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Abstract. We prove equality conditions for the Ahlswede–Daykin (AD) inequality and the
Fortuin–Kasteleyn–Ginibre (FKG) inequality. We then present a number of applications and
special cases of these equality conditions. These include Björner’s and Fishburn’s inequalities
for linear extensions of finite posets, the Lam–Postnikov–Pylyavskyy (LPP) and the Okounkov
inequalities for Schur positivity of products of Schur functions. We conclude with equality condi-
tions for the Ahlswede–Daykin–Schur (ADS) inequality recently introduced in [CCPS26], which
is an AD type extension of the LPP inequality.

1. Introduction

1.1. Foreword. Correlation inequalities appear in different guises across the sciences, going back
to the classical Chebyshev inequality in analysis. In the cordillera of discrete correlation inequal-
ities, two peaks tower over all the others, largely due to their numerous and diverse applications.
These are the Ahlswede–Daykin (AD) inequality [AD78], also known as the four functions theorem,
and the Fortuin–Kasteleyn–Ginibre (FKG) inequality [FKG71].

The importance of the AD and FKG inequalities in combinatorics and probability can hardly
be overstated. Although somewhat technical to state (see below), they are very natural and
generalize a long sequence of earlier correlation inequalities, notably the Harris–Kleitman (HK)
inequality [Har60, Kle66], Seymour’s inequality [Sey73], Holley’s inequality [Hol74], and Daykin’s
inequality [Day77]. All of these can all be summarized by a simple rule: increasing events are
positively correlated.

The AD and FKG inequalities are especially heavily studied in the areas of extremal combina-
torics, see e.g. [And87, AB08, AS16, Bol86, Eng97], and percolation theory, see e.g. [BR06, Gri99,
Gri06, Kes82, Wer09], and these are just selected monographs. In fact, even such basic notions as
critical percolation on general infinite graphs require correlation inequalities to be well defined.1

In this paper, we obtain the equality conditions for the AD and FKG inequalities (Theorems 1.3
and 1.6), resolving two half-century-old open problems in one swoop. This is not a new direction,
of course, but a capstone on many earlier attempts in the area, going back to the work of Daykin–
Kleitman–West [DKW79]. We postpone further background discussion until §1.4.

The equality conditions we establish have a curious property: the underlying distributive lattice
must be a direct product of two, and the functions in the assumptions factor into functions on these
sublattices. While structural rigidity is typical of equality cases,2 such a plethora of possibilities
is less common and makes it exceedingly difficult to eliminate all other cases (see §1.5).

Our own motivation for this study lies in applications to order theory and algebraic combina-
torics. Namely, we obtain equality conditions for the Fishburn inequality (Theorem 4.5), on the
numbers of linear extensions of finite posets, and for the Björner inequality (Theorem 4.2) for
the numbers of standard Young tableaux. These results are celebrated applications of the FKG
inequality, and their equality conditions have been long sought in the literature, cf. [CP23b].

Date: July 1, 2026.
1More precisely, the HK inequality is used to show that the critical percolation pc(Γ) := sup

{
p : Pp(x ↔ ∞) = 0

}
is independent on the vertex x in a connected graph Γ, see e.g. [BR06, Gri99].

2In a combinatorial setting, see, for example, rigid structures that emerge in the equality cases of the Erdős–
Ko–Rado and Kruskal–Katona theorems, the Cauchy–Davenport and Ruzsa triangle inequalities, cf. §14.1.
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At this point let us caution the reader. Although the derivations of poset inequalities from the
AD and FKG inequalities are now completely streamlined, the same cannot be said about their
equality conditions, which cannot be used as a black box. In fact, each case requires both detailed
understanding of the derivations and the proof of equality conditions of the AD inequality, which
does the heavy lifting (cf. §14.2).

Next, we obtain the equality conditions for the remarkable Lam–Postnikov–Pylyavskyy (LPP)
inequality (Theorem 3.3) and the Okounkov inequality (Theorem 3.6), which describe the log-
supermodularity and log-concavity of products of Schur functions, respectively. These two in-
equalities are especially prominent in algebraic combinatorics, in connection with total positivity,
recently giving rise to the most general Ahlswede–Daykin–Schur (ADS) inequality, for which we
also obtain the equality conditions (Theorem 3.8). We now proceed to state the main results,
followed by the prior work and further background sections.

1.2. Ahlswede–Daykin inequality. We start with one of most general and most consequential
correlation inequality in the area.

Theorem 1.1 (AD inequality [AD78]). Let L = (L,∨,∧) be a finite distributive lattice. Let
a,b, c,d : L→ R≥0 be four nonnegative functions on L, such that

(AD-cond) a(x) b(y) ≤ c(x ∨ y) d(x ∧ y) ∀ x, y ∈ L .

Then

(AD)
∑
x∈L

a(x) ·
∑
x∈L

b(x) ≤
∑
x∈L

c(x) ·
∑
x∈L

d(x) .

To simplify the statement of equality conditions of the AD inequality, we need the following:

Definition 1.2 (cross-factoring). We say that four functions a,b, c,d : L→ R≥0 cross-factor on
a distributive lattice L = (L,∨,∧), if there exists
◦ distributive lattices L1 = (L1,∨′,∧′) and L2 = (L2,∨′′,∧′′),
◦ functions f1, g1 : L1 → R≥0 and f2, g2 : L2 → R≥0 , and
◦ positive constants α, β, γ, δ > 0, such that:

(1.1) L ≃ L1 × L2 , α β = γ δ , and

(1.2)

{
a(x1, x2) = α f1(x1) f2(x2), b(x1, x2) = β g1(x1) g2(x2),

c(x1, x2) = γ f1(x1) g2(x2), d(x1, x2) = δ g1(x1) f2(x2),

for all (x1, x2) ∈ L1×L2 .

Heuristically, these conditions define the notion of “relative independence” without resorting
to probabilistic language. Note that when four functions cross-factor on L, we have an equality
in (AD). Indeed, substituting (1.2) into (AD) splits each summation into a product of two. The
resulting products of four summations on each side are identical, and the equality follows from
αβ = γδ in (1.1).

We are now ready to state the main result of this paper, which says that cross-factoring of the
four functions is the only way the equality in (AD) can be achieved. For a function f : L→ R≥0,
denote by supp(f) := {x ∈ L : f(x) > 0} the support of f . For a subset S ⊆ L, the lattice
closure of S is the minimal sublattice of L that contains S.

Theorem 1.3 (Equality conditions for the AD inequality). Let L = (L,∨,∧) be a finite distribu-
tive lattice. Let a,b, c,d : L → R≥0 be four functions satisfying (AD-cond), and such that L is
the lattice closure of supp (a+b+c+d). Then (AD) is an equality :

(AD-eq)
∑
x∈L

a(x) ·
∑
x∈L

b(x) =
∑
x∈L

c(x) ·
∑
x∈L

d(x) .
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if and only if functions a,b, c,d cross-factor on L.

We prove Theorem 1.3 in Section 8.

Remark 1.4. The assumption that L is the lattice closure of S := supp (a+b+c+d) cannot be omitted.
Indeed, without it, one could append a new maximum element z to L, creating an irreducible lattice L′,
and extend the four functions by letting a(z) = b(z) = c(z) = d(z) = 0. The conclusion of the theorem
fails since L′ is not a direct product of two lattices. However, this assumption does not make the theorem
less general, as the functions can always be restricted to the lattice closure of S.

1.3. Fortuin–Kasteleyn–Ginibre inequality. The following inequality is ubiquitous in statis-
tical physics and is an easy consequence of the AD inequality.

Theorem 1.5 (FKG inequality [FKG71]). Let L = (L,∨,∧) be a finite distributive lattice, and
let µ : L→ R≥0 be a log-supermodular function on L :

(1.3) µ(x)µ(y) ≤ µ(x ∨ y)µ(x ∧ y) ∀ x, y ∈ L .

Then, for all increasing functions f, g : L→ R

(FKG)
∑
x∈L

f(x)µ(x) ·
∑
x∈L

g(x)µ(x) ≤
∑
x∈L

f(x) g(x)µ(x) ·
∑
x∈L

µ(x).

Here the function f : L → R is called increasing if f(x) ≤ f(y) for all x ≼ y in the partial
order given by L. The log-supermodular function µ is usually called a measure in a probabilistic
context, so each summation in (FKG) can be viewed as a discrete integration over measure µ.
The equality condition for (FKG) are given by the following result.

Theorem 1.6 (Equality conditions for the FKG inequality). Let L = (L,∨,∧) be a finite dis-
tributive lattice, and let µ : L → R>0 be a strictly positive log-supermodular function, and let
f, g : L→ R be increasing functions. Then (FKG) is an equality if and only if L ≃ L1×L2 for

some distributive lattices L1 = (L1,∨′,∧′) and L2 = (L2,∨′′,∧′′), such that

f(x1, x2) = f ′(x1) and g(x1, x2) = g ′(x2) for all (x1, x2) ∈ L1×L2(1.4)

and

µ(x1, x2) = µ1(x1)µ2(x2) ∀ (x1, x2) ∈ L,(1.5)

for some functions f ′ : L1 → R, g ′ : L2 → R, µ1 : L1 → R>0 and µ2 : L2 → R>0 .

We prove Theorem 1.6 in Section 9 as an easy corollary of Theorem 1.3. Note that condition
(1.4) is easier than (1.2), since f depends only on L1, and g depends only on L2.

Remark 1.7. Without the assumption that function µ is be strictly positive, it follows from (1.3) log-
supermodularity that L′ := supp(µ) is a distributive sublattice of L. Thus, having this assumption does
not to be in fact make Theorem 1.6 less general, as we can always restrict the inequality to L′.

1.4. Prior work. The literature on correlation inequalities and their application is much too
diverse to allow for a quick overview. We refer to [AB08] for a historical review and applications
in extremal combinatorics, to [Gri06, Gri18, HK86] for applications in probability and statistical
physics, and to [CP23b, FS00] for applications in order theory. A short summary of the role the
AD and FKG inequalities was given by Bollobás–Riordan:

“The FKG inequality is the most often quoted correlation inequality in physics:
even [the HK inequality] tends to be called the ‘FKG inequality’. Ahlswede
and Daykin (1978) extended the FKG inequality to a very general correlation
inequality on lattices. What is amazing is that such an inequality (AD) could
be true: its proof, although far from trivial, is not very difficult.” [BR06, p. 45].
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The study of equality conditions for the Ahlswede–Daykin inequality traces back to the work
of Daykin–Kleitman–West [DKW79], motivated by combinatorial number theory. There it is
phrased as a minimization problem for the size of A∧B = {a∧ b : a, b ∈ L} when the sizes of |A|
and |B| are fixed, where (L,∨,∧) is a distributive lattice given as a product of chains. Among
other results, the authors of [DKW79] proved that the minimum is achieved only on products of
sublattices.

The problem of finding equality conditions of various correlation inequalities attracted a great
deal of attention. See, e.g., [Beck90, Bri90, AH93, MR94] for special cases and applications of
(AD). Notably, McQuillan–Richter [MR94] obtained the equality conditions for the HK inequality:

(HK) |U| · |V| ≤ |U ∩ V| · 2n ,

for every two up-closed collections U ,V ⊆ 2[n]. Here a collection U ⊆ 2[n] of subsets of [n] :=
{1, . . . , n} is called up-closed, if B ∈ U for all B ⊆ A, where A ∈ U .

The main result by Ahlswede–Khachatrian in [AK95, Thm 1], extending the work in [DKW79],
is a special case of Theorem 1.6, when L is a product of chains, f, g are indicator functions of upper
order ideals of L, and µ is the uniform measure on L. Let us also mention Brightwell’s equality
conditions [Bri90] for the GYY and Fishburn’s inequalities (see §4.3), and Aharoni–Holzman
[AH93] equality conditions for the remarkable Marica–Schönheim inequality [MS69]:

(MS) |{A−B : A,B ∈ U}| ≥ |U| for every U ⊆ 2[n].

Note that (MS) is a one-line corollary from (HK), see e.g. [AS16, Cor. 6.1.4]. Consequently, the
equality conditions for (MS) follow easily from [MR94]. However, the original proof of these equal-
ity conditions given in [AH93] is rather technical, since the authors obtained it by a deconstruction
of a very different proof of (MS) given in [DL76].

Soon after [MR94], Talagrand [Tal96] independently rediscovered the equality cases of (HK).
Remarkably, he gave an explicit lower bound on the defect of (HK) that is of Bonnesen type:
the bound is zero only on equality cases. See also a simpler proof in [KKM16], an alternative
correlation lower bound in [KMS14], and [CP24d, Oss79] for a discussion of “Bonnesen type”
stability results.

Talagrand’s result was greatly generalized over the years, most recently in [DNS21, Thm 38],
where a general bound was obtained for the defect of the FKG inequality for the product of chains
(Theorem 9.1). Unfortunately, this version is not Bonnesen type, and thus only gives necessary
conditions for equality cases in terms of Fourier coefficients. Note that when L is a products of
chains, the difficulty is that the given µ is a priori not decomposable, and proving that is the
missing piece in the literature.

In [YK00], Yang and Klein developed a formula for the defect of the FKG inequality on Boolean
lattices, when f, g are indicator functions of upper order ideals of L. Unfortunately, their formula is
much too cumbersome to allow an explicit description of equality conditions. In [Win10], Winkler
proved a strict version of the remarkable BK inequality, which is a negative correlation inequality
for disjoint events, see e.g. [Gri18, §4.3] for some background.

The equality cases have also been studied in connection to Markov structures using the language
of independence models, see [F+17, §5] for some combinatorial examples. Finally, in the context
of continuous strictly positive multivariate distributions, Perlman–Olkin noted that the (FKG) is
strict under minor assumptions [PO80, Prop. 2.4].

Example 1.8. For comparison, consider the following Chebyshev inequality, often viewed as the most basic
example of a correlation inequality [Gra83], see §14.6 for the background. Let

(1.6) a1 ≤ . . . ≤ an , b1 ≤ . . . ≤ bn and p1, . . . , pn > 0 .
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Then:3

(1.7)

n∑
i=1

ai pi ·
n∑

i=1

bi pi ≤
n∑

i=1

ai bi pi ·
n∑

i=1

pi ,

and the equality holds if and only if

(1.8) a1 = . . . = an or b1 = . . . = bn .

The inequality (1.7) follows immediately from (FKG). Indeed, take a lattice L = ([n],∨,∧), where
i∨ j := max{i, j} and i∧ j := min{i, j}, for all i, j ∈ [n]. Substituting f(i)← ai, g(i)← bi, µ(i)← pi into
(FKG) gives (1.7). The equality conditions (1.8) follow from Theorem 1.6, where the two cases correspond
to two ways of writing L as a direct product: L = L × 1 and L = 1×L.

Compare this with the analytic proof, see e.g. [HLP52, §2.17]. Write the defect δ of (1.7) as follows:

(1.9) δ := RHS − LHS =
∑

1≤i<j≤n

(aj − ai)(bj − bi) pi pj ≥ 0.

For the equality conditions, note that we must have (an − a1)(bn − b1) = 0. This and (1.6) imply (1.8).

1.5. Why these equality conditions are hard to prove. In the introduction to their paper,
Ahlswede and Khachatrian lamented: “However, for (AD) it seems to be difficult to classify the
cases of equality” [AK95]. This is in sharp contrast with the (HK) and Chebyshev inequality (1.7),
where the equality cases are straightforward. In fact, there is a fundamental difference between
equality conditions for the AD and FKG inequalities, versus those for other (simpler) inequalities.

Continuing with the Chebyshev inequality example, note that the equality conditions (1.8) take
the form of equalities for a subset of assumptions (1.6). This is a natural byproduct of the proof of
the inequality, where the steps giving the proof can be examined to obtain the equality conditions
and allow for two possibilities at the end.

By contrast, the equality conditions for the AD inequality in Theorem 1.3 clearly do not follow
this pattern, as cross-factoring (Definition 1.2) allows for numerous choices which do not naturally
arise in the standard proofs of (AD). This is why a naive approach is likely to fail in this case.4

Instead, our approach gives a new elaborate proof of Theorem 1.3, which involves introductions of
various structures and operations specifically designed to obtain cross-factoring while preserving
the assumptions (AD-cond). This approach occupies much of the paper (Sections 5–8).

In other words, one way to think of the problem of finding equality conditions of the AD and
FKG inequalities, is to restrict the proofs to have only certain tools which allow for a “deconstruc-
tion”. There is a formal complexity theoretic framework for this given by Ikenmeyer and second
author [IP22], where only oblivious operations are allowed to describe the defect, i.e. operations
which are not allowed to make choices depending on the values of the functions. In this restricted
setting, negative results hold for the AD inequality for n ≥ 2 [IP22, Prop. 2.5.1], and for the FKG
inequality for n ≥ 3 [Gla25, Ch. 6].

Back to the informal discussion, if there is a way to give a one-line explanation for the difficulty
of characterizing equality cases of certain analytic inequalities, it is the issue of zeros. Indeed, in
many proofs, including standard proofs of the AD and FKG inequalities (see e.g. [AS16, Ch. 6]),
when one needs to divide by a variable, two cases are considered: when the variable is zero or not.
Combined with the induction, these choices compound into a large unwieldy family of potential
equality cases.

3To emphasize the relevance of the Chebyshev inequality, Graham writes: “Basically, the FKG inequality rep-
resents a way of extending (1.7) to the situation in which the underlying index set is only partially ordered, as
opposed to the totally ordered index set of integers occurring in (1.7)” [Gra83].

4For the HK inequality, a different phenomenon happens: the underlying measure function µ is degenerate, in a
sense that it factorizes naturally, greatly simplifying the proof.
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Alternatively, various proofs of inequalities avoid the issue of zeros altogether by having only
strictly positive underlying variables, and using some kind of monotonicity or coupling type ar-
guments to prove the inequalities. Then, applying elementary limit arguments, the inequalities
are extended to all nonnegative variables. See, e.g., elegant proofs of the FKG type inequalities
by Holley [Hol74] and Bakry–Michel [BM92].

When it comes to equality conditions, the issues with these proofs is the limit argument itself,
as additional equality cases can, and often do, emerge in the limit. For example, clearly, to prove
the Chebyshev inequality (1.7), it suffices to consider only the case of strict inequalities in (1.6).
But then there are no equality cases, as both cases in (1.8) emerge only in the limit.

In summary, the AD and the FKG equality conditions are hard to prove because the existing
proofs do not easily extend to give equality conditions. In contrast, the equality cases of these
inequalities for strictly positive functions are really easy to describe: there are none. However,
the nonstrict version is essential for applications to many combinatorial inequalities in algebraic
combinatorics and order theory (see below).

