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Four Questions on Birkhoff Polytope
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Abstract. We askseveral questionson thestructureof thepolytopeof doublystochasticn 7 n
matricesPn, known asaBirkhoff polytope.Wediscussthevolumeof Pn, thework of thesimplex
method,andthemixing of randomwalksPn.

Keywords: Birkhoff polytope,simplex method,randomwalk, symmetricgroup,mixing time

1. Introduction

In this article we considera Birkhoff polytopewhich is, arguably, one of the most
importantpolytopesin many dimensions.Also known astransportationpolytopeand
doubly stochasticmatricespolytope, it miraculouslyappearsin variousbranchesof
mathematicsfrom geometryto enumerative combinatoricsto optimizationtheory to
Statistics.While Birkhoff polytopewasthoroughlystudied,therearestill someinter-
estingopenquestionsrelatedto its rich geometricandcombinatorialstructure.Herewe
will touchuponsomeof thesequestions.

A Birkhoff polytopePn is a polytopedefinedby the following equationsand in-
equalities:

ai 8 j 9 0 : n

∑
i ; 1

ai 8 j < 1 : n

∑
j ; 1

ai 8 j < 1 for all 1 = i : j = n >
We think of ? ai 8 j @ asn A n doubly stochasticmatrices. It is easyto seethat Pn hasa
dimension? n B 1@ 2 sincevaluesof ai 8 j , 1 = i : j = n B 1 determinetherest.Anothereasy
observationshowsthattheverticesof Pn arethepermutationmatrices(exactlyone1 in
eachrow andcolumn;and0 elsewhere). Fromnow on, we will denoteverticesof Pn
by permutationsin a symmetricgroupSn.

Question 1.1. Whatis thevolumeof Pn?

1 Partially supportedby theNSFPostdoctoralResearchFellowship.
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This turnsout to bea very hardquestion,of interestin variousfieldssuchasenu-
merative combinatorics,statistics,andcomputationalgeometry. It is still wide open
as far as we know. Not only that, even for relatively small valuesof n computing
vol ? Pn @ representsa significantchallenge.The exact valuesarecurrentlyknown for
n = 8 (see[5,27]). (For moreonthevolumeof theBirkhoff polytope,all transportation
polytopes,andtheir applications,see[8,18,25].)

Ratherthanadmitour failureto answerthis question,let usprove that this volume
is equalto thevolumeof a differentpolytope. Definea polytopeRn by the following
equationsandinequalities:CDDDDDDE DDDDDDF

bi 8 j 9 0 : bi 8 j 9 bi 8 j G 1 : bi 8 j 9 bi G 1 8 j :
n H i

∑
l ; 1

bi G l 8 l < n B i :
n H j

∑
l ; 1

bl 8 j G l < n B j

for all 1 = i : j = n >
Wethink of ? bi 8 j @ asof n A n non-negativerealmatriceswhichweaklydecreasein rows
andcolumnsandhavesumsin diagonalsequalto their lengths.

Theorem 1.2. vol ? Rn @ < vol ? Pn @ .
Weprovethisandothertheoremsin thenext sections.Weremarkthatageneraliza-

tion of Theorem1.2to all transportationpolytopesis alsoknown (see[12,22]).

Question 1.3. Doesthesimplex methodwork faston Pn?

Let us formalize this questionusing the following “toy” versionof the simplex
method.2 Let φ bea linear functionon I n2

which takesdistinctvalueson all vertices
of Pn J I n2

. Considerthefollowing algorithm. Startat somevertex andmove to any
adjacentvertex alongany edgeon which φ decreases.Whenthereareno suchedges,
weareat minimum.

To analyzethisalgorithm,recallthattheverticesof Pn arein one-to-onecorrespon-
dencewith elementsof thesymmetricgroupSn. Whatabouttheedges?Onecanshow
thattheedgescorrespondto pairsof permutations? σ : ω @ suchthatσ H 1ω is asinglecy-
cle (see,e.g.,[10]). Concludefrom herethatthediameterof agraphGn of verticesand
edgesof Pn is 2 sinceeverypermutationcanbepresentedasa productof two cycles.

