SPANNING TREES AND CONTINUED FRACTIONS

SWEE HONG CHAN, ALEX KONTOROVICH, AND IGOR PAK

ABSTRACT. We prove the exponential growth of the cardinality of the set of numbers of spanning
trees in simple (and planar) graphs on n vertices, answering a question of Sedla¢ek from 1969.
The proof uses a connection with continued fractions, “thin orbits,” and Zaremba’s conjecture.

1. INTRODUCTION

1.1. Main results. One of the most basic invariants of a graph G = (V| E), is the number,
denoted 7(G), of spanning trees in G. This fascinating quantity measures a kind of “complexity”
of GG, and appears in many different contexts across mathematical sciences: from Commutative
Algebra to Probability, from Lie Theory to Combinatorial Optimization, etc.

The study of the set of spanning tree numbers 7(G) for G ranging in various families of simple
graphs graded by the number of vertices of GG, was initiated almost 60 years ago in a series of
papers by Sedlacek [Sed66, Sed69, Sed70], who highlighted in particular the families: (i) of all
simple graphs, (i7) k-regular graphs, and (i77) planar graphs. In this paper, we focus on the latter;
see §5.3 and §5.5 for some discussion on the others.

Recall that graph is called simple if it has no loops or multiple edges. For n > 3, let T(n)
denote the set of numbers of spanning trees of connected planar simple graphs on n vertices:

(1.1) T(n) := {7(G) : G =(V,E) is connected, simple, and planar, and |V|=n}.

For example, 7(4) = {1,3,4,8,16} and 7(5) = {1,3,4,5,8,9,11,12, 16,20, 21, 24, 40,45, 75}. It
is easy to see that the sets T(n) are nested, i.e. T(n) C T(n + 1), that n € T(n), and that
2 ¢ T(n) for all n.

Let |7 (n)| be the cardinality of 7 (n), that is, the number of distinct values of 7(G) in T (n);
so |T(4)] =5 and |T(5)] = 15. A simple argument using Euler characteristic (see §5.1), shows
that

(1.2) max 7T (n) < C",
for some C' > 1. Hence |7 (n)| grows at most exponentially:
[T(n)| < C",

for all n sufficiently large. The first lower bound was given already by Sedldc¢ek himself in
1969, who proved that |T(n)| = Q(n?), see [Sed69]. In [Azald], Azarija showed that |T(n)| =

e?tvn/logn) 1t follows from Stong’s theorem (Theorem 1.4) that |T(n)| = ) Our main
result shows that the sequence |7 (n)| indeed has exponential growth:

Theorem 1.1 (Main Theorem). There ezists a constant ¢ > 1 such that
(1.3) IT(n)| > "
holds for all sufficiently large n.

Remark 1.2. Even for the family of all simple (not necessarily planar) graphs, (1.3) proves
exponential growth for the first time. The best previous lower bound was Stong’s bound above.
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See §5.2 for an explicit estimate for the value ¢ &~ 1.1103 derived from our proof method; we
made no effort to optimize this constant. To understand why the lower bound remained out of
reach until now, note that there are only exponentially many nonisomorphic connected simple
planar graphs to begin with,! and exponentially many of them may have the same number of
spanning trees.’

In fact, we are able to prove an even stronger theorem, namely that the set 7 (n) contains a
positive proportion of an exponentially long set of integers.

Theorem 1.3. There exists a constant ¢ > 1, such that

e 1 n
(1.4) hnlggfc—n‘T(n)ﬂ{l,...,c H > o.
Moreover, it is possible to improve Theorem 1.3 from positive proportion to density one, that is,
that the expression in (1.4) tends to 1; see Remark 1.18. For connections to spectra of operators
on locally homogeneous spaces, see §5.5.

1.2. Ingredients. As we describe in more detail below, there are four main steps in the proofs
of Theorems 1.1 and 1.3.

(i) The first is to dualize (cf. §1.3), replacing the study of 7 (n) with the closely related
quantity «(t) defined in (1.5).

(ii) The second step is to employ a mechanism that constructs simple planar graphs G = (V, E)
with a prescribed number of spanning trees, 7(G), in such a way as to simultaneously allow
some control on the number |V| of vertices. It turns out (cf. §1.4) that this control relies
on certain Diophantine-theoretic properties of continued fraction expansions of rational
numbers. This reduces the graph theory problem to one in Diophantine geometry.

(iii) The Diophantine problem turns out to be amenable to techniques similar to those attacking
Zaremba’s conjecture (cf. §1.5); one is then able to produce a large enough collection of
the desired fractions, as long as a certain Cantor-like fractal’s Hausdorff dimension is
sufficiently large.

(iv) And the final ingredient is to verify numerically and rigorously (cf. §1.6) that this fractal
dimension is indeed large enough.

Note that steps (i) and (ii) already suffice to give an elementary proof of Theorem 1.1 (see
§3.2).3 For Theorem 1.3, it is in step (iv) that we turn out to be extraordinarily lucky: the
currently best available sufficiency condition is indeed satisfied by the numerics, but only just
barely, in the hundredths place! (See Remark 1.20.)

1.3. Dualizing. To better understand Theorem 1.1, consider the sets dual to 7 (n), namely, for
t > 3, we define 7(t) :={n : t € T(n)}. In light of the nesting property 7(n) C T(n+ 1), the
only quantity of interest for 7 (¢) is its minimal element, which we denote by

(1.5) a(t) == minT(t) = min{n : t € T(n)}.

That is, «(t) is the smallest number of vertices of a planar simple graph with exactly ¢ spanning
trees. Then T (t) consists of a(t), followed by every subsequent integer. By (1.2), we have that

(1.6) a(t) = Q(logt).

IWhile the exact asymptotics remain open, the number of unlabeled simple planar graphs on n vertices is
0(30.061™), see [B+06], [Noyl5, §6.9.2] and [OEIS, A003094].

2For example, there are 2(2.955™) unlabeled trees on n vertices, see e.g. [OEIS, A000055] and [OEIS, A051491].