1.6. Other equality conditions are even harder. The difficulty of finding equality conditions
go beyond the universe of correlation inequalities, and extend to other areas. A typical example
briefly mentioned in the Foreword (§1.1) is the Cauchy–Davenport inequality in additive combina-
torics, a classical result with a straightforward proof by induction. There, the equality conditions
are given by a separate elaborate argument known as Vosper’s theorem, see e.g. [TV06, §5.1].

Characterizing the equality cases of geometric inequalities has proved to be a fascinating area
of research in its own right. Notably, finding equality conditions for the Alexandrov–Fenchel (AF)
inequality remains a major open problem even when convex bodies are full-dimensional, see e.g.
[HW20, Sch94, Sch14], in part because such cases are “numerous” [BZ88, §20.5]. While the area
is over a century old, there has been a flurry of activity in recent years, motivated in part by
Schneider’s conjectural characterization of the equality cases [Sch85, Sch94].

In a major development, Shenfeld and van Handel obtained long sought equality conditions for
the Minkowski quadratic inequality [SvH22], which is a special case of the AF inequality for three
convex bodies, and then for the AF inequality in the case of convex polytopes [SvH23]. Both
advances required technology going beyond the classical mixed volume theory.

Briefly, when it comes to equality conditions, the issue with Alexandrov’s original proof of
the AF inequality for polytopes [Ale37], is the limit argument at the end. Polytopes are called
strongly isomorphic if for every direction u, the exposed faces of the polytopes with normal
direction u have the same dimension. In particular, they must have the same set of normals to
facets. This technical nondegeneracy condition turned out to be extremely helpful in the inductive
argument. Additionally, by Minkowski’s existence theorem, see e.g. [BZ88, Sch14], one can obtain
any family of convex polytopes as the limit of strongly isomorphic polytopes. Meanwhile, for
strongly isomorphic polytopes, the equality conditions of the AF inequality are straightforward:
the polytopes have to be homothetic, while the numerous equality cases arise in the limit.5

The limit argument similarly appears in other polytopal proofs of the AF inequality, see e.g.
[BL26, CP22, SvH19].6 The same holds for algebro geometric proofs of many matroid inequalities
by Huh and his coauthors, see e.g. [Huh18] and references therein, even though the limits are
buried deep inside the algebraic geometry arguments. The limits are more transparent in our
linear algebraic combinatorial atlas approach [CP22, CP24a], since we use induction on matrices
with exactly one positive eigenvalue, while in the limit an additional zero eigenvalue emerges.

Much of our recent work is aimed to understand and explain this phenomenon. In the positive
direction, by modifying the proof, we are able to strengthen the inequalities while still obtaining
the desired equality conditions. Notably, we use the heavy but elementary combinatorial atlas

5Going from polytopes to general convex bodies also requires a limit argument, further complicating the problem.
6We are omitting many analytic proofs here, since that technology was built on the limits, obviously.
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technology to obtain equality conditions for many matroid inequalities [CP24a]. This work has
been instrumental in our efforts, and motivated the approach we took in this paper.

In the negative direction, we prove that explicit characterization of equality cases is computa-
tionally intractable in several notable cases. Formally, we show that characterizing equality cases
of the following inequalities is not in the polynomial hierarchy PH, i.e. hard from computational
complexity point of view:

◦ AF for polytopes, even when only four polytopes are allowed to be distinct [CP24d],7

◦ Stanley’s inequality for the numbers of linear extensions [CP24d],
◦ Stanley–Yan inequality for numbers of certain bases in a matroid [CP24e], and
◦ quadratic inequality for the permanent [CP26+].

We view the equality conditions for the AD and FKG inequalities in a similar spirit: it is a
minor miracle that they can be described at all, albeit with a major effort. It would be interesting
to see if our results can be further extended (see §14.5). Fortunately, the equality conditions
for the AD and FKG inequalities are quite enough for our applications, leading to further minor
miracles.

1.7. Paper structure. We start with standard definition and notation in algebraic combinatorics
and order theory in Section 2, including a brief discussion of Schur functions and distributive
lattices. In Section 3, we state applications of the equality conditions for (AD) to Schur positive
inequalities, followed by Section 4 with applications to inequalities in order theory. Of these, the
equality conditions for the LPP inequality plays a central role and connects both sections. After
that, the paper is divided into two major parts.

The first part, consisting of Section 5–9, focuses on the main results. We first prove the
equality of the AD inequality for Boolean lattices (Theorem 5.1), followed by the general case
(Theorem 1.3), and the special case of product of chains (Theorem 8.3). The proof is based on a
number of technical results, including consistency lemma (Lemma 6.1), the identification lemma
(Lemma 7.2), and the support product lemma (Lemma 8.2). The latter is a lattice theoretic result
allowing the reduction to Boolean lattices. We conclude the proof of Theorem 1.3 in Section 8,
and the proof of Theorem 1.6 in Section 9.

The second part, consisting of Sections 10–13, gives proofs of all applications of the AD and
FKG equality conditions. Of these, the LPP equality conditions are both the most technical and
the most useful for applications, so we start with that (Section 10). The equality conditions of the
ADS inequality give the most general result, and come at the end (Section 13), after all necessary
ingredients and technical tools introduced in earlier sections. We conclude with final remarks and
open problems in Section 14.

2. Definitions and notation

In this section we present standard definitions and notation in algebraic combinatorics and
order theory. For further background in algebraic combinatorics, see [Mac95, Sag01] and [Sta99,
Ch. 7]. For further background in order theory, see [Grä98], [Sta99, Ch. 3], and [West21, Ch. 12].

2.1. Basic notation. We use N = {0, 1, 2, . . .} and N≥1 = {1, 2, . . .} to denote the sets of
nonnegative and positive integers. Let [n] = {1, 2, . . . , n} and R+ = {x ≥ 0}. We use 0 and 1 to
denote the zero and all-one vector. When the dimension is relevant, we write 0d = (0, . . . , 0) and
1d = (1, . . . , 1) ∈ Rd. For a vector α = (α1, . . . , αd) ∈ Rd, denote

⌊α⌋ := (⌊α1⌋, . . . , ⌊αd⌋) and ⌈α⌉ := (⌈α1⌉, . . . , ⌈αd⌉).

7This does not contradict Shenfeld and van Handel’s result, since their characterization is geometric rather than
combinatorial, see a discussion in [CP24d, SvH24].
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We use 2X to denote the set of subsets ofX. The indicator function of a subset A is denoted 1A .
To simplify the notation, for an element a ∈ X, we use X − a to denote the subset X ∖ {a}.
Similarly, we write X + b to denote X ∪{b}. Next, for a subset Y ⊆ X, we write X −Y in place
of more standard X ∖ Y . This way, both X − a+ b and X − Y − Z have a clear meaning.

For an inequality a ≥ b, the difference (a − b) is called the defect. For polynomials f, g ∈
R[x1, x2, . . .], we write f ⩾ g if the defect (f − g) ≥ 0 for all x1, x2, . . . ≥ 0. We write f ⩾m g if
(f − g) ∈ R+[x1, x2, . . .]. These properties are called the evaluation and the monomial positivity,
respectively.

The equality conditions of the inequality is an explicit description of cases when the defect
is zero. For the remainder of the paper, we use “AD equality” as shorthand for the “equality
conditions for the AD inequality”, and the same for other inequalities.

We employ logical formulas to describe equality conditions. For conditions A and B, we use[A
B and

{A
B

to denote the disjunction A ∨ B and conjunction A ∧ B, respectively.
An undirected graph G = (V,E) is called simple, if it has no loops or multiple edges. For

vertices a, b ∈ V , we write a ↔ b if they are connected in G, and a ↮ b if they are not. More
generally, for subsets A,B ⊂ V , we write A ↔ B if a ↔ b for some a ∈ A, b ∈ B, i.e. if subsets
A and B are connected in G. We write A↮ B otherwise.

2.2. Partitions. An integer sequence λ = (λ1, λ2, . . .) is a partition, if λ1 ≥ λ2 ≥ . . . ≥ λℓ >
λℓ+1 = 0. The size of λ is the sum |λ| := λ1 + . . . + λℓ. We write λ ⊢ n for partitions with
|λ| = n. The length ℓ(λ) is the number of nonzero parts of the partition. We append a partition
with zeros whenever convenient and refer to it as the same partition. We use Y to denote the set
of all partitions.

A Young diagram corresponding to partition λ is the set of squares
{
(i, j) ∈ N2 : 1 ≤ j ≤

λi, 1 ≤ i ≤ ℓ
}
. In a mild abuse of notation, we use λ to also denote the corresponding Young

diagram, and refer to both as the straight shape. A conjugate partition λ′ = (λ′1, λ
′
2, . . .) is defined

by λ′j = |{i : λi ≥ j}|. The corresponding Young diagram is a reflection of λ across the x = y
line.

Let µ = (µ1, µ2, . . .) be a partition such that µi ≤ λi for all i ≥ 1. We write µ ⊆ λ in this
case. The difference of Young diagrams is denoted by λ/µ and called the skew Young diagram.
We use skew shape to refer to both pair of partitions as above, and to the corresponding shew
Young diagram. We use |λ/µ| := |λ| − |µ| to denote the number of squares in λ/µ.

For partitions α = (α1, α2, . . .) and β = (β1, β2, . . .), denote by α+ β = (α1 + β1, α2 + β2, . . .)
and α∪ β := (α′ + β′)′ the sum and union of parts, respectively. Denote by α∨ β and α∧ β the
shapes given by the union and the intersection of the corresponding Young diagrams, respectively:

(2.1) α∨ β :=
(
max{α1, β1},max{α2, β2}, . . .

)
, α∧ β :=

(
min{α1, β1},min{α2, β2}, . . .

)
.

Note that Y = (Y,∨,∧) is a distributive lattice with respect to these meet and join operations.
Finally, we write λ ▷ µ for the dominance order on partitions: λ1 ≥ µ1 , λ1 + λ2 ≥ µ1 + µ2 , . . . ,
|λ| = |µ|.

2.3. Young tableaux. A standard Young tableau of shape λ/µ is a bijection T : λ/µ→ [n] which
increases in rows and columns: T (i, j) < T (i+ 1, j) and T (i, j) < T (i, j + 1) whenever these are
defined. Denote by SYT(λ/µ) the set of standard Young tableaux of shape λ/µ. Famously, a
hook-length formula gives a product formula for | SYT(λ)|.

Let A : λ/µ → N≥1 be a function which weakly increases in rows and strictly increases in
columns. We think of A as a Young tableau with integers written in squares of λ/µ. Such A is
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called a semistandard Young tableau. The set of such tableaux is denoted SSYT(λ/µ). We use
SSYT(λ/µ, t) to denote semistandard Young tableaux with entries ≤ t.

The weight of a tableau A ∈ SSYT(λ/µ) is a sequence
(
m1(A),m2(A), . . .

)
, where mi(A) :=

|A−1(i)| is the number of i’s in A. Kostka number Kλ,µ is the number of A ∈ SSYT(λ) of weight µ.

2.4. Symmetric polynomials and functions. For a partition λ, a monomial symmetric poly-
nomial is given by

mλ(z1, . . . , zn) :=
∑
σ

zλ1

σ(1) z
λ2

σ(2) · · · ,

where the summation is over a set of permutations σ ∈ Sn representing the distinct rearrange-
ments of λ, to ensure each unique monomial terms appear exactly once. The skew Schur polyno-
mial is a symmetric polynomial associated with the skew shape λ/µ and can be defined as

(2.2) sλ/µ(z1, . . . , zn) :=
∑

A∈SSYT(λ/µ,n)

z
m1(A)
1 · · · zmn(A)

n .

Here we include only combinatorial definitions, rather than the (more standard) determinantal
definition. Similarly, skew Schur functions are defined as

(2.3) sλ/µ(z1, z2, . . .) :=
∑

A∈SSYT(λ/µ)

z
m1(A)
1 z

m2(A)
2 · · ·

They are the stable limits of Schur polynomials as n → ∞. Note that Schur functions sλ/µ are
homogenous of degree |λ/µ|.

Schur functions sλ correspond to straight shapes, i.e. when µ = ∅. They form a linear basis
in the ring of symmetric functions Λ = lim←−Λn , where Λn = C[x1, . . . , xn]Sn . For two symmetric

functions p, q ∈ Λ, we write p ⩽s q if (q−p) is Schur positive, i.e. if (q−p) ∈ R≥0⟨sλ⟩ is a
nonnegative sum of Schur functions.

The Littlewood–Richardson coefficients are the structure constants of multiplication of Schur
functions:

sµ · sν =
∑
λ∈Y

cλµ,ν sλ .

Taking the degrees shows that cλµ,ν = 0 unless |λ| = |µ| + |ν|.
Recall the following principal evaluation identity due to Stanley:

(2.4) sλ/µ(1, q, q
2, . . .) =

1

(1− q)(1− q2) · · · (1− q|λ/µ|)
∑

T ∈SYT(λ/µ)

qmaj(T ) ,

where maj : SYT(λ/µ)→ N is the major index of a tableau, see e.g. [Sta99, Thm 7.19.11].
Finally, recall the following powerful result on equality of products of Schur functions, which

provides an important context for our equality conditions:

Theorem 2.1 (Rajan [Raj04]). Let λ, µ, ν, α, β, γ, . . . ∈ Y. Then:

sλ · sµ · sν · · · = sα · sβ · sγ · · ·

if and only if we have an equality of multisets: {λ, µ, ν, . . .} = {α, β, γ, . . .}.
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2.5. Posets. Let P = (X,≺) be a partially ordered set on the ground set X of size |X| = n,
and with the partial order “≺”. We use Cn and An to denote the chain and the antichain on n
elements. A subposet is an induced poset P|Y = (Y,≺) on the subset Y ⊆ X.

A linear extension of P is a bijection ζ : X → [n] that is order-preserving: x ≺ y implies
ζ(x) < ζ(y), for all x, y ∈ X. Denote by E(P) the set of linear extensions of P, and let e(P) :=
| E(P)| be the number of linear extensions.

A subset A ⊆ X is an upper order ideal if x ∈ A and y ≻ x implies y ∈ A. Similarly, a subset
A ⊆ X is a lower order ideal if x ∈ A and y ≺ x implies y ∈ A.

The comparability graph of P is the graph Γ(P) = (X,E), where the edges (x, y) ∈ E are
pairs of comparable elements: x ≺ y or x ≻ y. For elements x, y ∈ X, we write x || y if x is
incomparable to y in P.

For posets P = (X,≺′) and Q = (Y,≺′′), the parallel sum P + Q = (Z,≺) is the poset on
the disjoint union Z = X ⊔ Y , where elements of X retain the partial order of P, elements of Y
retain the partial order of Q, and elements x ∈ X and y ∈ Y are incomparable.

Finally, for a skew shape λ/µ, denote by Pλ a Young poset on squares of the corresponding
Young diagram: (i, j) ≼ (i′, j′) if i ≤ i′ and j ≤ j′. Note that linear extensions of Pλ/µ are in
natural bijection with standard Young tableaux of shape λ/µ, so e(Pλ/µ) = | SYT(λ/µ)|.

2.6. Lattices. A lattice L = (L,∨,∧) is a set equipped with two commutative and associative
operations called join and meet, respectively, which satisfy x∧x = x∨x = x, x∧ (y∨x) = x and
x ∨ (y ∧ x) = x, for all x, y ∈ L. A lattice L′ = (L′,∨,∧) is called a sublattice of L = (L,∨,∧), if
L′ ⊆ L, and meet/join operations coincide on L′. A lattice is distributive if we have in addition

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) and x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z).

Note that a lattice defines a poset structure: PL = (L,≺), where x ≼ y if and only if x ∨ y = y.
By a mild abuse of notation we use Cn to denote a lattice whose poset is an n-chain, as in

the Example 1.8. We write 1 = C1 to denote a trivial lattice with one element. For distributive
lattices L′ = (L′,∨′,∧′) and L′′ = (L′′,∨′′,∧′′), their direct product L = L′ × L′′ is a lattice on
L′×L′′ with

(x′, x′′) ∨ (y′, y′′) := (x′ ∨′ y′, x′′ ∨′′ y′′) and (x′, x′′) ∧ (y′, y′′) := (x′ ∧′ y′, x′′ ∧′′ y′′).

The direct product of distributive lattices is also distributive. We use
⊗n

i=1 Li to denote a direct
product of n lattices. Lattice L is called directly indecomposable if L = L × 1 = 1×L are the
only decompositions as a direct product of two lattices. A chain Cn is directly indecomposable.

The Boolean lattice Bn =
(
2[n],∪,∩) is the lattice of subsets of n-set. Clearly, Bn =

⊗n
i=1 B1 =

C2×· · ·×C2 (n times). The Young lattice Y = (Y,∨,∧) defined above is the distributive lattice of
partitions. For a poset P = (X,≺), the set of lower order ideals in P forms a distributive lattice.
For example, partitions can be viewed as lower order ideals in N2.

2.7. Birkhoff’s theorem. We say that finite distributive lattice L = (L,∨,∧) is irreducible if it
is not isomorphic to a direct product of two nontrivial distributive lattices. An element x ∈ L is
join-irreducible if x is neither the minimal element nor the join of any two smaller elements. We
denote by J(L) the set of join-irreducible elements of L. Denote by JL = ({0, 1}J(L),∨,∧) the
Boolean lattice on join irreducibles.

Theorem 2.2 (Birkhoff’s representation theorem [Bir33, Thm 17.3]). Every finite distributive
lattice L = (L,∨,∧) is isomorphic to a sublattice of the Boolean lattice JL under the lattice

embedding ϕ : L→ {0, 1}J(L) given by

ϕ(x) = (vy)y∈J(L) , where vy =

{
1 if y ≼ x in PL ,
0 otherwise.
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The theorem says that every lattice can be obtained as a lattice of lower order ideals of a poset.
It is also called the fundamental theorem for finite distributive lattices, see e.g. [Sta99, §3.4].

3. Schur positive inequalities

In this section, we present equality conditions for the LPP and the Okounkov inequalities for
products of skew Schur functions. We then present equality conditions for the ADS inequality
which extends the LPP inequality for straight shapes to the AD type inequality.

