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ARRANGEMENTS OF = THINGS OF ONE SORT
AND » THINGS OF ANOTHER SORT, UNDER
CERTAIN CONDITIONS OF PRIORITY.

By W. Allen Whitworth, M. A.

Or the two integers m and =z, let n (throughout the
paper) be one which is not greater than the other.

The conditions of priority which I propose to consider
are such as place limits on the proportion of the two classes
of things in any part of the arrangement reckoned from its
initial extremity.

For example, if an urn contain black balls and white
balls which.are to be drawn out in succession, the order in
which they are drawn out may be limited by the condition
that the number of white balls drawn must never exceed
the number of black balls; or, again, by the condition that
the excess of black balls over white must never be more
than a given number.

I use the symbol ¢, , , in preference to ¢" to denote the
number of combinations of n things taken r at a time, and
it is convenient to notice that

n
Cm+1, n-1"- m+1 cm, n?



106 MR. WHITWORTH, ARRANGEMENTS

and, therefore,

m—n-+1 m—n-+1
c;n,nucmﬂ, -1 m41 cm,n_m_i_,n_{_l Gm-l-[, n)

and, as a particular case,
Cy 0~ Cpia, n—1_mcn.n" cﬂ,n_%cn-l-l, n41®

Also that Coy 1t = 50y, e

1. From any origin O (fig. 13) draw OX horizontally and
OY vertically, and let P be the point which would be reached
by starting from O and taking m paces horizontally in the
direction OX and n paces vertically parallel to OY.

Let 4 be the point reached by taking one pace hori-
zontally and one pace vertically, B the point reached by
taking two paces in each direction, C by taking three paces
in each direction, and so on; so that ABC... lie in the
straight line bisecting the right angle X0Y.

Let o, a, b, c... be the points reached by taking one
horizontal pace from each of the points 0, 4, B, C... and
@, &, B, ... the points reached by taking one pace vertically
from O, 4, B, C... respectively.

In considering the number of routes from one point to
another we shall proceed on the understanding that each
route is to be traversed by paces taken only horizontally
and vertically, and without retrogression.

- 2. The total number of routes from O to P must be the
same as the number of different orders in which m horizontal
paces and n vertical paces can be arranged. For in any
order s horizontal paces and n vertical paces will take us
from O to P and every different order will give a different
route. Hence, the number of routes from O to Pis

_|mtn_ (min) (m4+n—1)(m+n—2)...(n+1)
C = =
myn L_?ELE_I I m
_(mitn)(m+n—1)(m+n—2)...(m+1)
= B :
3. Let f, , denote the number of routes from O to P
which do not cross the diagonal line O4B..., and let z

my n

denote the number of routes which do cross this diagonal;
so that

nfm, n it wm, 2= C

my n'
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4. All the routes included in the number z, . must pass
along one or other of the paces Ow, da, BEB...; some of the
routes may pass along more than one, but we will classify
all the routes according to the point at which they first
cross the diagonal whether they recross more than once
or not.

Let us consider the routes which cross the diagonal at K
(after making say # horizontal and » vertical paces) without
having crossed before, but independently of any consideration
of the number of times they may cross afterwards.

Any such route OK«P may be divided into three portions
OX, Kk, £P, of which

OK can be made in £, , ways (Art. 3),.
Kr in one way,
ways (Art. 2).

Hence, the whole number of ways in which the route
can be made, or the number of routes through K, is

«Pin ¢

m—ry n=7—1

C

7y T Utimry =1—1"

Giving r§all values from 0 to 7 —1 we shall get all the
routes comprehended in the number z,, .
Heunce,

wm, n =JL;, ncm, n—1 +.f1, Icm—l, n—2 +-f2, ecm—ﬂ. n-3 +.. '+-f;e, n—icm-n+ls 0l
or, in virtue of the relation,
f:n, a T Zon = Co oy
j;m # Crty f o oCm, 1:-1'_-](;, 1%m1, n-n—j;z, 3Cn-2) ns " '_’j:x..h n=1Cmont1: 0°
5. Considering the particular case when m == we have

fn, R cn, n _fo, ocn, n-1 _j‘], lcu--l, n-a" Ja, ch—Q, n—g_ "* 'ﬁf;—l, n-1 Cl, 0}
or, in virtue of the identity
cr, r-1 =%Gr,r!
= s
»fn, R cﬂ, n 2 { 0y ocu, n+ 1, 1cn—1, -1 +.]‘:q1 20,,_21 ,,_g+---+ﬁl_,l “_ICE, 1}.

