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Richard Stanley and P vs NP problem: N‘

‘I was watching a lecture by Knuth and he mentioned that apparently
you were present at the very first lecture Richard Karp gave where he
stated all those combinatorial problems which are NP-complete. |
guess you didn't much like the talk ... 7 -- IP

“ actually don't remember this specific talk though | remember
going to many of these seminars at Knuth’s house ... when | was
a postdoc at Berkeley 1971-73.” -- Richard Stanley




Richard Stanley and P vs NP problem: N‘

Richard’s email also included an
Interesting story how he was offered,
accepted by mail and then declined over
the phone Stanford’s joint Math/CS
postdoc offer.
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“I felt especially bad that | had in
some sense betrayed Knuth, but
things worked out okay in the end.

e But who knows, if | had gone to

veibilies -

ey Stanford maybe now it would not be
progroms *

a conjecture that P\neq NP ... (ha!).”




Linear extensions

Let P = (X, <) be a poset on n = | X| elements.
Linear extension of P is a bijection f: X — {1,...,n}, st. f(z) < f(y) for all x < y.
Denote E(P) the set of linear extensions of P, and e(P) :=|E(P)|.

Example: X = {a,b,c,d}, n=4, e(P) =05.

a b 1 2 1 2 2 1 2 1 3 1
c d 3 4 4 3 3 4 4 3 4 2



Stanley’s inequality

Let P = (X, <) be a poset on n := |X| elements.
A linear extension of P is a bijection f: X — {1,...,n}, st. f(z) < f(y) forall x < y.
Denote by £(P) the set of linear extensions of P.

Fix x € X, and let N(a) = #{f € E(P) : f(x) = a}.

Theorem [Stanley, 1981]:  N(a)* > N(a—1)N(a+1) forall 1<a <n.

Conjectured: Kislitsyn (1968), Rival,
Chung-Fishburn-Graham (1980)

Log-concavity



Stanley’s inequality

Let P = (X, <) be a poset on n := |X| elements.
A linear extension of P is a bijection f: X — {1,...,n}, st. f(z) < f(y) forall x < y.
Denote by £(P) the set of linear extensions of P.

Fix x € X, and let N(a) :=#{f € E(P) : f(x) = a}.

Theorem [Stanley, 1981]:  N(a)* > N(a—1)N(a+1) forall 1<a <n.

12 1 2 2 1 2 1 3 1
3 4 4 3 3 4 4 3 4 2 N(2) =1

CN(3) =2, N(4) =2



Stanley’s inequality

Let P = (X, <) be a poset on n = | X| elements.
Linear extension of P is a bijection f: X — {1,...,n}, st. f(x) < f(y) for all x < y.

Denote E(P) the set of linear extensions of P.
Fix ,21,...,2z1 € X, ¢1,...,c €{1,...,n}.

Let N(a):=#{f€&(P): f(x)=a, f(z1)=c1,..., f(zx) = c&}.

Theorem |[Stanley, 1981]: N(a)* > N(a—1)N(a+1) forall 1< a<n.

JOURNAL OF COMBINATORIAL THEORY, Series A 31, 56—65 (1981)

Two Combinatorial Applications of the

lOﬂ‘concaVity Aleksandrov—Fenchel Inequalities*

RICHARD P. STANLEY




Stanley’s inequality

Theorem [Stanley, 1981]:  N(a)* > N(a—1)N(a+1) forall 1 <a <n.

Log-Concave and Unimodal Sequences in
Algebra, Combinatorics, and Geometry”

RICHARD P. STANLEY

Sketch of proof: Let P = {v,,...,v,_;,v}. Let K be the set of all points
(1, ...,1,_;) € R"' satisfying:

(a) O0=<t;, <1,
(b} ify; =w;in P, then 1; < 1,
(¢) if; < v, thent, =0,

Similarly define L C R*™' by (2}, (b), and:
(¢) fo, > o, theny; = 1.

Then K and L are convex polytopes. By an explicit decomposition of xK + yiL into
products of simplices, it can be computed that Vi(K, L) = N,,,/(n — 1)!. The proof
follows from Theorem 4. [



Variations on Stanley’s inequality

Let P = (X, <) be a poset on n = |X| elements.
Order preserving maps: h: X — {1,... t}, st. f(x) < f(y) for all z < y.
Denote O(P,t) the set of OPMs, and Q(P,t) = |O(P,t)| the order polynomial.

Theorem 4.2 (log-concavity, Brenti [Bre89, Thm 7.6.5]). Let P = (X, <) be a poset with
| X| =n elements. Then, for all integer t > 2, we have:
(4.2) Q(P,t)* > Q(P,t+1) QP t—1).

Injective proof!

Log-concavity




Variations on Stanley’s inequality

Let P = (X, <) be a poset on n = |X| elements.
Order preserving maps: h: X — {1,... t}, st. f(x) < f(y) for all z < y.
Denote O(P,t) the set of OPMs, and Q(P,t) = |O(P,t)| the order polynomial.

Theorem 9.9 (Daykin-Daykin—Paterson inequality [DDP84, Thm 4]). Let P = (X, <) be
a finite poset, and let x € X. Denote by (P, t;x,a) the number of order preserving maps
h: X — [t], such that h(z) = a. Then, for all integer t > a > 1, we have:

(9.7) QP t; z,a)> > QP t;z,a+1) - QP t;z,a—1).

