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Abstract. For a permutation u ∈ Sn, let N ∗ u ∈ SNn be the permutation with scaled Lehmer’s
code. For given u, v, w ∈ Sn and integer N , the stretched Schubert coefficients are defined as
fu,v,w(N) := cN∗w

N∗u,N∗v . Our main result is that the function fu,v,w(N) is eventually quasi-
polynomial. This proves Kirillov’s conjecture [Kir04, Conj. 6.28], that the generating function
for the sequence {fu,v,w(N)} is rational.

For the proof, we use combinatorics of pipe dreams to show that Schubert coefficients are given
as an alternating sum of the numbers of integer points in certain polytopes. These polytopes behave
nicely under stretching, and we use Ehrhart theory to obtain the result. As a consequence of the
proof, we also present new counterexamples to the saturation conjecture for Schubert coefficients,
and give computational applications.

1. Introduction

1.1. Foreword. In algebraic combinatorics, the idea of stretching has led to a series of profound
insights into various structure constants. Notably, stretched Kostka numbers KNλ,Nµ and stretched

Littlewood–Richardson (LR) coefficients cNλNµ,Nν are polynomial in N [DW02, Ras04]. For general

root systems, stretched tensor multiplicities are quasi-polynomial (polynomial on residue classes
modulo a fixed integer), see [DM06].

There are two profound insights giving motivation for the stretching. First, in various contexts,
Gelfand and coauthors suggested that these constants count the number of integer points in poly-
topes given by inequalities linear in the weights λ, µ, ν [GT50, GZ85]. In this setting, stretched
constants coincide with Ehrhart (quasi-) polynomials, see e.g. [Bar08, BR07] and a discussion in §7.3.
This connection to Ehrhart theory has led to a series of remarkable applications in algebraic com-
binatorics, see e.g. [BBCV06, Stu95].

The second insight is the saturation property for LR coefficients, which states that for all parti-
tions λ, µ, ν with |λ| = |µ|+ |ν|, we have:

(1.1) cλµ,ν > 0 ⇐⇒ cNλNµ,Nν > 0 for any N ≥ 1.

Here N (λ1, λ2, . . .) := (Nλ1, Nλ2, . . .) is the (usual) stretching of partitions. The saturation prop-
erty (1.1) was proved by Knutson and Tao [KT99]. It gives a complete resolution of the Horn
problem on spectra of Hermitian matrices, see e.g. [Buch00, Ful00, Kum14] for overviews of dif-
ferent aspects of this remarkable story. This led to numerous developments in combinatorics,
representation theory and computational complexity, see an overview in [PR26].

Motivated by these results, in 2004, Kirillov made a long series of conjectures for various exten-
sions of LR coefficients. Notably, in [Kir04, Conj. 6.28], he asked whether the generating function
for the stretched Schubert coefficients is always a rational function. We prove this conjecture and
discuss several closely related problems by Kirillov on the stretched Schubert coefficients, some
already refuted and some still open.
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1.2. Main results. Schubert coefficients {cwu,v : u, v, w ∈ S∞} can be defined as structure con-
stants for Schubert polynomials:

(1.2) Su · Sv =
∑
w∈S∞

cwu,vSw .

Here S∞ consists of permutations with all but finitely many fixed points, and Su ∈ N[x1, x2, . . .].
It is known that cwu,v are nonnegative integers as they count certain intersection numbers. These

coefficients play a major role in Schubert calculus, a rapidly developing area of algebraic geometry,
motivated in part by rich connections with representation theory and algebraic combinatorics, see
e.g. [AF24, Knu22].

For a permutation w ∈ Sn , the Lehmer code, also called the inversion index, is defined as

code(w) := (c1, . . . , cn) ∈ Nn, where ci := |{j : j > i, w(j) < w(i)}|.

Clearly, c1 + . . .+ cn = ℓ(w) is the number of inversions. Stretched permutations are defined as

N ∗ w := code−1(Nc1, Nc2, . . . , Ncn, 0, . . . , 0) ∈ SNn .

Finally, the stretched Schubert coefficients are defined as cN∗w
N∗u,N∗v .

For Grassmannian permutations (permutations with one descent), this definition coincides with
scaled partitions (see §2.5). Thus, Kirillov’s conjecture [Kir04, Conj. 6.28], can be viewed as an
extension of the Derksen–Weyman [DW02, Cor. 3] and Rassart [Ras04, Cor. 4.2] results (see also
[Tha25]), on polynomiality of stretched LR coefficients:

Theorem 1.1 (formerly Kirillov’s conjecture). For all u, v, w ∈ Sn, the generating function

(1.3) Pu,v,w(t) :=

∞∑
N=1

cN∗w
N∗u,N∗v t

N

is rational. Moreover, the function fu,v,w(N) := cN∗w
N∗u,N∗v is eventually quasi-polynomial.

Here a function f : N≥1 → N is eventually polynomial if there exists an integer M and a
polynomial g, such that f(N) = g(N) for all N ≥ M . Similarly, f is eventually quasi-polynomial,
if there exists integers m,M and polynomials gi for 0 ≤ i ≤ m− 1 such that f(N) = gi(N) for all
N ≥M and N = i mod m.

1.3. Prior work and related results. Theorem 1.1 is a rare positive result in this direction, and
is best understood in the context of closely related negative results on Schubert coefficients (see
below) and Kronecker coefficients (see §7.4).

First, in the same paper ([Kir04, Conj. 6.28]), Kirillov further conjectured the saturation property
for the stretched Schubert coefficients:

(1.4) cwu,v > 0 ⇐⇒ cN∗w
N∗u,N∗v > 0 for any N ≥ 1.

In [PR26], the first author and Robichaux disproved (1.4) with a family of examples with cwu,v = 1

and cN∗w
N∗u,N∗v = 0 for all N ≥ 2. Their smallest example has u, v, w ∈ S4 (cf. §7.2). This implies

that fu,v,w cannot be (quasi-) polynomial, so the eventual (quasi-) polynomiality as in the theorem
is the best one could hope for (see also §7.1).

Second, Kirillov also asked in [Kir04, §6.9], whether the (quasi-) polynomials fu,v,w always
have nonnegative coefficients.1 For the stretched Kostka and LR coefficients, this is a well-known
conjecture by King, Tollu and Toumazet [KTT04, §3], see also [DM06]. However, the following
example shows that this question by Kirillov has a negative answer, i.e., there are stretched Schubert
coefficients given by a polynomial which has a negative coefficient:

1Kirillov writes in [Kir04, §6.9], that this question was not “extensively tested”.
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Proposition 1.2. Take u = 3142, v = 1432, w = 4321 ∈ S4 . Then:

cN∗w
N∗u,N∗v = N − 1 for all N ≥ 1.

Third, famously, Schubert coefficients are not known to have a combinatorial interpretation, see
e.g. [Knu22, Pak24, Sta00]. Even when such combinatorial interpretations are known, for example
for permutations with at most two or three descents [BKPT16, KZ17], these are given in terms
of puzzles (certain tilings of triangular shapes, see also §7.5), and not integer points in convex
polytopes. The same holds for known signed combinatorial interpretations [PR25b, PS09]. This
rules out a direct geometric approach to Theorem 1.1.

Finally, a word of caution. While the stretched Schubert coefficients are eventually quasi-
polynomial, it may take awhile until this regular behavior starts. The following result shows that
the starting point M can be linear in n.

Theorem 1.3. Let n ≥ 7 and let u, v, w ∈ Sn be given by:

u = v = (2, 1, 3, 4, 5, . . . , n− 2, n, n− 1) and w = (4, 1, 2, 3, 5, . . . , n− 2, n, n− 1).

Then:

cN∗w
N∗u,N∗v = 1 for N = 2n− 6 and cN∗w

N∗u,N∗v = 0 for all N ≥ 2n− 5.

Note that both Proposition 1.2 and Theorem 1.3 refute the saturation property (1.4). Theo-
rem 1.3 refutes the ⇒ implication, the same as the examples given in [PR26]. For the saturation
property (1.1) of LR coefficients, this is the “easy direction” known for decades, see e.g. [Zel99].
On the other hand, Proposition 1.2 refutes the implication ⇐. For the saturation property (1.1) of
LR coefficients, this is the “hard direction” proved in [KT99].

1.4. Proof idea. In our proof of Theorem 1.1, we show that Schubert coefficients are given as an
alternating sum of the numbers of integer points in polytopes given by a large system of linear
inequalities. We believe this is the first result of this type, as other notable general formulas involve
alternating sums over chains in the Bruhat order [Bil99, PS09, PR25a] or puzzles [PR25b].

We then show that for stretched Schubert coefficients the polytopes as above are defined by the
same linear inequalities, with the parameter N only in the constraints. We then use a known result,
Lemma 5.1 by Chen, Lil and Sam [CLS12], to conclude the eventual quasi-polynomiality. This is a
well-known phenomenon established in a much larger geometric context, see [Shen18, Woo14].

Let us emphasize that our general approach is effective and gives an upper exponential bound

M ≤ 23n
4
for the starting point, and a doubly exponential upper bound m ≤

(
(3n)3n

2)
! for the

period, see Theorem 5.5. We did not try to optimize these bounds, which likely can be significantly
improved. In fact, our experiments suggest that fu,v,w(N) are eventually polynomial (so have
period m = 1), with a linear starting point, see §7.1.

1.5. Computational applications. For a permutation w ∈ Sn, let Exc(w) := {i : w(i) > i}
denote the set of exceedances, and note that codei(w) = 0 for all i /∈ Exc(w). Let

Range(w) := [minExc(w),maxExc(w)] ⊆ {1, 2, . . . , n− 1}

denote the range of w. We consider the problem of computing Schubert coefficients for permutations
of bounded range. In this case, permutations are defined by the restriction of the code to the range:{

codei(w) : i ∈ Range(w)
}
.

