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XII. On the K-partitions of the R-gon and R-ace.
By the Rev. Tuomas P. Kirkmax, A.M., F.R.S., Rector of Croft with Southworth.
Commumicated by Arraur Caviey, Esq., F.R.S.

Received November 13,—Read December 11, 1856.

1. By the k-partitions of an r-gon, I mean the number of ways in which it can be divided
by k—1 diagonals, of which none crosses another; two ways being different only when
no cyclical permutation or reversion of the numbers 123..r at the angles can make
them alike: and by the k-partitions of an r-ace (a pencil of 7 rays in space or a plane), I
mean the number of ways in which it can be divided into % smaller pencils, by the intro-
duction of £—1 connecting lines, of which none enclose a space; two ways being different
only when by no cyclical permutation or reversion of the numbers 12 3..7 in the angu-
lar spaces of the r-ace they can be made identical. The polygon here eonsidered is the
section of a pyramid, and its discussion includes that of the polyace.

The enumeration of the partitions of the polygon and polyace is indispensable in the
theory of the polyedra. In a memoir “ On the z-edra which have an (#—1)-gonal base,
and all their Summits Triedral,” in the Transactions of the Royal Society, 1856,
page 399, I have investigated the (r—2)-partitions of the r-ace, or the r-gon; for the
number of z-edra there determined is exactly that of these (r—2)-partitions. —What
follows may be considered as a completion of the investigation in that memoir begun;
yet not properly a continuation, inasmuch as the results there obtained are here deduced
by a different and more general method.

II. A partition of an r-gon is reversible or irreversible: reversible, when it is symme-
trical about a diameter or bisector of the figure, so that the configuration is unaltered by
a semirevolution about that line, which is called an awis of reversion, of which axes there
may be one or many; and #rreversible, when it is reversible about no axis. An irre-
versible is about no axis its own reflexion.

An axis of reversion is always a bisector of the r-gon, and is agonal, monogonal, or dia-
gonal, according as it passes through no angle, one angle only, or two angles of the r-gon;
and the polygon is said to be about that axis, agonally, monogonally, or diagonally
reversible.

A diagonal axis may be drawn or undrawn; a monogonal or agonal axis is always
undrawn.

ITI. A partition is said to be m-ly reversible when it has m axes of reversion. The
simple 2n-gon (£k=1) is 2n-ly reversible, having » agonal and » diagonal axes; and its
sides may be so loaded with polygons, that this number of axes shall be either retained
or diminished. The simple (22-1)-gon has 2n-+1 monogonal axes, on which an r-gon
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218 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

may be built to have the same or a smaller number. To help our conceptions, we may
always suppose our 7-gon regularly inscribed in a circle; but it is evident that the syn-
typy of two identically-partitioned r-gons in no wise depends on such symmetry, but may
remain after any distortion of either 7-gon which does not change the angles on any dia-
gonal. So that, if we wish to build an -gon on an inscribed r-gon, we need not fear
exceeding the limits of the circle by our additions, while we may suppose these all con-
tained within it.

A partition is said to be m-ly irreversible, when it has an irreversible sequence of con-

figuration m times repeated in the circuit of the r-gon. This sequence will occupy%

angles; and, from whatever angle we begin to read, we shall see a sequence of ﬂ% sides

irreversible, such that through the mid-point of it no axis of reversion can be drawn.

Obs. 1. Hence a 2m-ly irreversible has an irreversible sequence, simple if m=1, and
m-ple if m>1, occupying half the circuit of the r-gon; but a (2m--1)-ly irreversible
has no repeated sequence occupying half its circuit.

IV. Turorem A. Every reversible (14k)-partition of an r-gon has two reversible
sequences of configuration which are bisected by alternate and equidistant axes of rever-
sion, and has not more than two, whatever be the number of these axes.

For, first, let there be only one axis of reversion in the r-gon: there must be two
aspects of configuration observable from opposite ends of that axis, otherwise the figure
would be reversible about a perpendicular to that axis, ¢. e. there would be two axes,
contrary to hypothesis.

Secondly, let there be more axes of reversion than one; any axis e bisects an aspect
A, because the figure is unchanged by a semirevolution about that axis; and the axis &
next in order to ¢ along the circumference bisects an aspect B. This B is different from
A ; for if not, the series of configurations read from « to 4 will be that read from 5 to a,
and there will be either a vertex or a side centrally placed between @ and 4, having on
both sides the same aspect, or an axis of reversion can be drawn between ¢ and 4; but &
is the next in order to @, which is absurd; therefore B is not A. Now & bisecting the
aspect B must have the axial termination @ at the same distance on either side of it, and
for the same reasons ¢ must have the axial termination 4 at the same distance on either
side of it; so that the terminations of the axes must recur at equal distances in the order

..ababa... bisecting the aspects ..ABAB.. And this series of aspects has as many
terms as there are axial terminations, viz. dm terms, if the number of axes is even, and
4m~+2 if it be odd. Wherefore no aspect different from A and B can be bisected by

any axis, and A and B, different reversible aspects or sequences, are bisected by alternate
equidistant axes. Q. E. D.

We may call A and B the two axial configurations.

V. Obs. 2. A reversible partition of the r-gon having more than one axis of reversion,
has both reversible and irreversible sequences repeated in the circuit of the 7-gon, which
occupy an interval equal to that between alternate axes; those being reversible sequences
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 219

which begin and end with a side or angle carrying an axial termination, and those being
irreversible which begin and end at any other side or angle.

Obs. 3. But a singly reversible partition has no sequence repeated in the circuit of the
r-gon ; for if it had a repeated sequence reversible as read from no point, the r-gon would
not be reversible; and if it had a reversible sequence repeated in the circuit of the r-gon,
it would not be singly reversible. k

Obs. 4. A 2m-ly reversible r-gon, if r>2m, has beginning at any angle of the r-gon
which is not the termination of an axis, an irreversible sequence, simple, if m=1, and
m-ple, if m>1, occupying half the circuit of the 7-gon, and repeated in the other half.

VI. TueoreM B. When the number of axes of reversion is odd in any partitioned x-gon,
none i3 perpendicular to another ; and when that number is even, every one is perpendicular
to some other. ‘

For when the number is odd, there is on each side of any one ¢ an equal number of
terminations of other axes, all equidistant from @ and from each other. And when that
number is even, there is an odd number there of such terminations. Whence the truth
of the proposition is evident.

VII. Turorem C. When the axes of reversion are odd in any partitioned r-gon, each
one bisects both axial configurations; and when they are even in number, each bisects but
one, read on it alike at either end, and half the axes carry one, and half the other, axial
configuration.

This is very evident from what is proved in Theorem A, that the axial configurations
present themselves alternately upon the axes in order.

Cor. 1. If there be both agonal and diagonal axes, there is an equal number of each
kind ; and, as this number is even or odd, so is each axis perpendicular to one of its own
or of the other kind.

0bs. 5. A (2m-4-1)-ly reversible partition never has an irreversible sequence occupying
half the circuit of the r-gon and repeated in the other half; for this would require that
every axis of reversion should carry the same configuration at both ends, which are points
in those two sequences.

VIIL TuroreM D. If a diagonal be perpendicular to an axis of reversion in any h-ly
reversible v-gon, it is one of a system of not fewer than h diagonals symmetrically placed
about the centre. And all diagonals not perpendicular to that awis form pairs making
each an angle bisected by that axis, or that produced.

For if & be odd, every axis carries the same perpendicular; and if A be ¢ even, at least
1h axes carry that perpendicular on opposite sides of the centre; and these axes are equi-
distant from each other: whence the first part of the theorem is evident. The second
part follows from the definition of an axis of reversion.

Cor. The intersection of two produced diagonals equidistant from the centre, in any
reversibly partitioned 7-gon, is upon an axis of reversion. )

IX. TuroreM E. No (2m+1)-gon has an agonal or diagonal, and no (2m)-gon has a
monogonal, axis of reversion.
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220 REV.T.P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

For a monogonal axis must have an equal number of vertices of the 7-gon on each
side of it, besides the vertex through which it passes; hence r is odd. And a diagonal
axis must have an equal number of vertices on either side, besides the two through which
it passes. And an agonal axis, which passes through no angles, must have an equal
number of vertices on either side. Hence, in these two latter cases, 7 is even.

X. TuroreM F. If one axis of reversion is monogonal in a partitioned r-gon, all its axes
of reversion are monogonal and odd in number. ’ .

For » is odd, and the r-gon cannot have either a diagonal or an agonal axis; and
as each axis bisects two aspects, A and B, A must be opposite to B in the circle

..ABABAB.. of axial configurations; 7. ¢. the number of its terms is 2(2m--1), where-
fore the axes are odd in number.

XI. TuroreM G. If there be a drawn axis of rewr'swn, a, i a (1 —|—k)?a7'tztwned
r-gon, there cannot be more. than one other axis. 1If there be another, b, it is undrawn, and
perpendicular to the former, a, and is either agonal or diagonal, as r=4m+2, or r=4m.