3See also a follow-up paper [ABG25] which uses a closely related approach to give an even simpler proof of
Theorem 1.1. The tools in [ABG25] do not imply our main result Theorem 1.3.


https://oeis.org/A003094
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The study of «(t) was also initiated by Sedlacek [Sed70] and continued over the years, see
[AS13, Azald, CP24a] and §5.3. Until Stong’s recent breakthrough, even a(t) = o(t) remained
open, see [AS13, Question 1].

Theorem 1.4 (Stong [Sto22, Cor. 7.3.1]). a(t) = O((log £)3/2 /(log log t)).

It is natural to conjecture (see also Proposition 1.11), that the true upper bound for «a(t)
matches the lower bound in (1.6):

Conjecture 1.5. a(t) = O(logt) for all t > 3.

Note that a(pg) < a(p) + a(q) (by taking disjoint union of graphs), so it suffices to prove the
conjecture for prime ¢. For Theorem 1.1, the following weak progress suffices:*

Theorem 1.6. The set of t for which Conjecture 1.5 holds grows at least like a power. That is,
there exist ¢,C > 0 so that #{t <T : «a(t) < Clogt} > T*°.

The stronger Theorem 1.3 is dual to the following.

Theorem 1.7 (= Theorem 1.3). Conjecture 1.5 holds for a positive proportion of t. That is, there
is a set of positive proportion within the natural numbers for which the estimate a(t) = O(logt)
holds as t — oo within this set.

Conjecture 1.5 remains out of reach. In fact, even the following weaker problem is open.
Denote by S(t) the smallest number of edges of a planar (not necessarily simple) graph with
exactly ¢ spanning trees. This function was introduced by Nebesky in [Neb73]. Note that multiple
edges are allowed in this case, and that we have ((t) < 3a(t). It was proved in [CP24c], that
B(t) = O(logt loglogt), see §5.6. This is very close but still shy of the natural upper bound that
would follow from Conjecture 1.5:

Conjecture 1.8. §(t) = O(logt).

1.4. Continued fractions and graphs. Given a9 > 0, ay,...,a¢ > 1, where ¢ > 0, the
corresponding continued fraction is defined as follows:
1
lag; a1,...,a7] == ap + 1
ap + ——
. 1
T
Integers a; are called partial quotients, see e.g. [HWO08, §10.1]. We use the notation [aq,...,ay]

when ag = 0. The following elementary result, proved in §2, gives a connection between spanning
trees and continued fractions:

Theorem 1.9 (Main Graph Theorem). Let t,u > 1 be positive integers with t < u and
ged(t,u) = 1. Suppose that

t
(1.7) — = [b1,1,b2,1,...,bp, 1],
U
for some by, ..., by, > 1. Then there exists a simple planar graph G such that

T(G) =t, and |V| =ba+ ...+ by +2.

The construction, explained in §2, is completely explicit; see Figure 1.1 for the typical structure
of such a graph. The proof is inductive, and is a variation on the proof of Theorem 1.5 in [CP24c]
and a construction of Bier in [Bierl0]. Motivated by this theorem, we formulate the following.

4We thank Dmitry Krachun for pointing this out.
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bm bm -1 b2

F1cURE 1.1. A typical graph constructed in the Main Graph Theorem 1.9

Conjecture 1.10 (Diophantine Conjecture). There is a universal constant A > 0 so that, for
every integer t > 3, there is a coprime integer u > t, such that the quotient t/u has continued
fraction expansion (1.7) with by, ..., by, < A.

We discuss in §5.7 why this conjecture may be plausible. Regardless, together with the Main
Graph Theorem 1.9, it would settle Conjecture 1.5.

Proposition 1.11. The Diophantine Conjecture 1.10 implies Conjecture 1.5.

Proof. For any integer ¢ > 3, Conjecture 1.10 produces a fraction ¢/u having continued fraction
expansion as in (1.7). By Theorem 1.9, there is a simple planar graph G such that t = 7(G). This

graph also has |V| < %(m — 1) +2 = O(logt) vertices; hence a(t) = O(logt), as required. [
While we are not able to establish Conjecture 1.10, we prove the following approximation.

Theorem 1.12. Conjecture 1.10 holds for a set of positive proportion. That is, there is some
A > 0, so that the set of t for which the conclusion of Conjecture 1.10 holds, has positive proportion
in the natural numbers.

We have thus reduced Theorem 1.3 to proving Theorems 1.9 and 1.12.

Proof of Theorem 1.7. The proof follows verbatim the proof of Proposition 1.11, but applied to a
positive proportion subset of . ]

1.5. Zaremba’s conjecture. The Diophantine Conjecture 1.10 is itself closely related to the
following celebrated open problem (see, e.g., [Kon13] and §5.8 for more background):

Conjecture 1.13 (Zaremba’s Conjecture [Zar72, p. 76]). There is a universal constant A > 0 so
that, for every integer w > 1, there is a coprime integer 1 <t < u, such that t/u = [ay,..., a]
and ai,...,ap < A.

Here the change to denominators from numerators in the Diophantine Conjecture 1.10 is com-
pletely anodyne, see Remark 3.1. Zaremba himself conjectured that one can take A = 5 in
Conjecture 1.13, see also §5.8. In [BK14], Bourgain—Kontorovich proved the following result, on
which the proof of Theorem 1.12 is based, and which shows that Zaremba’s conjecture holds for a
positive proportion of denominators (in fact, they prove a density one version, but again, we will
only quote the weaker statement):

Theorem 1.14 ([BK14]). There is a universal constant A > 0 so that the conclusion of Zarem-
bra’s Conjecture 1.18 holds for a positive proportion of u.

50ne think of the Diophantine Conjecture 1.10 as a version of Zaremba’s Conjecture 1.13 for the negative
continued fractions, see e.g. [BPSZ14, §4.4]. We will not use this connection and omit the details.
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FIGURE 1.2. The fractal € defined in (1.9). Diameters of circles along the unit
interval correspond to ranges being removed at each stage.

A key role is played here by the Cantor-like sets comprising the limit points of these Diophantine
fractions. In the setting of Zaremba’s conjecture, the limit set, for a given A > 0, is the following:
Ta = {[al,ag,...] 1 <a; <A, Vi}.

Let 04 = Hdim(Fa) denote the Hausdorff dimension of § 4; it is classical that 4 1 as A — oo.
Then the more precise version of Theorem 1.14 is the following.

