  given r ank  (see  
In his  ea r ly  p a p e r  [A1] , A n d r e w s  p r o v e d  T h e o r e m  4 com- below).  Taken  ou t  of  contex t ,  his  r esu l t s  s e e m e d  com- 

b ina tor ia l ly ,  bu t  never  no t i ced  tha t  it  impl ies  Theorem 3. p le te ly  mys te r ious ,  and  wou ld  have  r e m a i n e d  so  if  not  for  
The r e a s o n  could  be  tha t  T h e o r e m  3 w a s  coup led  wi th  The- pub l i ca t ion  of  the  b o o k  [F2] and  Dyson ' s  p a p e r  [D3]. We 
o r e m  1 in [F1], while  the  know n o w  tha t  F ine ' s  

proofs use two different Nobody s e e m s  t o  h a v e  n o t i c e d  results were based on 
c lass ica l  combina to r i a l  the  th i rd -o rde r  m o c k  

a rguments .  The p roofs  that Dyson's map can be used t he ta  func t ion  ident i t ies  
of  T h e o r e m  3 and  Theo-  due  to Watson  [W], a 

rem 4 follow from Syl- t o  give c o m b i n a t o r i a l  proofs o f  technique used in [AS] 
v e s t e r ' s  c e l e b r a t e d  bi- as  well. 

ject ion,  somet imes  called Fine's results. Dyson ' s  p a p e r  [D3] 
a f i sh -hook  construc- ( see  a l so  [D6]) was  
tion. This  b i j ec t ion  is a map  b e t w e e n  pa r t i t i ons  in to  odd a imed  at  f inding a s imple  p r o o f  o f  the  fo rmu la  for  a gen- 
and  d i s t inc t  numbers ,  and  gives a c o m b i n a t o r i a l  p r o o f  of  era t ing func t ion  for  pa r t i t i ons  wi th  given rank.  This fo rmula  
Eu le r ' s  t h e o r e m  (see  [A1,A3]). was  used  as  a tool  for  p rac t i ca l  ca lcu la t ions  in [D1] and 

Sy lves te r ' s  b i jec t ion  is a n o t h e r  f ix ture  in the  combina-  l a te r  was  e s t ab l i shed  in [AS]. U n a w a r e  o f  F ine ' s  work,  
to r i c s  o f  par t i t ions .  It has  been  r e s t a t e d  in many  different  Dyson  r e d i s c o v e r e d  one of  F ine ' s  t hen -unpub l i shed  equa- 
w a y s  (e.g., using F r o b e n i u s  c o o r d i n a t e s  and  2-modular  di- t ions,  ca l led  it a "new s y m m e t r y , "  and p r o v e d  it combina-  
a g r a m s  [A6,B,PP]), and  was  u sed  to  p rove  o the r  refine- torial ly.  He then  d e d u c e d  the  d e s i r e d  formula ,  and  ob ta ined  
m e n t s  of  Euler ' s  t h e o r e m  [KY]. Had  T h e o r e m  3 b e e n  bet- a n e w  p r o o f  of  Eu le r ' s  Pen t agona l  T h e o r e m  (see  below).  I 
t e r  k n o w n  and  no t  omi t t ed  in [L], the  fo l lowing  p r o o f  could re fe r  to [D5] for  Dyson ' s  p e r s o n a l  and  h i s to r ica l  accoun t  of  
have  b e e n  s tandard ,  these  d iscover ies .  

Figure 3. Sylvester's bijection tp : (7,5,3,3) --~ (7,6,4,1). 
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Figure 4. Dyson's map ~ r : h - - ~ / ~ ,  w h e r e  ,~ = ( 9 , 7 , 6 , 6 , 3 , 1 ) ~  ~a2 , r+ l ,  

/~ = (8 ,8,6,5,5,2)  @ '~32+r,r-l, a n d  r = 2. 