Now, sincewecangetthedesiredminimumin atmosttwo steps,whatis themaxi-
mumnumberof stepsthealgorithmcantake?Turnsout, it canbevery long. Consider
thefollowing linearfunction:

φ < x1 8 1 K αx1 8 2 K >L>�> αn H 1x1 8 n K αnx2 8 1 KNMLMLMLK αn2 H 1xn 8 n >
Whenα O 0 is smallenough,thelinearorderon Pn stabilizesandbecomesreverse

lexicographicorderon permutations.Observe that α0 < 1 PQ? n K 1@ will alreadygive
suchan order. Think of a graphG asa partially orderedsetwith σ R ω if thereis a
sequenceof edgesbetweenσ andω on which φ decreases.Thenthe problemof the
lengthof thealgorithmbecomestheproblemof finding thelongestchainin this poset.

Theorem 1.4. Letφ beasabove, 0 S α = α0. Thenthereexistsa decreasingsequence
of verticesof Pn of length O Cn!, for a universal constantC O 0.

2 Therealsimplex methodis morecomplex in many ways(see,e.g.,[24]).
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We will prove the theoremlater by exhibiting sucha sequence.Now supposeat
eachstepwe move alongthe edgechosenuniformly amongall the increasingedges.
Giventhemaximumrunningtime of thealgorithmis exponential,shouldtheexpected
runningtimebealsoexponential?Not so.

Theorem 1.5. Letφ beasabove, 0 S α = α0. Thenfor theexpectedrunningtimeE of
thealgorithm,wehaveE < O ? nlogn@ .
Question 1.6. Doesthenearestneighborrandomwalkmixesfaston Pn?

The answeris yes,but we needto give somedefinitionsfirst. Considera Markov
chainonagraphG, whichmovesalongauniformedgeateachstep.By thedescription
of edges,thiscorrespondsto arandomwalk onSn generatedby all cycles(cf. [7]). Say,
westartat identitypermutation.Denotethecorrespondingrandomwalk by T .

Denoteby Qk ? σ @ the probability that after k steps,the walk is in vertex v U G.
Definethetotal variationdistanced ? k@ <WV Qk B U V asfollows:

d ? k @ < 1
2

max
A X Sn YQk ? A@ B U ? A@ Y < ∑

σ Z Sn

[[[[ Qk ? σ @ B 1YSn Y [[[[ :
whereQk ? A@ < ∑σ Z AQk ? σ @ andU ? A@ < YA Y P YSn Y . Now, hereis theformal statementof
thequestion:Givenn, ε O 0, whatis thesmallestk < k ? ε : n@ such thatd ? k@ S ε?

Theorem 1.7. For a randomwalk T wehave d ? 2@]\ 0 as n \ ∞.

In otherwords,whenn is large,therandomwalk T is mixedafter just two steps,
which is the diameterof thegraphG. Thereareseveralothercaseswherethesimilar
behavior of randomwalkswasobservedon Sn (see[11,15]).

It is oftenusefulto definea mixingtimemix < k ? 1 P e@ < min ^ k Y d ? k@ S 1P e_ (see,
e.g.,[2]). The number1 P e herecanbe substitutedby any constantandis chosenfor
convenience.Beforewefinish,let usrecallanold conjecturewhichstatesthatif thesize
of thegeneratingsetR J Sn is polynomialin n, thena mixing time mix for a random
walk on Sn is alsopolynomial(cf. [3,7,20]).

Question 1.8. Is it true that thenearestneighborrandomwalk mixesfaston all 0 B 1
polytopes?

Theansweris no, andthis is theeasiestquestionsof all. Remarkably, thesolution
alsoinvolvesa Birkhoff polytope.Hereis how it canbeformalized.

Let T beapolytopein I d . WesaythatT is a0 B 1 polytope if thecoordinatesof all
verticesof T areeither0 or 1. Suchpolytopesareusuallynicerthangeneralpolytopes,
for example,thediameterof graphof suchpolytopeis at mostd K 1 which is achieved
only on a cube(see,e.g.,[28]). Now let T be a nearestneighborrandomwalk with
holdingprobability1P 2. Will themixing time in sucha casebepolynomialin d ?