For, if there be a second axis, 4, it cannot meet the drawn one, and must be undrawn.
And all the % diagonals are symmetrically placed about or upon this 4; therefore e, meet-
ing it and bisecting it in the centre of the 7-gon, meets it at right angles; otherwise
(Theorem D) two diagonals would meet & in the centre, which is impossible. And no
line besides & can so meet @; wherefore @ and & are the only axes. As @ is not a mono-
gonal axis, neither is 4 (Theorem F). If r=4m, @ has on either side an even number
of sides of the r-gon, and &, bisecting that system, is diagonal; if r=4m+2, ¢ has on
either side an odd number of sides of the r-gon bisected by b, which is therefore an
agonal axis. Q. E. D.

XTIL Turorem H. If there be more than one undrawn axis of reversion in a partitioned
r-gon, the r-gon is built reqularly on a polygonal nucleus (Q), which is reversible about all
the axes of reversion of the r-gon, and has no drawn diagonal.

For consider the symmetry of the r-gon about any one of its axes, @, which are all
undrawn (Theorem G). 'Wesee, on each side of a, ' marginal faces, limited each by one
diagonal ¢ and certain sides of the r-gon, the 2f diagonals d forming pairs making angles
bisected by @. Let these 2f faces be erased: the 2f lines d are now sides of an #-gon
(#' <7), which is still reversible about a, for the symmetry about @ is not disturbed by
the erasures. 'This 7-gon has also 2f" marginal faces which can be erased, leaving an
r'-gon (7" <7') still reversible about ¢ ; and thus by erasure of all the pairs of faces about
a, the 7-gon will be finally reduced to a polygon P, having no diagonals but what are
bisected at right angles by ¢ (Theorem D). Let Q be that portion of P which contains
the centre of the 7-gon, and Q,, Q,, &c. the remaining portions of P limited by perpen-
diculars to @. Then Q has evidently no diagonals.

Next consider the symmetry of the 7-gon about any other axis . We can reduce it
by erasure of pairs of faces about 4 to a polygon P, consisting of a portion Q' about the
centre and having no diagonals, and of portions limited by diagonals perpendicular to 4.
Q and Q are polygons about the centre having no diagonals; they are therefore one
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 221

polygon Q. The polygons Q,, Q,, the remaining portions of P, have disappeared in the
erasure of pairs of faces about 4 and Q; that is, every one of them, Q,, is one of a set of
two or more faces standing symmetrically about Q. Therefore Q is a nucleus, reversible
about all the axes of the 7-gon, free from diagonals, and having everything arranged
symmetrically about it in the »-gon. Q. E. D.

XIII. TueoreM K. If there be mo axis of reversion in a partitioned x-gon except one
undrawn, a, the figure is built symmetrically about a and about @ polygonal nucleus P,
which has either no diagonals, or only what are at right angles to a.

This is established by the former part of the preceding demonstration.

But the polygon P, in this singly reversible r-gon, if it has diagonals perpendicular to
the axis, is not properly a nucleus; nor is there any reason why one portion of it, Q,
should be called a nucleus rather than Q, or Q,; for P can be constructed by loading
opposite sides of any of them with proper polygons. But if P is a simple polygon, it is
properly the nucleus of the figure, which is made by loading opposite sides of it, on
different sides of the axis, with the same polygons, thus preserving the reversibility about
the axis.

X1V. TuroreM L. If @ diagonal axis of the nucleus is an axis of reversion of the
1-gom, it is a diagonal axis thereof.

For it passes through two angles of the 7-gon.

TuroREM M.  An agonal axis of the x-gon is an agonal axis of the nucleus

For a diagonal or monogonal axis of the nucleus passes through a vertex of the r-gon,
and cannot be an agonal axis of it.

TuroreM N. If an agonal axis of the nucleus is an axis of the r-gon, it may be an
agonal, or a diagonal, or a monogonal axis of it.

For the sides of the nucleus through which that agonal axis passes may be sides of
‘the 7-gon, or they may be loaded with agonally reversible polygons having the same
agonal axis: this will then be an agonal axis of the r-gon.

Or those sides may be loaded both with monogonally reversible polygons, having their
axes in prolongation of that agonal axis: this makes it a diagonal axis of the r-gon.

Or one of those sides may be loaded with a monogonally reversible polygon, and the
other either not at all, or with an agonally reversible: this, if the axes of the imposed
polygon are in direction with that agonal axis, makes it a monogonal axis of the
r-gon.

XV. TuroreM O. 4 monogonal axis of the nucleus may be either a monogonal or a
diagonal axis of the r-gon.

For the side of the nucleus which that axis bisects may be unloaded, or loaded with
an agonally reversible polygon, so as to make it a monogonal axis of the 7-gon. Or that
side can be loaded with a monogonally reversible polygon, so as to make the axis a
diagonal one of the 7-gon.

It is easily seen, and unnecessary to be formally propounded, how and how far the
converses of these latter propositions are to be laid down.
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222 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

Def. A clear axis of reversion meets no diagonal at right angles.

A scored or loaded axis of reversion meets one or more diagonals at right angles.

An e-scored axis of reversion meets ¢ diagonals at right angles, of course bisecting
them.

The clear and the loaded axis are both supposed undrawn.

XVI. TueoreM P. If a clear axis of a (2m~+3)-ly reversible x-gon be scored in any
way by e diagonals ot right angles to it, the r-gon becomes singly reversible about that
scored axis.

For, let ABC..be the axes of reversion of the 7-gon N. The scored axis A remains
an axis of reversion, because the symmetry about is not disturbed by the perpendicular
scores; but none of the other axes BC...is perpendicular to A (Theorem B); wherefore
each meets singly all the scores upon A, and is no axis of reversion (Theorem D) of the
scored 7-gon N'.  Let then, M, any other diameter of N' not amongst ABC... be an axis
of reversion ; it meets all the diagonals to which it is not perpendicular in pairs whose
angles it bisects (Theorem D); wherefore these are pairs of equidistants from the centre ;
now the intersections of all these, except the newly-added scores upon A, are on the axes
BC... (Cor. Theorem D); wherefore M, passing through the centre and one of these
intersections, is one of the lines ABC..., contrary to hypothesis, which is absurd. There-
fore A is the only axis of reversion of N'. Q. E. D.

XVII. TuroreM Q. If any loaded axis (A) of a (2m~+38)-ly reversible r-gon (N) be
cleared by erasure of the diagonals perpendicular to A, the cleared figure (N') is singly
reversible about that axis A.

For, let ABC...be the axes of reversion of N, on which are the diagonals at right
angles to them abc...forming a system of lines symmetrically placed about the centre
(Theorem D). No one of these B, after the erasure of @ from A, is an axis of reversion
of N, because the diagonal & at right angles to B is not one of a system of lines symme-
trically placed about the centre (Theorem D). Let then, M, any other diameter of N’
be an axis of reversion of N'; this line meets all the diagonals of N’ not perpendicular
to it in pairs, whose angles it bisects, wherefore these pairs are equidistants from the
centre of N'; but all the intersections of these pairs lie on the lines ABC...(Cor.
Theorem D); wherefore M is one of these lines ABC... Q. E. A. Therefore A is the
only axis of reversion of N. Q. E. D. ’

XVIIL TuroreM R. If a clear axis (A) of reversion of @ 2m-ly reversible partitioned
r-gon (N) be scored by perpendiculars to it symmetrically about the centre, the figure is not
made singly reversible about (A); but if it be so scored unsymmetrically about the centre,
the scored figure (N') is singly reversible about that axis (A).

For there is an axis perpendicular to A (Theorem B) about which the symmetry is
not disturbed by symmetric scores, 4. e. pairs of parallels to it equidistant from the centre,
or a diameter parallel with such pairs.

But when the scores are not such pairs, or a diameter and such pairs, the axis
perpendicular to A is no axis of reversion evidently; nor is any other diameter of N,
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 223

for it meets all those scores singly. Wherefore A is the only axis of reversion of N'.
Q. E.D.

XIX. TuroreM S. If a clear axis A of a singly reversible partitioned r-gon N' be
scored by diagonals perpendicular to it, the scored figure N becomes sometimes singly, and
at other times (2m-3)-ly reversible about the scored axis.

- For the r-gon N’ being singly reversible has no axis of reversion perpendicular to A ;
and no addition of diagonals parallel to the perpendicular diameter can make it an axis of
reversion; for that addition cannot alter its intersections with the diagonals of N';
wherefore N is not 2m-ly reversible (Theorem D and B). If N' should be the N' of
Theorem Q, and the scores upon A should be those erased in that theorem, N will be
the (2m+-3)-ly reversible of that theorem: but if this is not the case in both these con-
ditions, N will remain, like N’ unscored, singly reversible about A, since the scores do
not disturb the symmetry about that axis. Q. E. D.

‘What precedes about singly reversibles with loaded axes is sufficient for our present
purpose, which is to show that before we can determine the number of singly reversibles,
with clear and loaded axes, it is necessary that we should know the number of (2m+1)-ly
reversible (1+4%— ¢)-partitions of the r-gon which have a clear axis, <. ¢. which have clear
axes; for here the configurations about all the axes are alike (Theorem C); and also
that of the 2m-ly reversible (14 %—e)-partitioned r-gons which have one configuration
about clear axes, and also of those which have both their configurations about clear axes.
This matter will be more evident as we proceed.

XX. Let R*=%(y, k),, R™&(r, k),, R™(r, k),, R"™(r, k), denote the whole number of
(1+k)-partitioned r-gons built on the n-gonal nucleus (# > 2), which have (Theorem C)

Re+asdi(y, k),, h agonal and h diagonal,

R (r, k),, h agonal only,

R*% (7, k),, b diagonal only, and

R*™ (r, k),, h monogonal axes only, of reversion.