Unfor tunate ly ,  except  for Andrews ' s  paper  [A5], nobody  
seems to have not iced  that  in fact Dyson's  map, somet imes  
called D y s o n ' s  a d j o i n t  [BG], can be used to give combina-  
torial proofs of F ine ' s  results.  Even Andrews did not  seem 

to realize that  Dyson 's  map  proves two other theorems 
of Fine  as well. I r e tu rn  to that  Andrews paper  in the next  
section. 

Define the r a n k  of a par t i t ion  A as r(A) = a(A) - g(A). 
Denote by 2~,~,,. the set  of par t i t ions  of n with rank r, and 

!9 ~ Similarly, denote  by Y~,~,,. (~J,~,,.) the set of let p(n ,  r) = ,~.,.. 

part i t ions of n with r ank  at mos t  r (at least r). Let h(n,  r) = 

~, , , . ,  g(n,  r) = ~,~.,i. Clearly, pQ~, r) = h(n,  r) - h(n,  r - 1), 
and (by compar ing  A to A') g(n,  r ) =  h(n,  - r ) .  Also, 
h(n,  r ) + g ( n ,  r +  1 ) =  7r(n), where z r ( n ) =  h(n,  n ) =  

E,. p (n ,  r) is the total  n u m b e r  of part i t ions of n. 

THEOREM 5 (Fine)  F o r  all n > O, we  have  h(n,  1 + r ) =  
h (n  + r, l - r ) .  

P r o o f  I shall cons t ruc t  an explicit  bi ject ion 
0,. : 9~,,-+1 -+ ~,+,.,,. 1, which  implies the result. Start with 
the Young diagram [A] cor responding  to a par t i t ion A E 
~,~.,.+ 1. Remove the first co lumn  with ~ = ~(A) squares. Add 
the top row with (~ + r)  squares.  Let [#] be the result ing 
Young diagram (see Figure  4.) Call the map ~b,. :A--~ # 

Dyson ' s  m a p .  

By assumpt ion  of A, we have r(A) = a(A) - ~ -< r + 1, 
so a (# )  = C + r --> a(A) - 1. Thus # is a part i t ion indeed. 
And the same inequal i ty  shows that  the inverse map is 

! 
defined. Clearly, ~# = X - ~ + ( ~ + r ) = n + r .  Also, 

r (#)  = a(/x) - ~(tx) = ~(A) + r - (A,~ + 1) -> r - 1. There- 
fore, ~ = ~b,.(A) ~ ~+,. , , . -1,  which completes  the proof. [] 

I call the resul t  of  Theo rem 5 the F i n e - D y s o n  re la t ions .  

The rest of the paper  is bui l t  upon  these relat ions and 
Dyson's  map. First  I p rove  the following four equations,  
which are listed in [F1] as one  theorem as well. 

THEOREM 6 (Fine)  We have:  

1) p ( n  + 1, O) + p (n ,  O) + 2 p ( n  - 1, 3) = ~r(n + 1) - zr(n), 

f o r E >  1, 

2) p ( n -  1, O ) - p ( n ,  1 ) + p ( n - 2 ,  3 ) - p ( n - 3 ,  4 ) = 0 ,  
f o r E > 3 ,  

3) p ( n -  1, 1 ) - p ( n ,  O ) + p ( n -  1, 2 ) - p ( n - 2 ,  3 ) = 0 ,  
f o r E > 2 ,  

4) p ( n -  1, r) - p ( n , r  + 1 ) + p ( n - r - 2 ,  r + 3 ) - p ( n -  
r - 3 ,  r + 4 ) = 0 , f o r n > r + 3 .  

P r o o f  Taking r = 0 and  r = - 1  in equat ion 4), and us- 

ing p ( m ,  r) = p ( m ,  - r ) ,  we obta in  2) and 3), respectively. 

By Theorem 5, and  from the formula  7 r ( n ) =  h(n ,  O ) +  

g(n,  1) = h(n,  O) + h(n ,  - 1 ) ,  we deduce  equat ion 1): 

z r ( n  + 1) - z r ( n )  

= (h (n  + 1, O) + h ( n  + 1, - 1 ) )  - (h(n,  O) + h(n ,  - 1 ) )  

= (h (n  + 1, O) - h ( n  + 1, - 1 ) )  + (h(n,  O) - h (n ,  - 1 ) )  
+ 2 h ( n +  l , - 1 ) - 2 h ( n , O )  

= p ( n  + 1, O) + p ( n ,  0) + 2(h(n  - 1, 3) - h ( n  - 1, 2)) 
= p ( n  + 1, O) + p ( n ,  O) + 2 p ( n  - 1, 3). 

