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Abstract. We askseveral questionson the structureof the polytopeof doubly stochastian x n
matricesPy,, knawn asaBirkhoff polytope.We discusghevolumeof Py, thework of thesimplex
method,andthe mixing of randomwalks Py,
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1. Introduction

In this article we considera Birkhoff polytopewhich is, arguably one of the most
importantpolytopesin mary dimensions.Also known astransportatiorpolytopeand
doubly stochasticmatricespolytope, it miraculouslyappearsin various branchesof
mathematicfrom geometryto enumeratie combinatoricsto optimizationtheory to
Statistics.While Birkhoff polytopewasthoroughlystudied therearestill someinter-
estingopenquestiongelatedto its rich geometricandcombinatoriaktructure Herewe
will touchuponsomeof thesequestions.

A Birkhoff polytopeP,, is a polytopedefinedby the following equationsand in-
equalities:

n n
a,j >0, Za;,jzl, Y>aj=1 forall 1<i,j<n
i= =1

We think of (&) asnx n doubly stochastianatrices. It is easyto seethat P, hasa
dimension(n— 1)? sincevaluesof aj j, 1<i, j < n—1ldetermingherest. Anothereasy
obsenationshovsthattheverticesof P, arethe permutatiormatriceexactlyonelin

eachrow andcolumn;andO elsavhere). Fromnow on, we will denoteverticesof P,

by permutationsn a symmetricgroup$,.

Question 1.1. Whatis thevolumeof P,?
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This turnsout to be a very hardquestion,of interestin variousfields suchasenu-
merative combinatorics statistics,and computationalgeometry It is still wide open
asfar aswe know. Not only that, even for relatively small valuesof n computing
vol(P,) represents significantchallenge. The exact valuesare currently known for
n < 8(se€g[5,27]). (For moreonthevolumeof theBirkhoff polytope,all transportation
polytopesandtheir applicationssee€[8,18,25].)

Ratherthanadmitour failureto answerthis question et us prove thatthis volume
is equalto the volume of a differentpolytope. Define a polytopeR,, by the following
equationsandinequalities:

bi,j >0, bi,j > bi,j+1, bi,j > biga,j,

n—I

iy, =n—i o
gl ’ ’ forall 1<i,j<n.
n—j

> bije=n—]
=i

We think of (b; ;) asof n x n non-neyativerealmatriceswhich weaklydecreasén rows
andcolumnsandhave sumsin diagonalsequalto theirlengths.

Theorem 1.2. vol(R) = vol(Pp).

We provethis andothertheoremsn thenext sectionsWe remarkthata generaliza-
tion of TheoremLl.2to all transportatiorpolytopesis alsoknown (se€[12,22]).

Question 1.3. Doesthesimplex methodwork faston P,?

Let us formalize this questionusing the following “toy” versionof the simplex
method? Let @ bea linearfunctionon R™ which takesdistinctvalueson all vertices

of P, C R™. Considerthe following algorithm. Startat somevertex andmove to any
adjacentvertex alongarny edgeon which ¢ decreasesWhenthereareno suchedges,
we areat minimum.

To analyzethis algorithm,recallthattheverticesof Py, arein one-to-onecorrespon-
dencewith elementof the symmetricgroupS,. Whataboutthe edges?necanshowv
thatthe edgescorrespondo pairsof permutationgo, w) suchthato'wis asinglecy-
cle (see.g.,[10]). Concludefrom herethatthediameterof a graphG, of verticesand
edgeof Py is 2 sinceevery permutatiorcanbe presentedsa productof two cycles.

Now, sincewe cangetthedesiredminimumin at mosttwo stepswhatis the maxi-
mum numberof stepsthe algorithmcantake? Turnsout, it canbeverylong. Consider
thefollowing linearfunction:

P=Xy,1+0X12+... a“‘lxl,n + GnX271+ R an_lxnjn.

Whena > 0is smallenoughthelinearorderon P, stabilizesandbecomeseverse
lexicographicorder on permutations.Obsene thatag = 1/(n+ 1) will alreadygive
suchanorder Think of a graphG asa partially orderedsetwith o = wif thereis a
sequencef edgesbetweeno and w on which ¢ decreasesThenthe problemof the
lengthof thealgorithmbecomeghe problemof finding thelongestchainin this poset.