Now considera productT < Pn A I of a Birkhoff polytopeandan interval ` 0 : 1a .
Clearly, this is a 0 B 1 polytope. Think of T asof a prismwith Pn A
^ 1 _ asa top and
Pn Ab^ 0 _ asabottom. Observethattheprobabilityof moving from thebottomto thetop
is exactly1P D, whereD is thedegreeof eachvertex. ThusweneedO ? D @ stepsto have
a 1P 2e chanceto get to thetop if we startedon thebottom.This impliesmix < Ω ? D @ .
But D B 1 is equalto thenumberof cyclesin Sn. Therefore,D < O ?L? n B 1@ ! @ andmix
is mildly exponentialin d, whered < dim ? T @ < ? n B 1@ 2.
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Note that our constructionworks for all 0 B 1 polytopeswith superpolynomial
degrees. It is an importantopenconjectureto show that if vertex degreesarepoly-
nomial in the dimensiond, thenmix is alsopolynomial in d. The positive solution
of this conjecturemayhave far reachingconsequencesin theoreticalcomputerscience
(see[17]).

2. Proofs of the Theorem

Proof of Theorem1.4. Let us constructthe decreasingchainfrom the largestpermu-
tation ? 1 : 2 :L>�>L>�: n@ to thesmallest? n : n B 1 :�>L>�>c: 1@ . For n < 2 thechainis trivial. Sup-
posewe know the chain for n = m B 1. Let the chain for n < m be as follows. It
startswith ? 1 : 2 :L>L>�>�: m B 1 : m@�\ M�MLM \ ? 1 : m: m B 1 :L>�>L>4: 2@ wherethechainin themid-
dle is the chain for n < m B 1. Now let the chain go to someelement ? 2 :ed2:�>L>�>�:fd @
thensomechainin the middle, thento ? 2 : n : n B 1 :L>L>�>L: 3 : 1@ , andto ? 3 :ed2:�>L>L>4:(d @ , etc.,
till we finally reach ? n : n B 1 :�>L>�>L: 1@ . Here,by d , we denotesomeelementsin ` 1 : na
valuewhich is irrelevant at the moment. All we neednow is to describewherewe
move from ? i : n : n B 1 :�>L>L>�: i K 1 : i B 1 :�>L>L>4: 1@ and the chain thereafterbeforewe hit? i K 1 : n : n B 1 :�>L>L>L: i K 2 : i :�>L>�>�: 1@ .

Let k <hg n P 2i . Observe, that it is alwayspossibleto move from σ1 < ? i : n : n B
1 :�>L>�>L: 1@ to σ2 < ? i K 1 : 1 : 2 :�>L>�>�: k :"d2:edQ:L>L>�>L:fd @ sinceσ2 j σ1 andthereis a rearrange-
ment of d suchthat σ H 1

1 σ2 is a long cycle. Now from σ2 useany chain to get to
σ3 < ? i K 1 : 1 : 2 :L>L>�>�: k : m: m B 1 :L>L>�>L: k K 1@ (say, decomposethepermutationσ H 1

2 σ3 into
a productof cyclesandusethemoneby one).Now useinductionagainfor n < m B k.
Eventuallywereach ? i K 1 : n : n B 1 :L>�>L>f: 1@ which completestheconstruction.

Now computethelengthof our chain.Denoteby Ln the lengthof thechainon Sn.
Theinductiongivesus

LnG 1 < ? n K 1@ ? Ln Bk? g n P 2i K 1@ ! @ >
Dividing bothsidesby ? n K 1@ ! we have

LnG 1? n K 1@ ! O Ln? n@ ! B 1g nP 2i @ ! >
Since∑k 2P k! \ 2P e S 1, we immediatelyhaveLn P n! O 1 B 2P e for all n. This implies
theresult.

Proof of Theorem1.5. Let Dn bethe total numberof cyclesin Sn, i.e., thedegreeof a
graphG. We have

Dn < n

∑
l ; 2

l
n
l m ? l B 1@ ! < n!

n

∑
l ; 2

1
l ? n B l @ ! S c ? n B 1@ !

for someuniversalconstantc O 1. Therefore,with probability O 1 P c : the randomly
chosencycle is a long cycle.

