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Basic Definitions

Let y* denote character of S, associated with A F n.
Kronecker coefficients g(\, i, v) are defined by:

X)\°X'u — ZQO\aMV)XVa where )\7M7V|_n-

vkn

= g\ u,v)e N Also:
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= g\ u,v) =g, \v) =g\ v, pu)=... < symmetries
= g\ pv) =g\ i v) =g\ pW V) = g(N V)« conjugations

Example: n = 3, partitions {3,21, 1% n}
Characters: Y3 = (1,1,1), @ =(2,0,1), ) =(1,-1,1)

Y ) = (4,0,1) = ¥® + @) + 1) — g(21,21,21) = 1



Main Problems

(1) Compute: g(\ pu,v) < find formulas, complexity aspects
(2) Decide: g\, p,v)>"0 < wvanishing problem
(3) Estimate: g(\, p,v) < even in some special cases

(4) Give: combinatorial interpretation for g(\ u,v) < classical open problem

History:
e [Murnaghan, 1937], [Murnaghan, 1956] <— definition, stability, generalizations of LR—coefficients

e Mulmuley, 2011] < connections to the Geometric Complexity Theory



Complexity of Computing

A=A, ..., ) Fn givenin binary —  size @(N) = logy(A) + ...+ logy(Af)
unary —  size ¢(A\) = n.

KRON < the problem of computing g(A\, u, v)

A

LR < the problem of computing ¢y,

Theorem |binary <+ Narayanan’06] < [unary < P.-Panova’20+]
LR is #P-complete.

Theorem |binary « Biirgisser-Tkenmeyer'08] < [unary < Ikenmeyer—Mulmuley—Walter’17]
KRON is #P-hard.

Theorem [Christandl-Doran-Walter'12], [P.—Panova’l7]:

Let £ =40(\), m=4(u), r=4~(r). Then: KRON € FP for ¢,m,r = O(1).

lunary < easy, binary < Barvinok’s Algorithm to #CT’s]



Complexity Classes

Major Open Problem: KRON € #P (3 combinatorial interpretation)

Theorem [Biirgisser-Tkenmeyer, 2008]:

KRON € GapP = #P — #P (both binary and unary)

)\,u, ;‘ S‘S‘ Slgl"lCUTl'T CT()‘+1E_W7,LL+1m_7T,)\+1T—T)

where CT(a, 8,7) = # [S—dim contingency tables with marginals «, 3, fy].

For comparison:

LR € #P unary <— LR-rule, binary < GT-patterns
SCHUBERT € GapPZO < [Postnikov—Stanley’09]

2
[X)‘(,u)} € Ga pPZO < Murnaghan—Nakayama rule (unary only)

> . X)‘<,u> c Ga pPZO < self-adjoint multiplicities



Easy Bounds
Proposition 1. g\, u,v) < min{fA, fH, f”}, where fA = x*(1).

f)\f'u S f)\

Iz , forall fA< < Y

g\, pm,v) <

Proposition 2. g\ u,v) < CT(\, u, v)

CT(&7677) — Z g()‘nua V) ) K)\aK,uﬁKwy

A, vEn
where K, is the Kostka number = #S5SSY'T of shape A and weight a

Proposition 2'. [Vallejo'00]
g\, p,v) < BCT(N, ', v < 0/1 contingency tables

Used by [lkenmeyer—Mulmuley—Walter'17] via matching lower bound in some cases.



More Bounds

Theorem [P-Panova, 2020] Let ¢(\) =¥, {() = m, and £(v) =r. Then:

gA ) < (1 + Zm—r)n (1 4 L)Emr

n mr

Uses Prop. 2, [Barvinok’09] and majorization over reals.

Example: A = = v = (£*)'. Then Prop. 1 gives g\, u,v) < fA = v/nl.
Thm gives g(\, u,v) < 4" We conjecture: g(\, i, v) = 4770,

Theorem:
(1) )\maic g\ p,v) = Vnle OWn) [Stanley’16]
TRV 1)
A
(2) max g(\, u,v) > [P.~PanovaYeliussizov'19)]
vkn p(n)n'

For (1), use: Z (A, g, v Z Zq > nl

A p,vEn akFn



Harder Bounds

Reduced Kronecker coefficients: (o, B,7) := limy, o g(a[n], BIn], fy[n]),

where an| = (n —|al, a1, as,...), and n > |a|+ oy

Theorem [P. Panova’20]

max  gla,f,y) = Vnle"

[+ [Bl+||<3n

The proof is based on the following identity in [Bowman — De Visscher — Orellana, 2015]
[k/2]

B9 =D D D> D> D> e Che 9N V)

m=0 wkq+m—b pFg+m—a oFm A\ pu,v-k—2m

where a = |a|, b= 6], ¢ = |y|, k =a+b— ¢, and

A . AT
Capy = 2 CarChy-

combined with bounds in [P.—Panova—Yeliussizov'19].



Conjectural Bounds

Staircase shape 0 = (k—1,k—2,....2,1) F n = (k)
Conjecture: ¢(6y, 0, 0:) = Vnle 00

Theorem [Bessenrodt Behns'04]:  g(dy, O, 0) > 1

Theorem [P Panova’20+]: 9(5k75k75k,5k) — nl 6—0(7”6)7

where g(A, p, v, 7) == (XXX X, 1),

Sax]l Conjecture: ¢(d, 0, ) > 0 forall pt (g)

Remains open. Known for:
[Ikenmeyer’15], [P.—Panova—Vallejo'16] < various families of u

[Luo-Sellke’17] + random p (g)

[Bessenrodt—Bowman-Sutton] — uk (S) s.t. f* is odd



Explicit Constructions

Open Problem:
Give an explicit construction of X, u,v Fn, st. g\ p,v) = Vnle 00,

Here an explicit construction means A, i, v = n can be computed in polynomial time.

Note 1. Similar “derandomization problems” are classical, e.g. to find explicit construction of Ramsey graphs.

Note 2. It follows from [PPY’19] that one can take A, u, v n to have VKLS shape
so that g(\, i, v) = v/nl e”?W™ This is NOT an explicit construction.

Theorem [P.-Panova’20]:

There is an explicit construction of A, p, v n, st. g\ p,v) = U

Proof idea: Use A=pu=v = ((g), (kgl), - (g)), and Prop. 2'.

Theorem [P-Panova20+]: g(k*, kF kF) = '),

The proof used [P.—Panova’l7] and the semigroup property.



Thank you!