3.1. Lam–Postnikov–Pylyavskyy inequality. The following log-supermodularity of Schur func-
tions is both remarkable and unexpected:

Theorem 3.1 (LPP inequality [LPP07, Thm 5]). Let λ/µ and ν/ρ be skew shapes. Then:

(LPP) sλ/µ · sν/ρ ⩽s sλ/µ ∨ ν/ρ · sλ/µ ∧ ν/ρ ,

where λ/µ ∨ ν/ρ := (λ ∨ ν)/(µ ∨ ρ) and λ/µ ∧ ν/ρ := (λ ∧ ν)/(µ ∧ ρ).

An injective proof of the monomial positive version of (LPP) was given in [LP07, Thm 4.5],
see also §14.3. In [CP23a, §4.1], the authors deduced (LPP) from a multivariate generalization
of (AD). This approach turned out to be crucial for this paper.

For straight shapes, the inequality (LPP) states:

(3.1) sλ · sν ⩽s sλ∨ν · sλ∧ν .
The equality conditions of (3.1) are straightforward in this case:

(3.2) λ ⊆ ν or ν ⊆ λ.
This dichotomy is an immediate consequence of Rajan’s Theorem 2.1.

Remark 3.2. Inequality (3.1) has a natural interpretation in terms of LR coefficients: cτλ,ν ≤ cτλ∨ν,λ∧ν ,

cf. §14.4. In [Pak22], the second author conjectured that the defect of this inequality is not in #P, a
conjecture recently disproved in [PS26+]. See also [PPY19, §4.7] for implications of (3.1) to the maximal
LR coefficient.

The following results show that the equality conditions for (LPP) generalize the dichotomy
in (3.2). A skew shape is called connected if the squares in the corresponding Young diagram are
rook-connected.

Theorem 3.3 (Equality conditions for the LPP inequality). Let λ/µ and ν/ρ be skew shapes,
such that (λ ∨ ν)/(µ ∧ ρ) is connected. Then (LPP) is an equality if and only if

(LPP-eq-cond) either

{
λ ⊆ ν
µ ⊆ ρ or

{
ν ⊆ λ
ρ ⊆ µ

We prove Theorem 3.3 in Section 10 as a corollary of Theorem 1.3. Clearly, the equality
conditions for (LPP) are the same as for monomial positive version of (LPP), cf. §14.3. Our proof
is based on the technology we developed in [CP23a].

Remark 3.4. The connectivity assumption does not, in fact, make Theorem 3.3 less general, as one
can consider each connected component separately. In that case, the inclusions in (LPP-eq-cond) can go
in different directions for different connected components. Note also that there is no known extension
of Rajan’s Theorem 2.1 to products of skew Schur function. In fact, even characterizing coincidences
sλ/µ = sα/β among skew Schur functions, is a major open problem, see [BTW06, RSW09]. Curiously, this
problem can also be stated in terms of LR coefficients: find all skew shapes λ/µ, α/β, such that

(3.3) cλµ,ν = cαβ,ν for all ν ⊢ |λ| − |µ| = |α| − |β| .
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3.2. Okounkov’s inequality. The following Schur positive inequality was conjectured by Ok-
ounkov, who proved the monomial positive version in the straight shape case [Oko97, p. 269]. The
conjecture was proved and generalized by Lam–Postnikov–Pylyavskyy [LPP07, Thms 5,11].

Theorem 3.5 (Okounkov’s inequality [Oko97, LPP07]). Let λ/µ and ν/ρ be skew shapes. Then:

(Ok) sλ/µ · sν/ρ ⩽s s⌈α/β⌉ · s⌊α/β⌋ ,

where α := (λ+ ν)/2, β := (µ+ ρ)/2, ⌊α/β⌋ := ⌊α⌋/⌊β⌋ and ⌈α/β⌉ := ⌈α⌉/⌈β⌉.

For straight shapes λ, ν with even parts, and µ = ρ = ∅, we get a log-concave inequality :

(3.4) sλ · sν ⩽s s2(λ+ν)/2 .

By Rajan’s Theorem 2.1, the equality conditions are straightforward in this case: λ = ν. However,
already for the general straight shapes (i.e., without the even part requirement), the equality
conditions are more involved. More precisely, the inequality

(3.5) sλ · sν = s⌈(λ+ν)/2⌉ · s⌊(λ+ν)/2⌋ .

has equality cases coming from the “rounding”:

(3.6) λ − ν = ±(ε1, ε2, . . .), where ε1, ε2, . . . ∈ {0, 1}.

The following result gives complete equality conditions for (Ok), and generalizes (3.6).

Theorem 3.6 (Equality conditions for the Okounkov inequality). Let λ/µ and ν/ρ be connected
skew shapes. Then (Ok) is an equality if and only if

λ − ν = a(ε1, ε2, . . .) + (b, b, . . .), µ − ρ = a(ε′1, ε
′
2, . . .) + (b, b, . . .),(3.7)

for some a ∈ {±1}, b ∈ Z, and ε1, ε
′
1, ε2, ε

′
2, . . . ∈ {0, 1}.

Here the parameter b corresponds to the shift of skew shapes which leaves skew Schur functions
invariant: sλ/µ = s(λ+1)/(µ+1) , where 1 = (1, 1, . . .). We prove Theorem 3.6 in Section 11.1, by
combining a finer version of equality conditions for the LPP inequality (Theorem 3.3), with the
framework of L-convexity, inspired by the recent work of Speyer [Spe26]. In fact, we prove a
slightly more general result, weakening the connectivity assumption (Theorem 11.1).

3.3. Ahlswede–Daykin–Schur inequality. Most recently, Chen, Soskin and the authors intro-
duced the following Ahlswede–Daykin–Schur (ADS) inequality, which can be viewed as a Schur
positive version of the AD inequality.

Theorem 3.7 (ADS inequality [CCPS26, Thm 1.6]). Let a,b, c,d : Y → R≥0 be functions
satisfying

(ADS-cond) a(λ) b(µ) ≤ c(λ ∨ µ) d(λ ∧ µ) for all λ, µ ∈ Y.

Then we have:

(ADS)
∑
λ∈Y

a(λ) sλ ·
∑
λ∈Y

b(λ) sλ ⩽s

∑
λ∈Y

c(λ) sλ ·
∑
λ∈Y

d(λ) sλ

Note that the LPP inequality (3.1) for straight shapes follows from (ADS) by taking a,b, c,d
to be the indicator functions of λ, µ, λ ∨ µ, λ ∧ µ, respectively.
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Theorem 3.8 (equality conditions for the ADS inequality). Let a,b, c,d : Y → R≥0 be func-
tions satisfying (AD-cond). Then (ADS) is an equality if and only if one of the following two
conditions holds:

(ADS-eq1)

[
a ≡ 0

b ≡ 0
and

[
c ≡ 0

d ≡ 0

or

(ADS-eq2)

{
a = θ · c
b = θ−1 · d

or

{
a = θ · d
b = θ−1 · c

,

for some constant θ ̸= 0.

This resolves an open problem in [CCPS26, §12.2]. In the case of (3.1) as above, the equality
conditions (3.2) follow from (ADS-eq2), with θ = 1 being the only possible choice.

Remark 3.9. In [CCPS26, Thm 1.7], we give a generalization of Theorem 3.7 to skew shapes, called the
skew ADS inequality, which simultaneously generalizes (LPP). It would be really interesting and a major
challenge to obtain the equality condition for this inequality. Unfortunately, the original proof of the skew
ADS inequality is much too involved for the approach in the proof of Theorem 3.8 to apply.

Remark 3.10. In [CCPS26, Thms 1.8, 1.10], the ADS inequality was used to prove log-supermodularity
for the stable and dual stable Grothendieck polynomials. The resulting inequalities generalize (LPP) and
coincide with it for lowest/highest degree terms. Thus, in both cases, the equality conditions coincide with
equality conditions (LPP-eq-cond) for the LPP inequality.

4. Poset inequalities

In this section we present three more results on equality conditions of combinatorial inequalities,
all related to each other and the LPP inequality.

4.1. Björner’s inequality. For a skew shape |λ/µ| = n, let

(4.1) f(λ/µ) :=
|SYT(λ/µ)|

n!
.

The following inequality was originally proved by Björner for straight shapes [Bjö11, Prop. 6.1]
via the hook-length formula. He also noted that it is a special case of Fishburn’s inequality (Fis),
see below. In [CP23a, Cor 3.3], the authors recently extended Björner’s inequality to skew shapes
as follows:

Theorem 4.1 (Generalized Björner inequality [Bjö11, CP23a]). Let λ/µ and ν/ρ be skew shapes.
Then:

(Bjö) f(λ/µ) · f(ν/ρ) ≤ f(λ/µ ∨ ν/ρ) · f(λ/µ ∧ ν/ρ),

where skew shapes on the RHS are defined as in Theorem 3.1.

We note in [CP23a, §4.1], that (Bjö) follows easily from (LPP) by an asymptotic argument,
cf. §11.2. We now give equality conditions for (Bjö).

Theorem 4.2 (Equality conditions for the generalized Björner inequality). Let λ/µ and ν/ρ be
skew shapes, such that (λ∨ν)/(µ∧ρ) is connected. Then the generalized Björner inequality (Bjö)
is an equality if and only if the equality condition (LPP-eq-cond) holds.
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In other words, the inequality (Bjö) is an equality if and only if (LPP) is an equality. Since
(Bjö) follows from (LPP), it may seem surprising the equality cases of (Bjö) are limited only
to those of (LPP). Thus one can view Theorem 4.2 as an extension of Theorem 3.3. Note also
that Theorem 4.2 gives a new result even in the straight shape case µ = ρ = ∅, since Rajan’s
Theorem 2.1 is no longer applicable.

We prove Theorem 4.2 in Section 11.2. Rather than applying the Ahlswede–Daykin equality
conditions (Theorem 8.3) directly, we instead present a proof that relies on the Schur positivity
in the LPP inequality.

4.2. SSYT variation. For a skew shape λ/µ, let

(4.2) g(λ/µ, n) := | SSYT(λ/µ, n)|.

By definition (2.2), we have g(λ/µ, n) = sλ/µ(1
n), is an evaluation of the Schur polynomial. Thus,

the LPP inequality gives:

(4.3) g(λ/µ, n) · g(ν/ρ, n) ≤ g(λ/µ ∨ ν/ρ, n) · g(λ/µ ∧ ν/ρ, n),

for all n ≥ 1. One can think of (Bjö) as a result about (scaled) dimensions of Sn modules, and
of (4.3) as a similar result about dimensions of GL(n,C) modules. The following result gives
equality conditions for (4.3), for sufficiently large n.

Theorem 4.3. Let λ/µ and ν/ρ be skew shapes, such that (λ∨ν)/(µ∧ρ) is connected. Let n >
max{ℓ(λ), ℓ(ν)}. Then (4.3) is an equality if and only if the equality condition (LPP-eq-cond)
holds.

In other words, the inequality (4.3) is an equality if and only if (LPP) is an equality. This is
also quite surprising, as one can view Theorem 4.3 as yet another extension of Theorem 3.3. In
§10.1, we prove an even further extension (Theorem 10.1), which we use to prove Theorem 3.3.
Note again that Theorem 4.3 is new even for the straight shapes.

4.3. Fishburn’s inequality. For a poset P = (X,≺) and a subset A ⊆ X, denote by e(A) the
number of linear extensions of the subposet P|A = (A,≺). Let

f(A) :=
e(A)

|A|!

denote the probability that a random total order of A is a linear extension of P|A. For the
Young poset Pλ and a subset of squares A corresponding to the skew shape λ/µ, this notation is
consistent: f(A) = f(λ/µ).

The following inequality was originally proved by Fishburn [Fis84] in the case C = D = ∅, by
using the AD inequality; it is called Fishburn’s inequality [CP23b, §7.2]. We proved the general
version in [CP23a, Thm 3.4].8

Theorem 4.4 (Generalized Fishburn inequality [Fis84, CP23a]). Let P = (X,≺) be a finite
poset. Let A,B ⊆ X be lower order ideals, and let C,D ⊆ X be upper order ideals of P, such
that A,B,C,D are pairwise disjoint. Then:

(Fis) f(X −A− C) · f(X −B −D) ≤ f(X − C −D) · f(X −A−B).

8In [CP23a, Thm 3.4], we have a weaker assumption A ∩ C = B ∩D = ∅, but at the cost of a somewhat more
cumbersome statement of the inequality. Both versions are in fact equivalent, and we find the version as in the
theorem most convenient for our purposes.
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For partition posets and two different skew shapes, this inequality gives (Bjö). In [Bri88,
Lemma 10], Brightwell rederived Fishburn’s inequality from the Graham–Yao–Yao (GYY) in-
equality [GYY80]. The original paper proved the GYY inequality for posets of width two; in full
generality, GYY inequality is proved by Shepp in [She80], by an application of the FKG inequality.

In [Bri90], Brightwell obtains equality conditions for both the GYY and Fishburn’s inequalities,
i.e. for (Fis) in the case C = D = ∅. At heart, his proof uses an explicit injective argument.
In the next theorem we characterize the equality conditions for the generalized Fishburn inequal-
ity (LPP), thus extending both Brightwell’s theorem and our Theorem 4.2.

Theorem 4.5 (Equality conditions for the generalized Fishburn inequality). Let P = (X,≺) be a
finite poset. Let A,B ⊆ X be lower order ideals, and let C,D ⊆ X be upper order ideals of P, such
that A,B,C,D are disjoint. Then equality occurs in the generalized Fishburn’s inequality (Fis):

(Fis-eq) f(X −A− C) · f(X −B −D) = f(X − C −D) · f(X −A−B).

if and only if the following four connectivity conditions hold in the comparability graph Γ(P):

(4.4) A ↮ B, C ↮ D, A ↮ C, B ↮ D.

We prove Theorem 4.5 in Section 12. We should also note that Fishburn’s original proof of (Fis)
used the asymptotic limit of special instances of (AD). Similarly, Shepp’s proof of GYY, later
used by Brightwell [Bri88] to prove (Fis), used the asymptotic limit of special instances of (FKG).
Instead, we employ an alternative argument that, while still based on the AD inequality, avoids
the need for taking limits. Furthermore, while Theorem 4.5 can be deduced from the AD equality
(Theorem 1.3), we provide a distinct proof that exploits different aspects of the AD inequality.

5. AD equality for Boolean lattices

The next four sections are dedicated to proving equality conditions for the AD inequality on
Boolean lattices. We prove various preliminary lemmas in the rest of this section. We then
prove the two main lemmas: the consistency lemma in Section 6, and the identification lemma in
Section 7. We conclude the proof of Theorem 5.1 in §7.4.

5.1. Setup. Let n ≥ 1. Observe that the Boolean lattice Bn =
(
Ln,∨,∧

)
, where Ln := {0, 1}n,

can be viewed as the lattice of n-dimensional vectors with entries in {0, 1}, where the join and meet
operations are given by entrywise maximum and minimum, respectively. For a subset J ⊆ [n],
we use {0, 1}J to denote vectors in Ln whose support is in coordinates J . The following result is
a special case of Theorem 1.3 for L = Bn .

Theorem 5.1 (AD equality for Boolean lattices). Let a,b, c,d : Ln → R≥0 satisfy (AD-cond).
Then the AD equality holds:

(5.1)
∑
x∈Ln

a(x) ·
∑
x∈Ln

b(x) =
∑
x∈Ln

c(x) ·
∑
x∈Ln

d(x)

if and only if there exist a subset A ⊆ [n], such that

(5.2) a(x1, x2) b(y1, y2) = c(x1, y2) d(y1, x2) ∀ (x1, x2), (y1, y2) ∈ {0, 1}A × {0, 1}[n]−A.
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5.2. The case n = 1. In this subsection we prove the special case of Theorem 5.1 for n = 1, and
which will be crucial in proving Theorem 5.1 in the full generality.

Lemma 5.2. Let L := {0, 1} and let a,b, c,d : L→ R≥0 satisfy (AD-cond). Define the following
conditions:

a(0) b(0) = c(0) d(0) and a(1) b(1) = c(1) d(1),(A0)

a(0) b(1) = c(0) d(1) and a(1) b(0) = c(1) d(0),(A1)

a(0) b(1) = c(1) d(0) and a(1) b(0) = c(0) d(1).(A2)

Then (5.1) holds if and only if (A0) holds, and either (A1) or (A2) holds.

Proof. The ⇐ direction is straightforward. We now present the proof of ⇒ direction. We will
without loss of generality assume that∑

x∈L
a(x) > 0 ,

∑
x∈L

b(x) > 0 ,
∑
x∈L

c(x) > 0 ,
∑
x∈L

d(x) > 0.

Indeed, if say
∑

a(x) = 0 , then (5.1) implies that either
∑

c(x) = 0 or
∑

d(x) = 0. In either
case, this implies that every term in (A0), (A1), (A2) is equal to 0, and the conclusion follows.

First, let us prove (A0). Suppose to the contrary that a(0) b(0) < c(0) d(0). In particular, this
implies that c(0), d(0) > 0. Decrease the value of c(0) by sufficiently small ε > 0 while keeping
the values of the other functions unchanged. That is, let c′ : {0, 1} → R≥0 be the function given
by c′(0) := c(0) − ε and c′(1) := c(1). Notice that a,b, c′, d continue to satisfy (AD-cond). It
then follows from the AD inequality that∑

x∈L
a(x) ·

∑
x∈L

b(x) ≤
∑
x∈L

c′(x) ·
∑
x∈Ln

d(x)

≤
∑
x∈Ln

c(x) ·
∑
x∈L

d(x) − ε
∑
x∈L

d(x) <
∑
x∈L

c(x) ·
∑
x∈L

d(x).

This contradicts the assumption that equality occurs in (AD), as desired. By the same argument,
we conclude that a(1) b(1) = c(1) d(1) . This proves (A0).

Note that (5.1) is given by(
a(0) + a(1)

)(
b(0) + b(1)

)
=

(
c(0) + c(1)

)(
d(0) + d(1)

)
.

It then follows from (A0) that

(5.3) a(0) b(1) + a(1) b(0) = c(0) d(1) + c(1) d(0).

Now, suppose that c(1) d(0) = 0. Then we have a(1) b(0) = a(0) b(1) = 0 because both
quantities are less than c(1) d(0) by (AD-cond). It then follows from (5.3) that c(0) d(1) = 0.
Thus,

a(0) d(1) = c(0) d(1) = 0, a(1) d(0) = c(1) d(0) = 0,

from which (A1) follows.
Now assume that c(1) d(0) > 0. It follows from (A0) that

c(0) d(1) =
a(0) b(0) a(1) b(1)

c(1) d(0)
.