Now, supposethealgorithmis ata permutationσ < ? n : n B 1 :�>L>L>�: n B k : j :fd2:�>L>L>4:(d @ ,
1 = j S n B k B 1. Note thatelementsn : n B 1 :�>L>�>L: n B k are“stuck” which meansthat
no decreasingedgecanever changethem. Let us computethe numberof decreasing
edgesleaving σ whichdonotchangej. Clearly, thisnumberis notgreaterthanDn H k H 2.
On theotherhand,thetotal numberof decreasingedges? σ : ω @ is at least ? n B k B 1 B
j @ M ? n B k B 2@ !, which is the numberof all cycleson the last n B k B 1 elementsand



OnBirkhoff Polytope 87

suchthatω ? k K 2@ O j. Therefore,theprobabilitythat,in a decreasingedge ? σ : ω @ , we
haveω ? k K 2@ O j is at leastcn < 1 PQ? 1 K c@ . We concludethatwith probability O cn the? k K 2@ th elementj in a permutationchangesto a uniform elementU�` j K 1 : n B k B 1a .
Therefore,after O ? logn@ movesthe ? k K 2@ th elementin a permutationwill become
n B k B 1 and“stuck”. Fromhereit takesO ? nlogn@ for all elementsto get “stucked”,
whichmeanswe reach? n : n B 1 :o>�>L>4: 1@ . Thisfinishestheproof.

Proof of Theorem1.2. Let uscomputethenumberof integerpointsin N M Pn, which is
a polytopePn expandedin eachdirectionby a factorof N. Clearly, this is thenumber
of Latin squares, which is thenumberof non-negative integern A n matriceswith row
andcolumnsumsequalto N.

We will needa few definitions.A partitionof m is an integersequenceλ < ? λ1 9
λ2 9pMLMLM�9 λl O 0@ suchthat Y λ Y < λ1 K λ2 KkMLM�MfK λl < m. Thenumberl < l ? λ @ is called
the lengthof λ. Let q 2 bean integer latticewith 1 A 1 squares? i : j @ , whereincreases
down and j increasesfrom left to theright. A setof squares? i : j @ suchthat1 = i = l ,
1 = j = λi is calledaYoungdiagramwhichwealsodenoteλ (see,e.g.,[16]). A Young
tableauA of weight ? N @ n andof shapeλ, Y λ < nN, is a filling of a diagramλ with
numbers1 :L>L>�>L: n, andN copiesof each,suchthatthenumbersincreasein columnsand
weaklyincreasein rows.

A famousRobinson–Schensted–Knuth(RSK)correspondencein aspecialcasegives
a bijection betweenLatin n A n squareswith sumsN andpairsof Youngtableauxof
weight ? N @ n with thesameshape(see[14,23]).

A Gelfand–TsetlinschemeT of weight ? N @ n is a sequenceof partitions ? λ r 1s :L>�>L>4:
λ r ns @ , suchthat Y λ r i s Y < N ? n K 1 B i @ , l ? λ r i s @ < n K 1 B i, andλ r i sj 9 λ r i G 1s

j 9 λ r i s
j G 1 for

all i and j. Thereis an easycorrespondencebetweenYoungtableauxandGelfand–
Tsetlinschemes.Simply think of thetableauasof aflagof diagramsλ r i s whichcontain
numbers1 :L>L>�>�: n K 1 B i, i < 1 :�>L>�>�: n. Now arrangetheschemeT asfollows:

λ r 1s1

λ r 2s1 λ r 1s
2

λ r 3s1 λ r 2s
2 λ r 1s3>L>�>h>�>L>h>L>L>

Observethatnumbersnow weaklydecreasein rowsandcolumnsandthatthediagonal
sumsarenN, ? n B 1@ N, >L>�> . Notealsothat two Youngtableauxwith thesameshame
correspondto theschemeswith thesamefirst partitionλ r 1s , i.e.,with thesamediagonal.
Now convert two Young tableauxobtainedby the RSK bijection into two Gelfand–
Tsetlin schemesT1, T2. ArrangeT1 asa lower triangularshape(asabove), andT2 as
anuppertriangularshape.Now gluethemtogetherinto a squareshape(cf. [4,12,22]).
Observethatwe obtainedanintegerpoint of N M Rn, andall integerpointsin Rn canbe
obtainedby this correspondence.