Injective proof!

Log-concavity



Variations on Stanley’s inequality

Let P = (X, <) be a poset on n = |X| elements.
Order preserving maps: h: X — {1,... t}, st. f(x) < f(y) for all z < y.
Denote O(P,t) the set of OPMs, and Q(P,t) = |O(P,t)| the order polynomial.

Theorem 9.10 (generalized DDP inequality [DDP84, Thm 4]). Let P = (X, <) be a finite
poset, let x € X. Fix k € N and let z€ X*. Denote by Q(P,t; z, ¢; x,a) the number of order
preserving maps h : X — [t], such that h(z) = a, and h(z;) = ¢; for all 1 < i < k. Then, for
all integer t > a > 1, we have:

(9.8) Q(P,t; z, ¢;x,a)> > QP,t; z,c;x,a+1) - QP t; 2z, ¢;x,a—1).

Injective proof!

Log-concavity



Injective proof of Stanley’s inequality?

A B Vv

q = |A| < |B
'

“It appears unlikely that Stanley’s Theorem for linear extensions quoted earlier
can be proved using the kind of injection presented here.” [DDP84, §4].




Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, 1P, 2023] <« {level 0}

There is no nice injective proof of Stanley’s inequality.

Definition: Injection o : A — B is nice

—1

if both ¢ and ™" are poly-time computable.
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Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, IP, 2023] < {level 1}
For k > 2, there is no nice injective proof of Stanley’s inequality

unless something bad happens in CS.

A B V Note: Nice injection gives a
> 1 combinatorial interpretation for
2
|
3 B~ Al = #{be B: b¢ p(4)}




Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, 1P, 2023]

— {level 2}

For k > 2, the defect 6(P,a) := N(a)* — N(a —1)N(a+ 1) of Stanley’s inequality

does not have a combinatorial interpretation unless something bad happens in CS.

/1V > math > arXiv:2209.06142

Mathematics > Combinatorics

[Submitted on 13 Sep 2022]
What is a combinatorial interpretation?

lgor Pak




Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, 1P, 2023] < {level 3}
For k > 2, the defect §(P,a) := N(a)* — N(a —1)N(a+ 1) of Stanley’s inequality
is not in #P unless something bad happens in CS.

& #P




Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, IP, 2023] <« {level 4}
For k > 2, the defect 6(P,a) := N(a)* — N(a — 1)N(a+ 1) of Stanley’s inequality

15 not in #P unless the polynomial hierarchy PH collapses.

3 3
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coNP =1I,P NP =3,P
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Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, IP, 2023] <« {level 4’}
For k > 2, the defect d(P,a) := N(a)* — N(a —1)N(a+ 1) of Stanley’s inequality
1s not in #P unless PH = X,.

3 3
I1,P P <
@ coNP =11, P NP =3P
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Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, IP, 2023] <+ {level 5}
For k > 2, the equality {N(a)*> =" N(a—1)N(a+ 1)} of Stanley’s inequality
1s not in CONP unless PH collapses.

PH

\>

“We can ask about the conditions for equality...” Il o
-- [Stanley’81] e o

;
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Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, [P, 2023]

For k > 2, the equality {N(a)* =" N(a—1)N(a+1)} of Stanley’s inequality

1s not in PH unless PH collapses.

+ {level 6, final}

coNP =1I,P

)
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Injective proof of Stanley’s inequality?

Main Theorem: [Swee Hong Chan, IP, 2023] <+« {level 6, final}
For k > 2, the equality {N(a)* =" N(a—1)N(a+1)} of Stanley’s inequality

1s not in PH unless PH collapses.

Theorem: [Shenfeld — van Handel 23, Chan—P’23]

For k € {0,1}, the equality {N(a)* =" N(a —1)N(a+ 1)}
of Stanley’s inequality is in P.




Proof ingredients:

Main Lemma [Swee Hong Chan, IP'23]  For k > 2,
Given P = (X, <), deciding {N(a) =" N(a+ 1)} is not in PH unless PH collapses.

N ——=e: constant
. strictly log-concave
‘......-. III{{II{I *o000— |
Il IE iT:'i f4 I-

A

| B | [Shenfeld — van Handel’22]




Proof ingredients:

Main Lemma [Swee Hong Chan, IP'23]  For k > 2,
Given P = (X, <), deciding {N(a) =" N(a+ 1)} is not in PH unless PH collapses.

Theorem [Brightwell-Winkler’91, formerly Linial Conjecture 84]

The number of linear extensions e(P) is # P-complete.




Proof ingredients:

Theorem [Kravitz—Sah’21]
Te(n) 2 {1,... ¢/ (log '”')} for some ¢ > 1, where
Te(n) == {e(P) : P=(X,=), |X|=mn, width(P) =2}.

S
m 1

Sn(m) = Z a;(m)  where — = a + .

i=0 a, +

Lemma 8.6 (YaoKnuth [YK75]). We have:

1
- Z Sp(m) = ;(logn)2 + O((logn)(loglogn)z) as
me [n

n — oQ.




Happy Birthday, Richard!