We can then rewrite (5.3) as

a(0) b(1) + a(1) b(0) =
a(0) b(0) a(1) b(1)

c(1) d(0)
+ c(1) d(0),
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which is equivalent to

−1
c(1) d(0)

(
c(1) d(0) − a(1) b(0)

) (
c(1) d(0) − a(0) b(1)

)
= 0.

This implies that, either c(1) d(0) = a(1) b(0) or c(1) d(0) = a(0) b(1). In the former case, it
follows from (5.3) that

a(0) b(1) = c(0) d(1) and a(1) b(0) = c(1) d(0).

This gives (A1). In the latter case, it also follows from (5.3) that

a(0) b(1) = c(1) d(0) and a(1) b(0) = c(0) d(1),

This gives (A2) and completes the proof of the lemma. □

5.3. Restriction operation. We now introduce the restriction operation. Let f : {0, 1}n → R
be a function, and let x ∈ {0, 1}. The function f(x, ∗n−1) : {0, 1}n−1 → R is given by

(y1, . . . , yn−1) 7→ f(x, y1, . . . , yn−1),

the function on Rn−1 obtained from f by restricting the first coordinate input to x. Here (∗)
represents the input variable to the function, and ∗i := (∗, . . . , ∗)︸ ︷︷ ︸

i

represent a string of i variables.

For each i ∈ [n], the function f(∗i−1, x, ∗n−i) is defined analogously. The following result follows
directly from the definition of (AD-cond).

Lemma 5.3. Let a,b, c,d : {0, 1}n → R≥0 be four functions satisfying (AD-cond), and let i ∈ [n].
Then, for all x, y ∈ {0, 1}, the following four functions also satisfy (AD-cond) :

a(∗i−1, x, ∗n−i) , b(∗i−1, y, ∗n−i) , c(∗i−1, x ∨ y, ∗n−i) , d(∗i−1, x ∧ y, ∗n−i).

It is important to note that the lemma above does not prove (AD-cond) for the functions
a(1, ∗), b(0, ∗), c(0, ∗), d(1, ∗) and a(0, ∗), b(1, ∗), c(0, ∗), d(1, ∗) , because one cannot have x∨y = 0
and x ∧ y = 1 together. Therefore we cannot conclude (AD) for these functions. Throughout
this paper we will deliberately avoid relying on (AD) for these specific cases.

5.4. Averaging operation. We now introduce the averaging operation. Let f : {0, 1}n → R be
a function. The function f(♢, ∗n−1) : {0, 1}n−1 → R is given by

(y1, . . . , yn−1) 7→ f(0, y1, . . . , yn−1) + f(1, y1, . . . , yn−1),

the function on Rn−1 obtained from f by summing over all possible values of the first coordinate.
For each i ∈ [n], the function f(∗i−1,♢, ∗n−i) is defined analogously. In particular, we have

f(♢n) =
∑
x∈Ln

f(x),

where ♢n := (♢, . . . ,♢)︸ ︷︷ ︸
n

represents the string of n circles.

Lemma 5.4. Let a, b, c, d : {0, 1}n → R≥0 be four functions satisfying (AD-cond), and let i ∈ [n].
Then the following functions also satisfy (AD-cond) :

a(∗i−1,♢, ∗n−i) , b(∗i−1,♢, ∗n−i) , c(∗i−1,♢, ∗n−i) , d(∗i−1,♢, ∗n−i).
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Proof. We present only the proof of the case i = 1, as the proof of the other cases are analogous.
Let x, y be any elements of {0, 1}n−1. It follows from consecutive applications of Lemma 5.3 that
a(∗, x),b(∗, y), c(∗, x ∨ y), d(∗, x ∧ y) satisfy (AD-cond). Now note that

a(♢, x) =
∑

z∈{0,1}

a(z, x), b(♢, y) =
∑

z∈{0,1}

b(z, y)

c(♢, x ∨ y) =
∑

z∈{0,1}

c(z, x ∨ y), d(♢, x ∧ y) =
∑

z∈{0,1}

b(z, x ∧ y).

Applying (AD) to these four functions gives

a(♢, x) b(♢, y) ≤ c(♢, x ∨ y) d(♢, x ∧ y),
as desired. □

Lemma 5.5. Let a, b, c, d : {0, 1}n → R≥0 be four functions satisfying (AD-cond) and (AD-eq).
Then, for all x ∈ {0, 1}n, we have:

a(x) b(x) = c(x) d(x).

Proof. We prove the claim by induction on n. The case n = 1 follows from (A0) in Lemma 5.2.
For n ≥ 2, assume the lemma holds for n− 1. Let x = (x1, . . . , xn) ∈ {0, 1}n .

Since a, b, c, d satisfies (AD-eq), it follows that the (one-dimensional) functions a(∗,♢n−1),
b(∗,♢n−1), c(∗,♢n−1), d(∗,♢n−1) also satisfy (AD-eq). Note that the same four functions also
satisfy (AD-cond) by Lemma 5.4. Therefore, we can apply (A0) in Lemma 5.2, to get

a(x1,♢
n−1) b(x1,♢

n−1) = c(x1,♢
n−1) d(x1,♢

n−1).

This is equivalent to saying that a(x1, ∗n−1), b(x1, ∗n−1), c(x1, ∗n−1), d(x1, ∗n−1) satisfy (AD-eq).
Since these four functions also satisfy (AD-cond) by Lemma 5.3 and are (n − 1)-dimensional, it
then follows from the induction that

a(x1, x2, . . . , xn) · b(x1, x2, . . . , xn) = c(x1, x2, . . . , xn) · d(x1, x2, . . . , xn),
as desired. □

6. Consistency lemma

6.1. Setup. The main result of this section requires the following notations. Recall binary ad-
dition on {0, 1}, given by 0 + 0 = 1 + 1 = 0 and 0 + 1 = 1. This operation extends to the set
{0, 1,♢} as follows:

0 + ♢ = 1 + ♢ = ♢+ ♢ = ♢,

where ♢ acts similar to ∞. We denote 1n := (1, . . . , 1), 0n := (0, . . . , 0) ∈ {0, 1}n, and write
1k0n−k to mean (1k, 0n−k) when the context is clear.

In the next lemma we show that Theorem 5.1 follows from a list of conditions specifically chosen
so that they can be verified by induction.

Lemma 6.1 (Consistency lemma). Let a, b, c,d : {0, 1}n → R≥0 be four functions satisfying
(AD-cond) and (AD-eq), and let k ∈ {0, 1, . . . n}. Suppose that, for all sequences z ∈ {0,♢}n,
we have

a
(
1k0n−k + z

)
b
(
0k1n−k + z

)
= c

(
1n + z

)
d
(
0n + z

)
.(6.1)

Then, for all (x1, x2), (y1, y2) ∈ {0, 1}k × {0, 1}n−k, we have:

a(x1, x2) b(y1, y2) = c(x1, y2) d(y1, x2).(6.2)
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Note that the conditions in (6.1) do not include identities such as a(1,♢n−1) b(0,♢n−1) =
c(0,♢n−1) d(1,♢n−1) . This omission occurs because the functions a(1, ∗n−1), b(0, ∗n−1), c(0, ∗n−1),
d(1, ∗n−1) do not necessarily satisfy (AD-cond). Consequently, inductive arguments are not ap-
plicable to these functions.

6.2. Proof of Lemma 6.1. We prove the lemma by induction on n. First let n = 1. Note that
the case k = 0 corresponds to Lemma 5.2 case (A0) and (A2), and the case k = 1 corresponds to
Lemma 5.2 case (A0) and (A1). This completes the proof of the base case. For the rest of the
proof, let n ≥ 2, and suppose that the lemma holds for n − 1. We split the proof into several
different cases.

Case 1. Let (x1, x2), (y1, y2) ∈ {0, 1}k × {0, 1}n−k be given by

(6.3) (x1, x2) = (x1,1, . . . , x1,k, x2,1, . . . , x2,n−k) , (y1, y2) = (y1,1, . . . , y1,k, y2,1, . . . , y2,n−k).

Suppose that x1,i = y1,i for some i ∈ [k], or x2,j = y2,j for some j ∈ [n − k]. Then (6.2) holds
for (x1, x2) and (y1, y2).

Proof of Case 1. We present only the proof for i = 1 and x1,i = y1,i = 0, as the proof of other
subcases is analogous. Note that this subcase is equivalent to showing that, for all (x′1, x

′
2),

(y′1, y
′
2) ∈ {0, 1}k−1 × {0, 1}n−k, we have:

a(0, x′1, x
′
2) b(0, y

′
1, y

′
2) = c(0, x′1, y

′
2) d

′(0, x′2, y
′
1).

Let a′, b′, c′, d′ : {0, 1}n−1 → R≥0 be functions defined by

a′ := a(0, ∗n−1), b′ := b(0, ∗n−1), c′ := c(0, ∗n−1), d′ := a(0, ∗n−1).(6.4)

By Lemma 5.3, these functions satisfy (AD-cond). Note also that (AD-eq) for these four
functions is equivalent to

a(0,♢n−1) b(0,♢n−1) = c(0,♢n−1) d(0,♢n−1),

which holds by applying (A0) in Lemma 5.2 to functions a(∗,♢n−1), b(∗,♢n−1), c(∗,♢n−1),
d(∗,♢n−1). By induction, it then suffices to show that, for all z′ ∈ {0,♢}n−1, we have:

a′
(
1k−10n−k + z′

)
b′
(
0k−11n−k + z′

)
= c′

(
1n−1 + z′

)
d′
(
0n−1 + z

)
.

Given the vector z′, we now define four function a′′,b′′, c′′, d′′ : {0, 1} → R≥0 by

(6.5)
a′′ := a

(
∗, 1k−10n−k + z′

)
, b′′ := b

(
∗, 0k−1, 1n−k + z′

)
,

c′′ := c
(
∗, 1n−1 + z′

)
, d′′ := d

(
∗, 0n−1 + z′

)
.

It follows from Lemmas 5.3 and 5.4, that these four functions satisfy (AD-cond), and from (6.1)
that these four functions satisfy (AD-eq) (namely by substituting z = (♢, z′)). It then follows
from (A0) in Lemma 5.2, that

a′′(0) b′′(0) = c′′(0) d′′(0).

This is equivalent to

a′(1k−10n−k + z′) b′(0k−11n−k + z′
)

= c′(1n−1 + z′) d′(0n−1 + z),

as desired. □

Case 2. Let (x1, x2), (y1, y2) ∈ {0, 1}n be as given in (6.3). Suppose that x1,i = 1 and y1,i =
0 for some i ∈ [k], or x2,j = 0 and y2,j = 1 for some j ∈ [n − k]. Then (6.2) holds for
(x1, x2), (y1, y2).
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Proof of Case 2. As before, we present the proof only for i = 1. This case is equivalent to showing
that, for all (x′1, x

′
2), (y

′
1, y

′
2) ∈ {0, 1}k−1 × {0, 1}n−k, we have:

a(1, x′1, x
′
2) b(0, y

′
1, y

′
2) = c(1, x′1, y

′
2) d

′(0, x′2, y
′
1).

Let a′, b′, c′, d′ : {0, 1}n−1 → R≥0 be four functions defined by

a′ := a(1, ∗n−1), b′ := b(0, ∗n−1), c′ := c(1, ∗n−1), d′ := a(0, ∗n−1).(6.6)

Note that these functions satisfy (AD-cond) by Lemma 5.3. Also note that (AD-eq) for these
four functions is equivalent to

a(1,♢n−1) b(0,♢n−1) = c(1,♢n−1) d(0,♢n−1),

which holds by (6.1) (by substituting z = (0,♢n−1)). By induction, it then suffices to show that,
for all z′ ∈ {0,♢}n−1, we have:

a′
(
1k−10n−k + z′

)
b′
(
0k−11n−k + z′

)
= c′

(
1n−1 + z′

)
d′
(
0n−1 + z′

)
.

This condition is equivalent to

a
(
1, 1k−10n−k + z′

)
b
(
0, 0k−11n−k + z′

)
= c

(
1, 1n−1 + z′

)
d
(
0, 0n−1 + z′

)
,

which follows by applying (6.1) for z = (0, z′). This completes the proof of this case. □

Combining Case 1 and Case 2 above, we have (6.2) is verified in all cases except for

(x1, x2) = (0k, 1n−k), (y1, y2) = (1k, 0n−k).

Note that the sum of (6.2) over all pairs (x1, x2), (y1, y2) ∈ {0, 1}n equals to (AD-cond). Thus, it
follows from (AD-eq) that (6.2) is also satisfied for the pair (0k, 1n−k), (1k, 0n−k). This completes
the proof of Lemma 6.1. □

7. Identification lemma

In this section we finish the proof of Theorem 5.1. We derive it from the Identification
Lemma 7.2, a technical result which we prove first.

7.1. Setup. The primary challenge in proving Theorem 5.1 lies in identifying which i ∈ [n] belong
to the set A. This motivates the following definition.

Definition 7.1. Let a,b, c,d : {0, 1}n → R≥0 be four functions satisfying (AD-cond). Fix i ∈ [n].
We say that i has type (B1), if

(B1) a(♢i−1, 1,♢n−i) b(♢i−1, 0,♢n−i) = c(♢i−1, 1,♢n−i) d(♢i−1, 0,♢n−i).

Similarly, we say that i has type (B2), if

(B2) a(♢i−1, 0,♢n−i) b(♢i−1, 1,♢n−i) = c(♢i−1, 1,♢n−i) d(♢i−1, 0,♢n−i).

It follows from Lemma 5.2, that each i ∈ [n] must have at least one of these two types. Note
that it is possible that i has both types (B1) and (B2)

Observe that the types are preserved under the averaging operation. Formally, if i ∈ [n − 1]
has type (B1) with respect to the functions a,b, c,d , then i also has type (B1) with respect to
the functions a(∗n−1,♢), b(∗n−1,♢), c(∗n−1,♢), d(∗n−1,♢). The same holds for type (B2).

On the other hand, the types are not necessarily preserved under the restriction operation, i.e.,
with respect to the functions a(∗n−1, x), b(∗n−1, y), c(∗n−1, x ∨ y), d(∗n−1, x ∧ y) for arbitrary
x, y ∈ {0, 1}. Indeed, let a,b, c,d : {0, 1}2 → R≥0 be given by

a(x) = b(x) = c(x) = d(x) =

{
0 if x = (0, 1),

1 otherwise.
(7.1)
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It is easy to check that i = 1 is of type (B2) with respect to the functions a,b, c, d , but is not
of type (B2) with respect to the functions a(∗, 1), b(∗, 0), c(∗, 1), d(∗, 0) . This motivates the next
lemma, which identifies elements x, y ∈ {0, 1} for which the restriction operation preserves the
types.

Lemma 7.2 (Identification lemma). Let a, b, c, d : {0, 1}n → R≥0 be functions satisfying condi-
tion (AD-cond) and (AD-eq). Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ {0, 1}n be given by:

xi :=

{
1 if i is of type (B1),

0 if i is of type (B2) but not (B1),

yi := 1 + xi .

Then, for all z ∈ {0,♢}n, we have:

a
(
x+ z

)
b
(
y + z

)
= c

(
1n + z

)
d
(
0n + z

)
.(7.2)

Similarly, let x′ = (x′1, . . . , x
′
n), y

′ = (y′1, . . . , y
′
n) ∈ {0, 1}n be given by:

x′i :=

{
1 if i has type (B1) but not (B2),

0 if i has type (B2),

y′i := 1 + x′i .

Then, for all z ∈ {0,♢}n, we have:

a
(
x′ + z

)
b
(
y′ + z

)
= c

(
1n + z

)
d
(
0n + z

)
.(7.3)

Remark 7.3. Let us note a delicate issue when interpreting Lemma 7.2. Since the pairs x, y and x′, y′

differ only at entries indexed by i ∈ [n] has both type (B1) and (B2), it might give the wrong impression
that the lemma would still hold even if we do not impose any conditions on entries indexed by such i’s.
However, when multiple distinct indices i, j ∈ [n], have both (B1) and (B2), it becomes necessary for xi
and xj to be equal to ensure the lemma holds, as demonstrated in the following example.

Let a,b, c,d : {0, 1}2 → R≥0 be as in (7.1). It is easy to check that these four functions satisfy (AD)
and (AD-cond). Furthermore, we have i = 1 and j = 2 has both types (B1) and (B2). However, if (7.2)
were to hold in this case for x = (1, 0), y = (0, 1), z = (0, 0) (note that xi ̸= xj with i = 1 and j = 2), we
would have

a(1, 0) b(0, 1) = c(1, 1) d(0, 0).

This gives a contradiction, since the LHS = 0 while the RHS = 1.

7.2. Technical lemmas. We now build toward the proof of Lemma 7.2. We will start with the
following two lemmas for n = 2.

Lemma 7.4. Let n = 2, and let a, b, c, d : {0, 1}n → R≥0 be four functions satisfying (AD-cond)
and (AD-eq). Suppose that for both i = 1 and j = 2 have type (B1). Then we have:

a(1, 1) b(0, 0) = c(1, 1) d(0, 0).

Proof. First note that the lemma follows immediately if the case (A1) holds for a(1, ·), b(0, ·),
c(1, ·), d(0, ·) . Suppose that case (A2) holds. This implies:

a(1, 0) b(0, 1) = c(1, 1) d(0, 0),(7.4)

a(1, 1) b(0, 0) = c(1, 0) d(0, 1).(7.5)

Applying the same argument to a(·, 1), b(·, 0), c(·, 1), d(·, 0) gives

a(0, 1) b(1, 0) = c(1, 1) d(0, 0),(7.6)

a(1, 1) b(0, 0) = c(0, 1) d(1, 0).(7.7)
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Combining (7.4) and (7.6) gives

a(1, 0) b(1, 0) a(0, 1) b(0, 1) =
(
c(1, 1) d(0, 0)

)2
.

Applying Lemma 5.5 to the LHS gives

c(1, 0) d(1, 0) c(0, 1) d(0, 1) =
(
c(1, 1) d(0, 0)

)2
.

Applying (7.5) and (7.7) to the LHS again gives(
a(1, 1) b(0, 0)

)2
=

(
c(1, 1) d(0, 0)

)2
,

as desired. □

Lemma 7.5. Let n = 2, and let a,b, c,d : {0, 1}n → R≥0 be four functions satisfying (AD-cond)
and (AD-eq). Suppose that i = 1 has type (B1), and j = 2 has type (B2). Suppose also that

(7.8) a(1, 0) b(0, 1) ̸= c(1, 1) d(0, 0).

Then i = 1 also has type (B2), and j = 2 also has type (B1).