We concludethat thereis a bijection betweeninteger points in N M Pn andN M Rn.
Therefore,polytopesPn andRn havethesamevolume(cf. [26]).

Proof of Theorem1.7. We refer to [16,23] for the standardresultsin representation
theoryof thesymmetricgroup.Let usrecallthefollowing notation.Let λ beapartition
of n. By dλ denotethedimensionof theirreduciblerepresentationπλ of thesymmetric
groupSn. By Burnsideidentity, dλ Sut n!. By χλ ? µ@ wedenotethevalueof thecharac-
terof πλ onaconjugacy classwith cyclestructure? µ@ . Clearly, dλ < tr ` πλ ? id @ a < χλ ? n@ .
Also, Y χλ ? µ@ Y = dλ for any µ, Y µ Y < Y λ Y < n (seee.g[7]).
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Ourfirst stepwill berestatingtheproblemin termof charactersof Sn. Useanupper
boundlemmaof DiaconisandShahshahani(see[7,9]). We obtain

d2 ? m@ = 1
4 ∑

λ: vλ v ; n 8 λ w; r ns d2
λ x p K n

∑
l ; 2

pl
χλ ? l : 1n H l @

dλ y 2m < ?3z @ :
wherep is theholdingprobabilityand

pl < ? 1 B p@]{ nl | ? l B 1@ !
Dn

= Cn
l ? n B l @ ! :

Dn is thetotalnumberof cycles,andC is auniversalconstant.
To estimatetheright-handsideof ?3z @ webreaktheinnersummationinsideinto two

parts: l = nP 2 and l O n P 2. In thefirst casewe simply boundeachratio by 1. In the
secondcase,thevalueof thecharacterturnsout to be0 exceptin onecase.This will
simplify theproblemandeventuallygiveusthedesiredbound.

Denoteby }λ the Youngdiagramobtainedby throwing away the first columnand
the first row of a diagramλ. As before, let l < l ? λ @ < λ n1 be the numberof rows
in λ. Now recall the Murnaghan–Nakayamarule, which is a combinatorialrule for
computingthe charactersχλ ? µ@ (see,e.g., [16,23]). Without beingexplicit, observe
thattheMurnaghan–Nakayamarule immediatelyimpliesthat if l O n P 2, thenwe haveY χλ ? k : 1n H k @ Y < d~λ if k < λ1 K l ? λ @ B 1 and Y χλ ? k : 1n H k @ Y < 0 otherwise.We have

?3z @ = n

∑
k; 1

∑
λ w; r ns�8 l G λ1 H 1; k

d2
λ x pk

d~λ
dλ

Kp� n� 2�∑
j ; 2

p j y 2m >
Now let m < 2. Usingtheformulafor pk and∑ � n� 2�j ; 2 p j = Cn2� n� 2� ! , we have

?(z @ = n

∑
k; 1

∑
λ w; r ns�8 l G λ1 H 1; k

d2
λ x Cn

k ? n B k@ ! M�� ? n B k @ !
dλ

K Cn2�
n P 2� ! y 4

= n

∑
k; 1

∑
λ w; r ns�8 l G λ1 H 1; k

x Cn

k � ? n B k@ ! t dλ
K Cn2 t dλ�

nP 2� ! y 4 :
wherethe last inequalityfollows from d~λ S � ? n B k@ !. Recallthat ? a K b@ 4 = 8 ? a4 K
b4 @ . Thisbreakseachsummandinto two, whichbreaksourdoublesuminto two double
sums.Theseconddoublesum \ 0 asn \ ∞, whicheasilyfollowsfrom t dλ S�? n! @ 1� 4,

the Stirling formula, sincethe total numberof partitions � 1
4n � 3 M eπ t 2� 3n (see,e.g.,

[19]). For thefirst doublesum,it is known (see[11,15]) that

∑
λ w; r ns�8 r 1n s ; v λ v ; n

1
dλ

\ 0 as n \ ∞ >
It is not hardto seethat this implies that the first doublesumalso \ 0 asn \ ∞ and
provestheresult.
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