PROPOSITION I.
6. To prove that

Lt oo
fn, T n+41 = 26:1, " %cnﬂ, "
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Observing that ¢, ,=1, ¢, ,=2,¢, ,=6,¢, ,=20, ¢, =10,
and actually counting the routes for the first five values of n,

j;,a=1? f;,1=1?j;,2=21 f;,a=5!«fs,4=141

“we see that the proposition is true as long as n does not
exceed 4. ‘
To prove it generally, we shall show that if it be true
when n=0, 1, 2, ... or z—1, it will also be true when n=a.
By Art. 5 we have

j;-, z c:c, z % {fo, 0 Gx, z+f1, 1 cz—:, -1 ap 2, 202—2, -2 +"'+fm—1, z—lc‘i, l}'

But, since the theorem is by hypothesis true when n=0,
1,2, ...0orx—1, we have

-}‘I‘J, (7 200, 0T %61, 1?

j;, 15 261, 1 %02, 2)
&e. = &e.,,

QCz-I, Lo T "%Gz, z°

Hence, substituting, we get

-f:c—l, -1

-f::, & Ot s {Co, oz, = + G, 10:..1, i Co, oCos, 20 oot Comy a:—lcl, 1}
1
+ 4 {C:, 101, @ ip c:e, 20::-1, -1 + cs, aca.—e. z—2 et ca:, zcx, 1}'
But we know that

— gin
cu,o,cz,:c-'_cl,:Cz—t,x~1+"'+c C 2

2y 20,0 =
(or we may obtain it by expanding (1 - 4z)* by Bin. Theor.;
squaring, and equating coeffs. of ), therefore
-f;, P Gz, x {22” o cz, zao’ u} + i {22ﬂ+2 O 2C:+I, a:+100, 0}7
or .f_;, = 262, x %ca:-l-l, x+1)

which shows that if the theorem is true for the first = values
of n, it is true for the next value.

But we have shown that it was true for initial values,
therefore, universally,

fn: u 2011, 7L %cnﬂ, n1?
or (which is the same thing),
1
fu.n— n+1 Gu’n!

or again (which is the same thing),

-fu, n = cn, IR, ch-l, n=-1*
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7. Since all the routes from O to P commence at the
point O on the diagonal and terminate at the point P to the
right of the diagonal, they may be classified according to the
points at which they first pass to the right of the diagonal :
i.e. according as they first pass along Oo or Aa or Bb, &e.
Consider those which pass along K%, any such route consists
of three portions OK, kK, kP, of which OK lies altogether to
the right of the diagonal, and can therefore be described in
7 1% Ways; K% can be described in one way, and kP can
be described in ¢

m-r—1, n—r

ways. Hence there are

7r + 1 Grl i c’ﬂl—"—-l’ n=r

such routes, and giving » all values from 0 to 2 inclusive we
must obtain all the ¢, routes from O to P. Therefore we
must have identically

cm, n = cu, ocm—h n + ‘}!'c'l, 1Cm—2, =1 + écﬂ, 2cm—s, n-2 + ...

-+ CMEC

vm-n-1" 0*

n+1

This is true for all values of m and n ; therefore, writing
m+1 and n— 1 for m and n respectively, we obtain

= 1 ‘
Contvr 1 = co: ocm. n—1 =+ 201, 1Gm-1. n-2 o %cz, gcm—a, n-3 +...