We shall denote those having all their axes clear by ¢ subscript to R; those having
no clear axes by zero subscript to R; those of the second and third classes which have
half their axes, bearing one configuration, clear, by ¢ subscript, and those of the first,
which have half their axes clear, the agonal or the diagonal ones, by ac or d¢ subscript
to R. We write

R?h.agdi(7., k)n:__Rih.agdi(,r, k)”__l_RiI;.agdi(r, k)n_i_Rz};.agdi(r, k)n+ Rgh.agdi(q,.’ k)”,
R (r, k),=Rl® (r, k),+Ri*® (r, k),+Ri® (1, k),
R4 (r, k),=REE (r, k),+Ry* (7, k),4Ry* (7, k),
R (r, B),=RE™ (1, B), R (7, B),
In the second and third lines the second subclass is of course nothing when % is odd.

In the fourth class the number of axes of reversion is always odd. And in all those
equations we suppose n<g3.
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224 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

XXI. Before we can proceed to investigate formule for the determination of these
numbers, it is necessary,—

Problem a. 7o find the k-divisions of the x-gon or r-ace.

By the (14-%)-divisions of an 7-gon I mean the entire number of ways in which £
diagonals can be drawn in it, none crossing another, all ways being different which
occupy different angles 12..r of the r-gon. Thus there are five 3-divisions, but only
one 3-partition of the pentagon made by drawing a pair of diagonals. And there are
five 3-divisions of a pentace made by breaking it into three triaces, but these are all the
same 3-partition. ,

If we call the number sought of (1+4%)-divisions of the r-gon D(7, k), we can express
it in terms of D(#, k'), ¥ <r, and k' <%.

For consider any diagonal 4, drawn from any angle 8 of the 7-gon, dividing it into a
(8+h)gon and a (r—h—1)-gon. This line 4 will be drawn in the (14-%)-divisions along
with every (14-¢)-division of the (34-%)-gon, combined with every (£—:¢)-division of the
(r—h—1)-gon, ¢ diagonals being drawn on one side, and £—¢—1 diagonals on the other
side of &.

That is, 3D(B34+h, )X D(r—h—1, k—e—1)
taken from ¢=0 to e==£—1, is the number of (14%)-divisions in which that line & will
be seen.

If, now, we give to % every value from 2=0 to A=r—4, we shall have counted every
(14-%)-division in which any line 4 appears that can be drawn from that angle 8. If we
put for B each of the 7 angles in succession, that is, if we multiply by , we shall have
enumerated every (14-%)-division in which any line 4 appears, that is drawn from any
angle 3. But we have thus handled twice, once from either extremity, every line in
every set of % diagonals; that is, we have counted every (1--k)-division 2% times.
Wherefore the correct result is

‘ 2k.D(r, k)=r.3,3{D(8+h, ¢). D(r—h—1, k—e—1)},

where every value of A from A=0 to h=r—4 is to be combined with every value of
¢ from, ¢=0 to e=k—1. If, then, we know these divisions for all values of » and
k up to D(r—1, k—1), we obtain D(r, £) by addition. ~And as D(r+0)=1, and
D(r,1)=3%r.(r—3), D(r, 2) is given, and thence D(r, 3), and so on, up to D(r, k), for
any given values of 7 and £.

XXII. To find D(r, £) in terms of 7, for the general value of 7, and for a given value
of k, we write

D(r, E)=Ar*4-Br*'+ ..+ Lr4M;

for we know that this number is not greater than {i(r.(r—38))}*~*x[E+1 , that of all
possible sets of £ diagonals that cross or not. Then, from the 2441 equations,

D( %43, k)=A( k+8)*+B( k+3)*14.. + M,
D( k4, k)=A( k4+4)%+B( I4+47* 4. +M,

D(3k--3, k)= A(3k-4 3)% - B(3E+3)%+ 4 .. +M,
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 225

the left members of which are to be calculated by the preceding article, we can deter-
mine the coefficients A, B, .. LM.

So far as T have pursued the inquiry, I find always one factorial form of the function
D(r, k) ; but in order to prove that this is always the form, it is necessary to show that, if

_ B+ (3+h—e—2)™

D(34h, ¢) . e, and
_(r—-—h—l)"”"‘m (r—k—]c+s-—2)"""l“
D(r—h—1, k—e—1)= = =T ,
(r—lc g)kln
D(r, k) =32 5,%,{D(3+A, 5) . D(r—h—1, k-—e-—l)}-—mlx k+2

from A=0 to A=r—4, and from =0 to e—-lc-l which is the expression that I con-
tinually find.

This summation I must leave to the learned and industrious reader; but, meanwhile,
I shall venture to enunciate with the best demonstration, such as it is, that occurs to me,
the following

TueoreM T. The number of (1-+k)-divisions of an r-gon, i. e. of oll the ways in which
k diagonals can be drawn in it, none crossz'ng another, is

‘ o =Ry

= r_ s

For first, let the »-gon be divided into triangles, 7. e. let £=r—3. Here the (3+4A)-
gon of the ‘preceding article can have only 4 diagonals, or e==/; and the final result, the
last equation of that article, becomes

D(r, k)=

D(r, r— 3)_ (= 3) Z{D(842, k). D(r=h—1, r—h—4)},
from Ah=0 to h=r—4.
Hence we obtain for r=4, r=5, »=6, &c.,

_ _ _44—3]1
D(4, 1)=4%.D(3, 0).D(3, 0)=2= e
D(5, 2)=%.{D(3, 0).D(4, 1)+D(4, 1).D(3, 0)}
_5_55—3[1,
T T =1
D(6, 3)=4{D(3, 0)D(5, 2)4+D(4, 1).D(4, 1)+D(5, 2)(D3, 0)}
66— 31
=ld=p=>

D(7, 4)=%{D(8, 0)D(6, 3)+D(4, 1)D(5, 2)+D(5, 2)D(4, 1)+ D(6, 3).D(3, 0)}
=7{144+10410414} =42 '
77,
7—1’
and as we have demonstrated that D(8, 6) is a sum of products of these continuous
MDCCCLVIL 2u
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226 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

functions, it is a continuous function, and has a permanent form: wherefore it is
sufficiently evident that

yr—31

D(r, r—3)= =

We know that D(r, £)=0, if £>0, for every value of r from r=3 to r=£k—2; for no
(k—2)-gon has % diagonals none crossing another. Hence (r—%&—2)"" is a factor of

D(r, k). Therefore
D(r, k)=(r—k—2)"(A'r"+Br* '+ ..+ Lr+M),
D(k+3, k)=1.2. .It(A'(lc-I— 3y +B(k+3)' ..+ L(k+3)+ 0),

C(k3) k / k-1 !
s = A3 B3+ . +L(+3),
(k+34+1)(k4+3+2).. (k+3+k—1) _ ,, k-1 B =2 1/
i =A(F+3y'+B(A+3)24.. + 1.
1
N,
Hence A=
_ L2.8.(k=1).
= fer2ik+1
consequently

oo \7 - — 1 ; I —k—2)"!
P08 —r—p—gyex LB, ana D, b= L T QED.

r

XXIIIL. TuroreMm U. Every m-ly irreversible k-partition of an r-gon occurs 2r:m times
among the k-divisions, and every m-ly reversible k-partition of it is found r: m times among
the k-divisions. :

For any m-ly irreversible Z-partition has a different configuration about # : m successive
angles (IIL.), and is nowhere its own reflexion; so that 7:m more configurations the
reflexions of the former are read on the reversed face of the 7-gon. And as all these
configurations are found among the A-divisions separately enumerated about the same
angle, this partition is counted 27:m times among them.

And any m-ly reversible Z-partition of the r-gon has 7 :m different configurations in
the interval between the termination of any axis A and its repetition, that is, about
r:m angles if A be an agonal axis, and about r:m sides if it be diagonal. The central
configuration of these »:m is about the axis alternate with A ; the athers form pairs of
configurations reflecting each other. All these are constructed and counted separately
among the %-divisions about the same point of the r-gon; 4. e. this partition is counted
r:m times among the A-divisions. Q. E. D.

Let R"(r, k) denote the entire number of m-ly reversible (14-£)-partitions of the r-gon
about all nuclei, and all kinds of axes, and let 1"(r, ) stand for the complete number
of m-ly irreversible (14 %)-partitions.

The theorem U may be thus expressed :

D(r, k):zm{%-R"‘(n )21, lc)}, or, (m>0),

2
m
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 227

m 2 -
2. 1(r, k)=D(r, zc)—z,,,{;nR (r, B 22 T k)};
which shows that, if we can find R™(r, &) and T""(r, &) for all values of m >0, we can
obtain the most numerous of all the classes, I(r, £), by a simple subtraction and
division.

XXIV. Our first step towards the actual solution of our problem of partitions, which,
after all these tedious prolegomena, we may now think of taking, is to find the numbers
in (XX.). We begin with

R’.’hagdi(,r, k)n=R§h.agdi(r, k)n +Ril:ag.di<7.’ lc),, +R?1}; .agdi(T’ lf)n +R§h.agdi(1,., k)n

Problem b. 7o find R¥*%, k),, the number of (1-+k)-partitioned r-gons, built on the
n-gonal nucleus, and having h agonal and h diagonal axes of reversion, all clear.
There are, in every one of these, 24 equidistant terminations of diagonal axes, between

which mtervene > sides of the n-gon; the central side of these % is bisected by an

agonal axis, wherefore ﬁ is an odd number.