Equat ion  4) follows in a s imilar  manner :  

p ( n  - r -  3, r + 4) - p ( n  - r - 2, r + 3) 

= ( h ( n  - r -  3, r + 4 ) -  h ( n  - r -  3, r + 3)) 

- ( h ( n  - r -  2 ,  r + 3 )  - h ( n  - r -  2 ,  r + 2 ) )  

= h ( n , - r - 2 ) - h ( n -  1 , - r -  1 ) - h ( n , - r -  1) 
+ h ( n -  1, - r )  

- - ( h ( n ,  - r -  1 )  - h ( n ,  - r -  2 ) )  

+ ( h ( n  - 1, - r )  - h ( n  - 1, - r -  1)) 
= - p ( n ,  - r -  1) + p ( n  - 1, - r )  

= - p ( n ,  r + 1) + p ( n  - 1, r). 

This completes  the proof. C] 

Since the equat ions  in Theorem 6 follow immedia te ly  
from the Fine-Dyson relat ions,  one can obta in  combina to-  
rial proofs for these equat ions  as well, by separat ing te rms  
with posit ive and  negat ive  signs and  then  using Dyson 's  
map to obta in  ident ical  sets  of par t i t ions  on both  sides. I 
p resen t  a var ia t ion  on such  a p roof  in case of ano the r  the- 
orem from [F1]. 

THEOREM 7 (Fine) F o r  r >-- n - 3, w e  have  ~ ( n )  - r - 1) = 
p ( n + r +  1, r). 

P r o o f  Denote  by ~,, the set  of par t i t ions  A ~ n with the 
smallest  part  s(h) --> 2. Observe that  [~ni = ~ (n )  - 7r(n - 1). 
Indeed, one can a lways add a par t  (1) to every par t i t ion  
u ~ n - 1 to obta in  all par t i t ions  of n, except  for those 
in ~ .  

Now, to a par t i t ion  A E ~,, apply Dyson 's  map ~,.+ ] : A --> 
/~, cor responding  to the r ank  ( r  + 1). We have /~1 = 1 + 

f ( A ) + r - - > 2 + ( n - 3 ) = n -  1. On the other  hand,  # 2 =  
~-1 -- 1 -< n - 1 by cons t ruc t ion .  Therefore/~1 ~ #2, and  # 
is a par t i t ion indeed.  Because  s ( A ) >  1, we know that  
e(#) = e(A) + 1. Thus r (# )  = (e(A) + r + 1) - (e(A) + 1) = r, 

so [s E ~ n + r + l , r -  Since the map is clearly reversible,  we ob- 
tain the result. [] 

The Iterated Dyson's Map 
As me n t i one d  before,  Andrews  in [A5] proved combina to-  
rially the following theo rem from [F1]: 

THEOREM 8 (Fine) L e t  ~ , r  be the set  o f  p a r t i t i o n s  t z ~ ~,~ 

w i t h  r a n k  r ( # )  = r. L e t  ~n,2k + ; be the set  o f  p a r t i t i o n s  A E 
C,~, s u c h  that  the larges t  p a r t  a(,~) = 2k + 1. Then: 

10~n,2,-+li ~ - - - i ~ n , 2 r + i i - ] - ~ n , 2 r i .  

One can view The o r e m 8 as ano ther  r e f inement  of 
Euler ' s  theorem on par t i t ions  into odd and  dis t inct  parts.  