This is a typical setting in parameterized complexity, cf. [C+15], which allows us to skip all zeroes
in the Lehmer code as part of the input.



4 IGOR PAK AND ZACHARY SLONIM

Theorem 1.4. Let u, v, w ∈ Sn be three permutations with a bounded total range

(1.5) ψ := max{Exc(u),Exc(v),Exc(w)} − min{Exc(u),Exc(v),Exc(w)} + 1.

We assume that the permutations u, v, w are given by the restrictions of their Lehmer codes to the
range. Then the Schubert coefficient cwu,v can be computed in time

eO(ψ2.5) (log n)O(ψ2 logψ) .

Note that the bit-length of code entries is O(log n), so the total input size of permutations u, v, w
as in the theorem, is O(ψ log n). This implies that for every fixed ψ, the theorem gives a polynomial

time algorithm. In the opposite extreme, when ψ = n, this bound is not too far off the easy 2O(n2)

bound given by exhaustive enumeration of all pipe dreams in the Postnikov–Stanley formula (2.2).
Theorem 1.4 is the first rigorous algorithmic result for Schubert coefficients. We refer to [BV08,

HS17] for theoretical and computational approaches to computing Schubert coefficients, but with-
out running time analysis. In computational complexity, it is known that computing Schubert
coefficients is in GapP = #P − #P, see [Pak24, §10], but it is open whether the problem is #P-
hard, see [PR24, Conj. 1.2]. By contrast, the vanishing problem {cwu,v =? 0} is in BPP, i.e. can be
solved in probabilistic polynomial time [PR25c]. Finally, we note that using the Lehmer code to
encode permutations is not unusual in the context of Schubert polynomials, see e.g. [Man01, §2.1]
and [MPY22, §6].

The proof of Theorem 1.4 is based on the proof of Theorem 1.1 and the celebrated Barvinok’s
algorithm for counting the number of integer points in convex polytopes of bounded dimension, see
[Bar08, BP99] for details.

1.6. Structure of the paper. We start with the Schubert calculus background in Section 2, where
we include standard definitions, notation and basic results in the area. In Section 3, we show how
pipe dreams can be uniquely encoded by certain ladder sequences. In a technical Section 4, we prove
a complete set of inequalities such ladder sequences must satisfy. We give the proof of Theorem 1.1
and its effective version (Theorem 5.5) in Section 5. In Section 6, we prove Propositions 1.2 and
Theorem 1.3 giving explicit examples of stretched Schubert coefficients (cf. §7.5). We conclude with
final remarks and open problems in Section 7.

2. Basic definitions and background on Schubert polynomials

2.1. Basic notation. We use N = {0, 1, 2, . . .}, N≥1 = {1, 2, . . .} and [n] = {1, 2, . . . , n}. We
use K to denote the set of infinite sequences with entries in N with finite support. When writing
such sequences, we omit the infinite tail of zeros, and write only the prefix with the support of the
sequence, so e.g. 30120000 . . . is written as 3012.

We use Sn to denote the symmetric group, which we view as the group of permutations of [n].
Denote by ι the inclusion ι : Sn ↪→ Sn+1 defined by w(1) · · · w(n) 7→ w(1) · · · w(n) n + 1. As
above, let S∞ =

⋃
n≥1 Sn denote the group of permutations of N≥1 = {1, 2, . . .} with all but

finitely many fixed points, where the inclusion is given by ι. By analogy with infinite sequences,
when writing such permutations we omit the tail of fixed points, so e.g. 34125678 . . . is written as
3412.

For convenience, we use both the sequence and word notation for permutations, so for example
(3, 1, 4, 2) and 3142 correspond to the same permutation in S4 . For a permutation w ∈ Sn , let
ℓ(w) := |{(i, j) : 1 ≤ i < j ≤ n, w(i) > w(j)}| denote the number of inversions in w. Finally,
let Des(w) := {i : w(i) > w(i + 1)} denote the set of descents in w. A permutation w ∈ Sn is
Grassmannian if it has at most one descent.
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2.2. Schubert coefficients. Below we give a brief reminder of few basic results on Schubert
polynomials. We refer to [Knu16, Mac91, Man01] for standard introductions to combinatorial
aspects, and to [AF24, Ful97] for geometric aspects.

Schubert polynomials give a graded Z-linear basis of polynomials Z[x1, x2, . . .], which we define
recursively. Let w◦ = (n, n− 1, . . . , 1) ∈ Sn . Define

Sw◦(x1, . . . , xn) := xn−1
1 xn−2

2 · · ·xn−1 , and

Sw(x1, . . . , xn) := ∂iSwsi(x1, . . . , xn) if w(i) < w(i+ 1),

where

∂if :=
f − sif
xi − xi+1

.

Note that under the inclusion ι : Sn ↪→ Sn+1 we have Sw = Sι(w). This allows us to consider Sw

for each w ∈ S∞. We do not need this algebraic definition, and instead only use a combinatorial
definition in terms of pipe dreams (see Theorem 2.2).

As the Schubert polynomials {Sw} form a polynomial basis, we can define the Schubert coeffi-
cients (also called Schubert structure coefficients) {cwu,v} by (1.2). As we mentioned in the Intro-
duction, although Schubert coefficients are nonnegative integers, they have no known combinatorial
interpretation in full generality.

2.3. Lehmer codes. For a permutation w ∈ S∞ , its Lehmer code is the vector

code(w) := (c1(w), c2(w), . . .) ∈ K,
where ci(w) is the number

ci(w) := |{j ∈ [n] : j > i, w(i) > w(j)}|,
defined as in the introduction. We shorten this to “code” when the context is clear. Note that the
map code : S∞ → K is a bijection, i.e. code(w) uniquely determines w ∈ S∞ and code−1 is well
defined.

2.4. Code scaling. Let w ∈ Sn be a permutation with code(w) = (c1, . . . , cn). Recall that for a
given integer N ≥ 1, the code scaling N ∗ w is the unique permutation with code (Nc1, . . . , Ncn).

Observe that ℓ(N ∗w) = Nℓ(w). Thus, we have ℓ(u)+ ℓ(v) = ℓ(w) implies ℓ(N ∗ u)+ ℓ(N ∗ v) =
ℓ(N ∗ w) for all N > 1. Additionally, it is clear by construction that code scaling preserves the
underlying descent sets of the permutations: Des(N ∗ w) = Des(w).

2.5. Grassmannian permutations. A permutation is called Grassmannian if it has at most one
descent. It is easy to see that the code of a Grassmannian permutation w is a partition λ(w)
written in reverse, so this code scaling corresponds to the usual multiplication of partitions by a
constant N , as in §1.1.

Moreover, the corresponding Schubert polynomials are symmetric and coincide with Schur poly-
nomials: Sw = sλ(w). Thus, Schubert coefficients can be viewed as advanced generalizations of
LR coefficients, see e.g. [Man01, §2.6.4]. This relates Kirillov’s conjecture proved in Theorem 1.1
with polynomiality of LR coefficients as mentioned in §1.2.

2.6. Pipe dreams. Let u ∈ Sn . Define

∆n := {(i, j) ∈ [n]× [n] : i+ j ≤ n+ 1},
and let D ⊆ ∆n. Visualize D as a triangular grid of square tiles using matrix indexing. We place
an elbow tile in positions (i, j) ∈ ∆n −D and a cross tile in positions (i, j) ∈ D (see Figure 2.1).

Doing this will connect the top boundary with the left boundary by pipes. Label the pipes
entering the top boundary 1, 2, . . . , n from left to right. Then, we say that D is a pipe dream for
u if no two curves (pipes) cross each other more than once, and if we read the labels of the pipes
that come out the left edge top to bottom, we get the permutation u.
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Figure 2.1. Elbow tile (left) and cross tile (right)

Example 2.1. Let u = 14862357 ∈ S8 and let

D := {(1, 3), (1, 5), (2, 1), (2, 3), (2, 5), (2, 6), (3, 1), (3, 2), (3, 3), (4, 1)} ⊆ ∆8.

Then D can be visualized as the pipe dream on the left of Figure 2.2. We will use this D as a
running example throughout the paper.

1 2 3 4 5 6 7 8
1

4

8

6

2

3

5

7

1 2 3 4 5 6 7 8
1

4

8

6

2

3

5

7

· · + · + · · ·
+ · + · + + ·
+ + + · · ·
+ · · · ·
· · · ·
· · ·
· ·
·

Figure 2.2. Pipe dream D for u with pipes drawn in (left) and simplified version
with only dots and crosses (right)

As shown on the right of Figure 2.2, we can display the information of a pipe dream by replacing
each elbow tile with a · and each cross tile with a +. For ease of reading, we will adapt this
notation for the rest of the paper, while still referring to such configurations as pipe dreams. We
will then refer to elbow tiles as “dots” and cross tiles as “crosses”.

Given a pipe dream D, we define a patch of crosses to be a subset P ⊆ D such that

P = {(i, j), (i, j + 1), . . . , (i, j + k − 1)},
for some i, j, k ∈ N≥1. The size of the patch P is simply |P | = k.

Denote by PD(u) the set of pipe dreams for u. The condition that no two pipes cross more than
once is often referred to in the literature as being reduced, but in this paper, we will assume all pipe
dreams are reduced. The weight of a pipe dream D for u ∈ Sn is the tuple wt(D) := (ω1, ω2, . . .),
where ωi is the number of crosses in row i of D. In Example 2.1, wt(D) = (2, 4, 3, 1).