Proof. We will only show that j = 2 satisfies (B1), as the proof of the other case is analogous.
Consider the functions a(1, ∗), b(0, ∗), c(1, ∗), d(0, ∗) . These four functions satisfy (AD-cond)

by Lemma 5.3, and satisfies (AD-eq) since i = 1 satisfies (B1). Since a(1, 0) b(0, 1) ̸= c(1, 1) d(0, 0)
by assumption, it then follows from Lemma 5.2 that case (A1) holds. This implies

a(1, 0) b(0, 0) = c(1, 0) d(0, 0),(7.9)

a(1, 0) b(0, 1) = c(1, 0) d(0, 1),(7.10)

a(1, 1) b(0, 0) = c(1, 1) d(0, 0),(7.11)

a(1, 1) b(0, 1) = c(1, 1) d(0, 1).(7.12)

Applying an analogous argument to a(∗, 0), b(∗, 1), c(∗, 1), d(∗, 0) gives us

a(0, 0) b(0, 1) = c(0, 1) d(0, 0),(7.13)

a(0, 0) b(1, 1) = c(1, 1) d(0, 0),(7.14)

a(1, 0) b(0, 1) = c(0, 1) d(1, 0),(7.15)

a(1, 0) b(1, 1) = c(1, 1) d(1, 0).(7.16)

We now consider the functions a(∗, 1), b(∗, 1), c(∗, 1), d(∗, 1) . These four functions satisfy
(AD-cond) by Lemma 5.3. Also note that these four functions satisfy (AD-eq) as a result of
applying (A0) in Lemma 5.2 to the functions a(♢, ∗), b(♢, ∗), c(♢, ∗), d(♢, ∗) . Also note that
a(∗, 1), b(∗, 1), c(∗, 1), d(∗, 1) satisfies (A1) because of (7.12), so it follows from Lemma 5.2 that

a(0, 1) b(1, 1) = c(0, 1) d(1, 1),(7.17)

a(1, 1) b(0, 1) = c(1, 1) d(0, 1).(7.18)

We now consider the functions a(∗, 0), b(∗, 0), c(∗, 0), d(∗, 0) . These four functions satisfy
(AD-cond) by Lemma 5.3. Also note that these four functions satisfy (AD-eq) as a result of
applying Lemma 5.2 (A0) to the functions a(♢, ∗), b(♢, ∗), c(♢, ∗), d(♢, ∗) . Also note that
a(∗, 0), b(∗, 0), c(∗, 0), d(∗, 0) satisfies (A1) because of (7.9), so it follows from Lemma 5.2 that

a(0, 0) b(1, 0) = c(0, 0) d(1, 0),(7.19)

a(1, 0) b(0, 0) = c(1, 0) d(0, 0).

Note that we also have
c(1, 1) > 0 and d(0, 0) > 0.

Indeed, it follows from (AD-cond) that

a(1, 0) b(0, 1) ≤ c(1, 1) d(0, 0).
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By assumption (7.8), this implies that c(1, 1) d(0, 0) > 0. Together with (7.11) and (7.14), this
implies that

a(1, 1) b(0, 0) = a(0, 0) b(1, 1) > 0.

On the other hand, we have from Lemma 5.5 that

a(0, 0) b(0, 0) = c(0, 0) d(0, 0), a(1, 1) b(1, 1) = c(1, 1) d(1, 1).

This gives:

c(0, 0) > 0 and d(1, 1) > 0.

Putting everything together, we conclude:

(7.20) a(x, x), b(x, x), c(x, x), d(x, x) > 0 for all x ∈ {0, 1}.

Now, combining (7.11) and (7.17), we get

a(0, 1) a(1, 1) b(1, 1) b(0, 0) = c(0, 1) c(1, 1) d(1, 1) d(0, 0).

On the other hand, we have a(1, 1) b(1, 1) = c(1, 1) d(1, 1) by Lemma 5.5, and all these terms are
nonzero by (7.20). Hence we can cancel these terms from the previous equation to obtain

a(0, 1) b(0, 0) = c(0, 1) d(0, 0).(7.21)

Now, combining (7.11) and (7.19), we get

a(1, 1) a(0, 0) b(0, 0) b(1, 0) = c(1, 1) c(0, 0) d(0, 0) d(1, 0).

By the reasoning as in the previous paragraph, we can cancel the terms from a(0, 0) b(0, 0) =
c(0, 0) d(0, 0) to obtain

a(1, 1) b(1, 0) = c(1, 1) d(1, 0).(7.22)

Let us now show that

(7.23) a(0, 1) b(1, 0) = c(0, 1) d(1, 0).

We split the proof into three subcases. First suppose that a(1, 0) b(0, 1) > 0. Note that we have
from Lemma 5.5 that

(7.24) a(0, 1) b(0, 1) = c(0, 1) d(0, 1), a(1, 0) b(1, 0) = c(1, 0) d(1, 0).

Since we have a(1, 0) b(0, 1) = c(1, 0) d(0, 1) from (7.10), and these products are nonzero by
assumption, we can cancel them from (7.24) to conclude (7.23) in this case.

For the second case, suppose that a(1, 0) = 0. Since b(1, 1), c(1, 1) > 0 from (7.20), it then
follows from (7.16) that d(1, 0) = 0. Similarly, since b(0, 0),d(0, 0) > 0 from (7.20), it then
follows from (7.9) that c(1, 0) = 0. Finally, since a(1, 1), c(1, 1) > 0 from (7.20), it then follows
from (7.22) that b(1, 0) = 0. Putting these observations implies that both sides of (7.23) are
equal to 0, as desired.

For the third case, suppose that b(0, 1) = 0. Since a(1, 1), c(1, 1) > 0 from (7.20), it then
follows from (7.12) that d(0, 1) = 0. Similarly, since a(0, 0),d(0, 0) > 0 from (7.20), it then
follows from (7.13) that c(0, 1) = 0. Finally, since b(0, 0), d(0, 0) > 0 from (7.20), it then follows
from (7.21) that a(0, 1) = 0. Putting these observations implies that both sides of (7.23) are equal
to 0, as desired. This completes the proof of (7.23).

Finally, note that (7.11), (7.21), (7.22), (7.23) imply that a(♢, 1) b(♢, 0) = c(♢, 1) d(♢, 0). This
shows that j = 2 satisfies (B1), and completes the proof. □
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7.3. Proof of Lemma 7.2. We prove only the first equation (7.2) in the lemma as the proof of
(7.3) is analogous. We use induction on n. For n = 1 there is nothing to prove.

For n = 2, we split the proof into two cases. First, suppose that x1 = x2. We will without loss
of generality assume that x1 = x2 = 1, as the subcase x1 = x2 = 0 is similar. It then follows
from the definition that both i = 1 and j = 2 has type (B1). Then (7.2) follows from

a(1, 1) b(0, 0) = c(1, 1) d(0, 0).

This in turn follows directly from Lemma 7.4.
Second, suppose that x1 ̸= x2. Without loss of generality, assume that x1 = 1 and x2 = 0. It

then follows from the definition that i = 1 has type (B1), while j = 2 satisfies (B2) and does not
have type (B1). Then (7.2) follows from

a(1, 0) b(0, 1) = c(1, 1) d(0, 0).

Suppose to the contrary, that this equation does not hold. It then follows from Lemma 7.5, that
j = 2 has type (B1), which gives a contradiction. This completes the proof for the case n = 2.

For n ≥ 3, suppose that the lemma holds for the case n−1. Let z = (z1, . . . , zn) be an element
in {0,♢}n, and suppose that zk = ♢ for some k ∈ [n]. Consider the functions a′, b′, c′,d′ :
{0, 1}n−1 → R≥0 given by

a′ := a(∗k−1,♢, ∗n−k), b′ := b(∗k−1,♢, ∗n−k),

c′ := c(∗k−1,♢, ∗n−k), d′ := d(∗k−1,♢, ∗n−k).

Note that these four functions satisfy (AD-cond) by Lemma 5.4. Additionally, they satisfy (AD-eq)
by the assumption that a, b, c, d satisfy (AD-eq).

Let x′, y′ ∈ {0, 1}n−1 and z′ ∈ {0,♢}n−1 be given by

x′ := (x1, . . . , xk−1, xk+1, . . . , xn),

y′ := (y1, . . . , yk−1, yk+1, . . . , yn),

z′ := (z1, . . . , zk−1, zk+1, . . . , zn).

It then follows from the induction assumption that

a′
(
x′ + z′

)
b′
(
y′ + z′

)
= c′

(
1n−1 + z′

)
d′
(
0n−1 + z′

)
.

On the other hand, it follows from the definition that

a′
(
x′ + z′

)
= a

(
x+ z

)
, b′

(
y′ + z′

)
= b

(
y + z

)
,

c′
(
1n−1 + z′

)
= c

(
1n + z

)
, d′

(
0n−1 + z′

)
= d

(
0n + z

)
.

It then follows that (7.2) holds for all z ∈ {0,♢}n that is not equal to (0, . . . , 0).
We now prove that (7.2) holds for z = (0, . . . , 0). This is equivalent to

a
(
x
)
b
(
y
)

= c
(
1, . . . , 1

)
d
(
0, . . . , 0

)
.

Since n ≥ 3, there exists distinct i, j ∈ [n] such that xi = xj . Without loss of generality assume
that i = 1 and j = 2, and that x1 = x2 = 1. Then consider the functions a′, b′, c′,d′ : {0, 1}2 →
R≥0 given by

a′ := a(∗, ∗, x3, . . . , xk), b′ := b(∗, ∗, y3, . . . , yk)
c′ := c(∗, ∗, 1, . . . , 1), d′ := d(∗, ∗, 0, . . . , 0).

It follows from Lemma 5.3, that these four functions satisfy (AD-cond). On the other hand, it
follows from the conclusion of the previous paragraph (i.e., applying z = (♢2, 0n−2) to (7.2)), that

a(♢,♢, x3, . . . , xk) b(♢,♢, y3, . . . , yk) = c(♢,♢, 1, . . . , 1) d(♢,♢, 0, . . . , 0),
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which is equivalent to a′, b′, c′, d′ satisfying (AD-eq). By the same reasoning, we also have

a(1,♢, x3, . . . , xk) b(0,♢, y3, . . . , yk) = c(1,♢, 1, . . . , 1) d(0,♢, 0, . . . , 0),

a(♢, 1, x3, . . . , xk) b(♢, 0, y3, . . . , yk) = c(♢, 1, 1, . . . , 1) d(♢, 0, 0, . . . , 0).

This is equivalent to i = 1 and j = 2 having type (B1) with respect to a′,b′, c′,d′. Applying
Lemma 7.4 to a′, b′, c′, d′, gives

a′(1, 1) b′(0, 0) = c′(1, 1) d′(0, 0).

By definition, this is equivalent to

a
(
x
)
b
(
y
)

= c
(
1, . . . , 1

)
d
(
0, . . . , 0

)
.

This completes the proof of Lemma 7.2. □

7.4. Proof Theorem 5.1. The ⇐ direction is clear, so it suffices to prove the ⇒ direction. Let

A := { i ∈ [n] : i has type (B1)}.

By permuting indices if necessary, without loss of generality we assume that A = ∅ or A = [k]
for some k ∈ [n]. It then follows from the Identification Lemma 7.2, that a, b, c,d satisfy the
assumptions in the Consistency Lemma 6.1. Now the claim (5.2) follows from the Consistency
Lemma 6.1. This completes the proof of the theorem. □

8. Equality conditions for the AD inequality

In this section, we prove equality conditions for the AD inequality (Theorem 1.3), followed by
the version for the product of chains (Theorem 8.3). Theorem 1.3 is derived from the version for
the Boolean lattice (Theorem 5.1), while Theorem 8.3 is derived directly from Theorem 1.3. We
need to prove two lemmas in lattice theory along the way (Lemmas 8.2 and 8.4).

8.1. Cross-factoring version. In this section, we present the cross-factoring version of AD
equality conditions for Boolean lattices. This formulation proves to be more practical in applica-
tions and is a step towards the proof of Theorem 1.3.

Let a, b, c, d : {0, 1}n → R≥0 be functions satisfying condition (AD-cond) and (AD-eq). Note
that if ∑

x∈{0,1}n
a(x)

∑
x∈{0,1}n

b(x) =
∑

x∈{0,1}n
c(x)

∑
x∈{0,1}n

d(x) = 0,

then it readily follows that, one of the function a, b is identically 0, and one of the functions c,d
is identically 0. This is a (trivial) sufficient condition for (AD-eq). The next theorem addresses
the remaining sufficient and necessary conditions in terms of auxiliary functions a, b, c, d.

Theorem 8.1 (Cross-factoring version of Theorem 5.1). Let a, b, c,d : {0, 1}n → R≥0 be func-
tions satisfying condition (AD-cond), and let A ⊆ [n] be a subset satisfying (5.2). Then there

exist functions f1, g1 : {0, 1}A → R≥0 , f2, g2 : {0, 1}[n]−A → R≥0 , and nonnegative constants
α, β, γ, δ ≥ 0 such that αβ = γδ, and

(8.1)


a(x1, x2) = α f1(x1) f2(x2),

b(x1, x2) = β g1(x1) g2(x2),

c(x1, x2) = γ f1(x1) g2(x2),

d(x1, x2) = δ g1(x1) f2(x2).

for all (x1, x2) ∈ {0, 1}A × {0, 1}[n]−A.
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Proof. Without loss of generality, assume that functions a,b, c,d are not identically zero. For
example, if a = c = 0, we can set A = ∅, f1 = g1 = 1, f2 = d, g2 = b, α = γ = 0,β = δ = 1, and
note that (8.1) holds. Other cases are analogous.

Let A as given in Theorem 5.1. Let (u1, u2), (v1, v2) ∈ {0, 1}A × {0, 1}[n]−A be such that

a(u1, u2) > 0 and b(v1, v2) > 0,

which exist by assumption that a,b ̸= 0. It then follows from (5.2) that

a(u1, u2) b(v1, v2) = c(u1, v2) d(v1, u2) > 0.

By rescaling the functions if necessary, without loss of generality, we can assume that

a(u1, u2) = b(v1, v2) = c(u1, v2) = d(v1, u2) = 1.

It now follows from Theorem 5.1, that

a(x1, u2) = a(x1, u2) b(v1, v2) = c(x1, v2) d(v1, u2) = c(x1, v2),(8.2)

for all x1 ∈ {0, 1}A. We then define f1 : {0, 1}A → R≥0 by

f1(x1) := a(x1, u2) = c(x1, v2),

and note that the second equality is due to (8.2).

By a similar argument, for all (x, y) ∈ {0, 1}A × {0, 1}[n]−A , we have:

b(x1, v2) = d(x1, u2), a(u1, x2) = d(v1, x2), b(v1, x2) = c(u1, x2).

We then define functions g1 : {0, 1}A → R≥0 and f2, g2 : {0, 1}[n]−A → R≥0 as follows:

g1(x1) := b(x1, v2) = d(x1, u2), f2(x2) := a(u1, x2) = d(v1, x2), g2(x2) := b(v1, x2) = c(u1, x2).

Now note that, for all (x1, x2) ∈ {0, 1}A × {0, 1}[n]−A , we have:

a(x1, x2) = a(x1, x2) b(v1, v2) = c(x1, v2) d(v1, x2) = f1(x2) f2(x2),

where the second equality follows from Theorem 5.1, and the third equality is by the definition of
functions f1, f2 . Similarly, we have:

b(x1, x2) = a(u1, u2) b(x1, x2) = c(u1, x2) d(x1, u2) = g1(x1) g2(x2),

c(x1, x2) = c(x1, x2) d(v1, u2) = a(x1, u2) b(v1, x2) = f1(x1) g2(x2),

d(x1, x2) = c(u1, v2) d(x1, x2) = a(u1, x2) b(x1, v2) = g1(x1) f2(x2).

This completes the proof. □

8.2. Support product lemma. The following lemma will be used to generalize Theorem 8.1 to
apply to other types of lattices that are not Boolean lattices. Recall the notation of Birkhoff’s
Theorem 2.2.

Lemma 8.2 (Support product lemma). Let L = (L,∨,∧) be a distributive lattice. Let f : L→ R≥0

be a function, which can be uniquely extended to F : {0, 1}J(L) → R≥0 by

F(y) :=

{
f(x) if y = ϕ(x) for some x ∈ L,

0 otherwise.

Let X1, X2 ⊆ J(L) such that X1 ∩X2 = ∅ and X1 ∪X2 = J(L). Suppose there exist functions
F1 : {0, 1}X1 → R≥0 and F2 : {0, 1}X2 → R≥0 such that

(8.3) F(x1, x2) = F1(x1) F2(x2) for all (x1, x2) ∈ {0, 1}X1 × {0, 1}X2 .

Then:
supp f ≃ supp F1 × supp F2 .
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Proof. Let L1,L2 ⊆ {0, 1}J(L) given by

L1 :=
{
(x1, z2) ∈ {0, 1}X1 × {0, 1}X2 : x1 ∈ supp F1

}
,

L2 :=
{
(z1, x2) ∈ {0, 1}X1 × {0, 1}X2 : x2 ∈ supp F2

}
,

where (z1, z2) is the minimum element of ϕ(supp f) . Denote L1 = (L1,∨,∧), L2 = (L2,∨,∧),
and note that these are sublattices of the Boolean lattice. It suffices to show that

ϕ(supp f) = L1 ∨L2 .

We first show that ϕ(supp f) ⊆ L1 ∨L2 . Let (x1, x2) be an arbitrary element of ϕ(supp f). It
follows from (8.3) that x1 ∈ supp F1 and x2 ∈ supp F2 . Hence we have

ϕ(supp f) ⊆ L1 ∨L2 .

Since ϕ is a lattice embedding and L1,L2 are lattices, it then follows that

ϕ(supp f) = ϕ(supp f) ⊆ L1 ∨L2 = L1 ∨L2 ,

as desired.
We now show that L1 ∨L2 ⊆ ϕ(supp f). By the symmetry, it suffices to show that L1 ⊆

ϕ(supp f). Let x be an arbitrary element of supp F1. It follows that there exists

y1, y2, . . . , yk ∈ supp F1

such that x can be obtained by applying a sequence of join/wedge operations to those elements.
Now w be an arbitrary element of supp F2. It then follows from (8.3) that

(y1, w), (y2, w), . . . , (yk, w) ∈ supp F1× supp F2 = ϕ(supp f).

By applying the same sequence of join/wedge operations to these new elements, we conclude that

(8.4) (x,w) ∈ ϕ(supp f) for any w ∈ supp F2 .