Andrews  showed in [A5] tha t  the theorem follows easily 
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Figure 5. The iterated Dyson's map ~':A ~ /~ ,  where ,/ = (5,5,3,3,1) E :1q7,5 and/~ = (8,6,2,1) E (-~17,4. 

f rom the  p r o p e r t i e s  of  D y s o n ' s  m a p  ~,.. It  is u n f o r t u n a t e  
t ha t  A n d r e w s ' s  p r o o f  w a s  p u b l i s h e d  in  a l i t t l e - k n o w n  jour -  
na l  and  was  n e v e r  s t u d i e d  fu r the r .  I will  n o w  p r e s e n t  a di- 
r ec t  b i j ec t ion  b e t w e e n  (~,, a n d  V~,~, w h i c h  is d i f f e ren t  f rom 
Sylves te r ' s  a n d  Gla i she r ' s  b i j e c t i o n s  
[A31, a n d  w h i c h  p r o v e s  T h e o r e m  8. 
Natural ly ,  this  c o n s t r u c t i o n  is mot i -  
va t ed  by  [A5]. 

Let A = (A1, A 2 , . . .  , A~,) E C,~, b e  
a pa r t i t i on  in to  odd  par ts .  C o n s i d e r  
a s e q u e n c e  of  pa r t i t i ons  p l ,  /22 ,  . . . , 

v ~, s u c h  tha t  v ~: = (At), a n d  U i is o b t a i n e d  by  app ly ing  

D y s o n ' s  m a p  0as to v i+l.  N o w  let  # = v ~. Call  the  r e su l t i ng  
m a p  ~ : A -- ) /x  the  i t e ra t ed  D y s o n ' s  m a p .  See F i g u r e  5 for  
a n  example .  

THEOREM 9 The i t e ra t ed  D y s o n ' s  m a p  ~ d e f i n e d  above  is  a 

b i j e c t i o n  b e t w e e n  ~ ,  a n d  ~ .  Moreover ,  ~(0~n,2r+l ) = 
~n ,2 r  U ~ 2 r +  I ,  f o r  all r >-- O. 

Clearly,  T h e o r e m  9 i mp l i e s  T h e o r e m  8. It w o u l d  be  in- 
t e r e s t i ng  to f ind  f u r t h e r  a p p l i c a t i o n s  of  the  m a p  d to  o the r  
p a r t i t i o n  t h e o r e m s .  

Dyson used his map to 
obtain a proof of Euler's 
Pentagonal Theorem. 

Proof.  Firs t ,  n o t e  tha t  ;u i = Ai + Ai+i + �9 �9 - + A~. There-  
fore  i/x] = ]u l] = ]A] = n ,  as  r equ i red .  Let u s  p ro v e  b y  induc -  
t i o n  tha t  v / is a p a r t i t i o n  i n to  d i s t i nc t  par t s ,  s u c h  t ha t  r (u  i) 
is e i the r  Ai or  Ai - 1. The  b a s e  o f  i nduc t i on ,  w h e n  i = f a n d  
v i = (~.) ,  is obv ious .  

S u p p o s e  the  c l a im  h o l d s  for  v i+1, i.e., a ( v  i+l )  - s  i+l)  

is e i the r  "~i+1 o r  .,)ti+ 1%- 1, d e p e n d i n g  o n  the  par i ty .  S ince  
a(pi)  = f ( / f i+ l )  + Ai, we  h a v e  

( p i ) I  = a(pi) >- (a(P i+1) - -  A i + I )  %- A,i > a ( ~  ' i+1)  --  1 = ( p i ) 2 ,  

a n d  this  i nequa l i t y  is m a i n t a i n e d  ((vi)2 - (ui)3 = (ui+1)1 - 

(v i+l)2  > 0, a n d  so  on) ;  th i s  i mp l i e s  tha t  v i is i n d e e d  a par-  
t i t ion  in to  d i s t i nc t  par t s .  Now,  o b s e r v e  tha t  s  i) = s  i+ 1) 

or  s  i+1) - 1. We have  

r ( v  i) = a(u  i) - s  i) = ( s  i+1) %- Ai) - C(v i) ~ {A~-,Ai - 1}, 

w h i c h  p r o v e s  t he  i n d u c t i o n  step.  