If we mark this central side as the nth of the n-gon, we see on either side of it

4}(57%-—1) sides between it and a termination of a diagonal axis. This nth side is one

of 2k equidistant sides of the n-gon, bisected by terminations of agonal axes, namely the

%, %, 2_’];, ... nth sides,
which are all unloaded, being sides both of the r-gon and the n-gon. The %(é%—l).

sides on either side of the mth are loaded, the first and (z—1)th with a certain e,-parti-
tioned (2-a,)-gon, so as to form a configuration bisected by the agonal axis between
them ; the second and (n—2)th by a e,-partitioned (2+4a,)-gon placed in like reversible
manner, and so on; in such a way as to satisfy the equations following,

r=n-4h (a,—i-af{- .. +a7_L_—-_2h),
o N 0.9
k=n—2h-+4h (ex—l-ef}- . +eu@> .
4h ) >
where @,,=0, and ¢,3@,,—1, since no (24-a,,)-gon can have more than «,—1 dlagonals
drawn none crossmg another ; wherefore if.e,=0, ¢,=—1.
These ~——— polybons a,,, &c. are laid on in the same manner to correspond about the

th th &ec. sides; 4. ¢. they fill up the 44 intervals between agonal and diagonal axes,

maklng a configuration reversible about any one of them.
XXV. The equations (A.) must be satisfied, because the # summits of the n-gon, with
the @, summits added 4% times in the (24a,)-gon, and the @, summits added 44 times in
2u2
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228 REV.T. P, KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

the (24a,)-gon, must make up the 7 summits of the r-gon. And, supposing that g,
everywhere >0, the n—2h loaded sides of the m-gon, with the e, diagonals of every
(2+a,)-gon 4k times laid on, must make up the £ diagonals of the r-gon. - And if
@, =0, in which case the mth and (n—m)th sides of the n-gon are unloaded, whereby 4/
sides besides the 24 above-mentioned remain sides common to the r-gon and the n-gon,
the appearance of e,=—1 corrects the error made by counting those 44 sides for
diagonals of the r-gon, and the second equation still remains true, however many of
the numbers a,, a,, &c. =0. But these equations are impossible, and R?*%(r, k),=0,
unless 7—n, n—2h, and £—n--2h are all multiples of 4A.

Consider any single solution of the equation (A.), and let N be an 7-gon bearing, on the
mth side everywhere reckoned in both directions from the one bisected by an agonal
axis, a (2-+a,)-gon having ¢, diagonals. Whatever be the posture of those ¢, diago-
nals, and whatever be the character of the (2+a,)-gon, the figure is reversible at least
about # agonal and A diagonal axes. And let C be the configuration read in N about
the agonal axis through the nth side of the n-gon.

XXVI. Let, next, any disturbance be made in the arrangement of the ¢, diagonals in

one or more of these 1mposed h polygons, so that the reversible character about the

2h axes be preserved, and the diagonals of the (24-a,)-gon on both sides of any axis
shall form pairs making angles bisected by the intervening axis of reversion. The solu-
tion before us of (A.) being undisturbed in both values and order of the numbers ¢, e,,
a, €5, &c., we can combine every (1--¢,)-division of the (2+4a,,)-gon in the interval with
every (14-¢,)-division of the (2+4-¢,)-gon, &c.; that is, we can make C take

D(2+ay, e,). D(24-a,, 6,) . D2+, ¢;) ... D(24n-sn, €r-2)=02n-2
4h 4k 4h
different forms, by mere variation of arrangement of diagonals, the same variation being

made about every agonal axis, and consequently the same variation occurring about every

diagonal axis. Of these An—ss conﬁguratlons no two ean be alike; for the intervals of
Tan

n—2h .
f—4—/;— sides between two adjoining axes are irreversible configurations, if we look at the

axes which limit them, because one is an agonal and the other a diagonal axis; so that,
in fact, no disturbance of one or more diagonals of N can produce N’ a repetition of N.
If the limiting axes were alike, it might possibly occur that N’ should be a reflexion of
N, the configuration of one read from right to left in the interval being that of the other
read from left to right.

It is to be observed here, and in all products that we may handle of the form of

An-, that when @, =0 and consequently ¢,=—1, D(24a,, ¢,) is either to be omitted,

ah
or counted unity, so that A0 is always =1.

XXVIIL Next, let us make a variation in our solution of equation (A.), either by
altering two or more values of @, a,.. or of ¢ ¢,.. or of both; or by exchanging the
‘places of certain values without altering them. It is evident that C', the result of such
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BREV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE B-GON AND B-ACE. 229

disturbance of the solution, must differ from every C that we have before regarded about
the axis through the nth side of the n-gon; for it has no longer the same polygons in
the same places of the interval between the axes. We have either changed the order of
the imposed polygons, or we have in certain places put a (1-4-¢,)-partitioned (2-+a,)-gon
which was not employed in the construction of C, for a (1+4-¢,)-partitioned (2+4a,,)-gon,
which was, Whatever be the solution we work from, we shall be able to produce from

it, by mere disturbances of diagonals in the imposed polygons, As-s distinct configura-
4h

tions, all different from the A.—ss counted before; and all the r-gons thus produced will

4h

have the property of being reversible about 4 agonal and % diagonal axes. And it is
evident, that every configuration about an agonal axis of any (14-%)-partitioned »-gon,
having 4 agonal and % diagonal axes of reversion, will be produced from some solution
of equations (A.), and some arrangement of diagonals in the imposed polygons.

If, then, we denote by =.As—a the sum of the products A’i};ﬁ made from every solu-
4h

tion of equations (A.), every change, either in value or order, of g, e,, @,¢, &c. being
counted as a solution, we find that SA,-x, many terms of which will be equal numbers,
4h

is the exact number of configurations about an agonal axis which can be seen on any
(14F)-partitioned r-gon having % agonal and % diagonal clear axes of reversion.

Now no ago-diagonally reversible has two configurations about agonal axes; and
every (1-4%)-partitioned r-gon having ¢4 agonal and ¢& diagonal axes, is reversible about
h agonal and % diagonal axes, whatever positive number ¢ may be; for it has 4 equi-
distant agonal axes, and between every pair of these ({—1) more agonal axes, and it has
h diagonal axes, because 74 diagonal axes bisect the angles between the % agonal ones.
Hence it follows that

EA"__:_@= SR (r, k),

n—2ih r—n k—n+2ihk e s
> a d ——z— positive integers; con-

ditions necessary to the existence of equations (A.).
XXVIIIL. Consequently (7> 0),

R%h ' aga'i(/r’ k)nz EA@ - EiR§<i+ {)h-agvii(r’ k)”’
4h

where ¢ is every whole number giving

for all values of (¢-+1)h=A/, which make n—2//, »—n, and all multiples of 44/
As r>n, n—2h>0 in equations (A.); hence n<:6h, and if 2k>g, R?*=0; i.e.

Rywé(r, ), =R (r, k),=0.
If n=~06%, the equations (A.) become

2n
r—n =§a,,
2n  2n
b—3=3%
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230 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

3r+n 3k—2n
2-[—&1—— 27 0 G="Tg,

Bu-a=D(2+a, o)=D(%5" FZ2),

and this is SA.-a, as there is no other solution of (A.). Wherefore

4h
3r+n  3k—2n)
’ 2n

RI““(r, k), D(
Next let e =2, or 2h=g; we obtain

RE““(r, 1), = EA%?E-R?(T, )

which is a given number. Here, as before, ZA has as many terms as there are solu-
tions of - '

r=nt (0+a)
dn 2
k=.5+% (e +e).
Yor an example, let »=78, k=48, n=30; 3:6 to find Ri#%(78, 48),, we form the

solutions of
b=q,+a, (¢,=0, e,Pa,—1)

2=e, ¢,
of which there are five, namely,
4=440= 04+4=34+1=143=2+42
2=8—-1=—14+3=240=042=1+41;
whence, disregarding the negative —1, we obtain

2.D(6, 3)+2.D(5, 2).D(3, 0)+D(4, 1).D(4, 1)=SAn-m,

or SAn-=2.1442.542°=42;

4k
and RE-we4(78, 48),,=42 —R}"*(78, 48),,=42,
because 718—30 is not a whole number.

20
30—24 . . .
‘We may then put —9—47L—=7, the next possible integral value after 2 of that subindex;

and thus finding A=1, proceed to enumerate R}*%(78, 48),,, The equations (A.) become
78 30

=12=a,4a,+.. 40,

48—28
= 9=a+te6+.. +e,

and the solutions are already numerous. The sum of products A, being found, we obtain
RE8%(T8, 48)5=2A,—42.
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Thus it is evident that we can register R?**%(r, k),, from h=g to h=1, for all values

that make r—n, n—2h, and £—n--2Ah, multiples of 4.

For a simple and complete example, to be carried out through all our investigation, we
may take the partitions of the octagon. Here we are to seek R?%%(8, f),. Evidently
n<8 (if £>0), and =6 or =4.

‘When n=6, §£}_f£=1’ the only value, gives =1, and R}*%(8, k),= 0 whatever be k,

8—6 , .
because —— is not integer.