Theorem 1.4. Let@beasabove 0 < a < dp. Thenthere existsa decreasingsequence
of verticesof Py of length> Cn!, for a universal constanC > 0.

2 Therealsimplex methodis morecomple in mary ways(seee.g.,[24]).
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We will prove the theoremlater by exhibiting sucha sequence.Now supposeat
eachstepwe move alongthe edgechosenuniformly amongall the increasingedges.
Giventhe maximumrunningtime of the algorithmis exponential,shouldthe expected
runningtime be alsoexponentialNot so.

Theorem 1.5. Let@beasabove 0 < a < ag. Thenfor the expectedunningtime E of
thealgorithm,wehaveE = O(nlogn).

Question 1.6. Doesthe nearestneighborrandomwalk mixesfaston P,?

The answeris yes, but we needto give somedefinitionsfirst. Considera Markov
chainonagraphG, which movesalongauniform edgeateachstep.By thedescription
of edgesthis correspond$o arandomwalk on S, generatedby all cycles(cf. [7]). Say
we startat identity permutation Denotethe correspondingandomwalk by #/.

Denoteby Q(a) the probability that after k steps,the walk is in vertex v € G.
Definethetotal variation distance d(k) = ||Q—U|| asfollows:

(9 = 5 maxiQH(A) U ()] = > ‘ka) - é

?

whereQX(A) = 5 5ca Q¥(0) andU (A) = |A|/|S|. Now, hereis the formal statemenof
thequestion:Givenn, € > 0, whatis thesmallesk = k(g, n) sudthatd(k) < €?

Theorem 1.7. For arandomwalk W wehave d(2) -+ 0 as n— .

In otherwords,whenn is large, the randomwalk 7/ is mixed afterjust two steps,
which is the diameterof the graphG. Thereareseveral othercasesvherethe similar
behaior of randomwalkswasobseredon S, (see[11,15]).

It is oftenusefulto defineamixingtimemix = k(1/e) = min{k | d(k) < 1/e} (see,
e.g.,[2]). Thenumberl/e herecanbe substitutedby ary constantandis choserfor
corvenienceBeforewefinish,let usrecallanold conjecturavhich stateghatif thesize
of the generatingsetR C S, is polynomialin n, thena mixing time mix for arandom
walk on §, is alsopolynomial(cf. [3,7,20]).

Question 1.8. Isit true thatthe nearestneighborrandomwalk mixesfastonall 0— 1
polytope®

The answelis no, andthis is the easiestuestionf all. Remarkablythe solution
alsoinvolvesa Birkhoff polytope.Hereis how it canbeformalized.

Let T beapolytopein R9. WesaythatT is a0— 1 polytopeif thecoordinatesf all
verticesof T areeitherQ or 1. Suchpolytopesareusuallynicerthangenerabpolytopes,
for example thediameterof graphof suchpolytopeis at mostd + 1 whichis achieved
only on a cube(see,e.g.,[28]). Now let W be a nearesheighborrandomwalk with
holding probability 1/2. Will themixing time in sucha casebe polynomialin d ?

Now considera productT = P, x | of a Birkhoff polytopeandan interval [0, 1].
Clearly, thisis a0 — 1 polytope. Think of T asof a prismwith P, x {1} asatop and
Pn x {0} asabottom Obsenethattheprobabilityof moving from thebottomto thetop
is exactly 1/D, whereD is thedegreeof eachvertex. Thuswe needO(D) stepsto have
al/2echanceo getto thetopif we startedon the bottom. Thisimpliesmix = Q(D).
But D — 1 is equalto the numberof cyclesin S,. ThereforeD = O((n— 1)!) andmix
is mildly exponentialin d, whered = dim(T) = (n— 1)2.
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Note that our constructionworks for all 0 — 1 polytopeswith superpolynomial
degrees. It is animportantopenconjectureto show that if vertex degreesare poly-
nomial in the dimensiond, thenmix is alsopolynomialin d. The positive solution
of this conjecturemay have far reachingconsequences theoreticalcomputerscience
(se€[17]).