Theorem 1.15 ([BK14]). There is a constant 69 < 1, such that, for any A with 54 > o,
Zaremba’s Conjecture 1.13 holds for a positive proportion of u.

We explain in §3 how the same methods can be adapted to prove an analogous theorem in the
context of §1.4. For A > 0, define the limit set:

Q:A = {[b1)1)b2717"‘] : 1§b7'§A’ \V/Z},
and let
79A = Hdim(Q:A)

be its Hausdorfl dimension.

Theorem 1.16 (Main Diophantine Theorem). There is a constant 6y < 1, such that, for any
A > 0 with ¥4 > &g, the Diophantine Conjecture 1.10 holds for a positive proportion of t.

Let
(1.8) Co = U ¢4,
A=1

and Y4 := Hdim €y, so that ¥4 ~ ¥ as A — oo. This Cantor set is closely related to the
fractal

(1.9) €= {[b1,1,b2,1,...] : b >1, Vi},

see Figure 1.2. In particular, the former is the intersection of the latter with the set of badly
approximable numbers (that is, those with bounded partial quotients). Hence the Hausdorff
dimension

¥ := Hdim(¢)
is an upper bound for Y.

Curiously, fractal € appeared recently in work of Hanél-Turek [HT23], where they showed,
among other things, an analogue of Hall’s famous sum-set projection theorem [Hall47], namely
that every = € [0,1] can be written as the sum of two elements from €. They also estimated its
Hausdorff dimension, proving that

(1.10) 0.732 < 9 < 0.819.

In order to conclude Theorem 1.12, we thus need to verify that the dimension 9, indeed exceeds
the numerical value of dy coming from the proof of Theorem 1.16. The original work [BK14] gave
the value of §g = 0.984, and there have been a number of subsequent improvements bringing
down this critical parameter. As explained in Section 3, the proof of (a density-one version of)
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Theorem 1.15 follows the “orbital circle method” which relies on an analysis of a “minor arcs”
estimate and “major arcs” estimate.

In [FK14], Frolenkov—Kan gave an improved treatment of the minor arcs only, allowing them
to reduce dp to 5/6 = 0.83, but at the cost of concluding that Zaremba’s conjecture holds for only
a positive proportion of ¢, rather than a density one set. In [Hual5], Huang was able to combine
the major arcs analysis from [BK14] with the minor arcs treatment in [FK14] to recover dp = 5/6
for a density one set. Since then, there have been a number of improvements on the minor arcs
analysis by Kan, who proved the positive proportion version with:

e §p = 4/5 = 0.8 in [Kanl5],
e 6o = +(v/17—1) ~ 0.781 in [Kan17], and most recently
e 5y = (V40 —4) ~ 0.775, see [Kan21].

Theorem 1.17 (cf. [Kan21]). Theorem 1.16 holds with §o = 0.775.

~
~
~
~

Unfortunately, the estimate (1.10) is completely inconclusive! It neither shows that ¥ is too
small to hope for it to exceed &g, nor does it guarantee that we are in the range of exceeding dg
and hence of being able to apply Theorem 1.17. It thus remains to exhibit rigorous estimates for
Yoo that settle the question.

Remark 1.18. Combined with Huang’s method, it is possible to prove that density one sets of ¢
satisfy Zaremba’s conjecture, with these same parameters of §y in Theorem 1.16. While doing
this properly with all details would multiply the length of this paper five-fold, we discuss the key
steps in §3.4; executing this would make Theorems 1.16, 1.12, 1.7, and 1.3 hold with “positive
proportion” replaced by “density one,” but would not affect the Main Theorem 1.1.

1.6. Computing Hausdorff dimensions. The numerical estimation of Hausdorff dimensions
of fractals corresponding to various families of continued fractions is a major object of study in
dynamical systems. Specifically, estimating d4 has become a benchmark problem in the area.

Famously, Good [Good41] showed that 0.5194 < d2 < 0.5433, greatly improving upon Jarnik’s
1928 lower bound d2 > 0.25. Bumby [Bum85] used Good’s approach and computer assistance to
calculate 0.5312 < d2 < 0.5314. Although the exact value is not known, further algorithmic and
computational advances led to better estimates, see [OEIS, A279903]. Notably, Hensley [Hen96]
improved the bounds to ds &~ 0.53128051, and eventually this value was computed to 25 digits
[JPO1], 54 digits [Jen04], 100 digits [JP18], and most recently to 200 digits [PV22].

Implementing the Pollicott—Vytnova algorithm [PV22] in our setting, we are able to greatly
improve on (1.10) and show the following.

Theorem 1.19 (Main Dimension Theorem). Let Vo, denote the Hausdorff dimension of the
fractal € in (1.8). Then Voo > g, for o = 0.775. In particular, for A = 110, we already have
that 94 > dp = 0.775.

This finally allows us to apply the Main Diophantine Theorem 1.16 and Theorem 1.17 to
conclude Theorem 1.12.

Remark 1.20. We have made no effort to optimize the value of A = 110. That said, note that
it is possible to prove also the upper bound Yo, < 9 < 0.799 (see §4.2), showing that ¥, exceeds
in the hundredths place the best available value of the parameter dy = 0.775.

1.7. Paper structure. As explained above, Theorem 1.3 follows from a combination of the Main
Graph Theorem 1.9, the Main Diophantine Theorem 1.16, and the Main Dimension Theorem 1.19.
We present proofs of each in separate sections (Sections 2-4). We conclude with final remarks
and open problems in Section 5.
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2. PLANAR GRAPHS AND CONTINUED FRACTIONS

2.1. Recursion identities. Let G = (V, E) be a graph without loops, but possibly with multiple
edges. Graph G is called simple if it does not have multiple edges.

For an edge e € E, denote by G —e the graph obtained from G by deleting the edge e. Similarly,
denote by G/e the graph obtained by contracting vertices incident to e and removing the resulting
loops. As in the introduction, denote by 7(G) the number of spanning trees in G. Recall that
7(G) =7(G —e) + 7(G/e), see e.g. [Tut84, Thm II.18].