1
d=iC

n ™ n-l.cm-ﬂ-!-:l' 0"

PROPOSITION 1II.
8. To prove that f, .=c

wn - Cmyn Cit1, n1

From Art. 4 we have
j;n‘ 1 e, Gm, n _-fu, ucm, n=1 % f!, 1cm—l, n—-2

_nf;. 2Crneg’ g T o0t _-f:;_l. n-1, Cmnt1 o

Substituting for £, , /.., /o, their values as found in
Art 6, in the form

j;'—l

;.n_'nJ‘_ lcn,n!
we obtain
— i Ll il b ==
-ﬁm A cm. n Cﬂ, ncm, n-1 %cl, 1cm—1, n—2 362. 26111-2, n-3 **°

1
et E cn—l, =17 cm-m!, 0?
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or in virtue of the identity proved in Art. 7

fm, no cm, n Gm+1, n-1* Q. E.D.
N.B. We may also write the result in the form

m—n-+1 m—mn+1

Jonw= g w0 n = o e

9. If, in Art. 7, the routes instead of starting from O
had started from the point f situated % paces horizontally to
the left of (), the whole number of routes would have been
Cpyir p»  And classifying them as in the case of Art. 7, any
route passing along Kk would have consisted of three parts,
JK, Kk, kP, of which

JHK could be described in
K in one way,

kPinc

m=r=l, n-r

hA+1
il C,.5, » Ways (Art. 8),
Ways.

h+1 >
” + ﬁ+ 1 m—r=1, n—r
giving 7 all values from 0 to » we obtain the identity

Hence there are C,.s, - Such routes. And

3 h+1 41
Cotton = Choy S’ n T+ m Chity 17 Cngy u1 T h+3 Cht2, 99 Cnsr n-g
h+1
Teet m Chans 8 Cont’ 09
or
Conthn = CroCim ﬁf:imf:m—em:[ Gﬁ'awqgcm—s,n-n ci:-l-mncm—n—lvn
A+l h+l BT e e
Write % for 2+ 1 and m for m — 1, and we have
Conthr n = (‘,’.&;hogapw + Chint Oty 51 HE e Chin_ts nCrmr L

h+1 h+n
Now write n— % for n, and we have

Ot nk — Gt Omo moh + Chs 1Cn1s =iz L Crty n=iCmnth o

h k41

PROPOSITION III,

10. To find the number of routes from O to P which touch
or cross a line HR parallel to the diagonal OK at a vertical
distance of k paces above it.
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The routes may be classified according to the points at
which they first touch the line HE.

Let ONLP be any route which first reaches this line
at a point L, distant » horizontal paces and r+% vertical
paces from O, and let ML be the pace by which the point
L is approached.

The route may be divided into three parts O\, A'L, and
LP; of which -

ON' can be made in %k Croy’ * Ways (Art. 7),

AL in one way,

LPinc, .., Ways;

therefore the number of routes first touching at L is

h

-+ A Cr-z-ﬁ..b rcm_r, n—r—h)

and the whole number of routes will be got by giving =
all values from 0 to n — % inclusive, and adding.

The summation is that of the final series of Art. 9.

Hence, the whole number of routes required is c,,;, , s

11. CororLLArY. It follows that the number of routes
Jrom O to P which do not cross or touch the diagonal h
paces above the diagonal through O, is

c

mon cmi-k, n-h)

and writing & +1 for %, the number of routes from O to P
which do mot cross (but may touch) the diagonal b paces above
the diagonal through O, is

(&

ms N

cm-l-ﬁ+l, n-h-1)

for if they do not cross this diagonal, they cannot fouch the
diagonal next beyond it.

Observe that if 2=0 this reduces to the case of Prop. II.
(Art. 8).

12. EXAMPLES.

(1) 4 man drinks in random order n glasses of wine
and n glasses of water (all equal) ; shew that the odds are n
to 1 against his never having drunk throughout the process

more wine than water (Educational Tvmes, June, 1878,
question 5669).
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Let glasses of water be represented by horizontal paces
and the glasses of wine by vertical paces, then the chance
required must be the same as the chance of keeping always
to the right of the diagonal OV in passing at random from
0 to V.

The total number of routes (by Art. 2) is ¢, .

The number which keep to the right of the diagonal
(by Art. 6) is ¢, , =+ (n+1). :

Therefore the chance is 1+ (n+4 1), or the odds are =
to 1. Q. E. D.