When n=4>4, 4—;:}-?13 has no integer value >0; wherefore, since r>n, R?%(8, k),=0,

for all values of 2. Hence
Rf‘hagdi(S’ ]L‘):—"O,
whatever be the nucleus, except that
' R=%(8, 0)g=1 (art. IIL.).

XXIX. Problem c. To find RE#(r, k),, the number of (14k)-partitioned r-gons, built
on an n-gonal nucleus, having h loaded agonal, and h clear diagonal, axes of reversion.

The investigation to be made differs from that in the five preceding articles in that
the 2 sides of the n-gon, bisected by the agonal axes, are all loaded with a certain
(1+4¢,)-partitioned (4-+2¢,)-gon A,, having at least one agonal axis of reversion
(Theorem G.). This must be so posited that its agonal axis shall be in a line with that
of the n-gon (Theorem N.), and must be placed alike on the 2/ equidistant sides, since
all agonal axes of the 7-gon must bisect the same configuration at each end (Theorem C.).
The remaining sides of the #-gon may be loaded, the mth from A,, with any (14, )-par-
titioned (or divisioned) (24-a,,)-gon so as to form a figure reversible about the 2% axes,
and so that the equations following be satisfied :—

r=n- 2]@(2+2a0)+4h(a1+a2+ ..+ an—m)
4h
lﬁ=n+2heo+4h(e, A0, .. —;"en_—ih) $

4h

(A")

where a,=0, ¢,+0a,—1; and ¢,=—1, if ¢,=0;
the numbers «, and g, being any that we may select from our register of polygons having

at least one agonal axis, which is supposed complete for values of (2+2¢«,) not greater

- —2h . .
than %,{1 All that is said of the loading of the %—}f sides between the axes, and about

the import and necessity of equations (A.), applies to equations (A'.).

The sides being thus loaded, we have an »-gon which has only clear diagonal axes, and
is reversible about 2/ equidistant and alternate agonal and diagonal axes. Leaving now
the 2/ agonally reversible (14-2e,)-gons undisturbed, we can vary the positions of the
diagonals, exactly as in (XXVIL.), so as to produce about the agonal axis through the
nth side of the r-gon

D(2+a, &) D245 6)... D(24tu-si> €uv) =L

4h 4h 4h
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232 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

different configurations, the numbers @, ¢,, &c. here being those of a solution of equa-
tions (A'.). And every one of these may be varied again by changing the posture of the
(44 2e,)-gon, if it has a second configuration about an agonal axis, so that this axis
shall come into a line with that of the n-gon, or by exchanging the (44 2a,)-gon for any
other that is also (1--¢,)-partitioned and has an agonal axis. The number of variations
in our power by disturbance of the (442e,)-gons alone, is

2, {2R™E(4 420, &)+ R™€4(44-20,, ¢,)} =H,
because each m-agonally reversible has two configurations about agonal axes and thus
admits of two postures, while each ago-diagonally reversible has only one; whatever be
the number m of agonal axes (Theorem A.).
Thus we see, that for every solution of equations (A’.) that we can write down, all values
and orders of the numbers counting in the solution, we can make
H.An-s
4h

different configurations about the axis through the nth side of the n-gon. The proof
that there are no two of them alike need not be repeated here from art. XVI.

If then ‘ ZH . An—zh

4h

denote the sum of those products HA made from every solution of equations (A".), this
number is that of the 7-gons (14 £%)-partitioned, and having % agonal and % diagonal axes
of reversion, the latter only being clear axes, which are constructible on the n-gonal
nucleus. This is shown exactly as in art. XXVII. And by the reasoning of that
article we obtain :

: =.H. An—zh——-ERz}" @y k)
}i being any number 7’ such that

n—2l r—n—2H.(2+ %a,)
4’ 4

k ] — Qlllfo
4

and

are positive integers, for some values of «, and ¢, that are found in our register of
(1+-¢,)-partitioned (24 2¢,)-gons, havmg an agonal axis of reversion.
Hence (¢>0),
Rﬁh.agdi(i,. k) —SH. An_gh_zRahaﬂ).ngd;(r k)

XXX. The hlghest value of 4 in equations (A'. ) glves h _.O or 2h=mn. In this

case A, is the only imposed polygon, and the equations (A'.) become
r—3n k—n

=2w0, o =&y

_ [ mg<r+n k—n magdz<r+n k—n)
H=3,{2R )+R 3

which =0 of course if the fractions are irreducible, or if no such values are in our

register of reversible polygons with an agonal axis. As-m=4, is here to be considered
. . 4h
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unity ; wherefore
ch agdi(y, k)n:: Em{sz .ag (7.17;1&’ lc_i:?.) +R2m. agdi <7_‘..ﬂ, @) }’

n n n
which is a number given in our register, or else =0.

The next step is to put the subindex ":k% =1, or §=2k, and find

R (r, £),=0,

n—2h.
4h

because 2h= g does not give an integer

RS (s, #),=SH.A,—Ry%(r, k).,

n—2h
4h

a number readily obtained, and so on throﬁgh all integer values of

2h=2.
XXXT. For an example take

r=92, k=12, n=6, h=1, and seek RZ%%(22, 12),.
By equations (A'.) we have

, from 2]L=g to

22=6+4+4x,+4a,
or ey P2, 4420, 8.
Our register as far as 7=38 contains, under R%%,

Reii(8, 0)=1, RO-#%(6, 0)=1, R*#%(6, 1)=1, R*%(6, 2),=1, Rewti(4, 0)=1,

where o, =2 o,=1 a,=1 a,=2 a=0
=0, &, =0, g=1 g =2 g=0.
But as 12—6;—2.50 is integer, §,=1=e,; and the only solution of (A'.) is
22=6+2.(2+42.1)+4.2
12=642.1 +4.1,
where a,=2, e,=1.

D(242, 1)=2=3A,, SH=R**%6, 1)=1
R#%(22, 12);==HA,— R};*=#%(22, 12),
=2-0,

n 2246 . . .
because %—-: ;- » in RZ (7, k),, is not integer.

We proceed with our partitions of the octagon, and seek RZ:*#%(8, £),.

Now R#%(8, k);=0, because HTn here is not integer: let n=4; then, w: 0, the

4h
only integer value, and R}#%(8, k),=0, because §1‘_4= 3, a value of 7 not found in our

register under R* or R*%%,- Therefore R *%(8, k)=0.
MDCCCLVIL 21
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XXXII. Problem d. To find R2*%x, k),, the number of (14+Xk)-partitioned r-gons
built on an n-gonal nucleus, to have h loaded diagonal and h clear agonal axes of
Teversion.

All the axes are agonal axes of the nucleus (Theorems M, N). "There are 2/ unloaded
sides, carrying the agonal axes, and midway between each pair of these, a side loaded
with a (1 +en)-part1t10ned (3+2an)-gon, having at least one monogonal axis (Theorem N),

4h,
2h
> h Zth, . v nth sides of the nucleus; & and z» being
)
numbers selected from our register of monogonally reversibles. And on the mth side,
counted from the unloaded one in both directions, is laid any (14-e,)-partitioned
(2+4a,)-gon, once in every interval between an agonal and a diagonal axis.

The equations to be satisfied are
r=n -l-4h(a,+a2-|- . +an_ﬁé)+2h(2“£_‘+l)}
Ic=n—2k—|—4h<el +e.+.. +e%4_h>+2keﬁ,
a,=0, e,+a,—1;
for reasons sufficiently given in art. XXV. These cannot exist unless

7'-—n-—2h<2a3+1> and Iﬁ—n—Zk(sﬁ—l)

4h 4h

which is laid alike on the th

(A")

are divisible by 4h. Every r-gon constructed by loading the sides of the n-gon as above
described will be (1 +lc)-part1t10ned and reversible about % clear agonal and A loaded
diagonal axes.

Leaving now undisturbed the (3+2uﬁ)-gons, we can change the arrangements of dia-

gonals in the (2+4a,)-gon, (2+a,)-gon, &c. in
D(2+dx, 1) D(2+CL2, 62) D(2+(ln—4h, én— 4h)—-An~4h

4h

different ways, without altering at all our solution of equations (A".). And we can com-
‘bine each of these arrangements of diagonals with every <1+5n) -partitioned ( 3+2an>-g0n
in our list of monogonally reversibles, of which there are -
M=2mRm.mo<3+2aﬁ’ ﬁﬁ);
4k 4k
so that the entire number of (14-Z%)-partitioned r-gons, having not fewer than A clear
agonal and % loaded diagonal axes, constructible from a single solution of (A".), is the

product MAs-ss; and a similar product being formed from every solution of (A".), count-
4h

ing every change of value or order of ¢, ¢,, @, ¢,, &c. as a solution, we obtain the result
=.M. At’:_h =3 Rit-osdi(p ),
the number of products on the left ur:der = being that of those solutions; or
R-osti(y, k),==. M. An—4h—'2 Rr+nagdi(p ) o (1> 0).

This content downloaded from
128.97.27.20 on Tue, 24 Nov 2020 07:08:57 UTC
All use subject to https://about.jstor.org/terms



REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 235

- XXXIII. In equations (A".) n—:—;—k may have any value 0. When n=45A, we have
r—n=3-(2e,+1),

n n

k—5=34;

2k—mn .
n b

3+2¢z1=:nf; 6=

hence Rz %, k),=0;
and as A,=1,

R‘?c“gd"(r’ ]f)n-— s R™ mo(?r Qk—n);

n
which of course =0 if the fractions are irreducible, and also (IX.), if 7 is divisible by ».