Let G = (V,E) be a graph and let e € E be an edge in G. A pair (G, e) is called a marked
graph. Define the spanning tree vector of the marked graph as follows:

v(G,e) := (1(G —e),7(G/e)).

We consider two dual operations on marked graphs. Denote by ®F (G,e) the marked graph
(G',€’) obtained by replacing edge e with a path of length (k + 1), and marking one of the new
edges as €’ (see Figure 2.1). Note that if G is connected, simple and planar, then so is G’. Denote
G’ = (E',V'), and observe that |E'| = |E| + k, |V'| = |V| + k.

Lemma 2.1. Suppose that 7(G —e) >0 and 7(G/e) > 0. Then we have that
ron 1 k
v(G,e)-v(G,e)-(O 1).

Proof. Note that ®* = ®! (@k_l ) Thus it suffices to prove the lemma for £ = 1, as the general
case follows by induction. Observe that 7 (G’ —¢') = 7(G — e), since the new edge created by ®

is a bridge to an endpoint in G’ — ¢’. We also have G'/¢’ ~ G by the construction of ®, which
gives 7 (G'/€') = 7(G) = 7(G — €) + 7(G/e). This gives the result. O

For the second operation, denote by ¥*(G,e) the marked graph (G”,€”) obtained by replacing
edge e with (k + 1) parallel edges, and marking one of the new edges as ¢” (see Figure 2.1). Note
that if G is connected and planar, then so is G”, but simplicity is not in general preserved, since we
are creating multiple edges. Denote G” = (E”, V"), and observe that |E"| = |E| + k, |[V"| = |V].

Lemma 2.2. Suppose that 7(G —e) >0 and 7(G/e) > 0. Then we have:
P

The proof is similar to the proof of Lemma 2.1 and will be omitted. In fact, Lemma 2.2 follows
from Lemma 2.1 via matroid duality, but we will not need this observation. Finally, note that

(2.1) ged (T(G' - e'),T(G'/e')) = ged (T(G" - e"),T(G"/e")) = ged (T(G — e),T(G/e)),
for all £ > 1.

ﬂ e O e' @ e” m f
G G’ G" H

FIGURE 2.1. Marked graphs (G,e), (G',¢/) = ®*(G,e), (G",¢") = ¥3(G,e) and
(H, f) =T*(G,e).
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2.2. Proof of Theorem 1.9. We will prove the theorem as a consequence of the following slightly
more general lemma.

Lemma 2.3. Let t,u > 1 be positive integers with t < u and ged(t,u) = 1. Suppose that

(22) E — [blvl’bZala---vbM71]a
u

for some by,... by, > 1. Then there exists a simple planar graph G = (V,E) and edge e € F,
such that
T(G—¢e)=t, 7(Gle) =u, and |V]| =0b+...4+bn+2.

Proof. Let G = (V, E) be a connected simple planar graph with a marked edge e = (z,y) € E.
For k£ > 1, consider a marked graph

TH(G,e) :== " (T(G,e))

obtained by adding an edge parallel to e, and subdividing e with k£ vertices. This operation is
equivalent to adding a path with k£ + 1 edges connecting x and y, and marking one of the edges
in the new path (see Figure 2.1).

Note that marked graph (H, f) := T*(G,e) is a connected simple planar graph by the descrip-
tion above. Combining Lemma 2.1 and Lemma 2.2, we have:

w(H, f) = v(G,e).G ?)(é ’1“)

Here is a trivial observation (one made already in a completely unrelated setting, namely

[KNW17, p. 1042]):
CHED-CHEY
Thus

(2.3) v(H,f):v(G,e)-<(1) 1)(‘1) }g)

Now let P, be a marked graph consisting of a single marked edge u connecting two vertices.
Then v(P1,u) = (0,1). Let (G,e) be a marked graph given by

(G,e) = X0 (P, ),

see Figure 2.2 (and compare to Figure 1.1).

G
FIGURE 2.2. Marked graph (G, e) = Y3 Y T2 Y4( Py, u).

From above, G = (V, E) is a connected simple planar graph. By induction, we have:
VI =b + ... + by + 2.

Similarly, equation (2.3) gives by induction:

(2.4) v(G,e)_(o,n-((l’ })(? bi)(? 1)(? b11>.
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There is a well-known general association between the matrix product:

0 1 0 1 * ok

@9 (o) (Ta)=()
and the continued fraction expansion:

- = [0;a1,a2,...,ag].

u
It follows that

'U(G7 6) - (T(G - 6)7 T(G/G)) = (ta u)a

where ged(t,u) = 1 and ¢/u has continued fraction expansion as in (2.2). This completes the
proof. O

Finally, we can now prove Theorem 1.9. From Lemma 2.3, we know that the graph G — e
(shown in Figure 2.3) has 7(G —e) = t.

bm bm—1 ba by

FI1GURE 2.3. A typical graph G — e from Lemma 2.3

This graph leaves “tails” of paths, which can be trimmed without changing the number of
spanning trees, resulting in the graph shown in Figure 1.1.

3. BOURGAIN-KONTOROVICH TECHNOLOGY

3.1. Thin orbits. Given A > 0, let R 4 denote the set of fractions of interest,
(3.1) Ra = {L=[b,1,ba,1,...,bm,1] : 1<b; <A forall 1<i<m}
and let N4 be the set of its numerators,
Ny :={teN: LeR, forsomeu>t, ged(t,u)=1}.
As already suggested by (2.5), a starting point of the analysis is to convert questions about
continued fractions into ones about “Thin Orbits,” so that we may use techniques from the Orbital
Circle Method (see [Kon13, §5]). To this end, it is natural to introduce the matrix semigroup
r® .= (9 1<a< A" N SLE2Z)
which corresponds to all even-length words in matrices of the kind appearing in (2.5), and having
all “partial quotients” a bounded by A.
For the application to R4 in (3.1), we introduce the corresponding semigroup
+
o= (D (9))  1<b =AY,

so that (I Z) € I'y if and only if t/u € R4. Then to access the numerator ¢ in N4, we simply
take the inner product:

(32) NA = <'Ul'FA7'UQ>,
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where v := (0,1) and v2 = (1,0).