Now, since (z1, z2) is the minimum element of ϕ(supp f) , it follows that there exists

w1, w2, . . . , wℓ ∈ supp F2

such that z2 can be obtained by applying a sequence of join/wedge operations to those elements.
Then, it follows from (8.4) that

(x,w1), (x,w2), . . . , (x,wℓ) ∈ ϕ(supp f).

By applying the same sequence of join/wedge operations to these new elements, we conclude that

(x, z2) ∈ ϕ(supp f).

Since the choice of x ∈ supp F1 is arbitrary, we conclude that L1 ⊆ ϕ(supp f). This completes
the proof. □

8.3. Proof of Theorem 1.3. The proof of the ⇐ is clear, so we present only the proof of the
⇒ direction. By the same argument as in the beginning of the proof of Theorem 8.1, without loss
of generality, assume that the functions a,b, c,d are not identically equal to 0.

Let ϕ : L → {0, 1}J(L) be the lattice embedding in Birkhoff’s Theorem 2.2. Let A,B,C,D :

{0, 1}J(L) → R≥0 be the unique extension of a,b, c,d. It then follows from Theorem 8.1, that
there exist disjoint subsets X1, X2 satisfying X1 ∪X2 = J(L), functions F1,G1 : {0, 1}X1 → R≥0,
F2,G2 : {0, 1}X2 → R≥0 and positive constants α, β, γ, δ > 0 satisfying αβ = γδ, such that

A(x1, x2) = αF1(x1)G2(x2), B(x1, x2) = βG1(x1)G2(x2),

C(x1, x2) = γG1(x1)G2(x2), D(x1, x2) = δG1(x1)F2(x2),

for all (x1, x2) ∈ {0, 1}X1 × {0, 1}X2 . By rescaling the functions a, b, c, d if necessary, we can
without loss of generality assume that α = β = γ = δ = 1.
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Let h : L → R≥0 be defined by h := a+b+c+d, and let H : {0, 1}J(L) → R≥0 be the
corresponding unique extension. Note that

H(x1, x2) = [F1+G1](x1) · [F2+G2](x2),

for all (x1, x2) ∈ {0, 1}X1 × {0, 1}X2 . Let L1 ⊆ {0, 1}X1 and L2 ⊆ {0, 1}X2 be given by

L1 := supp(F1+G1), L2 := supp(F1+G1).

We then have

L = supp h ≃ L1×L2 ,

where the first equality follows from the assumption that L is the lattice closure of the support
of a+b+c+d, and the second equality follows from Lemma 8.2.

Finally, let f1, g1 be the functions F1,G1 restricted to L1 , and let f2, g2 be the functions F2,G2

restricted to L2 . It follows from the setup above that these functions satisfy the conclusion of
Theorem 1.3. This completes the proof. □

8.4. AD equality for products of chains. A direct product of chains is a lattice

(8.5) L = L(N1, . . . , Nn) := CN1 × · · · × CNn ,

where i-th chain CNi has elements in [Ni] = {1, . . . , Ni}, and the join and meet operations are
given by pointwise maximum and minimum, respectively.

Theorem 8.3 (AD equality for direct products of chains). Let L = (L,∨,∧) be a direct product
of n chains as in (8.5). Let a,b, c,d : L → R≥0 be functions satisfying condition (AD-cond).
Then (AD-eq) holds if and only if there exist a subset A ⊆ [n], lattices

L1 = (L1,∨,∧) :=
⊗
i∈A
CNi , L2 = (L2,∨,∧) :=

⊗
j /∈A

CNj ,

functions f1, g1 : L1 → R≥0 , f2, g2 : L2 → R≥0 , and nonnegative constants α, β, γ, δ ≥ 0 such
that αβ = γδ, and (1.2) holds.

In the setting of Theorem 1.3, we are claiming that one only has to consider sublattices which
are themselves direct product of chains. This unique decomposability is well known phenomenon
in lattice theory, see e.g. Corollary 4 in [Grä98, §III.4]. For our purposes we need the following
variation:

Lemma 8.4. Let L1 = (L1,∨′,∧′) and L2 = (L2,∨′′,∧′′)be finite distributive lattices, and let
L = (L,∨,∧) be a product of n chains as in (8.5). Suppose ι : L1×L2 → L is an injective
lattice homomorphism. Let z1 ∈ L1 and z2 ∈ L2 denote the minimum elements of L1 and L2,
respectively, and let (c1, . . . , cn) := ι(z1, z2). Then there exists a subset A ⊆ [n], such that

ι
(
L1×{z2}

)
= L∗

1×{(cj)j∈[n]−A}, ι
(
{z1} × L2

)
= {(ci)i∈A} × L∗

2,

where L∗1 = (L∗
1,∨,∧) is a sublattice of

⊗
i∈A CNi and L∗2 = (L∗

2,∨,∧) is a sublattice of
⊗

j /∈A CNj .

Proof. Let Z1 ∈ L1 and Z2 ∈ L2 denote the maximum elements of L1 and L2 , respectively, and
let (C1, . . . , Cn) := ι(Z1, Z2). Similarly, let (a1, . . . , an) := ι(Z1, z2) , (b1, . . . , bn) := ι(z1, Z2).
Note that

(a1, . . . , an) ∨ (b1, . . . , bn) = ι(Z1, z2) ∨ ι(z1, Z2) = ι(Z1, Z2) = (C1, . . . , Cn),

(a1, . . . , an) ∧ (b1, . . . , bn) = ι(Z1, z2) ∧ ι(z1, Z2) = ι(z1, z2) = (c1, . . . , cn).

Hence we have:

ai ∨ bi = Ci , ai ∧ bi = ci for all i ∈ [n].
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Define A := {i ∈ [n] : ai = Ci}, and let

π1 : L →
⊗
i∈A
CNi , π2 : L →

⊗
j /∈A

CNj

be projections onto the coordinates indexed by A and [n] − A, respectively. It suffices to show
that, for all x1 ∈ L1 and x2 ∈ L2, we have:

π2 ◦ ι(x1, z2) = (cj)j /∈A and π1 ◦ ι(z1, x2) = (ci)i∈A .(8.6)

We prove only the first claim, as the proof of the second claim is analogous.
First, note that

π2 ◦ ι(x1, z2) ⩾ π2 ◦ ι(z1, z2) = π2(c1, . . . , cn) = (cj)j /∈A ,

where ⩾ is the natural partial order on
⊗

i∈A CNi . On the other hand, we similarly have

π2 ◦ ι(x1, z2) ⩽ π2 ◦ ι(Z1, z2) = π2(a1, . . . , an) = (cj)j /∈A ,

where the last equality is by the definition of A. This implies the first claim in (8.6), and completes
the proof. □

Proof of Theorem 8.3. It follows from Theorem 1.3 that the lattice closure of supp (a+b+c+d)
is isomorphic L1×L2 for some finite distributive lattices L1 = (L1,∨′,∧′) and L2 = (L2,∨′′,∧′′).
Furthermore, there exist α, β, γ, δ > 0, such that αβ = γδ, and (1.2) holds.

Let ι : L1×L2 → L be the given embedding. Apply Lemma 8.4 to ι, to obtain a subset
A ⊆ [n]. By the lemma, we can identify L1 and L2 with sublattices of

⊗
i∈A CNi and

⊗
j /∈A CNj ,

respectively.
We now formally embed L1 into the product of chains

⊗
i∈A CNi , and then extend the functions

f1, g1 : L1 → R≥0 to this entire space by setting them to be zero outside the original L1. We
apply the same extension to L2, f2, g2. The theorem now follows immediately from (1.2). □

9. FKG equality conditions

In this section, we prove equality conditions of the FKG inequality (Theorem 1.6). We then
state the version for the product of chains (Theorem 9.1).

9.1. Proof of Theorem 1.6. The proof of the ⇐ direction is clear, so we only prove the ⇒
direction. By adding positive constants to the functions if necessary, without loss of generality we
can assume that functions f, g are strictly positive. We can then apply Theorem 1.3 to functions

a := f ·µ, b := g ·µ, c := f · g ·µ, d := µ.

Note that these four functions satisfy (AD-cond) and (AD-eq). Hence there exists finite distribu-
tive lattices L = (L1,∨′,∧′), L2 = (L2,∨′′,∧′′), such that L ≃ L1 × L2 , functions p1, q1 : L1 →
R≥0 , p2, q2 : L2 → R≥0 , and positive constants α, β, γ, δ > 0, such that αβ = γδ, and

f(x1, x2)µ(x1, x2) = αp1(x1) p2(x2),(9.1)

g(x1, x2)µ(x1, x2) = β q1(x1) q2(x2),(9.2)

f(x1, x2) g(x1, x2)µ(x1, x2) = γ p1(x1) q2(x2),(9.3)

µ(x1, x2) = δ q1(x1) p2(x2),(9.4)

for all (x1, x2) ∈ L1×L2 . By rescaling f, g, µ if necessary, without loss of generality, we can
assume that α = β = γ = δ = 1. Since f, g, µ are strictly positive, so are p1, p2, q1, q2 .

We now define µ1, f
′ : L1 → R≥0 and µ2, g

′ : L2 → R≥0 by

µ1 := q1 , µ2 := p2 , f ′ :=
p1
q1
, g ′ :=

q2
p2
.
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It then follows from (9.4) that

µ(x1, x2) = µ1(x1)µ2(x2) for all (x1, x2) ∈ L .(9.5)

Next, it follows from (9.1), (9.2) and (9.5) that

f(x1, x2) = f ′(x1) , g(x1, x2) = g ′(x2) , for all (x1, x2) ∈ L1×L2 ,

as desired. □

9.2. FKG inequality for product of chains. In applications, the FKG inequality (FKG) is
often applied to lattices that are direct products of chains. In the next theorem we present
a version of the equality conditions for the FKG inequality tailored to these specific types of
lattices.

Theorem 9.1. Let L = (L,∨,∧) be a direct product of n chains as in (8.5). Let µ, f, g be as in
Theorem 1.5. Then (FKG) is an equality, i.e. if and only if there exist a subset A ⊆ [n], lattices

L1 = (L1,∨,∧) :=
⊗
i∈A
CNi , L2 = (L1,∨,∧) :=

⊗
j /∈A

CNj ,

functions f ′ : L1 → R, g ′ : L2 → R, such that

f(x1, x2) = f ′(x1), g(x1, x2) = g ′(x2) for all (x1, x2) ∈ supp µ,(9.6)

and measures µ1 : L1 → R≥0 , µ2 : L2 → R≥0 , such that

µ(x1, x2) = µ1(x1)µ2(x2) ∀ (x1, x2) ∈ L .(9.7)

The theorem is a direct consequence of Theorem 8.3. Alternatively, it can be derived from
Theorem 1.6 and Lemma 8.4 in the same way Theorem 8.3 is derived from Theorem 1.3. We omit
both proofs.

10. LPP equality conditions

10.1. Setup. The proof of the ⇐ direction is clear, so we present only the proof of the ⇒
direction. In fact, we prove the following much stronger result.

Theorem 10.1. Let λ/µ and ν/ρ be skew shapes. Assume that (λ ∨ ν)/(µ ∧ ρ) is connected.
Let N ≥ max{ℓ(λ), ℓ(ν)}+ 1 and let z = (z1, . . . , zN ) ∈ NN

>0 be a positive vector. Then:

(10.1) sλ/µ(z) · sν/ρ(z) = sλ/µ ∨ ν/ρ(z) · sλ/µ ∧ ν/ρ(z)

if and only if (LPP-eq-cond) holds.

Theorem 10.1 immediately implies Theorem 3.3, since (10.1) is an evaluation of the equality
case of (LPP). In particular, for z = (1n), Theorem 10.1 gives Theorem 4.3. The proof of
Theorem 10.1 occupies the rest of the section.
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10.2. Applying AD equality conditions. Let N ≥ max{ℓ(λ), ℓ(ν)} + 1. Let L = (L,∨,∧)
be the direct product of chains Cij on the elements [N ] ∪ {−∞,∞}, where the product is over
(i, j) ∈ (λ∨ ν)/(µ∧ ρ). In particular, we have |L | = (N +2)K , where K = |λ∨ ν| − |µ∧ ρ|. Here
we assume that elements in C(ij) have the natural total order: −∞ ≺ 1 ≺ . . . ≺ N ≺ ∞. The
elements T ∈ L are functions T : (λ∨ ν)/(µ∧ ρ)→ [N ]∪{−∞,∞}, and can be viewed as fillings
of the shape (λ ∨ ν)/(µ ∧ ρ).

For a skew shape π/τ , where µ ∧ ρ ⊆ τ ⊆ π ⊆ λ ∨ ν , let φπ/τ : L → R≥0 be the indicator
function on elements T : (λ ∨ ν)/(µ ∧ ρ)→ [N ] satisfying all these properties:

T (i, j) = −∞ if (i, j) ∈ τ ,
T (i, j) = ∞ if (i, j) ∈ (λ ∨ ν)/π,

T (i, j) ≤ T (i, j + 1) if (i, j), (i, j + 1) ∈ λ ∨ ν ,
T (i, j) + 1 ≤ T (i+ 1, j) if (i, j), (i+ 1, j) ∈ λ ∨ ν ,

where we assume that −∞ + 1 = −∞. In other words, we have φπ/τ (T ) = 1 for all functions
T ∗ ∈ SSYT(π/τ,N), where T ∗ is obtained from T by removing all boxes with entries in {−∞,∞},
and we have φπ/τ = 0 otherwise.

Let a,b, c,d : L→ R≥0 be the functions given by

a(T ) := φλ/µ(T )
∏
i∈[N ]

zT (i) , b(T ) := φν/ρ(T )
∏
i∈[N ]

zT (i) ,

c(T ) := φ(λ/µ)∧(ν/ρ)(T )
∏
i∈[N ]

zT (i) , d(T ) := φ(λ/µ)∨(ν/ρ)(T )
∏
i∈[N ]

zT (i) .

In was shown in [CP23a, §8], that these four functions satisfy (AD-cond).
Now, it follows from (10.1) that

sλ/µ(z ) · sν/ρ(z ) = sλ/µ ∧ ν/ρ(z ) · sλ/µ ∨ ν/ρ(z ).

On the other hand, it follows from the choice of a, b, c, d that

sλ/µ(z ) =
∑
T∈L

a(T ), sν/ρ(z ) =
∑
T∈L

b(T ),

sλ/µ∧ν/ρ(z ) =
∑
T∈L

c(T ), sλ/µ∨ν/ρ(z ) =
∑
T∈L

d(T ).

We conclude that a, b, c, d satisfy (AD-eq). It then follows from Theorem 8.3 that there exist a
subset A ⊆ (λ ∨ ν)/(µ ∧ ρ), the corresponding sublattices L1 = (L1,∨,∧), L2 = (L2,∨,∧), given
by

L1 :=
⊗

(i,j)∈A

C(i,j), L2 :=
⊗

(i,j)/∈A

C(i,j),

functions f1, g1 : L1 → R≥0 , f2, g2 : L2 → R≥0 and positive constants α, β, γ, δ > 0, such that
αβ = γδ and

φλ/µ(x1, x2) = α f1(x1) f2(x2),(10.2)

φν/ρ(x1, x2) = β g1(x1) g2(x2),(10.3)

φλ/µ∧ν/ρ(x1, x2) = γ f1(x1) g2(x2),(10.4)

φλ/µ∨ν/ρ(x1, x2) = δ g1(x1) f2(x2),(10.5)

for all (x1, x2) ∈ L1×L2 . These equality conditions are quite far from the desired two possibilities
in (LPP-eq-cond). For the rest of this section we give a detailed analysis bridging the gap.
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10.3. Analysis of equality cases. The following lemmas that will be used repeatedly throughout
the proof.

Lemma 10.2. Let (i, j) and (i′, j′) be adjacent squares such that

(i, j), (i′, j′) ∈ λ/µ or (i, j), (i′, j′) ∈ ν/ρ or

(i, j), (i′, j′) ∈ λ/µ ∨ ν/ρ or (i, j), (i′, j′) ∈ λ/µ ∧ ν/ρ.
Then:

either (i, j), (i′, j′) ∈ A or (i, j), (i′, j′) /∈ A.

Proof. Without loss of generality, we assume that (i′, j′) = (i, j+1), as the case (i′, j′) = (i+1, j)
is analogous. Similarly, we assume that both (i, j) and (i, j + 1) are in λ/µ, as the proof of the
other cases are also analogous. Suppose the claim in the lemma is false. Without loss of generality,
we assume that (i, j) ∈ A, (i, j + 1) /∈ A, as the reverse case is analogous.

Let T : (λ ∨ ν)/(µ ∧ ρ)→ [N ] ∪ {−∞,∞} be the function given by

T (k, ℓ) :=


k if (k, ℓ) ∈ λ/µ,
∞ if (k, ℓ) ∈ (λ ∨ ν)/λ,
−∞ if (k, ℓ) ∈ µ.

(10.6)

Note that T corresponds to a SSYT of shape λ/µ, and hence φλ/µ(T ) > 0 by construction.
Let T ′ : (λ ∨ ν)/(µ ∧ ρ)→ [N ] ∪ {−∞,∞} be the function given by

T ′(k, ℓ) :=


k + 1 if (k, ℓ) ∈ λ/µ,
∞ if (k, ℓ) ∈ (λ ∨ ν)/λ,
−∞ if (k, ℓ) ∈ µ,

(10.7)

where the image of T is contained in [N ] ∪ {0,∞} because k + 1 ≤ ℓ(λ) + 1 ≤ N . Note that

φλ/µ(T ) > 0, by construction. Finally, let T ′′ : (λ∨ ν)/(µ∧ ρ)→ [N ]∪{−∞,∞} be the function
given by

T ′′(k, ℓ) :=


k + 1 if (k, ℓ) ∈ (λ/µ) ∩A,
k if (k, ℓ) ∈ (λ/µ), (k, ℓ) /∈ A,
∞ if (k, ℓ) ∈ (λ ∨ ν)/λ,
−∞ if (k, ℓ) ∈ µ.

On the one hand, since φλ/µ(T ), φλ/µ(T ′) > 0, it follows from the decomposition of φλ/µ in (10.2)

that φλ/µ(T ′′) > 0. On the other hand, by the definition of T ′′, we have

T ′′(i, j) = i+ 1 > i = T ′′(i, j + 1).