The following celebrated result gives a combinatorial definition of Schubert polynomials:

Theorem 2.2 (Bergeron–Billey [BB93, Cor. 3.3]). Let u ∈ Sn. Then:

(2.1) Su(x) =
∑

D∈PD(u)

xwt(D).

For a = (a1, a2, . . .), denote by Ku,a = [xa]Su the Schubert–Kostka number. Theorem 2.2 gives a
combinatorial interpretation for Ku,a as the number of pipe dreams with ai crosses in the i-th row
for each 1 ≤ i ≤ n. The following result gives a signed combinatorial interpretation for Schubert
coefficients:

Theorem 2.3 (Postnikov–Stanley [PS09, Cor. 17.13]). For u, v, w ∈ Sn, we have

(2.2) cwu,v = cu,v,w◦w =
∑
σ∈Sn

sign(σ)
∑

(a,b,c)∈Ω(σ)

Ku,aKv,bKw◦w,c ,
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where Ω(σ) := {(a, b, c) ∈ (Nn)3 : a+ b+ c = σρn} and ρn := (n− 1, n− 2, . . . , 1, 0).

2.7. Ladder moves. For u ∈ Sn and D ∈ PD(u), a ladder move (defined in [BB93]) Li,j is a
transformation of the type shown going left to right in Figure 2.3.

j j + 1

i−m

i

·
+
...

+

+

·
+
...

+

·

Li,j
7−→

L−1
i−m,j+1

←− [

j j + 1

i−m

i

·
+
...

+

·

+

+
...

+

·

Figure 2.3. Ladder move

Formally, let Li,j(D) := D + (i−m, j + 1)− (i, j), where the following conditions are satisfied

(a) (i, j) ∈ D and (i, j + 1) /∈ D,
(b) (i−m, j), (i−m, j + 1) /∈ D for some 0 < m < i, and
(c) (i− k, j), (i− k, j + 1) ∈ D for all 1 ≤ k < m.

Similarly, an inverse ladder move L−1
i−m,j+1 is a transformation of the type shown going right to

left in Figure 2.3. We think of these transformations as moving exactly one cross. Note that we
index the (inverse) ladder move by the row and column that this cross starts in. Thus, we can see
that L−1

i−m,j+1 = (Li,j)
−1, so L−1

i−m,j+1 ◦ Li,j = id.

For u ∈ Sn, let Dbot(u) ∈ PD(u) be the pipe dream for u whose crosses are all left-aligned and
with weight wt(Dbot(u)) = code(u), as in Example 2.4. We call Dbot(u) the bottom pipe dream
for u. It is well-known that Dbot(u) is indeed a pipe dream for u and has the largest weight among
pipe dreams for u in the reverse lexicographic order, see [BB93].

Example 2.4. For u = 14862357 ∈ S8 , we have code(u) = (0, 2, 5, 3). In this case, the bottom
pipe dream Dbot(u) for u is shown in Figure 2.4.

1 2 3 4 5 6 7 8

1

4

8

6

2

3

5

7

· · · · · · · ·
+ + · · · · ·
+ + + + + ·
+ + + · ·
· · · ·
· · ·
· ·
·

Figure 2.4. Bottom pipe dream Dbot(u) for u = 14862357 ∈ S8 .

For a pipe dream D ∈ PD(u), denote by L(D) ⊆ PD(u) the set of pipe dreams for u that can
be obtained from D by a sequence of ladder moves. We will need the following key combinatorial
observation:

Proposition 2.5 (Bergeron–Billey [BB93, Thm. 3.7(c)]). Let u ∈ Sn. Then L(Dbot(u)) = PD(u).
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3. From pipe dreams to ladder sequences

In this section, we introduce ladder indices and the corresponding ladder order. Then, we define
ladder sequences. We will show how every pipe dream can be encoded by a certain ladder sequence
whose entries count the sizes of patches of crosses in the pipe dream. Finally, we introduce a system
of inequalities on the set of ladder sequences which (as we will prove in §4) characterize the ladder
sequences coming from pipe dreams.

3.1. Ladder sequences. Let µ ∈ N≥1. Let

Lµ := {(i, k1, k2, . . . , kℓ) ∈ Nℓ+1
≥1 : ℓ ∈ N≥1, i+ k1 + · · ·+ kℓ ≤ µ}.

We call Lµ the set of ladder indices. To simplify notation, let

i := (i, k1, . . . , kℓ), i′ := (i′, k′1, . . . , k
′
ℓ′), i′′ := (i′′, k′′1 , . . . , k

′′
ℓ′′).

For i ∈ Lµ, we also define

|i| := i+ k1 + · · ·+ kℓ.

We define the ladder order on Lµ as follows. We say (i, k1, . . . , kℓ) ≺ (i′, k′1, . . . , k
′
ℓ′) if

(a) i > i′, or
(b) i = i′, and there exists j ∈ {0, . . . ,min(ℓ, ℓ′) − 1} such that k1 = k′1, k2 = k′2, . . . , kj = k′j

and kj+1 < k′j+1, or

(c) i = i′, ℓ > ℓ′, and k1 = k′1, k2 = k′2, . . . , kℓ = k′ℓ .

We note that this is a total order on Lµ.

Example 3.1. For µ = 4, the ordering on Lµ is:

(3, 1) ≺ (2, 1, 1) ≺ (2, 1) ≺ (2, 2) ≺ (1, 1, 1, 1) ≺ (1, 1, 1) ≺ (1, 1, 2) ≺ (1, 1) ≺ (1, 2, 1) ≺ (1, 2) ≺ (1, 3).

For µ ∈ N≥1, let Φµ be the set of N-valued vectors indexed by Lµ. We call Φµ the set of ladder
sequences.

Example 3.2. Let µ = 4. Then, the vector

x := (0, 0, 2, 1, 0, 0, 1, 1, 0, 0, 0)

is an element of Φ4 with

x(2,1) = 2, x(2,2) = 1, x(1,1,2) = 1, x(1,1) = 1, and xi = 0 otherwise.

Given u ∈ Sn with µ := max{i : ci(u) > 0}, the u-weight of a ladder sequence x ∈ Φµ is the
vector wtu(x) := (ω1, ω2, . . .), where ωj is the number

(3.1) ωj := cj(u) −
∑

i∈Lµ, |i|=j

xi +
∑

i∈Lµ, i=j

xi .

3.2. Encoding pipe dreams. We can now present an algorithm that encodes pipe dreams as
ladder sequences.

Lemma 3.3. Let u ∈ Sn and let D be a pipe dream for u. Let i be maximal such that there
exists j with (i, j) /∈ D and (i, j + 1) ∈ D. Let j be maximal with (i, j) /∈ D and (i, j + 1) ∈ D.
Let k > j be minimal such that (i, k + 1) /∈ D. Then, one can perform the inverse ladder moves
L−1
i,j+1, L

−1
i,j+2, . . . , L

−1
i,k in this order.

Proof. First, note that by the choice of i, the crosses in all rows below i are left-aligned. Now, let
ℓ > i be minimal such that there is some m ∈ {j, j + 1, . . . k} with (ℓ,m) /∈ D. Such an ℓ exists
because D is finite. Let m ∈ {j, j+1, . . . , k} be minimal with (ℓ,m) /∈ D. Then, if m > j, we know
that D contains the following the diagram:
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i

i+ 1
...

ℓ− 1

ℓ

j j + 1 j + 2 · · · m− 1 m · · · k k + 1
· + + · · · + + · · · + ·
+ + + · · · + + · · · + ∗
...

...
...

...
...

...
...

...
...

+ + + · · · + + · · · + ∗
+ + + · · · + · · · · · ·

The ∗’s represent either crosses or dots. This cannot be a valid pipe dream since the pipe entering
row ℓ from the left crosses the pipe entering column j from below twice, once at (ℓ, j) and once at
(i,m). Hence, we must have m = j and the diagram instead looks like:

i

i+ 1
...

ℓ− 1

ℓ

j j + 1 j + 2 · · · k k + 1
· + + · · · + ·
+ + + · · · + ∗
...

...
...

...
...

...

+ + + · · · + ∗
· · · · · · · ·

It is clear from definitions that we can perform the inverse ladder move L−1
i,j+1 and then we may

perform L−1
i,j+2 and so on until L−1

i,k . □

Lemma 3.4. Let u ∈ Sn, let µ := max{i : ci(u) > 0}. Then there is an injection φu : PD(u)→ Φµ
that is weight-preserving: wtu(φu(D)) = wt(D) for all D ∈ PD(u).

Proof. Let D ∈ PD(u). The following algorithm will repeatedly apply inverse ladder moves to D
until we get the bottom pipe dream Db := Dbot(u) for u.

(1) Choose i maximal such that there exists j with (i, j) /∈ D and (i, j + 1) ∈ D. If no such i
exists, all of the crosses in D are left aligned, D = Db, and we are done.

(2) Choose j maximal such that (i, j) /∈ D and (i, j + 1) ∈ D. Let k > j be minimal such that
(i, k + 1) /∈ D.

(3) Perform the inverse ladder moves L−1
i,j+1, L

−1
i,j+2, . . . , L

−1
i,k in succession to obtain a new pipe

dream D′ for u.
(4) Repeat (1) through (3) on D′ := L−1

i,k ◦ · · · ◦ L
−1
i,j+2 ◦ L

−1
i,j+1(D).

Lemma 3.3 ensures that we can perform the necessary inverse ladder moves in step (3). Note
that after performing the inverse ladder moves in step (3), if the crosses that we moved down are
not left-aligned, they will necessarily be moved down again the next time we perform step (3). In
addition, note that the proof of Lemma 3.3 shows that the inverse ladder moves L−1

i,j+1, . . . , L
−1
i,k

each move a cross down the same number of rows.
Thus, we can think of this algorithm as picking the bottom-most, right-most patch of non-left-

aligned crosses and repeatedly applying inverse ladder moves to each cross in the patch until it is
left-aligned and then repeating this process on the next patch.