Remark 3.1. While the Diophantine Conjecture 1.10 deals with numerators, Zaremba’s Conjec-
ture 1.13 is about denominators. In light of (2.5), this merely amounts to replacing ve = (1,0)
above with ve = (0, 1).

3.2. Proof of Theorem 1.1. It is already possible to prove Theorem 1.6, which implies The-
orem 1.1. Indeed, let By = B](\fl) denote the intersection of I'y with a ball of radius N in

SL(2,R) C R* with respect to a fixed archimedean norm, and let
(3'3) RN(”) = Z 1{(111«/7'02):71}
Y€BN
be the “representation number,” that is, the multiplicity with which an integer n of size roughly

N occurs in N4 from (3.2). The sum of these representation numbers is of course just the size of
the ball, which is given (see [Lal89, Hen89]) by

(3.4) 3" Ry(n) = |By| = N?ato®),

as N — oo. It is easy to see that Ry(n) < N, which implies the crude lower bound
Nan[1,N] > N?a-l-o)

This already gives Theorem 1.6, as long as ¥4 > 1/2, which happens already for A = 4 (see
Remark 4.2).

It is actually possible to do quite a bit better, with relatively little work, due to the sum-set
structure hidden within A4. Indeed, suppose that ¢t/u € R 4, that is, (* *) € I'y. Then R4 also

tu
contains
1 t+u

1 t+2u
14 &
that is, N4 must also contain the numerator ¢ + u. Of course ¢ + u and ¢ together determine the
pair (¢,u). Therefore (3.4) actually implies the stronger lower bound

Nin[L,N] > N?a—o),

This gives Theorem 1.6, for any A having ¥4 > 0, including A = 2. For even stronger implications
in this direction, see, e.g., [BK14, Theorem 1.23], and developments thereafter.

1+

3.3. Local-global principles and admissibility. Next we move on to the proof of Theo-

rem 1.16, en route to Theorem 1.3. The general Bourgain—Kontorovich machinery proves results
(0)

of the following kind, of which Theorem 1.16 is a special case. Let I' C I');” be a finitely generated
semigroup, and for fixed v, vy € Z2, consider the set
O = <’01F, ’l)2>.
We say that an integer n is admissible if
n € O(mod ¢q) for all integers q.
Let A= A(T, v1,v2) denote the set of admissible integers, and note that O C A. Then the even
more precise density-one version of Theorem 1.15 is the following (see [BK14, Theorem 1.8]).

Theorem 3.2. There is a constant dg < 1 such that, if the Hausdorff dimension dr of the limit
set of I satisfies o > dg, then O contains a density one set of its admissible integers:

ONn{1,...,N}|
|lAN{L,...,N}|

(3.5) — 1 as N — oc.
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This result is interpreted as an asymptotic “local-global” principle for the orbit ©. See §5.7 for
further discussion on this result and the rate of convergence in (3.5). To adapt it to our setting,
the first question is to determine the set of admissible integers. In practice, this is quite simple,
and in this case follows from the following.

Lemma 3.3. Let A > 2. Then T'4(mod q) = SL(2,Z/qZ), for all ¢ > 2.

Proof. Since reduction mod ¢ turns I'4 into a finite group (in which every element has finite
order), it follows that the reduction mod ¢ of the semigroup I'4 is equal to the reduction mod
g of the group generated by I's. Let M, := (§1)(9}). Note that M; ' My = (}1), and
MlMglMl = (19). Therefore, the group generated by M; and M is all of SL(2,Z). Hence the
mod ¢ reductions of I'4 and SL(2,Z) are the same, and equal to SL(2,Z/qZ). O

It follows immediately from (3.2) and Lemma 3.3 that all integers are admissible for A4.
Then the Main Diophantine Theorem 1.16 follows on applying Theorem 3.2 with I' = I'4. For
the reader’s convenience, we give a sketch of some of the ingredients going into the proof of
Theorem 3.2, referring the reader to, e.g., [Konl3] and the original references for more details.

3.4. Orbital circle method. To show that an integer n of size about N belongs to O, it suffices
to show that it has a positive number of representatives, that is, Ry(n) > 0 for Ry in (3.3). The
Fourier transform of Ry is the exponential sum

Sn(0) = Z exp(0(v1vy,v0)),

YEBN
so that

(3.6) Ry(n) = Sn(0) exp(—nb)db.
R/7Z
The “circle method” is the idea akin to signal processing that the above sum may sometimes
be estimated effectively by decomposing 6 into the so-called major and minor arcs, the former
corresponding to the signal, and the latter meant to represent noise. The major arcs are values of
0 that are “close” to fractions with “small” denominators (for suitable meanings of these words),
and minor arcs are simply the complement. This leads to a decomposition (see [BK14, (4.25)])

RN(n) = MN(TZ) + 8N(n),

where the “main” term M (n) is the contribution to (3.6) coming from 6 in the major arcs, and
En(n) representing the “error” term.

One shows (see, e.g., [BK14, Theorem 4.28]), that the main term is at least of the expected
order:

(3.7) My(n) > C&n) BV

for some C >0,
where G(n) is the “singular series,” which vanishes if n is not admissible, and is roughly of order 1
elsewhere. If one could prove that for individual n = ©(N), the error term is significantly smaller,

(3.8) En(n) = o (iﬁ') ,

then the representation number is asymptotically positive, and hence the full local-global principle
holds: every sufficiently large admissible number is represented. Unfortunately, as discussed
in §5.7, there are settings which are analytically indistinguishable from this one, for which there
are arbitrarily large admissible integers with no representatives; and hence (3.8) is false as the
error term must be exactly as large as the main term infinitely often. Instead, what one manages
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to prove in practice is an L2-averaged version of (3.8), namely, a statement roughly of the form
(see [BK14, Theorem 7.1] and [Hual5, Theorem 9.1]):

2
(3.9) S En) = o <N- l]}\sz‘ )

cN<n<N

An elementary Cauchy—Schwartz type argument concludes Theorem 3.2 from (3.7) and (3.9).

The analysis of both My and €y is long and difficult. The former relies on “expander graph”
properties for certain families Cayley graphs in congruence towers, and the thermodynamic for-
malism of Ruelle transfer operators. The analysis of the error term £y uses more elementary tools,
but involves a rather complicated process coming from the theory of cancellation in exponential
sums. It only succeeds to prove (3.9) if the Hausdorff dimension dp of the limit set of I' exceeds
the threshold value dg.