2. Proofsof the Theorem

Proof of Theoem1.4. Let us constructthe decreasinghainfrom the largestpermu-
tation (1, 2,...,n) to thesmallest(n,n—1,...,1). For n = 2 thechainis trivial. Sup-
posewe know the chainfor n < m— 1. Let the chainfor n = m be asfollows. It
startswith (1,2,...,m—1, m) = --- — (1, m,m—1,...,2) wherethechainin themid-
dle is the chainfor n =m— 1. Now let the chain go to someelement(2, x,...,%)
thensomechainin the middle, thento (2, n,n—1,...,3, 1), andto (3, x,...,%*), etc.,
till we finally reach(n,n—1,...,1). Here, by %, we denotesomeelementsn [1,n]
value which is irrelevant at the moment. All we neednow is to describewherewe
move from (i,n,n—1,...,i+1,i —1,...,1) andthe chain thereafterbefore we hit
(i+1,nn-1,...)i+2i,...,1).

Let k = |[n/2|. Obsere, thatit is always possibleto move from 61 = (i, n,n—
L,...,0)toop=(i+1,1,2,...,k *, *,...,%) sinced, < o1 andthereis a rearrange-
ment of * suchthat 01102 is a long cycle. Now from o, useary chainto getto
o3=(+1,12,....k,mm—1,... k+1) (say decomposehepermutatiomglog into
a productof cyclesandusethemoneby one). Now useinductionagainfor n=m—k.
Eventuallywereach(i +1,n,n—1,...,1) which completeghe construction.

Now computethelengthof our chain. Denoteby L, the lengthof thechainon S,.
Theinductiongivesus

L1 = (n+1)(Ln—([n/2] +1)!).
Dividing bothsidesby (n+ 1)! we have
Ln+l Ln 1

(n+1)!' = (n)! |n/2)"

Sincey2/kl = 2/e < 1, weimmediatelyhave Ln/n! > 1—2/efor all n. Thisimplies
theresult. |

Proof of Theoem1.5. Let D, bethetotal numberof cyclesin S,, i.e., the degreeof a
graphG. We have

Dn:é (T) (=1 =n ézﬁ <c(n—1)!

for someuniversalconstantc > 1. Therefore,with probability > 1/c, the randomly
chosercycleis alongcycle.

Now, supposéhealgorithmis ata permutationsc = (n,n—1,...,n—Kk, j,*,...,%),
1< j<n—k-1. Notethatelementsn,n—1,...,n—k are“stuck” which meanghat
no decreasingdgecanever changethem. Let us computethe numberof decreasing
edgedeaving o whichdonotchangej. Clearly, thisnumberis notgreatetthanD,,_g_».
On the otherhand,the total numberof decreasing@dges(o,w) is atleast(n—k—1—
i) - (n—k—2)!, which is the numberof all cycleson thelastn —k— 1 elementsand
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suchthatw(k+ 2) > j. Thereforetheprobabilitythat,in a decreasingdge(o, w), we
have w(k+2) > j isatleastc = 1/(1+ c). We concludethatwith probability > ¢’ the
(k+ 2)th elementj in a permutatiorchangedo auniformelemente [j+1,n—k—1].
Therefore,after O(logn) movesthe (k+ 2)th elementin a permutationwill become
n—k—1and“stuck”. Fromhereit takesO(nlogn) for all elementgo get“stucked”,
which meanswvereach(n, n— 1, ...,1). Thisfinishesthe proof. |

Proof of Theoem1.2. Let uscomputethe numberof integerpointsin N - P,, whichis
a polytopeP,, expandedn eachdirectionby a factorof N. Clearly, thisis the number
of Latin squaes which is the numberof non-neyative integern x n matriceswith row
andcolumnsumsequalto N.

We will needa few definitions. A partition of mis anintegersequenceé. = (A1 >
A2 >--- >N > 0) suchthat|]A\| = A1+ A2+ ---+A =m. Thenumbed =1(A) is called
thelengthof A. Let Z? be anintegerlattice with 1 x 1 squaregi, j), whereincreases
down and j increasedrom left to theright. A setof squaredi, j) suchthatl <i <,
1< j < jiscalledaYoungdiagramwhichwe alsodenote\ (seeg.g.,[16]). A Young
tableauA of weight (N)" and of shapeA, A = nN, is afilling of a diagramA with
numbersl,...,n, and N copiesof each suchthatthe numberdncreasen columnsand
weaklyincreasen rows.

A famousRobinson—Stensted—KnutfRSK) correspondencin aspeciakcasegives
a bijection betweenLatin n x n squareswith sumsN and pairsof Youngtableauxof
weight(N)" with the sameshapg(se€[14,23]).

A Gelfand-TsetlirschemeT of weight (N)" is a sequencef partitions(A(D,. ..