Then, we set φu(D) := x where x(i,k1,...,kℓ) is the number of crosses in the (necessarily unique)
patch that starts in row i of D and is moved down first k1 rows, then k2 rows and so on until it
is left-aligned after performing ℓ inverse ladder moves on each cross in the patch. Note that this
patch of crosses ends up in row |i| = i+ k1 + · · ·+ kℓ and is not moved again.

After performing all of the inverse ladder moves in the above algorithm, we end up with Db.
Since µ = max{i : ci(u) > 0}, we know that no cross ends up below row µ. This shows that xi can
only be nonzero if |i| ≤ µ. Hence, φu(D) ∈ Φµ and φu is well-defined.
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The ladder order on Lµ precisely corresponds to the order in which we perform the inverse
ladder moves on the patches in the above algorithm. Namely, fix a pipe dream D ∈ PD(u) and
let x := φu(D). Then, for all i, i′ ∈ Lµ with xi, xi′ ̸= 0 we have i ≺ i′ if and only if the patch
corresponding to i is moved before the patch corresponding to i′.

Thus, the fact that φu is injective follows from noting that we can recover D from φu(D) by
starting with Db and undoing all of the inverse ladder moves (with the corresponding ladder moves)
done in the above algorithm. Reading the tuple x = φu(D) backwards gives the number of crosses
on which the ladder moves should be done in each step. In particular, if xi = j, then we perform
ℓ ladder moves on each of the right-most j crosses in row |i|, moving them up first kℓ rows, then
kℓ−1 rows, and so on until they end in row i. See Example 3.6 below.

Unraveling the definition of the u-weight in the context of the above algorithm, we see that the
j-th entry of wtu(φu(D)) is cj(u) minus the number of crosses that move up from row j when doing
the ladder moves to obtain D from Db plus the number of crosses that move up into row j during
this process. This is precisely the total number of crosses that end up in row j of D which is indeed
the j-th entry of wt(D) by definition. □

Remark 3.5. Let u ∈ Sn, µ := max{i : ci(u) > 0}, D ∈ PD(u), and x := φu(D). By keeping
track of how the crosses move when applying the algorithm in Lemma 3.4, we can observe that for
each pair 1 ≤ i < j ≤ µ, there is at most one index i = (i, k1, . . . , kℓ) ∈ Lµ with xi ̸= 0 and |i| = j.
In other words, when performing the algorithm in Lemma 3.4 to obtain Dbot(u) from D, there is at
most one patch of crosses that starts in row i and is moved down to row j for each 1 ≤ i < j ≤ µ.

Example 3.6. Continuing Example 2.1, we have µ = 4 so only the first four rows of the pipe
dream D will be changed by the algorithm in Lemma 3.4. Omitting the labels and the bottom four
rows for simplicity, the sequence of inverse ladder moves is shown in Figure 3.1.

D =

· · + · + · · ·
+ · + · + + ·
+ + + · · ·
+ · · · ·

L−1
2,6 ◦L−1

2,5−−−−−−→

· · + · + · · ·
+ · + · · · ·
+ + + + + ·
+ · · · ·

L−1
2,3−−→

· · + · + · · ·
+ · · · · · ·
+ + + + + ·
+ + · · ·

L−1
1,5−−→

· · + · · · · ·
+ · · + · · ·
+ + + + + ·
+ + · · ·

L−1
2,4−−→

· · + · · · · ·
+ · · · · · ·
+ + + + + ·
+ + + · ·

L−1
1,3−−→

· · · · · · · ·
+ + · · · · ·
+ + + + + ·
+ + + · ·

Figure 3.1. Applying the algorithm of Lemma 3.4 to obtain Dbot(u) from D by a
sequence of inverse ladder moves

Thus, using the ordering of Example 3.1, we can see that

x := φu(D) = (0, 0, 2, 1, 0, 0, 1, 1, 0, 0, 0) ∈ Φ4,

where the nonzero entries correspond to

x(2,1) = 2, x(2,2) = 1, x(1,1,2) = 1, x(1,1) = 1.

We can then recover D by starting with Dbot(u) and performing the following ladder moves as
determined by reading the nonzero entries of x backwards:

1. x(1,1) = 1 corresponds to performing one ladder move on the right-most cross of row 2 to

move it up 1 row. This is achieved by doing L2,2 = (L−1
1,3)

−1.
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2. x(1,1,2) = 1 corresponds to performing two ladder moves on the right-most cross of row

4 to move it up 2 rows and then 1 row. This is achieved by doing L4,3 = (L−1
2,4)

−1 then

L2,4 = (L−1
1,5)

−1.
3. x(2,2) = 1 corresponds to performing one ladder move on the right-most cross of row 4 to

move it up 2 rows. This is achieved by doing L4,2 = (L−1
2,3)

−1.
4. x(2,1) = 2 corresponds to performing one ladder move on the right-most 2 crosses of row 3

to move them up 1 row. This is achieved by doing L3,5 = (L−1
2,6)

−1 then L3,6 = (L−1
2,5)

−1.

As before, we have wt(D) = (2, 4, 3, 1) and we can see that

wtu(x) = (0 + 1 + 1, 2− 1 + 1 + 2, 5− 2, 3− 1− 1) = (2, 4, 3, 1) = wt(D).

3.3. Compatible ladder sequences. Fix u ∈ Sn, let µ := max{i : ci(u) > 0} where ci(u)
is the i-th entry of code(u), and fix a subset κ ⊆ Lµ. Recall that we write i, i′, i′′ ∈ Lµ for
(i, k1, . . . , kℓ), (i

′, k′1, . . . , k
′
ℓ′), (i

′′, k′′1 , . . . , k
′′
ℓ′′) respectively. For each i ∈ κ and i < j ≤ |i|, define

(3.2) cij : Φµ → Z , cij(x) := cj(u)−
∑
i′

xi′ ,

where the summation is over

i′ ∈ κ such that i ≺ i′ and |i′| = j.

Define

κi := {i′ ∈ κ : i ≺ i′ and i = i′}.
We define cii differently according to whether κi is empty or not. If κi = ∅, then let

(3.3) cii : Φµ → Z , cii(x) := ci(u)−
∑
i′

xi′ ,

where the summation is over

i′ ∈ κ such that i ≺ i′ and |i′| = i.

Note that this is the same as (3.2). On the other hand, if κi ̸= ∅, let i′ be the minimal element of
κi with respect to the ladder order. Then, define

(3.4) cii : Φµ → Z , cii(x) := ci|i′|(x) + xi′ + ℓ′ ,

where |i′| > i so ci|i′| is defined by (3.2).

We define the set of (κ, u)-compatible ladder sequences, denoted Φκ,u, to be the subset Φκ,u ⊆ Φµ
consisting of elements x ∈ Φµ that satisfy the following conditions:

• For all i ∈ Lµ ,

(3.5) i ∈ κ ⇐⇒ xi ̸= 0.

• For all j ∈ [µ],

(3.6)
∑

i∈κ, |i|=j

xi ≤ cj(u).

• For all i ∈ κ, p ∈ [ℓ], q ∈ [kp],
◦ If q = kp , then

(3.7) cii+k1+···+kp−1
(x) ≤ ci|i|(x)− xi + ℓ− p.

◦ If q ̸= kp , then

(3.8) cii+k1+···+kp−1+q(x) ≥ ci|i|(x) + ℓ− p+ 1.
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Then, define the set of u-compatible ladder sequences, denoted Φu to be

Φu :=
⋃

κ⊆Lµ

Φκ,u .

Remark 3.7. We can see that all of the inequalities describing Φκ,u are of the form∑
i∈κ

aixi ≤ cj(u)− d · cj′(u) + b,

for some ai ∈ {0, 1,−1}, j, j′ ∈ [µ], d ∈ {0, 1} and b ∈ Z that are independent of u. Here we allow
d = 0 in order to get inequalities of the form (3.6) that only involve one entry of code(u). We can
get inequalities of the form (3.5) that involve no entries of code(u) by setting d = 1, j = j′.

Remark 3.8. Note also that for any κ ̸= κ′ ⊆ Lµ, condition (3.5) immediately implies that
Φκ,u ∩ Φκ′,u = ∅, so Φu is a disjoint union of the Φκ,u’s. Hence, we have |Φu| =

∑
κ⊆Lµ

|Φκ,u|.

4. Proving the bijection

In this somewhat technical section, we prove that the map defined in Lemma 3.4 is a bijection
between the set of pipe dreams for a permutation and the set of ladder sequences that satisfy the
inequalities described in §3.3. In this way, we reformulate the Schubert coefficient problem as a
problem of counting lattice points in a polytope.

4.1. The setup. Fix u ∈ Sn and let µ := max{i : ci(u) > 0}. In Lemma 3.4, we defined a
weight-preserving injection φu : PD(u) → Φµ. In §3.3, we described inequalities on the set Φµ to
define the subset Φu ⊆ Φµ. Let Im(φu) ⊆ Φµ be the image of φu. In this section, we show that

Φu = Im(φu),

so φu : PD(u)→ Φu is a weight-preserving bijection.

4.2. The image of φu is u-compatible. To prove that φu is a bijection, we start by showing the
inclusion:

Proposition 4.1. Let u ∈ Sn. Then Im(φu) ⊆ Φu .

Proof. Let µ := max{i : ci(u) > 0}. We perform downward induction on the weight of a pipe
dream with respect to the reverse lexicographic order. The base case is the unique maximal element
Dbot(u) which has weight wt(Dbot(u)) = code(u). It is clear from the algorithm in Lemma 3.4 that
φu(Dbot(u)) = 0 and 0 ∈ Φ∅,u ⊆ Φu.