(2) Ifn men and their wives go over a bridge in single
Jile, in_random order, subject only to the condition that there
are to be never more men. than women gome over, prove that
the chance that no man goes over before his wife vs (n+1) 2™
(Educational Times, September 1878, Question 5744).

Regarding the different men as indifferent and the
different women as indifferent, the number of orders in which
they could go over would be (as in Art. 2)c,, and the
number of orders subject to the condition that never more
men than women are gone over would be (as in Art. 6)
cn’ n ) (ﬂ'+ 1)'

But the men may be arranged among themselves in
[» ways, and the women in |7 ways.

Therefore the total number of possible orders, subject to
the given condition, is

|2 26, .+ (n+1) or |20+ (n+1).

These include amongst them all the orders in which each
man has gone over before his own wife. But amongst all
the possible | 27 orders in which the 2n persons could cross,
any assigned man will be before his wife in (3)[ 27 orders
and all the » men will be before their wives in (3)"| 27 orders.

Therefore the required chance is

(3)"[2n =
m or (ﬂ+1)2 s Q.E. D,

(8) In how many orders can m positive units and n
negative units be arranged so that the sum to any number of
lerms may never be negative 2 :

By taking horizontal paces to represent positive units and
vertical paces to represent negative units, this question is
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seen to be equivalent to that of Art. 3. And, therefore,
(by Art. 8) we have the result

[_m+n
Tl

¢ ¢ m—n+ 1)

mon m+ly n—1 o (

(4) In how many orders can m even powers of @ and n odd
powers of x be arranged, so that when x=—1 the sum to any
number of terms may never be negative 2

This question differs from the preceding in that the terms
are all different. The positive terms may therefore be
permuted amongst themselves in [m orders and the negative

terms in |7 orders. The required number of ways is therefore

(m—n+1)[m+n
m+ 1

(5) In how many orders can a man win m games and
lose m games so as at no period to have lost more than he
has won ?

The question is equivalent to question (3) and the answer
is identically the same.

(6) A man possessed of a+ 1 pounds plays even wagers for
a stake of 1 ngmd. Find the chance that he is ruined at the
(a+ 2z + 1)™ wager and not before.

He necessarily loses the last wager.

Let m =a+ @, the number of wagers he loses before the
last one.

n =z, the number he wins.

The number of orders in which his gains and losses can
be arranged will be represented by the number of routes
from P to O (fig. 13) without crossing the diagonal OV.
And this must be the same as the number of routes from
- O to P which is {by Art. 8)

m—-n-%—lc h
m+1 T™n?
and, therefore, the chance that m loses and n gaing are
arranged in such order that the man is not ruined before
the (m+n)" wager is
m—n+1
m+1
VOL, VIII. : I
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But the chance that his first m wagers should give m
losses and 7 gains is
!_M m+n
e
and the chance that the final wager gives a loss is 4.

Therefore the chance that he is not ruined before the
(a2 + 1) wager, and that he is ruined then, is

e ar] Lm +n (= (a+1) |+ 22 (e
m—+1 ]_EL?E 2 La+as+l[_:£ 2

(7) In how many different orders can a man possessed of kb
pounds win m wagers and lose n wagers of 1 pound each
without being ruined during the process ?

The number of ways must be the same as the number of
routes from O to P without touching the diagonal JR. The

result is therefore (by Art. 11)

c

Ty Gm+]l, n-h®

(8) If a man playing for a constant stake, win 2n games
and lose n games, the chance that he is never worse off than at
the beginning and never better off than at the end 1s

'+ n+2
A’ +6n+2°
(9) If ke win 2n+1 games and lose n+1 games, the

chance 1s
n

dn+6"
(Educational Times, November, 1878, Question 5804).

ON CENTRES OF PRESSURE, METACENTRES, &c.
By I. C. Lewis, M.A., Fellow of Trinity College, Cambridge.

THE centre of pressure of a plane area bounded by a closed
com{: ﬁnay be found by the following elementary geometrical
method.

(i) Through every point of the boundary of the given
area draw vertical lines to the surface; then if the vertical
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