If all one wants is a “positive proportion” result, rather than “density one,” then one need not
introduce major arcs and can avoid proving (3.7); see §8 in the original arXiv version of [BK14].

3.5. Improvements on §y. As mentioned in §1.5, the error term treatment in Frolenkov—Kan
[FK14] and series of papers by Kan [Kan15]-[Kan21] improves on the original minor arcs analysis
in [BK14], leading to improvements in ;. We give here a few comments on at least some of their
ideas, as well as the modifications that would be needed to improve their positive proportion
results to density one.

In order to establish the error bound (3.9), it is necessary to modify the representation number
Ry defined in (3.3) to create bilinear (in fact, multilinear) forms, as follows. As discussed in
[BK14, §3.4], one replaces the full norm ball By in I" by a suitable “ensemble,” Qn C By which,
in the original argument, has something like the structure

QN ~ BNl/z'BN1/4'BN1/8"',

where B ~ are some large “modified balls,” B ~ C By. We can view this ensemble diagrammati-
cally as follows:

Using this ensemble as is allows one to prove Zaremba’s conjecture for a positive proportion of
denominators, but the modified balls are not “spectral,” that is, not suitable for the major arcs
analysis needed for establishing (3.7). Therefore one adds a tiny spectral sliver to the first ball
(for the precise statement, which is rather technical, see [BK14, (3.37)]), which can be expressed
diagrammatically as:

This makes the modified ensemble amenable to analysis.
The first innovation in [FK14] is to refine the ensemble {2y even further, to one of the following
rough diagrammatic shape (see [FK14, (3.5)] and [Kan21, §6]):

This ensemble is again missing a spectral component, but it and its further refinements lead to
the aforementioned improvements on §p, and eventually to Theorem 1.17. The idea in Huang
[Hual5] combines these improvements with the major arcs analysis of [BK14], by reinserting

Barxiv.org/abs/1107.3776v1
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another spectral sliver in the largest component (see [Hual5, (3.51)]), leading to an ensemble of
the shape

This again allows one to apply the major arcs analysis (see [Hual5, Theorem 5.5]). In combining
the minor arcs analysis in [Kan21] with the major arcs from [BK14, Hual5|, one can show the
density one result in Theorem 3.2, with the improved values of the parameter Jg.

4. ESTIMATING THE HAUSDORFF DIMENSION

4.1. Proof of the Main Dimension Theorem 1.19. A well-known strategy to compute Haus-
dorff dimensions 94 comes from techniques in thermodynamics, namely to consider certain Ruelle-
type transfer operators, as follows. For integers b > 1, let T} : [0,1] — [0,1] be the operation
corresponding to one step in (2.4), that is, translation by b, inversion, translation by 1 and inver-
sion again,

1 b+x
T = = .
() 1 1+bta
1+
b+x
This has derivative
1
/

For A > 1 (we will take A = 110) and s € (0,1) (a parameter used to estimate the Hausdorff
dimension), we define the pressure function, P = P4, given by

P(s) := lim 110g< Z ](Tblo---oTbn)’(o)\s)

n—oo n
1<by,....bn<A

It follows from the work (in much greater generality) of Ruelle [Rue82] (see also Bowen [Bow79]),
that the pressure function P is a monotone decreasing function of s, and has a unique zero at the
Hausdorfl dimension s = 9 4.

It is difficult in practice to rigorously approximate the dimension from P alone, and one intro-
duces the following transfer operator Ls = L a; given a function f : [0,1] — R, we define:

A
(4.1) [Lsf)(@) == > [Ty@)[(f o Ty) ().
b=1

A suitable space on which the transfer operator £, can act is, e.g., the space § of real analytic
functions on [0, 1], with the supremum norm.

The connection to the pressure function and Hausdorff dimension is given by the Ruelle-Perron—
Frobenius theorem, which states that £ acting on 8 has a unique maximal eigenvalue \; = (¥,
and the corresponding eigenfunction

(4.2) he=hsa €8

is strictly positive on [0,1]. A nice discussion of this theory is given by Pollicott—Vytnova in
[PV22, §2], where the authors develop a relatively simple and easily implementable procedure to
give rigorous estimates for Hausdorff dimensions in a wide variety of settings.

Of particular importance to us is the mechanism for producing lower bounds for dimensions,
using certain min-max inequalities.
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Lemma 4.1. Suppose that there exists some s > 0 and f a polynomial which is positive on [0, 1],
so that

(4.3) [£sf1(z) > f(=),
for all z € [0,1]. Then 94 > s.

Intuitively, if we want values of s with P near zero, that corresponds to eigenvalues A\, = e’ (s)

of L4 near 1. Since A is the largest eigenvalue, (4.3) is evidence that Ag > 1.

Proof. Since [0, 1] is compact, (4.3) implies that there exists some a > 1 so that af(z) < [Lsf](z)
holds for all z € [0,1]. By [PV22, Lemma 3.1(1)], this implies that a < e7®®), or P(s) > loga > 0.
But since P is monotonically decreasing and P(9¥4) = 0, we have that s < J4. O

This reduces the problem to one of producing, for s = §y = 0.775, say, a sufficiently large value
of A and a positive “test function” f for which (4.3) holds. We are grateful to Polina Vytnova
for explaining to us the procedure from [PV22] for finding such functions in practice, namely
to simply try to approximate the (positive) eigenfunction hs in (4.2) via Lagrange-Chebyshev
interpolation. (In principle, almost any interpolation scheme should work, but this one seems to
perform particularly well in this application.)

To this end, fix an order of approximation, N (we will take N =5), and for 1 < j < N, define

the Chebyshev nodes
1 25 —1
Coi= = 1 1
y] 2 (COS< 2N 7T>+ > € [0? ]7

and corresponding Lagrange interpolation polynomials

T = Yk
ti(x) = P
1<k<N Yi — Yk
k#j

These are linearly independent, and orthogonal with respect to the counting measure on the nodes;
in particular, ¢;(yx) = 1 if j = k and 0 otherwise. For NN large, the nodes become dense in [0, 1],
and the Lagrange polynomials span some “significant” subspace of our function space 8.