Now, let D ∈ PD(u) and assume that for any D̃ ∈ PD(u) with wt(D̃) >revlex wt(D), we know that

φu(D̃) ∈ Φu. Let D̃ be the pipe dream obtained from D by applying the algorithm in Lemma 3.4
until one patch of crosses becomes left-aligned. For ease of notation, define

x := φu(D) and x̃ := φu(D̃).

By definition of φu, we can see that x̃ is equal to x with the first (in the ladder order) nonzero
entry replaced by zero. Let i ∈ Lµ be the index for which x̃i = 0 and xi ̸= 0.

Since we have moved crosses down to obtain D̃ from D, we have wt(D̃) >revlex wt(D) so x̃ ∈ Φu
by the induction hypothesis. Let κ̃ ⊆ Lµ be the unique indexing set with x̃ ∈ Φκ̃,u and let
κ := κ̃ ∪ {i}.
Claim: x ∈ Φκ,u ⊆ Φu and thus Im(φu) ⊆ Φu.

Proof. Since x̃ ∈ Φκ̃,u, (3.5) tells us that

κ̃ = {i′ ∈ Lµ : x̃i′ ̸= 0}
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and thus, by construction,

κ = {i′ ∈ Lµ : x̃i′ ̸= 0} ∪ {i} = {i′ ∈ Lµ : xi′ ̸= 0},

so x satisfies (3.5) to be in Φκ,u.
Since x = x̃ except at index xi and since x̃ satisfies (3.6) for all j ∈ [µ], we can see that x satisfies

(3.6) for all j ∈ [µ]− |i|. For j = |i|, (3.6) says that the number of crosses that leave the j-th row
of Dbot(u) to make D is less than or equal to the j-th entry of code(u). This must be true since D

is a valid pipe dream that can be obtained by starting with D̃ and moving xi crosses up from row
|i|. Thus, x satisfies (3.6) for all j ∈ [µ].

Now, we show that x satisfies (3.7) and (3.8) for all i′ ∈ κ, p ∈ [ℓ′], and q ∈ [k′p]. For a given

index i′ ∈ κ and all i′ ≤ j ≤ |i′|, note that ci
′
j (x) only involves indices i′′ ∈ κ with i′′ ≻ i′. Thus,

for a given index i′ ∈ κ, (3.7) and (3.8) only involve indices i′′ ∈ κ with i′′ ≽ i′. We know that

x̃i′′ = xi′′ for all i′′ ≻ i.

Hence, the only inequalities of the form (3.7) or (3.8) that are different for x and x̃ are those
corresponding to indices i′ ∈ κ with i′ ≼ i. By construction, the only such i′ is i′ = i. So since
x̃ satisfies these inequalities for all i′, we only need to show that x satisfies (3.7) and (3.8) for the
index i. We simplify notation by letting

cj := cij(x) for each i ≤ j ≤ |i|.

Claim: For all i ≤ j ≤ |i|, the number cj is the column index of the right-most cross in row j

of D̃.

Proof of claim. First, let us treat the case of j > i. Since x̃ is equal to x except with x̃i = 0, (3.2)
gives

cj = cj(u)−
∑
i′

x̃i′ ,

where the summation is over

i′ ∈ κ such that i ≺ i′ and |i′| = j.

Then, we know that x̃i′ = 0 for all i′ /∈ κ̃ ⊆ κ and for all i′ ≼ i. So

cj = cj(u)−
∑
i′

x̃i′ ,

where the summation is taken over the larger set

i′ ∈ Lµ such that |i′| = j.

Finally, since j > i, we also have x̃i′ = 0 for all i′ ∈ Lµ with i′ = j. So∑
i′∈Lµ, i′=j

x̃i′ = 0,

and we can write

cj = cj(u) −
∑

i′∈Lµ, |i′|=j

x̃i′ +
∑

i′∈Lµ, i′=j

x̃i′ = ωj ,

where ωj is the j-th entry of wtu(x) by (3.1). Then, Lemma 3.4 implies that this is the j-th entry

of wt(D) since x = φu(D). Note that all of the crosses in row j of D̃ for j > i are left-aligned so

cj is thus the column index of the right-most cross in row j of D̃, proving the claim for j > i.

Now, we deal with the j = i case. First, suppose that κi = ∅. This means that the patch of
crosses in D corresponding to i is the left-most patch of non-left-aligned crosses in row i. By choice
of i, it is also the right-most patch of crosses in row i of D.
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Thus, since we left-align this patch of crosses to obtain D̃ from D, we can see that the crosses in

rows i and below of D̃ are all left-aligned. In particular, the column index of the right-most cross

in row i of D̃ is just the number of crosses in row i of D̃ which is ci by a similar argument to the
j > i case and by (3.3).

Second, suppose that κi ̸= ∅ and let i′ be the minimal element of κi. Now, by (3.4), we have

ci = c|i′| + xi′ + ℓ′.

By the j > i case, we know that c|i′| is the number of crosses in row |i′| of D̃. We know that in

forming D̃ from Dbot(u), the last set of ladder moves we do is to move a patch of xi′ crosses up
from row |i′| to row i′ = i in ℓ′ steps. It is easy to see that ci is the column index of the right-most

cross in this patch. By choice of i′, this is the right-most cross in row i of D̃, proving the claim. □

By construction, we can obtain D from D̃ by performing ℓ sets of ladder moves on the right-most

xi crosses that start in row |i| of D̃. The first set of ladder moves move each cross in the patch up
kℓ rows, the second kℓ−1 and so on with the ℓ-th moving each cross in the patch up k1 rows into
row i.

Then, fixing p ∈ [ℓ] and letting q ∈ [kp] vary, it can be easily checked that (3.7) and (3.8)
correspond to the fact that the (ℓ− p+ 1)-th set of ladder moves that move this patch up kp rows
are all valid ladder moves.

Since these are all valid ladder moves, x satisfies the inequalities in (3.7) and (3.8) corresponding
to the index i and so x ∈ Φκ,u, showing the claim and the finishing the proof of the proposition. □

4.3. Map φu is a bijection. We now prove the opposite inclusion:

Proposition 4.2. Let u ∈ Sn. Then Φu ⊆ Im(φu).

Proof. Let µ := max{i : ci(u) > 0} and suppose x ∈ Φκ,u for some κ ⊆ Lµ. We induct on the
size of κ. The base case is κ = ∅, for which it is clear that Φ∅,u = {0}. As noted in the proof of
Proposition 4.1, we have φu(Dbot(u)) = 0, which implies 0 ∈ Im(φu) and Φ∅,u ⊆ Im(φu).

Now, let κ ⊆ Lµ and assume that for all κ̃ ⊆ Lµ with |κ̃| < |κ|, we have Φκ̃,u ⊆ Im(φu). Fix
x ∈ Φκ,u. We want to show that x ∈ Im(φu), i.e., x = φu(D) for some pipe dream D. Let x̃ ∈ Φµ
be such that x̃ is equal to x with the first nonzero entry replaced by zero. Let i ∈ Lµ be the index
for which x̃i = 0 and xi ̸= 0.

Claim: Let κ̃ := κ − {i}. Then, x̃ ∈ Φκ̃,u.

Proof of Claim. By construction, x̃ satisfies (3.5) for κ̃ and it is clear that x̃ also satisfies (3.6). As
in the proof of Proposition 4.1, for a given index i′, (3.7) and (3.8) only involve indices i′′ ∈ κ̃ with
i′′ ≽ i′. But x̃i′′ = xi′′ for all i

′′ ≻ i so x̃ satisfies (3.7) and (3.8) for any i′ ≻ i since x does. Then,
κ̃ = {i′ ∈ κ : i′ ≻ i} by choice of i minimal in κ so indeed x̃ satisfies all of the required conditions
and is in Φκ̃,u. This proves the claim. □

Thus, as |κ̃| < |κ|, we have x̃ ∈ Im(φu) by the induction hypothesis. Let D̃ ∈ PD(u) be such

that φu(D̃) = x̃.

Claim: We can obtain a pipe dream D from D̃ by performing ℓ sets of ladder moves on the right-

most xi crosses that start in row |i| of D̃. The first set of ladders moves will move each cross in
the patch up kℓ rows, the second kℓ−1 rows and so on with the ℓ-th moving each cross in the patch
up k1 rows into row i.

Proof of Claim. As in the proof of Proposition 4.1, for each i ≤ j ≤ |i|, we have that cij(x) is the

column index of the right-most cross in row j of D̃. Then, the fact that x satisfies (3.6) for j = |i|,
and satisfies (3.7) and (3.8) for the index i ensure that all of these ladder moves are valid so there
is indeed such a pipe dream D for u. This proves the claim. □
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Moreover, this construction and the fact that φu(D̃) = x̃, implies that φu(D) = x. Indeed, when
performing the algorithm of Lemma 3.4, we first move the patch corresponding to i down until it
is left-aligned and record how many crosses were in that patch (which is xi by construction), as

the i-th entry of φu(D). After this, we obtain the pipe dream D̃, so continuing the algorithm gives

φu(D) = φu(D̃) for all larger indices. Hence, x ∈ Im(φu) so Φκ,u ⊆ Im(φu), completing the proof
of Proposition 4.2. □

Theorem 4.3. Let u ∈ Sn. Then φu : PD(u)→ Φu is a weight-preserving bijection.

Proof. This follows immediately from Lemma 3.4, Proposition 4.1 and Proposition 4.2. □

Remark 4.4. For u ∈ Sn with µ := max{i : ci(u) > 0}, note that for all N ≥ 1, we have
max{i : ci(N ∗ u) > 0} = µ since ci(N ∗ u) = Nci(u) for all i. Thus,

(4.1) Im(φN∗u) = ΦN∗u =
⊔

κ⊆Lµ

Φκ,N∗u .