A®), suchthat AD| = N(n+1—1), IA®) = n+1~1, andA{” > A > A0 for
all i andj. Thereis an easycorrespondencbetweenYoung tableauxand Gelfand—
TsetlinschemesSimply think of thetableauasof aflag of diagrams\() which contain
numbersl,...,n+1—i,i=1,...,n. Now arrangehe schemerl asfollows:

1
A

2 1
NGNS

)\5-3) )\52) )\gl)

Obsene thatnumbersow weakly decreasén rows andcolumnsandthatthe diagonal
sumsarenN, (n—1)N, .... Notealsothattwo Youngtableauxwith the sameshame
correspondo theschemesvith thesaméfirst partitionA(Y), i.e.,with thesamediagonal.
Now corvert two Young tableauxobtainedby the RSK bijection into two Gelfand—
Tsetlinschemed, T,. ArrangeT; asa lower triangularshape(asabove), and T, as
anuppertriangularshape Now gluethemtogetheiinto a squareshapg(cf. [4,12,22]).
Obsene thatwe obtainedanintegerpointof N - R, andall integerpointsin R, canbe
obtainedby this correspondence.

We concludethat thereis a bijection betweeninteger pointsin N - P, andN - R,.
Therefore polytopesP, andRy, have the samevolume(cf. [26]). |

Proof of Theoem 1.7. We referto [16, 23] for the standardresultsin representation
theoryof thesymmetricgroup. Let usrecallthefollowing notation.Let A bea partition
of n. By d, denotethe dimensionof theirreduciblerepresentatiom, of the symmetric
groupS,. By Burnsideidentity, d < v/n!. By X, (1) we denotethevalueof the charac-
terof m, onaconjugagy classwith cycle structure(p). Clearly, dy =tr[m, (id)] = X, (n).
Also, [Xa(W| < dy forary W, [W] = [A| = n (seee.g[7]).
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Ourfirst stepwill berestatingheproblemin termof charactersf S,. Useanupper
boundlemmaof DiaconisandShahshahar{see[7, 9]). We obtain

2 nooxa(l, 1M Zm_ o
z (n)d)\ <p+|;p| d)\ ) - ( )7

AA|=nA#

d?(m) <

N

wherep is the holding probabilityand

(M@ -1 Cn

P=0=P) 5 — <o

D, is thetotal numberof cycles,andC is auniversalconstant.

To estimatetheright-handsideof (o) we breaktheinnersummatiorinsideinto two
parts: | <n/2andl > n/2. In thefirst casewe simply boundeachratio by 1. In the
secondcase the valueof the characteturnsout to be 0 exceptin onecase. This will
simplify the problemandeventuallygive usthe desiredbound.

Denoteby A the Youngdiagramobtainedby throwing away the first columnand
the first row of a diagramA. As before,let | = I(A) = A} be the numberof rows
in A. Now recall the Murnaghan—Nakayamauile, which is a combinatorialrule for
computingthe characters, (1) (see,e.g.,[16,23]). Without beingexplicit, obsene
thatthe Murnaghan—Nakayanale immediatelyimpliesthatif | > n/2, thenwe have
IXa(k, 1"7%)| = d if k=A1+1(A) — Land|x, (k, 1"7%)| = 0 otherwise We have

n

L A AT
(o) < da (pk— + pj) :
kZl A;e(n),g)\l_l:k d JZZ

Now let m= 2. Usingtheformulafor px andzj[l/zz] p; < —[,?/”22]! , we have
n ) Cn (n—k! cn? ¢
(o) < d? : "
k; A;é(n),g)\l—l:k k(n—K)! dh [n/2]!

< i 5 ( Cn +Cn2\/a{>4
T & o B \ k(=K /218 )

wherethe lastinequalityfollows from d; < 1/(n—K)!. Recallthat (a+b)* < 8(a*+
b*). This breakseachsummandnto two, which breaksour doublesuminto two double
sums.Thesecondioublesum— 0 asn — oo, which easilyfollowsfrom /dy < (n!)%/4,
the Stirling formula, sincethe total numberof partitions~ Tls - gW2/3n (see,e.q.,
[19]). For thefirst doublesum,it is known (see[11,15]) that

1

o —0 asn— .
M), (T7); [N[=n A
It is not hardto seethatthis implies thatthe first doublesumalso— 0 asn — « and
provestheresult. |
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