Note  t ha t  w e  n e v e r  u s e d  t h e  fac t  t ha t  A E G,~. Th i s  be -  
c o m e s  i m p o r t a n t  in  t h e  c o n s t r u c t i o n  of  t h e  i n v e r s e  n m p  
~: 1. Def ine  t he  m a p  ~-1 b y  i n d u c t i o n ,  s t a r t i n g  w i t h  ~ = 
v I a n d  a p p l y i n g  t he  i n v e r s e s  o f  D y s o n ' s  m a p s  0,71. Clear ly ,  

t he  o n l y  f r e e d o m  in  t h e  c o n s t r u c t i o n  c o m e s  f r o m  the  
c h o i c e  of  r. Bu t  w e  n e e d  to  h a v e  r = a ( u  i) - ~(v  i) o r  r = 

a ( u  i) - f ( v  i) - 1, a n d  r h a s  to b e  odd;  th i s  m a k e s  the  

c h o i c e  of  r u n i q u e .  T h e r e f o r e  t h e  m a p  ~: 1 is we l l  de f ined ,  
a n d  ~= is a b i j e c t i o n .  T h e  s e c o n d  p a r t  o f  t h e  t h e o r e m  is im-  
m e d i a t e  f r o m  t h e  a r g u m e n t s  above .  Th i s  c o m p l e t e s  the  
proof .  []  

D y s o n ' s  P r o o f  o f  E u l e r ' s  P e n t a g o n a l  T h e o r e m  

I a l r eady  m e n t i o n e d  t h a t  D y s o n  u s e d  his  m a p  to o b t a i n  a 

s imple  p r o o f  of  Eu l e r ' s  P e n t a g o n a l  T h e o r e m ,  T h e o r e m  2 
above .  He wri tes ,  "This  c o m b i n a t o r i a l  de r iva t i on  of  Eu l e r ' s  

f o r m u l a  is less  d i rec t  b u t  per-  
h a p s  m o r e  i l lumina t ing ,  t h a n  
the  w e l l - k n o w n  c o m b i n a t o r -  
ial  p r o o f  of  F rank l in . "  [D3] 
T w e n t y  yea r s  la ter  he  adds ,  
"This  de r iva t i on  is the  on ly  
o n e  I k n o w  tha t  exp l a in s  w h y  

the  3 a p p e a r s  in  E u l e r ' s  fo rmula . "  [D5] 
Here  is h o w  D y s o n ' s  p r o o f  goes.  Let P( t )  and  G,.(t) be  

the  g e n e r a t i n g  f u n c t i o n s  for  all  p a r t i t i o n s  of  n,  a n d  all par-  
t i t ions  of  n wi th  r a n k  --> r :  

G,.(t) = 2 g(n ,  r ) t" ,  
n-- 1 

P( t )  = 1 + 7 r (n )U  = (1 - ti) " 
n = l  = 

Write the  r e l a t i ons  h(n ,  r )  + g(n,  r + 1) = 7r(n) a n d  the  
F i n e - D y s o n  r e l a t i ons  h(n ,  1 + r) - h ( n  + r, 1 - r) in  t e r m s  
of  g( . )  a lone:  

g(n, r) + g(n, 1 - r) = rr(n), g(n,  r)  = g(n  - r - 1 , - 2  - r). 

In  the  l anguage  of  g e n e r a t i n g  f u n c t i o n s ,  these  r e l a t i ons  im- 
p ly  the  fo l lowing  two  e q u a t i o n s :  

1 + G,.(t) + Gt  ,.(t) = P( t ) ,  
G,.(t) = t"+l (1  + G .) ,.(t)). 

Here  1 in  b o t h  e q u a t i o n s  c o m e s  f r o m  tak ing  in to  a c c o u n t  
the  "empty"  par t i t ion .  T h u s  we  h a v e  

Gr( t )  = t ''+1 P ( t )  - t r+i Gr+3(t). 