This inequality gives φλ/µ(T ′′) = 0 by the definition of φλ/µ, a contradiction. □

Lemma 10.3. Suppose that (i, j) ∈ A. Then:

(i, j) ∈ λ/µ ⇔ (i, j) ∈ λ/µ ∧ ν/ρ , (i, j) ∈ ν/ρ ⇔ (i, j) ∈ λ/µ ∨ ν/ρ.
Similarly, suppose that (i, j) /∈ A. Then:

(i, j) ∈ λ/µ ⇔ (i, j) ∈ λ/µ ∨ ν/ρ , (i, j) ∈ ν/ρ ⇔ (i, j) ∈ λ/µ ∧ ν/ρ.

Proof. Without loss of generality, we can assume that (i, j) ∈ A. We will only show the proof of
the implication

(i, j) ∈ λ/µ ⇒ (i, j) ∈ λ/µ ∧ ν/ρ,
as the proof of the other cases are analogous.
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Let T : (λ ∨ ν)/(µ ∧ ρ)→ [N ] ∪ {−∞,∞} be the function in (10.6). Note that we have

φλ/µ(T ) > 0 and T (i, j) = i ∈ {1, . . . N}.

Since (i, j) ∈ A, it follows from (10.2) and (10.4) that that there exists S : (λ ∨ ν)/(µ ∧ ρ) →
[N ] ∪ {−∞,∞} such that

φλ/µ∧ν/ρ(S) > 0 and S(i, j) = i ∈ {1, . . . N}.

It then follows from the definition of φλ/µ∧ν/ρ, that (i, j) ∈ λ/µ ∧ ν/ρ, as desired. □

Lemma 10.4. For any i ≥ 1, at least one of the following conditions hold:

λi ≤ νi and µi ≤ ρi , or(R1)

νi ≤ λi and ρi ≤ µi .(R2)

Proof. Suppose to the contrary, that the claim is false. By the symmetry, without loss of generality,
we can assume that λi < νi and ρi < µi . This implies that ρi < νi. It then follows that
(i, νi) ∈ ν/ρ and (i, νi) /∈ λ/µ ∧ ν/ρ. Then Lemma 10.3 implies that (i, νi) ∈ A.

Similarly, it follows that (i, ρi + 1) ∈ ν/ρ and (i, ρi + 1) /∈ λ/µ ∨ ν/ρ. Then Lemma 10.3
implies that (i, ρi + 1) /∈ A. On the other hand, we have (i, ρi + 1), (i, ρi + 2), . . . , (i, νi) ∈ ν/ρ,
so it follows from Lemma 10.2 that they all are in A, or they all are not in A. This gives us a
contradiction. □

Lemma 10.5. If i satisfies (R1) but not (R2), then{
every square in i-th row of λ/µ is in A,

every square in i-th row of ν/ρ is in A.

Similarly, if i satisfies (R2) but not (R1), then{
every square in i-th row of λ/µ is not in A,

every square in i-th row of ν/ρ is not in A.

Proof. We prove only the first part, as the proof of the second part is analogous. If i is as in the
first part of the lemma, we have either λi < νi or µi < ρi . We will further assume that λi < νi ,
as the proof for the other case is analogous.

Let us first show that every square in the i-th row of ν/ρ is in A. The statement is vacuously
true if ρi = νi , so assume that ρi < νi . This implies that (i, νi) ∈ ν/ρ. Since λi < νi , we have
(i, νi) /∈ λ/µ ∧ ν/ρ. Lemma 10.3 then implies that (i, νi) ∈ A. Thus, by Lemma 10.2, every
square in the i-th row of ν/ρ is in A.

Next, let us show that every square in i-th row of λ/µ is in A. The statement is vacuously
true if µi = λi , so assume that µi < λi . There are now two cases. First, suppose that ρi > µi .
Then (i, µi + 1) ∈ λ/µ, but (i, µi + 1) /∈ λ/µ ∨ ν/ρ. Lemma 10.3 implies that (i, µi + 1) ∈ A.
Lemma 10.2 then implies that every square in i-th row of λ/µ is in A.

Second suppose that ρi = µi. In this case we then have every square in λ/µ is also in ν/ρ.
Since we have previously shown that every square in the i-th row of ν/ρ is in A, it then follows
that every square in the i-th row of λ/µ is also in A. This completes the proof. □
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10.4. Proof of Theorem 10.1. The proof of the ⇐ direction is straightforward. For the ⇒
direction, suppose to the contrary that the claim is false. By the symmetry, and by making a
careful choice the rows, we can assume that there exists i < j, such that: i satisfies (R1) but not
(R2), j satisfies (R2) but not (R1), and i+ 1, . . . , j − 1 satisfy both (R1) and (R2).

Because the skew shape (λ∨ν)/(µ∧ρ) is connected, it follows that min{µi, ρi} < max{λi+1, νi+1}.
Because i satisfies (R1) and i + 1 satisfies (R2), we then have µi < λi+1. This implies that
(i, µi + 1) and (i+ 1, µi + 1) are adjacent squares in λ/µ.

Since every square in the i-th row of λ/µ is in A by Lemma 10.5, it follows from Lemma 10.2
that (i + 1, µi + 1) is a square in the (i + 1)-th row of λ/µ that is also in A. Iterating this
argument, we conclude that (j, µj−1 + 1) is a square in the j-th row of λ/µ is also in A. On the
other hand, it follows from Lemma 10.5 that every square in the j-th row of λ/µ is not in A, a
contradiction. This completes the proof. □

11. Implications of LPP equality conditions

In this section, we prove equality conditions for both the Okounkov and the generalized Björner
inequality. Both proofs use equality conditions for the LPP inequality (Theorem 3.3).

11.1. Proof of Theorem 3.6. The following result is an extension of Theorem 3.6 to a large set
of skew shapes, but with the same equality conditions.

Theorem 11.1. Let λ/µ, ν/ρ be skew shapes such that ℓ(λ), ℓ(ν) ≤ ℓ. Assume that for all
i ∈ [ℓ− 1], we have:

(11.1) µi < λi+1 or ρi < νi+1 .

Then (Ok) is an equality:

(11.2) sλ/µ · sν/ρ = s⌈(λ+ν)/2⌉/⌈(µ+ρ)/2⌉ · s⌊(λ+ν)/2⌋/⌊(µ+ρ)/2⌋

if and only if

λ − ν = a(ε1, ε2, . . .) + (b, b, . . .), µ − ρ = a(ε′1, ε
′
2, . . .) + (b, b, . . .),(11.3)

for some a ∈ {±1}, b ∈ Z, and ε1, ε
′
1, ε2, ε

′
2, . . . ∈ {0, 1}.

Note that the condition (11.1) does not in fact make Theorem 11.1 less general. Indeed, given
any λ, µ, ν, ρ, we can partition [ℓ] into disjoint intervals [a1, a2), [a2, a3), . . ., [ak−1, ak) for some
1 = a1 < · · · < ak = ℓ + 1 , such that restricting to the rows indexed by each interval [ai, ai+1)
satisfies (11.1).

Proof of Theorem 11.1. The direction ⇐ is straightforward, so we present only the proof of the
=⇒ direction. We start with the following observations. Let λ, µ, ν, ρ ∈ Nℓ be partitions satisfying
µ ⊆ λ, ρ ⊆ ν. Denote λ∗ := λ+ 1ℓ and µ∗ := µ+ 1ℓ . Then we have sλ∗/µ∗ = sλ/µ and

s⌈(λ∗+ν)/2⌉/⌈(µ∗+ρ)/2⌉ = s⌊(λ+ν)/2⌋/⌊(µ+ρ)/2⌋, s⌊(λ∗+ν)/2⌋/⌊(µ∗+ρ)/2⌋ = s⌈(λ+ν)/2⌉/⌈(µ+ρ)/2⌉,

by the identities ⌈(x+ 1)/2⌉ = ⌊x/2⌋+ 1 and ⌊(x+ 1)/2⌋ = ⌈x/2⌉ .
Let λ, µ, ν, ρ ∈ Zℓ be as given in the theorem. From the equations above, the equality (11.2)

is preserved under the substitution λ ← λ + c · 1ℓ, µ ← µ + c · 1ℓ, ν ← ν + d · 1ℓ, ρ ← ρ + d · 1ℓ,
for all c, d ≥ 0. In particular, we can assume without loss of generality, that all parts of λ, µ, ν, ρ
are arbitrarily large.

Suppose to the contrary that partitions λ, µ, ν, ρ give an equality in (11.2), but do not satisfy
(11.3). Then, vector (λ, µ) − (ν, ρ) ∈ Z2ℓ contains at least three distinct entries. It then follows
that we can choose c ∈ Z such that the vector (λ◦, µ◦) − (ν, ρ) contains at least one strictly
positive and at least one strictly negative entry, where λ◦ := λ + c · 1ℓ and µ◦ := µ + c · 1ℓ. In
particular, this implies that partitions λ◦, µ◦, ν, ρ do not satisfy (LPP-eq-cond).
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Now, it follows from the LPP inequality (Theorem 3.1), that

(11.4) sλ/µ · sν/ρ = sλ◦/µ◦ · sν,ρ ⩽s s(λ◦/µ◦)∨(ν/ρ) · s(λ◦/µ◦)∧(ν/ρ) .

Let α/β := (λ◦/µ◦) ∨ (ν/ρ) and γ/δ := (λ◦, µ◦) ∧ (ν, ρ) . It follows from (Ok) that

sα/β · sγ/δ ⩽s s⌈(α+γ)/2⌉/⌈(β+δ)/2⌉ · s⌊(α+γ)/2⌋/⌊(β+δ)/2⌋

= s⌈(λ◦+ν)/2⌉/⌈(µ◦+ρ)/2⌉ · s⌊(λ◦+ν)/2⌋/⌊(µ◦+ρ)/2⌋

= s⌊(λ+ν)/2⌋/⌊(µ+ρ)/2⌋ · s⌈(λ+ν)/2⌉/⌈µ+ρ)/2⌉.

(11.5)

Since λ, µ, ν, ρ gives an equality in (Ok), we conclude both (11.4) and (11.5) are equalities.
Since partitions λ◦, µ◦, ν, ρ do not satisfy (LPP-eq-cond), it then follows from Theorem 3.3

that skew shape (λ◦ ∨ ν)/(µ◦ ∧ ρ) is not connected. This implies that there exists i ∈ [ℓ− 1] such
that

min{µ◦i , ρi} ≥ max{λ◦i+1, νi+1}.

This in turn implies that

µ◦i ≥ λ◦i+1 and ρi ≥ νi+1 ,

which contradicts (11.1). This completes the proof. □

11.2. Proof of Theorem 4.2. The ⇐ direction is straightforward. Indeed, since (LPP) is an
equality, for the principal evaluation (z1, z2, z3, . . .)← (1, q, q2, . . .) gives:

sλ/µ(1, q, q
2, . . .) · sν/ρ(1, q, q2, . . .) = sλ/µ ∨ ν/ρ(1, q, q

2, . . .) · sλ/µ ∧ ν/ρ(1, q, q
2, . . .),

for all q ∈ [0, 1). Apply (2.4) for each of the four principal evaluations. Multiply both sides of the
equation above by (1− q)m and take the limit q → 1−, where m := |λ/µ|+ |ν/ρ|. This gives

f(λ/µ) · f(ν/ρ) = f(λ/µ ∧ ν/ρ) · f(λ/µ ∨ ν/ρ),

as desired.
The ⇒ direction is proved in a similar manner, but in reverse. Write (LPP) as follows:

(11.6) sλ/µ∧ν/ρ · sλ/µ∨ν/ρ − sλ/µ · sν/ρ =
∑
τ ⊢m

aτ sτ ,

where all aτ ≥ 0. As above, take principal evaluations and apply (2.4) to each Schur function,
multiply both sides by (1− q)m and take the limit q → 1−. We obtain:

f(λ/µ ∨ ν/ρ) f(λ/µ ∧ ν/ρ) − f(λ/µ) · f(ν/ρ) =
∑
ν ⊢m

aτ f(τ).

By assumption, the LHS is equal to zero, so we have aτ = 0 for all τ ⊢ m. Thus, both sides of
(11.6) are also equal to zero, as desired. □

Remark 11.2. In fact, the monomial positive version of (LPP) would also suffice for the argument
above. As we mentioned earlier, monomial positivity is much easier to prove, see [LP07, CP23a].
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12. Proof of Theorem 4.5

12.1. RLS inequality. We need the following curious generalization of (AD). For a lattice
L = (L,∨,∧) , a function f : L→ R, and a subset S ⊆ L, we write

f(S) :=
∑
x∈S

f(x).

Theorem 12.1 (RLS inequality). Let L = (L,∨,∧) be a product of M -chains, let C,D ⊆ L
be fixed subsets, and let Ω(C,D) denote the set of pairs (A,B) ∈ L2, such that A ∨ B = C,
A ∧B = D. Finally, let a,b, c,d : L→ R≥0 be four functions satisfying (AD-cond). Then:

(RLS)
∑

(A,B)∈Ω(C,D)

a(A) b(B) ≤
∑

(A,B)∈Ω(C,D)

c(A) d(B).

This inequality was proved by the authors in [CP23a, Claim 6.3]. For the Boolean lattice (the
case M = 2), the result was proved by Lovász–Saks [LS06, Thm 8], generalizing the case C = L
and D = ∅ by Reuter [Reu87]. In fact, these were independent developments; the connection
was discovered in [CCPS26].

12.2. Proof of the ⇒ direction. Let n := |X| and N := 2n. Let Y be the subset of [N ] given
by

Y :=
{
1, 2, . . . , |X −A−B|

}
∪

{
n+ 1, n+ 2, . . . , n+ |X − C −D|

}
.

Notice that the two sets in the right hand side of the equation above are disjoint, and

|Y | = 2|X| − |A| − |B| − |C| − |D|.
Let L = (L,∨,∧) be a direct product of |X| copies of (N + 2)-chains: L := ([N ] ∪ {0,∞})X . In
other words, every element T ∈ L corresponds to a function T : X → [N ] ∪ {0,∞}.

Take variables z = (q, z1, . . . , zN , t). For a function T : X → [N ] ∪ {0,∞} , we write

z T := qm0(T ) z
m1(T )
1 · · · zmN (T )

N tm∞(T ) ,

where mi(T ) := |T−1(i)|. Let K ⊆ L×L be a subset given by

K :=
{
(S, T ) ∈ L×L : zS z T = q|A|+|B| t|C|+|D|z Y

}
.

Let W ⊆ X be a subset satisfying X −W ⊆ A∪B ∪C ∪D. We denote by ϕW : L→ R≥0 the
indicator function of the set of T : X → [N ] ∪ {0,∞} satisfying

T (x) < T (y) for all x ≺ y, where x, y ∈W ,

T (x) = 0 for all x ∈ (A ∪B)−W, and
T (x) = ∞ for all x ∈ (C ∪D)−W.

Note that every such T : X → {0, . . . , N} corresponds to a linear extension ζ ∈ E(P|W ), and
that several such functions may correspond to the same ζ.

We define functions a,b, c,d : L→ R≥0 by

a = ϕX−A−C , b := ϕX−B−D, c := ϕX−C−D, d := ϕX−A−B.

It is straightforward to check that these four functions satisfy (AD-cond). We have by construc-
tion:

f(X −A− C) · f(X −B −D) =
1

|Y |!
∑

(S,T )∈K

a(S) b(T ),

f(X − C −D) · f(X −A−B) =
1

|Y |!
∑

(S,T )∈K

c(S) d(T ).
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It then follows from (Fis-eq) that

(12.1)
∑

(S,T )∈K

c(S) d(T ) − a(S) b(T ) = 0.

Let K′ ⊆ K be the subset of elements (U, V ), such that U(x) ≥ V (x) for all x ∈ X. For every
(U, V ) ∈ K′, we write

ψ(U, V ) :=
∑

(S,T )∈K s.t.
S∨T=U, S∧T=V

c(S) d(T ) − a(S) b(T ).

By Theorem 12.1, we have ψ(U, V ) ≥ 0. On the other hand, we also have∑
(S,T )∈K

c(S) d(T ) − a(S) b(T ) =
∑

U,V ∈K′

ψ(U, V ).

It then follows from (12.1) that

(12.2) ψ(U, V ) = 0 for all (U, V ) ∈ K′.

For the rest of the proof, take (U, V ) ∈ K′ that satisfies the following properties:

U(x) = ∞ for all x ∈ C ∪D,
V (x) = 0 for all x ∈ A ∪B,
U(x) ∈ {n+ 1, n+ 2, . . . , n+ |X − C −D|} for all x ∈ X − C −D,
V (x) ∈ {1, 2, . . . , |X −A−B|} for all x ∈ X −A−B.

Here the function U : X → [N ] ∪ {0,∞} can be constructed by selecting a linear extension
ζ ∈ E(P|X−C−D), and then specifying the value of U(x) for all x ∈ X −C −D according to the
order established by ζ. The function V : X → [N ] ∪ {0,∞} can be constructed similarly. Note
that

(12.3) U(x) > n ≥ V (y) for all x, y ∈ X.

Observe that c(U) d(V ) = 1 by construction. Therefore, by (12.2), there exists (S, T ) ∈ K
satisfying S ∨ T = U and S ∧ T = V , and such that a(S) b(T ) = 1. Let X1, X2 be subsets of X
given by

X1 := {x ∈ X : S(x) = U(x) and T (x) = V (x) } ,
X2 := {x ∈ X : S(x) = V (x) and T (x) = U(x) } .

Lemma 12.2. Let x, y ∈ X be comparable in P. Then either x, y ∈ X1 or x, y ∈ X2.

Proof. Without loss generality, assume that x ≺ y and that x ∈ X1. By (12.3), we have:

S(y) ≥ S(x) = U(x) ≥ n+ 1.

By (12.3) again, this gives S(y) = U(y), which in turn implies that y ∈ X1 , as desired. □

Lemma 12.3. A ∪D ⊆ X2 and B ∪ C ⊆ X1 .

Proof. We will only prove that x ∈ A ⇒ x ∈ X2 , as the proof of the other cases are analogous.
Since x ∈ A and a(S) = ϕX−A−C(S) > 0, we have S(x) = 0. Thus, in particular,we have
S(x) ≤ n. It then follows from (12.3) that S(x) = V (x). This implies that x ∈ X2 , as desired. □

Proof of connectivity conditions. For the part A ↮ B in (4.4), it follows from Lemma 12.3 that
A ⊆ X2, and B ⊆ X1. Suppose to the contrary, that some elements of A and B are connected in
the comparability graph Γ(P). It then follows from Lemma 12.2 that these elements must both
belong to X1 or both belong to X2, a contradiction. Other conditions are proved analogously. □
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12.3. Proof of the ⇐ direction. It suffices to prove that, for every connected component
X ′ ⊆ X in the comparability graph Γ(P), we have:

(12.4) f(X ′ −A− C) · f(X ′ −B −D) = f(X ′ − C −D) · f(X ′ −A−B).