From this we obtam putting the subindex ~—— T ._1 or Zk_

Re (0, ), =SMA,— 3, Rromo (X

n’ n

2r 2k—n)
b

and thus R%*%(r, k) can be found in succession for every whole value of 7 from Zk_—

to 2h=2, which gives
r—n—2h<2un+1) and k—n— 2k(en—-1>

4h

divisible by 4A.
We proceed with our partitions of the octagon, by finding R2:*¢%(8, £),.

. . —4h . .
R#s4(8, k)s=0, because the subindex §——7:—1~ is not integer.

If n=4, = : k0 and h= 1; when (A".) becomes 8=4+42(2«,+1), which is absurd;

-, Redi(8 [)=0, for any nucleus.

XXXIV. Problem e. To find Ri*%(x, k),, the number of (1+4k)-partitioned r-gons
having an n-gonal nucleus and h diagonal and h agonal axes of reversion, of which none
are clear.

The construction is like the preceding, with the exception that 24 equidistant sides, viz.the

n 2n 2h 1
, goth, oath, ... —gnth,

nth s gpths -

are all loaded with the same (1+-¢,)-partitioned (4—|—2u0)-gon, having at least one agonal
axis of reversion, ¢, and @, being any numbers in our register of agonally reversibles,

¢n and o, being found as in XXXII.
MThe e:;uations to be satisfied are,
r=n-+2h.(2 +2ao)+4b(a,+a2+ . +a,%4_;.) +2h(2a%‘+1)}.
=n-+2h.¢, +4h(e, +32+-.+3ﬁ_-;-’:;h)+2k.5&

where «,=0, and ¢, 3¢, —1.

(AHI.)

212
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236 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

An r-gon so constructed from any one solution has £ diagonals, and is reversible about
atleast 4 agonal and % diagonal axes, all loaded.
We can, as before, make the product
D(2+-a,, ¢,)D(2+a,, 82)....D(2+an_—__4h, eﬂ>=An_4k

4h 4h 4h

with the numbers @,, @,, &c. in our solution of (A™.), which is the number of variations
of diagonals that can be made in the (2-4a,)-gon, (2+a,)-gon, &c., while the 44 rever-
sible polygons upon the axes are undisturbed. We can also disturb these polygons alone,
varying the 2% agonally reversibles, in

3,,(2R"(44-2at,, &)+ Re4(4+2a,, ¢)=H

different ways, as in XXIX., and the 24 monogonally reversibles in
EmR'm-ﬂm(S_l_ai, En)=M

sk 4h,
different ways, as in XXXTI., wherefore the entire number of r-gons (1-+%)-partitioned
and having A equidistant agonal and as many diagonal axes of reversion all loaded, that
can be formed by one solution of (A".), is the product

H . M . An—cﬂn

4h

all the numbers «, &, @, ¢,, &c. appearing in the product being those found in that one
solution.  The sum of these products, one for every possible solution of equation (A".),
all orders and values of the quantities w¢, @ ¢, &c. counting as solutions, is the total
number of (1-4%)-partitioned 7-gons, built on the z-gonal nucleus, to have % agonal and
h diagonal axes of reversion none of them clear, <. e.

SR (p, k),=ZH .M. An-w;

4h
the number of products under = on the right being that of the solutions of (A".).
Wherefore — Rg**#%(r, k),=ZH.M.A,—us— SRICVwdi(p |) (70);

4h
for whatever be the value of ¢, there must be / equidistant agonal and as many diagonal
axes bisecting the intervals between them.
XXXYV. The highest value of % in (A".) gives n—2h=0, 2h= g The equations

become in this case

2r—>5n .
on =+,

2k—2n
Py =¢,4¢,,

which have of course no solution if the fractions are irreducible ; and SA,=1: wherefore
Ry (r, ), =0,

® agdi
R (n, /;:)n=z{zm(2ng(4+2ao, o)+ R4 20, 6,)) 5, R ™(3 41, 4, )}=EHMA0,
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 237

a sum of products easily obtained from our register of reversibles, a different product for
every solution of the two equations just written in «,, ), &, .

We next put n';}fk:l, or 2h=g, and find

2 agdi iagdi
R (r, k),=SHMA,—R; (r, k),
H, M and A, being properly determined from the numbers that satisfy

r=n-k 2 (24 20)+ 20,4220+ 1),

n n n
k=n+z‘5o +§‘31+Z'52-

In like manner we can obtain R*-*%(y, ), for every value of 2A that gives, in equa-
tions (A".),
n, r—06h, and lc-—n—2h(eo+eﬁ),
4h,

each divisible by 44 ; a,, ¢, @» and ¢» being numbers in our register of reversibles.
4k 4k

It is easily seen that
Rghagdi(S’ k)ﬁ_: 0 —_ Rghagdi( 8, k)4’

whence by what precedes we obtain, for £> 0,
R2hagdi(8’ ](,‘):0,

or the octagon has no partition ago-diagonally reversible, except itself.
Thus we have determined the four numbers

R esdi(y, k),+ R #%(r, k),+ Rt =%, k),+Ry#%r, k),=R"“(r, k),
- XXXVI. The next step is to obtain
R #(r, k),=R}*(r, k),+RE(r, k),+Re-4(r, k),
Problem f. To find R} *¥(x, k),, the number of (14+k)-partitioned v-gons built on the

n-gonal nucleus, to be reversible about h agonal axes, all clear.
“Whether # be odd or even, 2A sides of the n-gon, viz.—

n 2n h—1 .
the nth, 3 h, Tth...-—h-—fnth sides,

and the %th, %’th...%i—lnth sides,

which are equidistant from pairs of the preceding %, are unloaded, and the sides between

the nth and En}-zth are loaded, the mth with a (1+-¢,)-partitioned (2+4a,)-gon, &c., the

configuration of this interval being reversed in the two adjoining intervals of ZL—;—:—ZP sides

each, so as to make a figure reversible about all the axes. And the equations following
will be true :—
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238 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.
T=n+2h(al+a2+ e +a7j:_2_’l)5 am§07 ]
2k
k=n—2h-+2h(e+e+ ...+ ern), 6 ba,—1. |
2h

The above construction from every solution of this equation gives an 7-gon A-partitioned
end reversible about at least A clear agonal axes bisecting 24 equidistant sides, both of
the r-gon and n-gon (Theorems B, N). And with this solution, 4. e. without changing the
weight or order of the imposed loads, we can, by disturbing the arrangement of the e,
diagonals of the (2+4-a,,)-gon in any way whatever, produce a new configuration about
the axis bisecting the nth side; and the entire number of configurations so brought into
view by such disturbances will be

D(2+4a,, ¢,)D(24a,, 62)...D(2+an~;:}?_h, 33#)=A,%2_h;

(B.)

and a like expression for the number of configurations generable from every solution of
equation (B.), ¢. e. for every change in the weight or order of imposed loads, being added

to the above, we obtain SA,_u different configurations about the axis through the nth
2h

side, the number of terms under = being that of the solutions. Among these will be
found once, and once only, every aspect of any (14 k)-partitioned r-gon about a clear
agonal axis, which has 24 equidistant sides in common with the n-gon, bisected by agonal
axes of reversion. Now two of these configurations are found on every one of R¥(r, k),
for each has 72X 2% such equidistant sides of the n-gon; one will be found on each of
R}Y*(r, k), for the same reason, and one will be found on each of R#%(y f), and on
each of RY“#%(r, k), for the same reason (Theorem C); that is (:>>0),

SAn—sn=3,{ 2R (7, &), +Ry(r, ), 4 RE%(r, k), Re¥ei(r, ).}, and
2h

R}-(r, k)nz—;—{EA@—Ei(ZRﬁ("“""g(r, k) RE(r, k)R, k), R cedi(p, /c,,)}
2h
XXXVII. Before we proceed with the discussion of this formula, it is necessary,

Problem g. 7o find Ri(x, k)., the number of (1+4Xk)-partitioned r-gons havmg = clear

and 151 loaded agonal axes, and built on the n-gonal nucleus.
- These 7-gons have all on 4 sides of the n- gon, the

nth, 7 h, % th . ﬁ nth sides,

a (1+4-¢,)-partitioned (4+2a0)-gon having an agonal axis, and nothing on the

3n 2h—1
h, 2hth 57 =" nth sides.

The equations to be satisﬁed are

r=n+h(2 —'—2mﬂ)+2k(al+a2+ . +an__2_h),]
=n—h-+he, +276(81 +e+..+ 62:_2}) ,J

%, and ¢, being any number in our list of reversibles about an agonal axis.

(B')
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 239

The configurations producible about the loaded agonal axis through the nth side of
the n-gon, from any one solution of (B'.), are the product HA,—z, of
2h

H= Em{ZRmug(4 +2a,, 50) +R2magdi(4 +2a,, eo) b
and An-a=D(2+4a,, ¢,).D(2+a,, 62)....D(2+an_—2_h, en-__z_h);
2h

2h 2h

and the sum of these products, one for every solution of (B'.), all values and orders of
the quantities counting among the solutions, is the sum of the configurations bisected
by the loaded agonal axes of all (1-+4£%)-partitioned r-gons built on the n-gonal nucleus,
to have 1% loaded agonal axes, and }A clear agonal axes bisecting the equal intervals
between the loaded ones.