To find a linear combination of the ¢;’s which approximates the eigenfunction h, of the transfer
operator L, simply hit them all with £, and evaluate at the nodes. This should excite a harmonic
near hg, giving the approximation. In practice, this is achieved as follows. We evaluate the N x N
matrix, M, say, having entries

Mj k= [Ls45)(yr),

(1 <j,k < N), and compute a (left) eigenvector vy = (vgl), .. ,vgN)) corresponding to its largest

eigenvalue. By the orthogonality relations, this vy suggests which linear combination of the /;
should have a high correlation with hg; that is, we should try the test function:

fs = Z Ugj)fj.
1<k<N

If it turns out that fs is positive on [0, 1], and that (4.3) is satisfied, then we learn from Lemma
4.1 that s is a lower bound for ¥4. If not, we should increase N (or if that continues to fail,
increase A), and hope to get lucky. In [PV22, Prop. 3.10], Pollicott and Vytnova prove that, if in
fact ¥4 > s, then such an f; will eventually be found by taking N large enough.

Setting s = 09 = 0.775, N = 5, and A = 110, (chosen for the simple reason that A = 100 fails,
even with large values of V), the procedure above gives the eigenvector

vs = (0.3798483,0.3992862, 0.4366593, 0.4841648, 0.5207676),
and corresponding test polynomial fs given by:

(4.4) fs(x) :=0.01218442" — 0.05132452> + 0.11631322 — 0.225988z + 0.526229.
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(a) (b)
FIGURE 4.1. (a) The test function fs in (4.4), and (b) difference Lsfs — fs on [0,1].

For = € [0, 1], it can be verified that fs(x) > 0.3, see Figure 4.1(a). Moreover, it can be verified
that on [0, 1], the difference L fs — fs exceeds 7 x 107° > 0, see Figure 4.1(b). This confirms (4.3),
and hence proves the Main Dimension Theorem 1.19.

Remark 4.2. The same techniques easily show that 94 > 1/2 for A = 4 and higher (and that
¥4 < 1/2 for A=2,3). It is even easier to see that ¥4 > 0 for A = 2, as needed in §3.2.

4.2. Maximal dimension 9,,. We conclude this section by explaining Remark 1.20. We esti-
mate ¥ < o, where the latter is the Hausdorff dimension of the fractal € defined in (1.9). The
method described in §4.1 cannot be applied directly to the problem of estimating 9, in particular
because the corresponding transfer operator (4.1) would now be an infinite sum. Instead, here is
an elegant mechanism (again, generously explained to us by Polina Vytnova) for establishing the
estimate

(4.5) Voo < U < 0.799.

Let f(x) = Zivzo an(z — 1)™ be a polynomial (expanded about z = 1). Then the transfer
operator acting on f can be expressed as

[e.9] [e.o]

/ S _ 1 . — 71
£ufl) s = X B SO0 = 3 (s (- 1e5s)
00 1 N 1 n N
=X T (trrs) = Zowcvrcesna+a),
which is now again a finite sum. Here
=1
((s,z) = bz(:) m

is the Hurwitz zeta function. An analogous statement to Lemma 4.1 holds with inequalities
reversed: if there is a polynomial f which is positive on [0, 1] such that

[Lsfl(x) < f(x)
for all z € [0, 1], then 9 < s.
Now we proceed as before. Set s = 0.799, and N = 5, and using the same Chebyshev-Lagrange
polynomials, compute the matrix M; , = [£s(¢;)](yr). (One needs to first extract the polynomials’
coefficients.) Its largest eigenvalue has eigenvector

vs = (0.3820795,0.4007878, 0.4369026, 0.4830608, 0.5187994),

and the corresponding test function fs = > vgj )Ej is computed to be
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(a) (b)

FIGURE 4.2. (a) The test function fs in (4.6), and (b) the difference Lsfs — fs.

(4.6) fs(x) = 0.0123381z* — 0.05175672> + 0.1162022% — 0.2211862 + 0.524143.

This function exceeds 0.3 on [0, 1], and Lsfs — fs is less than —0.0002 on [0, 1], see Figure 4.2.
This confirms (4.5).

5. FINAL REMARKS AND OPEN PROBLEMS

5.1. In notation of Main Theorem 1.1, one can ask for the upper bound on the number |7 (n)|
of distinct values of 7(G) over all simple planar graphs with n vertices. The bound |7 (n)| < 8"
is straightforward; indeed, note that for every planar simple graph G = (V, E) on n vertices, we
have 7(G) < 2Pl < 8", since |E| < 3n — 6. Writing 7(G) as a product of eigenvalues of the
Laplacian matrix and using the AM-GM inequality shows that 7(G) < 6", see [Gri76, Eq. (1)].

Skipping over a series of further improvements, the best known upper bound for the number of
spanning trees in a simple planar graph is 7(G) = O(5.2852") given in [BS10]. The optimal base
of exponent is probably much smaller, see below. However, since

lim (max T(n))% > 5.0295

n—00

(see [Rib606, §5.1]), this approach has very little room for further improvement.

5.2.  For the lower bound on |7 (n)| given in Theorem 1.1, one can take ¢ = 1.1103. This is derived
from the lower bound ¢274/(A+1) ~ 11103 deduced from the proof of Theorem 1.6 in §3.2, with
A =3 and 0.435 < ¥4 < 0.436. Here ¢ = 1%@ ~ 1.618 is the golden ratio. We made no effort
in optimizing this constant. We note, however, that any lower bound achievable by our approach
cannot exceed ¢. Most notably, in a follow-up to this paper, Alon-Bucic—Gishboliner [ABG25]
gave an improved lower bound of ¢ = 1.49 by augmenting our approach with a clever counting
argument. In view of Theorem 1.1, we make the following natural

1
Conjecture 5.1. There is a limit v := lim, (\7;1|) n,
The conjecture implies that 1.49 <~ < 5.2852, by the lower and upper bounds given above.