I t e ra t ing  the  above  e q u a t i o n ,  we  obta in :  

Gr(t)  = t r+l P( t )  - t r+ i  Gr+3(t)  
= t ''+1 P( t )  - t 2'+5 P ( t )  + t 2''+5 G,.+6(t) 

= t r+l  P( t )  - t 2'+5 P( t )  + t 3r+12 P(t )  - t 3r+12 Gr+o(t) 

m ( 3 m  1) 

= ( -  1 ) ' ~ - l t  ~ + "" P( t ) .  
m 1 

Subs t i t u t i ng  th is  in to  P ( t )  - Go(t) - Ga(t) = 1, we  d e d u c e  
Eu le r ' s  P e n t a g o n a l  T h e o r e m :  

l ~  1 ( 2 m(3 1) . . . .  

i=1  (1  - t ~) 1 + ( _ _ l ) m t  2 
m = 1 

,,,/:~ .... ~) ) 
+ ( -  1 ) " t  2 = 1. 

??t = 1 
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Dividing both sides by the p roduc t  P(t) and equating the 
coefficients gives us Theorem 2. 

In fact, Euler  [E] was  in te res ted  in the recurrence rela- 
t ion for the n u m b e r  of par t i t ion  ~r(n). The above formula 
implies  

~r(n) = ~r(n - 1) + rr(n - 2) - rr(n - 5) - ~r(n - 7) 
+ rr(n - 12) + 7r(n - 15) - . . .  

By analogy, Dyson [D5] ob ta ined  the following ref inement  

of Euler ' s  recurrence:  

g ( n , r ) = r r ( n - r -  1 ) -  ~ - ( n - 2 r - 5 )  
+ ~ r ( n -  3 r -  12) - . . .  

Naturally, one is t empted  to conver t  the above simple 
analyt ic  proof  into a bi ject ive p roof  of both recurrences.  
This turns  out to be  possible.  Denote  by ~,, the set of all 

par t i t ions  of n. Write Dyson 's  r ecur rence  as follows: 

~ , , , - r  = ?9b,,--r 1 - -  J~j5 2r 5 -- ~ l  ;}r--19 -- " . .  

= j'q~,,-r--1, , ' -2  U ~ n  , ' -1 ,  r 3! 

--IqTd~., 2 r  5, r - 5  U ':TJ{';. z 2 ~ . ' - 5 , - r  6! 

§ i q ~ - 3 ;  '" 12, r - 8  U ~ 3 r - 1 2 ,  r 9 -  �9 �9 - 

= !%, ,--1,-,--d + (!~,, ,. 1 , - , - -a j -  l%, -2 , ,  s, ,--5) 
- ( ~ , , - 2 , -  s. ,.-6 - 'uS, ,  a,--12, ,. s : ) +  . . .  

Now Dyson's  map ~h--,.-1 gives a bi ject ion be tween  the left 
hand  side and the first t e rm on the right hand side of the 
equation.  Similarly, maps  ~b ,.-4, ~b ,. 7, etc., give biject ions 
for the terms in the brackets .  Thus  we have a simple 
b~jective proof of Dyson 's  recurrence .  One can view the 
above bi ject ion as a s ign-reversing involut ion on the set of 
par t i t ions  a ~ ~,,, ,., or a ~-n - rm  - "re(am - 1)/2, where 
m -  > 1. 

Similarly, after combin ing  two involut ions  for r = 0 and 
1, we easily obta in  an  involu t ion  y proving Euler 's  recur- 
rence: 

m even m odd 

where m on both  sides is a l lowed to take negative integer 
values, and the map y (see Figure  6) is defined by the fol- 
lowing rule: 

f o r  A E ~t~ m(3m-1) /2 ,  

[~ /  3m-l()t), i f r ( a )  + 3m -< 0, 
7 ( A ) = ~ W 1  +e(a), i f r ( a ) + 3 m > 0 .  

Now comes  a final surprise.  Biject ion Y is in fact well 
known!  In this exact  form it was  d iscovered in 1985 by Bres- 
soud  and Zeilberger [BZ], for the sole purpose  of f inding a 
s imple  proof  of Euler 's  recurrence.  The authors,  completely  
una w a r e  of Dyson 's  proof, managed  to rediscover  a vers ion  
of Dyson 's  map anyway. It seems,  the Fine-Dyson relat ions 
and  Dyson 's  map q,,. are s imply so fundamen ta l  they resur- 
face despite the "missed o p p o r t u n i t i e s " . . .  