Now the whole number of these r-gons is that of these configurations, since no such
7-gon has more than one; and these r-gons are in number exactljr

SRE+h-os(p, f),=ZH. An-m, (¢=0);
2h
for all these have (2¢41)X 4A loaded agonal axes, and among these areg equidistant

ones, in the intervals of which lie an odd number (2¢41) of clear agonal axes. But
Ri#(p, k), is not in the number of these r-gons, because in the intervals of any $A
equidistant loaded axes of these, lies an even number of clear axes. Wherefore, (> 0)

Ri(r, k),=3 (H An:_%) — SRy, f),
2h
XXXVIII. The highest value of & in (B'.) gives n—2h=0; which reduces them to

2r—2n 2k—mn

=242, — = A=1;

n
wherefore Ree(r, k),=0
2 og o (27 2k— (2 2k
R A=z 2o (3 2) e (T 220 .

n—_ ZIL

We can next put =1 in equations (B'.) and find R, ;‘;ag (7, k)., and thus every number

pas(r, k), for any even value of %, so that
n, r, and lc—k(éo——l)

shall be multiples of 24, ¢, being some number of diagonals on our list of agonally

reversibles.
In XXXVI., equations (B.), the highest value of A gives 7%712—]3=1, or 'k:j{, when
those equations become
2r—2n 2k—n
=, T =6

so that # is divisible by n: D(2+a,, ¢,)=2A,.

f.agdi
Hence - R} (r, k),=0;
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240 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

and since R (r, ¥),=0, by XXVIIL,

and R “(r, #),=0, by XXXIIL,

when 7 is divisible by #,
RS (r, B)=3{D+a, 6)—RE (r, 1))

_2{D<2r 2k— n) {QR”“’E(QT 2k—n —I—R“’m“gd’<2n7, 2/:;72)}}

If now we put in (B.) E;—h—=2, we can obtain Rfag(r, k)., and every number RM¢(r, k),

in which »;, 7, and % are multiples of 2/, including the case of A=1.
We shall now find Ry*(8, £), and R}#(8, £),.

For n=6 in equations (B.), we can only put %:2, h=1, and k=2; then
r=8=6 +42.1(140)=6+42.1(041)
k=2=6—242.1(0—1)=6+42.1(—140)

A,=2D(3, 0)=2
Ri(8, 2);=42=1.

If n=4, 4—2— b_mteger gives only (7>n) k_ and being integer in the formula

for Rj‘iag, gives k==2, or else £=4. Also, by the same formula,
R (8, 2),=3{D(4, 0)—Rws(4, 0)}=}(1—1)=0
Ri(8, 4).=3{D(4, 1)—2(R*(4, 1)+R*(4, 1))} =32~ 0)=1;
for the only entries in our register for =4 are
Ri#%(4, 0)=1 and R*(4, 1)=1.

. . —2h . .
When n=6 in equations (B'.), E 27 1s not integer for an even value of %; but when

n=4, h=2=g—, and by the formula for_,.,Rfcagdi(r, k),
Ri#(8, 2),=Rwsi(4, 0)=1;

for k=2 is the only value that finds 2_%—_7& integer in our register.

XXXIX. Problem h. To find Ri(x, k), the number of (14K)-partitioned r-gons
having h agonal azxes only of reversion, all loaded axes.

In any one of these there are 24 equidistant sides, the nth, the %th, the g—:th, &e. of

the #-gon loaded, half with a (1+-¢,)-partitioned (44-2a,)-gon, and the rest, alternating
with these, loaded with a (1 +sl)-partitioned (4+2ml)-gon, all having at least one agonal
2h 24!

axis of reversion, which is also one in the n-gon. The numbers «,, ¢, as well as @n, ¢,

2k 2k
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 241

which may be the same or not with the former, are any that we choose from our register
of agonally reversibles. The intervals are loaded as before, so as to satisfy

r=n-+h(2 +2a0)+2h(a1+a2+ . +an__7g_,) +Iz(2 +2a£h)1
k=ntle,  A2atet o tam) s [

where ,=0, e,Pa,—1.

(B”. )

Having chosen any solution of these equations, and posited the polygons, we can,
without disturbing the first-named 24 polygons on the axes, make

D(2+a,, e,).D(2+a2, 82)..D(2+a1—2_2_h, e,%hih) =A7_L_2-7'g.

variations of the ¢,, ¢, ... diagonals, and produce about the axis through the nth side as
many configurations. And with each of these variations we can combine any (44 2¢,)-

gon in our register which has ¢, diagonals and an agonal axis, and also any (4-]— 2aﬁ)-g0n

2h
having ¢» diagonals and an agonal axis, and in any posture giving A agonal axes of the
’ 2k

r-gon. That is, we can, without altering our solution of (B'.), produce about the axis
through the nth side H.H'. Ap—a different configurations reversible about % agonal axes
2h

all loaded as described, where
H =3,{2. R4+ 2a,, ¢,)+R*™e%(4 4 20, ¢,)}
H':Em{2 . Rmag(4+2wl, e£)+R2magdi(4 +2“1L_, 51)}.

2h 2k, 2k 2R

If then SHH'A denote the sum of these products made from every solution of (B”:),
obtained by every change of value or order in the numbers aa ¢, this will denote the
entire number of such configurations.

Now two of these are found in each of RE-2 (p, k),
one of them, namely, about the loaded axes, in each of Ry, k),

and these are among the configurations obtained with e,=a«» and ¢=¢x;
2h 2h

also one of them is in each of R85, I)py
and one of them in each of RYi-esti(p, k), ;

for both these have A equidistant agonal axes loaded, of course alike (a‘,:ocﬁ and €o=ii)-
2k 2h.

Nor is there anything to prevent the 24¢ terminations of axes in some of R{“(r, k), being
loaded all alike; for this cannot hinder the configurations about alternate axes from
being different. Therefore

SH.H.A ’_'_’_2.”_= Ei (2Rgi.ag(r, k)n_I_RzZi.ag(T, k)n_l_R:hi.agdi(r, k)” +R§I£i.agdi(r’ k)n), or
2k .
Ries(r, k)F%{'zH.H'.A,,__ﬂ-— (2RO, B)urk RES(r, B)H R 50, )R, B),)).
2k

MDCCCLVIL. 2K
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242 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

XL. The highest value of % in (B".) comes from n—2k=0, the case when there are

no intervals to load. .Then,

r—3n
2 =t

k—n
T =t

A,=1=32A,; so that
Ryve(r, £)=0),
and since Rye(r, k),=0 (by XXIV.)=R=(r, k), by XXVIIL,,
R “(r, B)=d (SH.H—Rgw(r, 1),),

H and H' being given functions of a,s, and «, expressed in the preceding article, of
course both' =0, if 7 and % are not multiples of ».

We next put n—2~=25in (B".), and readily deduce R? ug(r, k),; and thusin order we
obtain R*(r, %), for every value of A>1, which makes

' n, r, and lc—k(eo+e§“) divisible by 24 ;
conditions necessary for the solution of equations (B".). "We cannot find Rg(r, &), by
this formula (A=1), for there is no such division reducible to a nucleus (K, XIIL.).
We are to proceed with our partitions of the octagon. In equation (B".) r—n<4,
s34, When n=4, é—';h—Qh:l or =0, giving A=1 or A=2, the latter of which is
inadmissible, since 8 —4<24.2. Thereforé
r=8=441.24+2.041.2; or u,=a.=a,=0,
h=2=4+42.—1, "
and D(2, —1) is to be considered unity =A, ;
R (8, 2),=3{R"*%(4, 0).R%(4, 0)—R2%(8, 2),}
=3(1.1-1)=0.
Thus we have found (XXXVI. XXXVII. XXXIX.),
R»*(r, k)a=Ry*(r, k),+Ri(r, k),+RE(r, k),
XLI. We have to investigate next, formule for |
Re“(ry k)u+Ri (7, )+ RY(r, ), =RM(r, k),

~ Problem i. To find Ri%(x, k),, the number of (1+k)-partitioned r-gons having diagonal
azxes only of reversion, all loaded, and built on an n-gonal nucleus.