5.3. Denote by T'(n) the set of spanning tree numbers 7(G) as G ranges over all simple graphs
on n vertices, i.e. without the planarity assumptions [Sed69, Sed70]. The sequence {|7’(n)|}
starts as

1, 1, 2, 5, 16, 65, 386, 3700, 55784, 1134526, 27053464,

see [OEIS, A182290]. By Theorem 1.1 and Cayley’s formula, we have:
¢ < |Tm)| <|T'(n)] < 7(Kn) = "2

Note that the expected number of spanning trees in a uniform random labeled graph on n vertices
is rather large, and equal to n"~2/2"~!. Note also that the number of unlabeled graphs on n
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vertices is even larger, and asymptotically equal to 2(3)/n!, see e.g. [Noylh, §6.9.2] and [OEIS,
A000088]. These suggest the following:”

Conjecture 5.2. |T'(n)| = eQ(nlogn)

Following Sedlacek [Sed70], let o/(t) denote the minimal number of vertices of a simple (and
not necessarily planar) graph with exactly ¢ spanning trees. Clearly, we have o/(t) < a(t),
but potentially o/(t) is much smaller. Cayley’s formula gives a natural lower bound o/(t) =
Q(logt/loglogt) in this case. Sedlacek originally conjectured that o/(t) = o(logt) [Sed70]. Stong’s
Theorem 1.4 remains the best known upper bound for o/(t).

5.4. By the matrix-tree theorem, the number of spanning trees of a simple graph is a determinant
of an integral matrix with off-diagonal entries in {0, —1}. The set of possible determinant values
for various classes of combinatorial matrices is interesting in its own right and closely related to
Hadamard’s mazrimal determinant problem and the determinant spectrum problem which remain
unresolved. Given the state of art in these two problems, we speculate that Conjecture 1.8 is
likely to be more accessible than Conjecture 5.2. We refer to [Shah22] and a discussion in [CP24b,
§6.10] for further references. Note also that Conjecture 5.2 is also related to the distribution of
determinant of random {+1} matrix, see [Vu21, Conj. 6.8].

5.5.  The following connection between counting spanning tree numbers and spectra of operators
on locally homogeneous spaces was pointed out by Peter Sarnak in his Chern lectures [Sar23]. In
light of the exponential growth of 7, it is natural to introduce, for a finite graph G, the quantity

log 7(G)

s(GQ) = ———.
G|

Here, by |G|, we mean the number of vertices, |V|. Again, by the matrix-tree theorem, this is

a “spectral” quantity, and it is interesting to investigate, for a family F of graphs, the spanning

tree spectrum:

SpEC(F) = {s(G) : G € F},

that is, the set of limit points of s(G), as G ranges in F. The density-one version of Theorem 1.3
then shows, for the family F = PLANAR of simple, planar graphs, that

[0,¢) € Spec(PrANAR) C [0,0),

for some 0 < ¢ < C', where ¢ comes from Theorem 1.3 and the upper bound C is related to the
discussion in §5.1.
By contrast, for the family of k-regular graphs, 7 = k-RECULAR, we have that

SPEC(k-REGULAR) C (c,C].

for some 0 < ¢ < C. Here the upper bound C' = C}, is determined explicitly by work of McKay
[McK83], and the lower bound ¢ = ¢y, is given by Alon in [Alo90].

In the family F = SIMPLE of all finite simple graphs, the spanning tree spectrum contains 0
(due already to trees), and oo (e.g., from Cayley’s formula). It is interesting to investigate these
quantities further.

"In fact, the first few values of the sequence suggest a stronger bound: |T"(n)| = e(!~0()nlogn
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5.6. In [CP24a, CP24c|, the authors used the average cases analysis of the sum of partial quotients
of continued fractions, applying sharp bounds of Larcher [Lar86] and Rukavishnikova [Ruk11] to
get bounds on 5(t) discussed in the introduction. While these bounds hold for all ¢, the resulting
extra O(loglogt) factors are unavoidable with these tools. In the terminology of [YK75] (see also
[Knu98, §4.5.3]), the sum of partial quotients is the number of steps of the subtraction algorithm,
the original (classical) version of the Euclidean algorithm for finding the greatest common divisor
that uses only subtractions instead of divisions. Finally, in [CP24c]|, it was shown that Zaremba’s
Conjecture 1.13 implies that B(t) = O(logt). The authors also produced a series of weaker
conjectures, all of which remain open.

5.7. There is a further refinement in the asymptotic formula in (3.5). Namely, the work of [Boul8]
and [MOW19] shows that the asymptotic value 1 in Theorem 3.2 is approached with a power
savings: LHS = 1+ O(N~") for some i > 0. We further remark that a recent work of Rickards
and Stange [RS24], shows that it is possible to exhibit finitely generated semigroups I' C SLa(Z),
and base vectors vy, vy € Z2, such that none of the elements of the orbit O := (v,I',vg) are, e.g.,
perfect squares. This disproves a conjecture by Bourgain and Kontorovich [BK18, Conj. 1.11],
and shows that there can be a Brauer—Manin type reciprocity obstruction, meaning that a power
savings asymptotic error is best possible in this generality. The full local-global principle, that,
say, O contains every sufficiently large integer, may well be true for our I'y (for A sufficiently
large); this would imply the Diophantine Conjecture 1.10. Unfortunately, the general orbital
circle method cannot distinguish this setting from the similar setting where the statement is
false. Therefore, these techniques will not, without significant further ideas, be able to upgrade
Theorem 1.7 to the full Conjecture 1.5.

5.8. In Zaremba’s Conjecture 1.13, it is known that A = 4 is not enough (take u = 6 or 54).
Hensley (1996) conjectured that one can take A =2 for d large enough. Zaremba’s conjecture is
known to hold for integers of the form 2"*3™ and for sufficiently large powers of all primes, where
the constant A can depend on the prime, see [Nid86, Shu24] for details. We refer to [BPSZ14,
§6.2] for an elegant presentation of the 2™ case.

5.9. After this paper was written, Pollicott [Pol25] computed the first 20 digits of Hausdorff
dimensions ¢4 for

Yog = 0.77474..., Y109 = 0.77490... , Voo = 0.79885...,

of which we display only the first five digits here for brevity. In particular this implies 19?199 >
(V40 — 4)/3 =~ 0.77485, so taking A = 109 suffices for the proof of Theorem 1.3.
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