From (4.4), it follows that X ′ intersects at most two subsets of A,B,C,D.
First, suppose that X ′ intersects none of the subsets A,B,C,D. Then we have:

X ′ −A− C = X ′ −B −D = X ′ − C −D = X ′ −A−B = X ′ ,

and (12.4) follows immediately. Second suppose thatX ′ intersects exactly one subset of A,B,C,D,
say A. Then we have:

X ′ −A− C = X ′ −A−B = X ′ −A , X ′ −B −D = X ′ − C −D = X ′ ,

and (12.4) follows immediately.
Finally, suppose that X ′ intersects exactly two subsets of A,B,C,D. From (4.4), it follows

that either X ′ intersects A and D, or X ′ intersects B and C. Without loss of generality, assume
the former possibility. Then we have:

X ′ −A−B = X ′ −A− C = X ′ −A , X ′ −B −D = X ′ − C −D = X ′ −D ,

and (12.4) follows immediately. This completes the proof. □

13. Equality conditions for the ADS inequality

13.1. Finite support case. We now prove Theorem 3.8 in the case when all four functions have
finite support. Formally, fix ℓ, w ≥ 1. Denote by Yℓ,w the set of partitions λ = (λ1, . . . , λℓ), such
that λ1 ≤ w. Observe that Yℓ,w forms a finite sublattice of Y.

From this point on, we assume that

supp(a), supp(b), supp(c), supp(d) ⊆ Yℓ,w.

and that none of the functions a,b, c,d is identically zero (otherwise the theorem holds trivially).
Let Lℓ,w = (L,∨,∧) be a direct product Lℓ,w = C1× . . .×Cℓ of ℓ copies of chains on {0, 1 . . . , w}.
Observe that Yℓ,w is a sublattice of Lℓ,w. Extend the functions a,b, c,d to L as 0 outside of Yℓ,w.

Let N ≥ ℓ, and let z = (z1, . . . , zN ) ∈ RN
>0 be an arbitrary positive vector. Define:

a′(λ) := a(λ) sλ(z ) , b′(λ) := b(λ) sλ(z ) , c′(λ) := c(λ) sλ(z ) , d′(λ) := d(λ) sλ(z ).

It follows from (LPP), that four functions a′,b′, c′, d′ : L → R≥0 satisfy (AD-cond). It then
follows from the equality in (ADS), that a′, b′, c′, d′ satisfy (AD-eq). By Theorem 8.3, there exist
a subset A ⊆ [ℓ], lattices

L1 = (L1,∨,∧) :=
⊗
i∈A
Ci , L2 = (L1,∨,∧) :=

⊗
j /∈A

Cj ,

functions f ′1, g
′
1 : L1 → R≥0 , f

′
2, g

′
2 : L2 → R≥0 , and constants α, β, γ, δ > 0, such that αβ = γδ

and

(13.1)
a′(x1, x2) = α f ′1(x1) f

′
2(x2), b′(x1, x2) = β g ′1(x1) g

′
2(x2),

c′(x1, x2) = γ f ′1(x1) g
′
2(x2), d′(x1, x2) = δ g ′1(x1) f

′
2(x2),

for all (x1, x2) ∈ L1×L2 . Let us emphasize that, a priori, the subset A can depend on the
underlying choice of z = (z1, . . . , zN ).

Note that the index sets A and A := [ℓ]−A are not necessarily contiguous. Thus, in order to
preserve membership in Yℓ,w the isomorphism L ≃ L1 ×L2 maps weakly decreasing coordinates
in L to weakly decreasing coordinates in L1 ,L2 . We write λ = (λ(1), λ(2)) to emphasize the

decomposition, which is mapped onto the union of partitions λ = λ(1) ∪ λ(2).
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Let λ = (λ(1), λ(2)) and µ = (µ(1), µ(2)) be elements of L = L1×L2. It follows from (13.1) that

a(λ(1), λ(2)) b(µ(1), µ(2)) · s(λ(1),λ(2))(z ) s(µ(1),µ(2))(z ) = a′(λ(1), λ(2)) b′(µ(1), µ(2))

= c′(λ(1), µ(2)) d′(µ(1), λ(2)) = c(λ(1), µ(2)) d(µ(1), λ(2)) · s(λ(1),µ(2))(z ) s(µ(1),λ(2))(z ).

Since the choice of z varies over all RN
>0 , this implies the polynomial identity

(13.2)
a(λ(1), λ(2)) b(µ(1), µ(2)) · s(λ(1),λ(2)) s(µ(1),µ(2))

= c(λ(1), µ(2)) d(µ(1), λ(2)) · s(λ(1),µ(2)) s(µ(1),λ(2)) ,

where the subset A ⊆ [ℓ] is globally determined.

Lemma 13.1. Let (λ(1), λ(2)) ∈ supp(a) and (µ(1), µ(2)) ∈ supp(b). Then we have:

either λ(1) = µ(1) or λ(2) = µ(2).

Proof. Taking the leading terms of (13.2) w.r.t. the dominance order gives an equality of monomial
symmetric polynomials:

a(λ(1), λ(2)) b(µ(1), µ(2))m(λ(1)+µ(1),λ(2)+µ(2)) = c(λ(1), µ(2)) d(µ(1), λ(2))m(λ(1)+µ(1),λ(2)+µ(2)) ,

which implies that

(13.3) a(λ(1), λ(2)) b(µ(1), µ(2)) = c(λ(1), µ(2)) d(µ(1), λ(2)).

We thus have the equality of products of Schur polynomials

(13.4) s(λ(1),λ(2)) · s(µ(1),µ(2)) = s(λ(1),µ(2)) · s(µ(1),λ(2)) .

By Rajan’s Theorem 2.1, this implies that either λ(1) = µ(1) or λ(2) = µ(2), as desired. □

A priori, which of the two conditions in Lemma 13.1 holds could depend on the choice of λ and
µ. In the following lemma, we show that one of these cases must hold globally.

Lemma 13.2. One of the following holds: either[
λ(1) = µ(1) for all (λ(1), λ(2)) ∈ supp(a) and (µ(1), µ(2)) ∈ supp(b),

λ(2) = µ(2) for all (λ(1), λ(2)) ∈ supp(a) and (µ(1), µ(2)) ∈ supp(b).

Proof. it follows from (13.2) and Lemma 13.1 that, for all (λ1, λ2), (µ1, µ2) ∈ L,

(13.5) a(λ1, λ2) b(µ1, µ2) = c(λ1, µ2) d(µ1, λ2).

By the argument analogous to the proof of Theorem 8.1, it then follows that there exist functions
f1, g1 : L1 → R≥0 , f2, g2 : L2 → R≥0 such that, for all (λ(1), λ(2)) ∈ L1×L2 ,

(13.6)

{
a(λ(1), λ(2)) = α f1(λ

(1)) f2(λ
(2)), b(λ(1), λ(2)) = β g1(λ

(1)) g2(λ
(2)),

c(λ(1), λ(2)) = γ f1(λ
(1)) g2(λ

(2)), d(λ(1), λ(2)) = δ g1(λ
(1)) f2(λ

(2)),

Now, suppose to the contrary that the claim in the lemma is false. Then it follows from (13.6),

that there exist λ(1) ∈ supp(f1) and µ(1) ∈ supp(g1), such that λ(1) ̸= µ(1). Similarly there

exist λ(2) ∈ supp(f2) and µ(2) ∈ supp(g2), such that λ(2) ̸= µ(2). By (13.6), this implies that

(λ(1), λ(2)) ∈ supp(a) and (µ(1), µ(2)) ∈ supp(b), which contradicts Lemma 13.1. □
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By Lemma 13.2, without loss of generality, we may assume that there exists a fixed element
w1 ∈ L1 such that

λ(1) = µ(1) = w1 for all (λ(1), λ(2)) ∈ supp(a) and (µ(1), µ(2)) ∈ supp(b).

By (13.6), it follows that

λ(1) = µ(1) = w1 for all (λ(1), λ(2)) ∈ supp(c) and (µ(1), µ(2)) ∈ supp(d).

Our non-degeneracy assumption ensures these supports are non-empty, allowing us to find ele-
ments x2, y2 ∈ L2 , such that (w1, x2) ∈ supp(a) and (w1, y2) ∈ supp(b). By (13.5), this gives
(w1, y2) ∈ supp c and (w1, x2) ∈ supp d.

We now show that, for all λ := (λ(1), λ(2)) ∈ L1×L2 , we have:

(13.7) d(λ) =
b(w1, y2)

c(w1, y2)
a(λ).

Indeed, if λ(1) ̸= w1, then we have d(λ) = a(λ) = 0, so (13.7) clearly holds. If λ(1) = w1, it follows
that

d(λ) = d(λ(1), λ(2)) =
b(λ(1), y2)

c(w1, y2)
a(w1, λ

(2)) =
b(w1, y2)

c(w1, y2)
a(λ(1), λ(2)) =

b(w1, y2)

c(w1, y2)
a(λ),

where the second equality is by (13.3). This completes the proof of (13.7).
By an analogous argument, we have, for all λ ∈ Yℓ,w,

c(λ) =
a(w1, x2)

d(w1, x2)
b(λ).

This implies that (ADS-eq2) holds, and the proof of Theorem 3.8 in case of a finite support is
complete. □

13.2. General case. Expanding the products in the (ADS) and grouping the summands, we
have: ∑

λ∈Y

c(λ) sλ ·
∑
λ∈Y

d(λ) sλ −
∑
λ∈Y

a(λ) sλ ·
∑
λ∈Y

b(λ) sλ

=
∑

λ,µ∈Y

(
c(λ) d(µ) − a(λ) b(µ)

)
sλ sµ

=
∑
(ω,π)

∑
(λ,µ)∈U(ω,π)

(
c(λ) d(µ) − a(λ) b(µ)

)
sλ sµ .

(13.8)

where the outer sum is over all ω, π ∈ Z∞
≥0 with finite support, and the inner sum is over the set

U(ω, π) :=
{
(λ, µ) ∈ Y× Y : λ ∨ µ = ω + π, λ ∧ µ = ω

}
.

Now, define Φs(ω, π) := Φs(ω, π; a, b, c, d) to be the inner sum on the RHS of (13.8):

Φs(ω, π) :=
∑

(λ,µ)∈U(ω,π)

(
c(λ) d(µ) − a(λ) b(µ)

)
sλ/µ sν/ρ .

We need the following Schur-positive version of Theorem 12.1.

Theorem 13.3 ([CCPS26, Thm 8.1]). Let ω, π ∈ Zℓ
≥0, let a,b, c,d : Y × Y → R≥0 be four

functions satisfying (AD-cond). Then we have:

Φs(ω, π) ⩾s 0.(13.9)
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Now, since (ADS) is an equality by assumption, it follows that the LHS of (13.8) is 0. Since
(13.8) is a sum of nonnegative Schur functions by Theorem 13.3, it then follows that

(13.10) Φs(ω, π) = 0,

for all ω, π ∈ Z∞
≥0 with finite support.

Now, fix ℓ, w ≥ 1. By the same calculation as in (13.8), we obtain∑
λ∈Yℓ,w

c(λ) sλ ·
∑

λ∈Yℓ,w

d(λ) sλ −
∑

λ∈Yℓ,w

a(λ) sλ ·
∑

λ∈Yℓ,w

b(λ) sλ =
∑
(ω,π)

Φs(ω, π),(13.11)

where the sum is over all pairs ω, π ∈ Zℓ
≥0 such that ω + π ∈ {0, 1, . . . , w}ℓ. It then follows

from (13.10) that the right hand side of (13.11) is equal to 0. Applying the finite support case
above, we conclude that the four functions a, b, c, d restricted to Yℓ,w satisfy either (ADS-eq1) or
(ADS-eq2). Taking the limit ℓ, w → ∞, it follows that the functions satisfy whichever condition
holds for infinitely many pairs (ℓ, w). This completes the proof of Theorem 3.8. □

14. Final remarks

14.1. Throughout the paper, we took it for granted that equality conditions are important and worth the
effort. But are they really? The honest answer is: that depends entirely on the area of mathematics. For
basic analytic inequalities, such as the Chebyshev inequality (1.7), the equality conditions are usually quite
simple and follow easily from the proofs. Including them along with the statement/proof of the inequality
as it is done in [HLP52], is a well-established and widely used practice. This is largely because strict
versions of these inequalities are often needed in more involved inequalities.

In the opposite extreme, for geometric inequalities discussed in §1.6, the equality conditions are funda-
mental and remain a major direction of study, see e.g. [Gar02, Sch94]. In calculus of variations, the study
of equality cases of geometric inequalities, such as the Brunn–Minkowski inequality, is really the starting
point, as the game is over getting better bounds for the stability problems, see e.g. [Fig14]. This is similar
to additive combinatorics, where equality cases are closely related to basic structures, such as arithmetic
progressions or group cosets, and a great deal of effort is made to obtain bounds on the distance from these
structures to the near-equality cases, see e.g. [TV06].

In Riemannian and differential geometry, the equality conditions are also crucial, as they describe rigidity
properties of the (often unique) equality cases, see e.g., numerous examples in [Pet16]. A different picture
emerges in extremal combinatorics, where the equality conditions turn out to be interesting structures, such
as Kneser graphs or set designs, see e.g. [Bol86].

Curiously, in percolation theory and interacting particle systems, the playground of many (FKG) appli-
cations, the equality conditions seem to be of little importance, cf. [Gri99, Lig85]. That is largely because
for estimates one often need explicit lower bounds on the defect δ > 0, see [DNS21, Tal96]. Unfortunately,
we are nowhere close to getting sharp stability result for the FKG inequality in full generality.

While our own motivation lies in applications to order theory and algebraic combinatorics, another major
reason for the study of equality cases is a connection to computational complexity that we briefly alluded
to in §1.6. More precisely, the computational hardness of equality cases is closely related to whether the
defect of the inequality has a combinatorial interpretation, see [Pak22] for the introduction and overview.

In summary, understanding the equality conditions goes beyond simply giving an additional information
about the inequality. Often, and depending on the area, they represent a new body of knowledge that is
complementary to the inequality in question.

14.2. As the reader may have noticed, the applications of (AD) and (FKG) that we chose to present are
interrelated: (LPP) is a special case of (ADS), implies both (Ok) and (Bjö), while the latter is a special case
of (Fis). This is largely a reflection of our own interest in these inequalities and their equality conditions,
but it is also an attempt to keep the presentation coherent.

There are numerous other examples that we could have chosen, many of which can now be handled using
the techniques developed in this paper. As the proofs of equality conditions of (LPP) and (ADS) show,
this does not mean that all such applications would be easy or straightforward. If anything, the opposite
is true (cf. Remark 3.9). Here is a way to think about this phenomenon: obtaining equality conditions for
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the AD inequality is like climbing a mountain. Reaching the summit is a major step, but the descent on
the other side — applying these equality conditions — can be remarkably difficult.

14.3. In some cases, log-concave inequalities can be proved by a direct injective argument, see e.g. [CPP23,
DDP84, Kra96], or a near-injective argument [BT02]. Often, such arguments can be used to obtain the
equality conditions, see a long list in [CP23b, §14.1]. Note that the monomially positive version of (LPP)
was proved by Lam–Pylyavskyy [LP07] by a direct injection (see also Remark 3.4). It would be very
interesting to see if our Theorems 3.3 and 4.3 can be derived from this injection.

14.4. Recall that (LPP) can be phrased as the inequality for LR coefficients:

(14.1) cλµ,ν ≤ cλµ∨ν,µ∧ν for all λ ⊢ |µ|+ |ν| ,

see Remark 3.2. Note that Theorem 3.3 does not give the equality conditions for (14.1), since (LPP) is an
aggregate of inequalities (14.1) over all λ. Recently, Speyer [Spe26] used (AD) to prove an inequality for
LR coefficients which implies (14.1). It would be interesting to see if our Theorem 1.3 can be combined
with Speyer’s approach, to obtain the equality conditions for (14.1).

Let us also briefly mention unusual log-concave and log-supermodular inequalities for the numbers of
linear extensions given in [CP24b], see especially §4.2 for applications to standard Young tableaux. The
proofs are based on the combinatorial atlas technology, and the equality conditions remain open. It would
be especially interesting to find injective proofs of these inequalities, or show that none exist.

14.5. There are several notable generalizations of the AD and FKG inequalities to products of multiple
functions and events, see [RS93, AK96, Sahi08, LS22, Gla24a], and even to log-supermodular functions on
the products [AZ22]. It would be interesting to generalize the equality conditions in Theorem 1.3 to these
general settings. It would be even more interesting to find a natural generalization of (AD) where the
equality conditions are intractable, cf. [CP24c, CP24d, CP24e].

14.6. The definitive history of the Chebyshev inequality (1.7) is given in [MV74]. It seems, the integral
version is indeed due Chebyshev (1882), much popularized by Hermite in his analysis course (1883) with a
different proof by Picard, while the discrete version is due to Jensen (1888). Note that Hardy–Littlewood–
Pólya credited both inequalities to Chebyshev [HLP52, §2.17]. Curiously, Seymour–Welsh derived from
(FKG) only a special case of (1.7) for log-convex {pi}, which they called a “new inequality about log convex
sequences” [SW75, §3]. They credited Chebyshev with the uniform case pi = 1/n, an assertion refuted in
[Gra83].

The FKG inequality has its own interesting history which was thoroughly investigated by Grimmett
in [Gri06, App.], including the reason why the authors are listed in this order. The backstory of the AD
inequality is also somewhat amusing, including a tidbit about Ahlswede stating the inequality to Daykin
while standing on a ladder [Ahl18, p. X].

14.7. As we discussed above, we make a special effort to prove a number of applications of a single theorem
(Theorem 1.3). This is in part because we needed these applications for other purposes, but also to justify
the extensive study of the AD equality to begin with. Compare this to the following sentiment by Bollobás,
who wrote a lengthy section of his monograph about the AD inequality (= FFT) and its applications:

“At the first glance the FFT looks too general to be true and, if true, it seems too vague
to be of much use. In fact, exactly the opposite is true: the Four Functions Theorem
(FFT) of Ahlswede and Daykin is a theorem from ‘the book’. It is beautifully simple
and goes to the heart of the matter. Having proved it, we can sit back and enjoy its
power enabling us to deduce a wealth of interesting results.” [Bol86, §19].
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