In other words, all possible pipe dreams for N ∗ u are described by the same sets of inequalities,
independent of N ≥ 1. The parameter N appears only in the constraints given by the code.

4.4. An example. Continuing Example 3.6, let

κ := {i ∈ L4 : xi ̸= 0} = {(2, 1), (2, 2), (1, 1, 2), (1, 1)}.

Let us look at the inequalities defining Φκ,u. For j ∈ [4], (3.6) becomes

j = 1 : 0 ≤ 0,

j = 2 : 1 = x(1,1) ≤ 2,

j = 3 : 2 = x(2,1) ≤ 5,

j = 4 : 1 + 1 = x(2,2) + x(1,1,2) ≤ 3.

Now, we specifically consider the index i := (1, 1, 2), so

i = 1, ℓ = 2, k1 = 1, k2 = 2, |i| = 1 + 1 + 2 = 4, and xi = 1.

Then, by (3.2), we have:

ci2(x) = 2− 1 + 0 = 1,

ci3(x) = 5− 0 + 0 = 5,

ci4(x) = 3− 0 + 0 = 3.

Also, note that κi = {(1, 1)} so i′ := (1, 1) is the minimal element of κi with respect to the ladder
order. Since |i′| = 1 + 1 = 2, we have (by (3.4)):

ci1(x) = ci|i′|(x) + x(1,1) + 1 = 1 + 1 + 1 = 3.

For p ∈ [2], q ∈ [kp], using |i| = 4, xi = 1, and the above computations, the inequalities in (3.7)
and (3.8) translate to:

p = 1, q = 1 : 3 = ci1 ≤ ci|i| − xi + 2− 1 = 3,

p = 2, q = 1 : 5 = ci1+1+1 ≥ ci|i| + 2− 2 + 1 = 4,

p = 2, q = 2 : 1 = ci1+1 ≤ ci|i| − xi + 2− 2 = 2.

Similar calculations for the other indices in κ show that x ∈ Φκ,u , as expected.
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5. Proof of Theorems 1.1 and 1.4

In this section, we combine the weight-preserving bijection of Section 4 with Theorem 2.3 and
a result from Ehrhart theory to prove Theorem 1.1. In particular, we write a Schubert coefficient
as an alternating sum of the number of triples of pipe dreams satisfying certain weight conditions
and then use the eventual quasi-polynomiality of the number of lattice points in dilated polytopes.

5.1. Geometric lemma. As we mentioned in the introduction, we need the following result in
Ehrhart theory:

Lemma 5.1 (Chen–Lil–Sam [CLS12, Lemma 3.3]). Let P (N) ⊆ Rn be a polytope defined by
inequalities of the form Ax ≤ Nc + b, where A is an k × n integer matrix, and c,b ∈ Zk. Then
the function FA,c,b(N) :=

∣∣P (N) ∩ Zn
∣∣ is eventually a quasi-polynomial.

Remark 5.2. Following the original proof of [CLS12, Lem. 3.3], one can easily obtain the following
effective extension of Lemma 5.1:

FA,c,b(N) is a quasi-polynomial in N, for N > |b|∞ · 2n−1,

where |b|∞ := max{|bi| : 1 ≤ i ≤ k}.

Remark 5.3. By Ehrhart’s theorem, the periodm of the Ehrhart quasi-polynomial of a polytope P
divides the lowest common multiple of the denominators of the vertices of P , see e.g. [BR07,
Thm 3.23]. In this case, the denominator of every vertex divides the determinant of some square
submatrix of A. In other words, we have the following bound:

(5.1) m ≤ lcm
{
| det(Y )| : Y ⊆ A} ≤

(
max
Y⊆A

|det(Y )|
)
!,

where the lcm and the maximum are taken over all square submatrices of A.

5.2. Triples of pipe dreams. Now that we have described the possible pipe dreams for N ∗ u in
terms of systems of inequalities, we need the following result to finish the proof of Theorem 1.1.

Lemma 5.4. Fix u, v, w ∈ Sn. Also, let σ ∈ SNn. For each N ≥ 1, define the set

ANσ := {(P1, P2, P3) : P1 ∈ PD(N ∗ u), P2 ∈ PD(N ∗ v), P3 ∈ PD(ŵ◦(N ∗ w)),
wt(P1) + wt(P2) + wt(P3) = σ ρ̂},

where ŵ◦ := (Nn,Nn − 1, . . . , 2, 1) ∈ SNn and ρ̂ := (Nn − 1, . . . , 1, 0) ∈ NNn on which σ ∈ SNn
acts by permuting the elements as follows:

σ ρ̂ :=
(
Nn− σ(1), . . . , Nn− σ(Nn)

)
.

Then fσ : N≥1 → N defined by fσ(N) := |ANσ | is eventually a quasi-polynomial in N .

Proof. For simplicity, we adopt the following notation:

û := N ∗ u, v̂ := N ∗ v, ŵ := ŵ◦(N ∗ w).
Define

µ := max{i : ci(u) > 0 or ci(v) > 0 or ci(w) > 0} ≤ n− 1.

Then, we have ci(û) = N · ci(u) = 0 for i > µ. Similarly, we have ci(v̂) = 0 for i > µ. We also
have ci(ŵ) = N(n − ci(w)) − i = Nn − i for i > µ. Recall that the bottom pipe dream Dbot(û)
has weight wt(Dbot(û)) = code(û) and any other pipe dream for û has smaller weight in the reverse
lexicographic order. Hence, for any i > µ and any P1 ∈ PD(û), the i-th entry of wt(P1) is zero. We
have the same result for any P2 ∈ PD(v̂).

Hence, the only way to have P1 ∈ PD(û), P2 ∈ PD(v̂), P3 ∈ PD(ŵ) with

wt(P1) + wt(P2) + wt(P3) = σρ̂
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is if the i-th entry of wt(P3) is Nn− i for i > µ and σ(i) = i for i > µ. Thus, if fσ is not identically
zero, we may treat σ ∈ Sµ as just permuting the first µ entries of ρ̂. We may also assume that
the pipe dreams in any triple (P1, P2, P3) ∈ ANσ can be obtained from (Dbot(û), Dbot(v̂), Dbot(ŵ))
respectively by performing a sequence of ladder only on crosses starting in the first µ rows. Namely,
they are given by ladder sequences in Φµ.

Using the weight-preserving bijections φû, φv̂, and φŵ of Theorem 4.3, and by Remarks 3.8
and 4.4, we see that∣∣ANσ ∣∣ = ∣∣{x ∈ Φû, y ∈ Φv̂, z ∈ Φŵ : wtû(x) + wtv̂(y) + wtŵ(z) = σρ̂

}∣∣(5.2)

=
∑

κ1,κ2,κ3⊆Lµ

∣∣{x ∈ Φκ1,û, y ∈ Φκ2,v̂, z ∈ Φκ3,ŵ : wtû(x) + wtv̂(y) + wtŵ(z) = σρ̂
}∣∣(5.3)

Then, for fixed κ1,κ2,κ3 ⊆ Lµ, since ci(û) = Nci(u), Remark 3.7 tells us that x ∈ Φκ1,û if and
only if x satisfies a system of inequalities of the form∑

i∈κ1

aixi ≤ N(cj(u)− d · cj′(u)) + b,

for some
ai ∈ {0, 1,−1}, j, j′ ∈ [µ], d ∈ {0, 1}, b ∈ Z

that are independent of N . We have a similar system of inequalities corresponding to y ∈ Φκ2,v̂.
For z ∈ Φκ3,ŵ, we note that cj(ŵ) = N(n− cj(w))− j so z satisfies a system of inequalities of the
form ∑

i∈κ3

aizi ≤ N(n(d− 1) + cj(w)− d · cj′(w)) + b,

with ai, j, j
′, d, b as above.

Using (3.1), we see that wtû(x) + wtv̂(y) + wtŵ(z) = σρ̂ corresponds to x, y, z satisfying the
following equations for 1 ≤ j ≤ µ:

N(cj(u)+cj(v) + n− cj(w))− j −
∑

i∈κ1, |i|=j

xi −
∑

i∈κ2, |i|=j

yi −
∑

i∈κ3, |i|=j

zi

+
∑

i∈κ1, i=j

xi +
∑

i∈κ2, i=j

yi +
∑

i∈κ3, i=j

zi = Nn− σ(j).

We can write each of these equations as two inequalities where, as above, the relevant coefficients
are independent of N . Putting together the systems of inequalities coming from

x ∈ Φκ1,û , y ∈ Φκ2,v̂ , z ∈ Φκ3,ŵ ,

and this final system of 2µ inequalities, we can see that

Ξ(N) :=
{
x ∈ Φκ1,û, y ∈ Φκ2,v̂, z ∈ Φκ3,ŵ : wtû(x) + wtv̂(y) + wtŵ(z) = σρ̂

}
is the set of integer points of a polytope P (N) defined by inequalities of the form Ax ≤ Nc+b as
in Lemma 5.1. Thus, its size is eventually a quasi-polynomial in N . □

Proof of Theorem 1.1. Fix u, v, w ∈ Sn and let fu,v,w(N) := cN∗w
N∗u,N∗v for N ≥ 1. By (2.2), we have

cN∗w
N∗u,N∗v =

∑
σ∈SNn

sign(σ)
∑

(a,b,c)∈Ω(σ)

KN∗u,aKN∗v,bKŵ◦(N∗w),c =
∑

σ∈SNn

sign(σ) fσ(N).