F i n a l  R e m a r k s  

There remains  one last par t i t ion  theo rem of Fine [F1] with- 

out  a s imple combinator ia l  proof. Let L (n )  be the n u m b e r  
of par t i t ions  A k n with odd smal les t  par t  s(a). The theo- 
rem states that  L(n)  is odd if and only if n is a square. 
Shouldn ' t  one look for an involu t ion  proving this result? 
Any in teres ted  reader  may draw insp i ra t ion  from an invo- 
lutive proof  of the Rogers-Fine ident i ty  [A2]. 

The condi t ions  in Fine ' s  theorems  6 and  7 are slightly 
changed  in this paper, ei ther to correct  or  simplify the re- 

sults  (so as no t  to define p(rt, r) for n --< 0). Dyson's  map 
as def ined here is the conjugate  of the one  in the literature. 
I f ind this vers ion  somewhat  easier  to work  with. 

The i terated Dyson 's  map ~ appears  to be new. It is ba- 
sically a recursive appl icat ion of Andrews ' s  recur rence  re- 

la t ion for l~ 1 and !~,,,,. (see [A5]). Whether  this bijec- 
t ion  be t w e e n  par t i t ions  into odd and  dis t inct  number s  has 

o ther  nice appl icat ions  or not, the map ~ seems to give a 
na tura l  proof  of Theorem 8, jus t  as Dyson 's  map gives a 
na tura l  p roof  of Theorem 5. Unfor tunate ly ,  the iterative 
cons t ruc t ion  of ~ is perhaps  intrinsic.  As Xavier Viennot  

once  role me, "Sometimes, a recurs ive  b i jec t ion is the only 
one poss ib le  and one canno t  do better." 

Note that  Dyson 's  proof  of Euler ' s  r ecur rence  relat ion 

[D3] p roduces  a bi ject ion a lmost  immedia te ly  once one 
employs  Dyson 's  map. A different  bi ject ion,  based on 
Frank l in ' s  involution,  was ob ta ined  by m e a n s  of the invo- 
lu t ion  pr inciple  by Garsia and  Milne [GM]. These two "au- 
tomatic"  approaches  chal lenge Sylvester 's  paradigm that bi- 
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Figure 6. Bijection 7 proving Euler's Pentagonal Theorem. 
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j e c t i ons  "should  r a the r  be r ega rded  as  s o m e t h i n g  p u t  into 
the  two sys tems  by  the human  intel l igence than  an absolute  
p rope r ty  inherent  in the  relat ion be tween  the two  [sets]" [$2]. 

In a r e c e n t  p a p e r  [BG], Berkov ich  and  Garvan  def ined  a 
2 -modu la r  ve r s ion  o f  Dyson ' s  map.  They  used  this  n e w  map 
to give a comb ina to r i a l  p r o o f  of  Gauss ' s  f amous  identi ty.  It 
wou ld  be  in te res t ing  to  conver t  this  p r o o f  in to  a fully bi- 
j ec t ive  p r o o f  of  the  iden t i ty  and  c o m p a r e  wi th  A n d r e w ' s  in- 
volut ive  p r o o f  [A2]. Similarly,  one  can  c o n s i d e r  an i t e ra ted  
ve r s ion  o f  this  m a p  and  t ry  to f ind new pa r t i t i on  t h e o r e m s  
this  c o n s t r u c t i o n  m a y  prove.  

This  p a p e r  was  mo t iva t ed  in pa r t  by  the  fo l lowing  quote: 
"[A5] seems to be the only known application of Dyson's 
transformation" [BG]. Let me  add  tha t  had  the  p repr in t  
[BG] neve r  been  pu t  on  the internet ,  this  p a p e r  migh t  have 
never  b e e n  wri t ten.  That  wou ld  have  b e e n  a n o t h e r  "missed 
o p p o r t u n i t y " . . .  
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