The second equality follows from Theorem 2.2 and the fact that for a permutation u and a com-
position a = (a1, a2, . . .), we know that Ku,a is the number of pipe dreams with ai crosses in the
i-th row. Each fσ(N) is eventually a quasi-polynomial in N by Lemma 5.4. As noted in the
proof of Lemma 5.4, we only need to sum over σ ∈ Sµ with µ ≤ n − 1. Therefore, the function
fu,v,w(N) = cN∗w

N∗u,N∗v is also eventually a quasi-polynomial in N , as desired. □
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5.3. Effective version. The bounds in the proofs of Theorem 1.1 can be made completely explicit,
giving the following effective version of the theorem:

Theorem 5.5. Let u, v, w ∈ Sn have bounded total range ψ defined in (1.5). Then, the function

fu,v,w(N) := cN∗w
N∗u,N∗v is quasi-polynomial in N for all N > ψ · 23ψ3

. Additionally, for the period
m we have

m ≤
(
(3ψ)3ψ

2)
!,

and the degree of all polynomials fu,v,w(N) where N mod m is fixed, is at most 4ψ2.

Proof. Let τ := min{Exc(u),Exc(v),Exc(w)} and note that the first (τ − 1) elements in u, v, w
are fixed points. The same holds for N ∗ u, N ∗ v and N ∗ w. Removing these fixed points leaves
Schubert coefficients unchanged, so it suffices to consider only the case when τ = 1. In this case,
by the bounded range hypothesis (1.5), we have

(5.4) µ := max{Exc(u),Exc(v),Exc(w)} ≤ ψ.

Now, by Remark 3.5, if Φκ1,û ̸= ∅, then |κ1| ≤
(
µ
2

)
, and similarly for κ2 and κ3. Thus, we are

only concerned with sets Φκ,û that have at most
(
µ
2

)
· µ inequalities of the form (3.7) or (3.8), and

similarly for v̂ and ŵ.
Adding this to the at most µ inequalities of the form (3.6) for û, v̂, and ŵ and the at most 2µ

inequalities coming from the weight condition, we can see that there are at most 3µ3 inequalities
describing the containment in Ξ(N).

Moreover, in each of these inequalities, we can observe from the definitions, that the term indepen-
dent of N has absolute value at most µ so by Remark 5.2, we have that fσ(N) is a quasi-polynomial
for

N > µ · 23µ3 .
Finally, summing over all possible κ1,κ2,κ3 ⊆ Lµ shows that |ANσ | is a quasi-polynomial in N for

N > µ · 23µ3 , implying the desired bound by (5.4).

For the period, we use the bound in Remark 5.3. In our case, the denominator of any vertex
divides the determinant of some square submatrix of A. We know that A has at most 3µ2 columns,
at most 3µ3 rows, and all entries in {0,±1}, so by Hadamard’s inequality (see e.g. [BB61, §2.11]),
the maximum determinant of a submatrix of A is at most (3µ2)3µ

2/2 = (3µ)3µ
2
. Thus, the desired

bound follows from (5.1) and (5.4).

For the degree, we use the following counting argument. By Remark 3.5, there are at most
µ− i+1 patches of crosses in row i of a pipe dream D for û. For a given row, choosing where these
at most µ patches go is equivalent to picking at most µ starting indices and µ ending indices, all
between 1 and Nn. So there are at most(

Nn+ 2µ− 1

2µ− 1

)
= O(N2µ)

such choices for each row between 1 and µ. Thus, we have

|PD(û)| = O((N2µ)µ) = O(N2µ2).

Note that |PD(û)| = Sû(1, . . . , 1) is the principal specialization of the Schubert polynomial. We
similarly have

|PD(v̂)| = Sv̂(1, . . . , 1) = O
(
N2µ2

)
.

We conclude:

cN∗w
N∗u,N∗v ≤ [xcode(N∗w)]

(
Sû(x) ·Sv̂(x)

)
≤ Sû(1, . . . , 1) ·Sv̂(1, . . . , 1) = O

(
N4µ2

)
,

which implies the desired degree bound by (5.4). □
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5.4. Proof of Theorem 1.4. Recall Barvinok’s algorithm, see e.g. [Bar08, BP99], which computes
the number |Q ∩ Zd| of integer points of a convex polytope Q ⊂ Rd with input size L in time

LO(d log d). See [PP17, Thm 2.3] for this explicit bound.
First, as in the proof above, we consider only triples of permutations u, v, w ∈ Sn with

min{Exc(u),Exc(v),Exc(w)} = 1,

since removing the leading fixed points leaves Schubert coefficients unchanged. Thus, in the notation
of the proof above, we always have µ ≤ ψ.

Note that by Remark 3.5, the sum in (5.3) may be taken over κ1,κ2,κ3 ⊆ Lψ that each have at
most one element i ∈ κk (for k ∈ {1, 2, 3}) with |i| = j for each pair 1 ≤ i < j ≤ ψ. In particular,
we can then see that the Schubert coefficient cwu,v is equal to the alternating sum of at most

T := ψ!
∏

1≤i<j≤ψ

(
p(j − i) + 1

)3 ≤ ψ! p(ψ)3ψ
2
= eO(ψ2.5)

terms where p(k) = expO(
√
k) is the number of integer partitions of k.

Each of these terms is the number of integer points in a d-dimensional space, d = O(ψ2), defined
by O(ψ3) inequalities. Recall that the matrix entries in A are in {0,±1}, while the code entries
are at most n. This gives the input size L = O(ψ3 log n).

Thus, Barvinok’s algorithm in this case gives the following upper bound on the time complexity:

T · LO(d log d) = eO(ψ2.5) · (ψ log n)O(ψ2 logψ) = eO(ψ2.5)(log n)O(ψ2 logψ) ,

as desired. □

6. Examples and counterexamples

In this section, we give proofs of Proposition 1.2 and Theorem 1.3. The first proof also serves to
give an example of how the encoding of Lemma 3.4 actually proceeds for a relatively simple, yet
non-trivial example.

6.1. Proof of Proposition 1.2. First, we set some notation.
Fix N ≥ 1 and let σ ∈ S3. Let ŵ◦ := (Nn,Nn − 1, . . . , 2, 1) ∈ SNn and let û := N ∗ u, v̂ :=

N ∗ w, ŵ := ŵ◦(N ∗ w). Also, let ρ̂ = (Nn− 1, . . . , 1, 0) ∈ NNn. As in Lemma 5.4, let

ANσ := {(x, y, z) : x ∈ Φû, y ∈ Φv̂, z ∈ Φŵ, wtû(x) + wtv̂(y) + wtŵ(z) = σρ̂}.

Let x, y, z ∈ Φ3. By inspecting the pipe dreams for û, v̂, and ŵ, we can see that (x, y, z) ∈ ANσ if
and only if the following inequalities are satisfied

y(1,2) + z(2,1) + z(1,1,1) ≤ N − 3 + σ(3),

y(1,2) + y(1,1) + z(1,1,1) ≤ N + 1− σ(1),
y(1,2) + y(1,1) + z(2,1) + 2z(1,1,1) ≤ 2N − σ(1),

y(1,2) + y(1,1) + z(1,1,1) ≥ 2− σ(1),

in addition to the following equalities

x(1,1) = x(1,2) = x(1,1,1) = y(2,1) = y(1,1,1) = z(1,2) = 0,

y(1,1) + y(1,2) + z(1,1,1) + z(1,1) = N + 1− σ(1),
x(2,1) + y(1,2) + y(2,1) + z(2,1) + z(1,1,1) = N − 3 + σ(3).

Here, we have already made the substitutions coming from the weight condition and then removed
many redundant inequalities using the fact that all of the variables are nonnegative. In other words,
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|ANσ | is equal to the number of nonnegative integral solutions to

(6.1)


1 0 1 1
1 1 0 1
1 1 1 2
−1 −1 0 −1



y(1,2)
y(1,1)
z(2,1)
z(1,1,1)

 ≤ N


1
1
2
0

 +


σ(3)− 3
1− σ(1)
−σ(1)
σ(1)− 2

 .

Then, by a case-by-case inspection of (6.1) and some basic counting arguments (whose details
we omit), we get the following results, all of which hold for all N ≥ 1:

|AN123| =
(N + 1)(N + 2)2(N + 3)

12
− 2(N + 1) ,

|AN132| = |AN213| =
N(N + 1)(N + 2)(N + 3)

12
− N ,

|AN231| = |AN312| =
(N − 1)N(N + 1)(N + 2)

12
,

|AN321| =
(N − 1)N2(N + 1)

12
.

Putting this all together, we get

cN∗w
N∗u,N∗v = fu,v,w(N) =

(N + 1)(N + 2)2(N + 3)

12
− 2(N + 1)

− 2

(
N(N + 1)(N + 2)(N + 3)

12
−N

)
+ 2

(
(N − 1)N(N + 1)(N + 2)

12

)
−
(
(N − 1)N2(N + 1)

12

)
= N − 1,

which completes the proof. □

Remark 6.1. Since 2 is an entry in the matrix in (6.1), it is not totally unimodular (cf. [Bar08,
§14]), so we are only guaranteed quasi-polynomiality with period 2 in this case. However, the
values of |ANσ | are still polynomial in N due to the specific forms of the inequalities involved. We
expect this quasi-period collapse, to happen in all cases as it does for the stretched Littlewood–
Richardson coefficients, see §7.1. For more on the quasi-period collapse in this context, see [HM08]
and references therein.

6.2. Proof of Theorem 1.3. We will actually show that Theorem 1.3 holds for n ≥ 4 if we take
u, v, w ∈ Sn such that

code(u) = code(v) = (1, 0, . . . , 0, 1, 0), code(w) = (3, 0, . . . , 0, 1, 0).

Note that this formulation in terms of codes agrees with that given in the statement of Theorem 1.3
for n ≥ 7.

We will need the following definition. Define the reverse dominance order on tuples of the same
length (a1, . . . , ak), (b1, . . . , bk) ∈ Nk by

(a1, . . . , ak) ≤revdom (b1, . . . , bk) ⇐⇒
k∑
i=ℓ

ai ≤
k∑
i=ℓ

bi for all 1 ≤ ℓ ≤ k.

Note that for any pipe dream D for u ∈ Sn, since we can obtain D from Dbot(u) by a sequence of
ladder moves, we have

(6.2) wt(D) ≤revdom wt(Dbot(u)) = code(u).

Here, we pad the weights and code with 0’s so that they are of length n.
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Now we are ready to prove Theorem 1.3. We split the proof of into two parts.

Claim:

(6.3) cN∗w
N∗u,N∗v = 0 for all N > 2n− 6.

Proof of Claim. Fix N > 2n− 6, and let

α := code(N ∗ w) = (3N, 0, . . . , 0, N, 0).

Then, we know that

(6.4) cN∗w
N∗u,N∗v ≤

[
xα

](
SN∗u(x) ·SN∗v(x)

)
.

By Theorem 2.2 and Proposition 2.5, we have

SN∗u(x) =
∑

D∈L(Dbot(N∗u))

xwt(D).

When performing ladder moves on Dbot(N ∗ u), we can move at most (n − 3) crosses up from
the (n− 1)-st row to the first row. Thus, for any a ∈ Nn with a1 > N + n− 3, the coefficient of xa

in SN∗u(x) is zero. We have a similar result for SN∗v(x). Putting these together shows that

[xα]
(
SN∗u(x) ·SN∗v(x)

)
= 0 since α1 = 3N = 2N +N > 2N + 2n− 6.

Thus, (6.4) implies that cN∗w
N∗u,N∗v = 0, completing the proof of (6.3). □

Claim:

(6.5) cN∗w
N∗u,N∗v = 1 for N = 2n− 6.

Proof of Claim. For N = 2n−6, we observe that there is exactly one pipe dream D for N ∗u = N ∗v
which has N + n − 3 = 3N

2 crosses in row 1 and N − (n − 3) = N
2 crosses in row n − 1. Namely,

we move exactly half of the crosses in row (n− 1) of Dbot(N ∗ u) up into row 1.
Moreover, it is easy to see that there are no pipe dreams for N ∗ u with crosses only in rows 1

and (n− 1), that have more than 3N
2 crosses in row 1. Hence, we have

KN∗u,α/2 = 1 and [xα]
(
SN∗u(x) ·SN∗v(x)

)
= 1,

where

α := code(N ∗ w) = (3N, 0, . . . , 0, N, 0).

Thus, by equating the coefficient of xα on both sides of

SN∗u(x) ·SN∗v(x) =
∑

w′∈S∞

cw
′

N∗u,N∗vSw′(x),

we see that

1 =
∑

w′∈S∞

cw
′

N∗u,N∗vKw′,α,

so there is exactly one w′ ∈ S∞ satisfying

(6.6) cw
′

N∗u,N∗v > 0 and Kw′,α > 0.

In particular, this w′ must have cw
′

N∗u,N∗v = 1 and Kw′,α = 1. We claim that w′ = N ∗ w,
completing the proof of (6.5). Suppose that w′ ∈ S∞ satisfies the conditions of (6.6).

As in (6.4), the fact that cw
′

N∗u,N∗v > 0 implies that the coefficient of code(w′) inSN∗u(x)·SN∗v(x)

is nonzero. In particular, we can find pipe dreams Du ∈ PD(N ∗ u) and Dv ∈ PD(N ∗ v) with
wt(Du) + wt(Dv) = code(w′). By (6.2), we know that wt(Du) ≤revdom code(N ∗ u), and similarly
wt(Dv) ≤revdom code(N ∗ v). Combining these relations gives

(6.7) code(w′) = wt(Du) + wt(Dv) ≤revdom code(N ∗ u) + code(N ∗ v) = (2N, 0, . . . , 0, 2N, 0).
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By Theorem 2.2, the fact that Kw′,α > 0 implies that there is a pipe dream D for w′ with
wt(D) = α. Then, we can see by Proposition 2.5 and the definition of ladder moves that the only
value for code(w′) satisfying (6.7) and such that there is a pipe dream D ∈ PD(w′) with wt(D) = α
is code(w′) = α and D = Dbot(w

′). Hence, we have w′ = N ∗w. This completes the proof of (6.5)
and finishes the proof of the theorem. □

7. Final remarks and open problems

7.1. In [Kir04, Conj. 6.28], Kirillov also speculated whether the generating function Pu,v,w(t)
defined in (1.3) can only have a pole at t = 1. This is equivalent to fu,v,w(N) being eventually
polynomial in N . For comparison, the eventual quasi-polynomiality in Theorem 1.1 implies the
weaker statement that all poles of Pu,v,w(t) are roots of unity. We restate Kirillov’s speculation as
a conjecture:

Conjecture 7.1. Let u, v, w ∈ Sn . Then fu,v,w(N) is eventually polynomial in N .

Recall the exact starting point M = 2n − 5 given in Theorem 1.3. Our exhaustive computer
experiments for n ≤ 7 suggest that this bound might be sharp, i.e. fu,v,w(N) is always polynomial
for N ≥ 2n − 5. It would be interesting to bridge the gap with the exponential upper bound in
Theorem 5.5.

7.2. Let us mention that the argument in our proof of Theorem 1.1 immediately gives eventual
quasi-polynomiality of the Schubert–Kostka numbers:

Proposition 7.2. For all u ∈ Sn and a = (a1, a2, . . .), s.t. |a| = ℓ(u), the generating function

Qu,a(t) :=
∞∑
N=1

KN∗u,Na t
N

is rational. Moreover, the function gu,a(N) := KN∗u,Na is eventually quasi-polynomial.

Recall that polynomiality of the stretched Kostka numbers is an easier problem than the cor-
responding problem for the LR coefficients. See [AK23] for an elementary proof via reduction to
contingency tables, and generalizations to flagged and cylindric Kostka numbers. Thus asking if
eventual polynomiality holds for the stretched Schubert–Kostka coefficients is a natural first step
towards Conjecture 7.1.

In a different direction, let us mention that the Schubert–Kostka numbers do not satisfy the
saturation property, cf. a discussion in §1.3. This underscores the difference with the saturation for
the (usual) Kostka numbers, which has several proofs and generalizations [Ale15, AK23].

Proposition 7.3. Let u = 2143 ∈ S4 and a = (2). Then:

Ku,a = 1 and KN∗u,Na = 0 for all N ≥ 2.

We omit the easy proof using pipe dreams.

7.3. It is worth comparing the eventual quasi-polynomiality in Theorem 1.1 with polynomiality of
the bounded inversions sum studied in [PR25b, Thm 1.2]. In both cases, Schubert coefficients with
a one parameter constraint are considered. Both proofs reduce the problem to counting integer
points in convex polytopes. The polynomiality in the latter case is a property of order polytopes
which are known to have integer vertices and unimodular triangulations, cf. [FH23, HPPS21].

It is a major challenge to give a similar geometric proof of the polynomiality of stretched LR
coefficients discussed in the introduction, cf. [Ale19, DM06, Stu95]. It is thus very unlikely that this
approach can be used to prove Conjecture 7.1. Let us also mention a more conceptual approach
to the bounded inversions sum by Stelzer [Ste25] (see also [Ste26]), which proved that eventually
polynomiality holds in all classical types.
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7.4. There is a parallel study of Kronecker coefficients of the symmetric group, generalizing LR
coefficients in a different direction:

g(λ, µ, ν) := ⟨χλχµ, χν⟩ = 1

n!

∑
σ∈Sn

χλ(σ)χµ(σ)χν(σ) ,

where χλ is an irreducible character of the symmetric group Sn, λ ⊢ n. By definition, g(λ, µ, ν) ∈ N,
but no known combinatorial interpretation is known [Pak24, Sta00].

Motivated by computational complexity applications, Mulmuley proved in [Mul09] that the
stretched Kronecker coefficients g(Nλ,Nµ,Nν) and the stretched plethysm coefficients are quasi-
polynomial. Later work [CDW12, PP17] gave Kronecker coefficients as an alternating sum of the
numbers of integer points in polytopes, and used Barvinok’s algorithm to compute Kronecker co-
efficients in a style similar to Theorem 1.4.

In the same paper [Mul09], Mulmuley asked various positivity and saturation type questions,
some of which were later disproved in [BOR09, PP20]. Mulmuley also speculated about the sat-
uration and quasi-polynomiality for stretched Schubert coefficients [Mul09, §3.7], but this subject
was never investigated until [PR26] and this paper.

Let us also mention [SS16] which proved Stembridge’s stability conjecture on stability of shifted
stretched Kronecker coefficients g(α + Nλ, β + Nµ, γ + Nν), also motivated by integer point in
polytopes considerations [Ste14]. It would be interesting to see if there are analogues of such
stability results for Schubert coefficients.

7.5. Note that permutations in Proposition 1.2 and Theorem 1.3 have at most three and two
descents, respectively, and so do their stretched versions. Thus, one could in principle try to prove
both results with a careful analysis of 2-step and 3-step puzzles [BKPT16, KZ17]. We avoided this
approach in order to use these proofs both as an example of our linear inequalities technology, and
as an illustration of its power. On the other hand, it would be interesting to see how the stretching
affects the 2- and 3-step puzzle tilings. Can one confirm the eventual polynomiality (Conjecture 7.1)
at least in these cases?
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