Each r-gon of this number has a (1-4-¢,)-partitioned (84-2a,)-gon laid on & equidistant

sides, the nth, the %th, the g}:—Zth, &c. of the r-gon, and a (1+eﬁ)-partitioned (3+2a u’)-gon
2h, 2h)

laid on % sides each equidistant from two of the other %, all being polygons reversible
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 243

about at least one monogonal axis, which is an agonal axis of the n-gon (Theorem N),
bisecting the side on which the polygon is placed. The intervals of 7-5—2_7‘% sides being
loaded as in the previous constructions, the equations of condition are
r =n+k(1+2uo)+2k(a,+a2+ . +aﬂ) —I—ﬁ(l +2“_n_)]
25 2 , L. (C )
R=nthsy  42etat. tomtho |
2k 2k
ami 09 8m>a/m'—1)
and both w, ¢ are chosen from our register of monogonally reversibles. Leaving undis-

turbed the 2/ polygons on the axes, we have in our power, from any one solution of
equations (C.),

D(2+a,, ¢,)D(2+a,, 82)...D(2+an_;2_§, en_—___%)=An—2h

2k 2h 2k
variations of arrangement of the ¢,, ¢,, &c. diagonals in the intervals, producing as many
configurations about the axis through the nth side of the n-gon, and all reversible about
at least & monogonal axes. With any one of these variations we can combine any poly-

gon of the number
M=32 R™"(342a, t),
and any one of :
MI=EmRm.m0(3+2w-n_, 51) 5
2k 2k,
so that we obtain MM'A.-s configurations from this one solution of (C.).
: 2k
If we form this product for every possible solution, in every order of values of z o, ¢ ¢,

&c., we shall produce about the axis through the nth side of the n-gon,

different configurations. %
Now two of these are seen in each of R¥%(r, k),
one of them in each of R-%(r, k),
one in each of Ry-54(r, k),
and one in each of Ri-osdi(p, k), ;

for every one of the last three classes has » X ¢ terminations of agonal axes of the n-gon
loaded with monogonally reversible polygons. Wherefore

SM. M. Aposs==Z{2RE4(r, B+ RE-4(r, k), R %(r, B),+Rbs(r, £),},
2k
and (¢>0),
Ri(r, )=} SMM Ay — 3, 2R, &)+ R3(r, k), Re(r, k),+ Rot-#%(r, E)a)}-
2k

This result is useless until R}#(r, k), is known.
XLII. Problem k. 7o find Ri&(r, k),, the number of (1-+k)-partitioned x-gons built on
an n-gonal nucleus, to have ¥h loaded and $h clear axes only, all diagonal axes.
A clear diagonal axis of the 7-gon is a diagonal of the nucleus, evidently. These
2x2
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244 REV.T. P, KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE:

r-gons will have only » sides of the n-gon loaded with (1--¢,)-partitioned (34-2e,)-gons
monogonally reversible, namely the nth, the gth, the %nth, &c. sides. And half the

interval between the nth and gth, namely ”—2'"/713 sides, will be loaded, the mth with a

(1+¢,)-partitioned (2+4-a,)-gon, which will be placed also on the (%—-—m) th side, so as
to form a figure reversible about the diagonal bisecting that interval.
Our equations of condition are now

7-=n+h(1+2a0)+2h(a,+a,+ . +an:h_;.)}

k=n-hs, +2k<e, +e+.. +e%-h_@)
@,=0, ¢, +a,—1,
where #, and ¢, are any numbers we select from our list of monogonally reversibles.
Reasoning as in the previous constructions, we deduce that the entire sum, made from
every solution of (C'.), of products MA of
M=3,R"™"(342a, ¢,), and
An_h—D(2+a1, ¢).D(24a,, ¢).. D(2+an-;., Gn—h)

2k

(C)

is the complete number of configurations about a loaded axis, of r-gons having

g equidistant loaded, and bisecting the intervals between these, g clear, diagonal axes of

reversion.
Now one of these configurations about a loaded axis is seen in each of R{F*"*4(r, f),;

for it has in the intervals of any equldlstant loaded axis 2¢4-1 clear ones, one of them
bisecting each interval. But nome of the class Ri?-%(r, k), has that configuration,

because in the equal intervals of 5 loaded axes it has an even number of clear ones, and

none bisecting an interval. And no ago-diagonally reversible can have this configuration,
because the diagonal axes are in these all clear or all loaded.
‘Wherefore E.MAM=25R§°'“’""”(T, &)

and RY(r, B),=3M. Apa— SREH4(r, B),; (i50),

where (2i43)h is a value /' that makes —Q—hT- integer.

XLIIL The greatest value of % in (C'.) is A=n, when there is no interval between the
axes. Then,

- n n_z‘”o’ =g,
A°=1=2A0 M'-:EMa
a:nd Rg:i(7‘7 k)n= EmR”‘m"(T_j;l‘, Zc;—n)’

which =0, if 7 and Z are not multiples of n.
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e Ol . —} 2 - :
Next putting %;:1, we find R, (7, %),, and so on for every even value of >0 that

makes n—h, r—n—h(14+2a,), and k—n— he,,
all divisible by 2.
- The greatest value of % in equation (C.), XLI., is A=1n. Those equations become
—2
= %y +°‘1
216 2n
. =+

and Aoz:l::EAo,_
wherefore, RE%(r, k)=0,

and beca.use (XXXIII., XXXV.)
Reeé(r, £),=0=Ry*%(r, k),
Ry d'(y, k)nz-é-ZM.M'—iRg?(ra k)m

o B (4 )0 s (25,52)),

n’ n
the number of products MM' under the first = being that of the solutions of the above
equations in a, a,, ¢ ¢, every order of values counting for a solution. From this R:¥(r, k),
can be found for every value of A>1 in equation (C.), XLI., that makes #, r, and

lc—h(e‘,-}-e};‘) divisible by 2%, conditions imposed by those equations. But we cannot

attempt by these formulee to find Rf(r, £),, (h=1), because (XIII.) this subclass reduces
to no nucleus.
XELV. We proceed with our partitions of the 8-gon, to find R};%(8, %), and R" (8, k),

In equations (C'.), n="6 or n=4, for 7=38; and %?:integer gives only ~=2. Hence
r=8=6-+42.(140)44.0,
k=2=6+42.04+4.~1,
the only value of %, because s, 3 1420,—~1. Wherefore
’ R4 (8, 2);=Rm™(3, 0)A,=1.
_integer, =0, gives h=4,
- r=8=4-+4(1+40)
k=4=444.0,
R{Z(8, 4),=R™(3, 0)A,=1.
Next, in equations (C.), r=38 giVes n="0, or n=4, of which the first, putting 9—'2:5—[3 =inte-

Next, 1fn—4, 2h

the. only value of %;

ger, gives only A=1, the value above forbidden. But ‘—1-—-2?];211 = integer =0, gives h=2;
whence =4, and by the formula for R{*%(r, %), we obtain (z,=¢,=0),
R3“(8, 4).=4{R(3,0). R(3, 0)—Rj(8, 4),} =3{1-1}=0.
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XLV. Problem 1. To find R:%(x, k),, the number of (1-4k)-partitioned x-gons built on
the n-gonal nucleus, which have h clear diagonal axes of reversion, and none others.
In these all the axes are diagonal axes of the nucleus, and terminate at 2% equidistant

angles of it. The interval of 57272 sides between any two, as the 1st, 2nd, ... 2—nbth sides of

the n-gon, is loaded, the mth side with a (1+4-e,)-partitioned (2+a,,)-gon, as in the pre-
vious constructions, so that all shall be reversible about every axis. We have to solve

r=n+2h(al+a2+ . a%)l
7c=n+2h(e1 +e+.. eﬁh)J’

t¢,=0, e, pa,~—1.
The sum of products, one for every solution, all orders of the values counted among
solutions,

(€")

2A»=ZD(2+4a,, ¢,)D(24a,, ea)..D(2 +an, eﬁ),
2k ’ 2h.  2h

is the entire number of configurations about a clear diagonal axis, if 7-gons have % equi-
distant clear diagonal axes, and built on this nucleus.

Now of these configurations
two are seen on each of RE-4(y, k),

one is seen on each of Ry %(r, k),

namely, that about the clear axes in these,

one is seen on each of Rit-osdi(y |),,

and one on each of R &%y, k),

namely, that about the diagonal axes in these. Wherefore (7> 0),
EA“%= SA2RE%(r, k), +RE4(r, k), +R2* s%(p, k), RE 5%(p, k),}, and

2. RE4(r, B), =30 — Z(2REVN(r, B),+RE-4(r, B),+ R, B),+RE 0, £),}.

As r>nin (C".), the greatest value of % gives élb =1. Those equations then become

r—n__  k—n
a0 T =60
_D(r-!-n knn> SA;
hence R(r, k),=0,
and since R}-*%(r, k)=0 (XVIIL),

R%n.di(T’ k)n=%'{ (r-l—n k— n) R:ccu(r, ]C)n“'R agda(r, lc)}

a given number, by XLIIL. and XXX.
And we can proceed to find R:-%(r, k),, for every value of & down to h=1, which
gives, in (C".), #, n, and %, divisible by 2.
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Thus we have completely determined
RM4(p, k),=RE%(r, k), +R}4(r, k),+RE%(r, k),
XLVI. When 7=8 in equation (C".), n=6, or n=4. If n=6, ;—k =3 and h=1 are

the only values making % integer. 'We have then the three solutions

r=8=642(14040)=6+4+2(04+1+40)=642(04041),
k=2=64+2(0—1=1)=642(—=14+0—1)=64-2(—1—140);
2A,=3D(3, 0)=3, and we obtain |
RE(8, 2)s=3{3—R{(8, 2)s} =1.
If n=4, h=2 or h=1; for the first of which we obtain by the formula for R¥*(r, £),,
R24(8, 4),=}{D(3, 0)—R(S, 4))=3(1—1)=0,
k=4 being the only possible value.

If =1, we may have k=4 or k=2; for k= 4 we find the three solutlons (2 k__2>

8_4+2(2+0)=4+2(0+2)_4+2(1+1) |
4=44-2(1—1)=442(—141)=4+42(0+0);
3A,=2D(4, 1)+D(3, 0)=4+1=5,

whence R¥(8, 4),=1{5—R(8, 4),}=2.

For k=2, there are two solutions,
8=44-2(240)=4+42(042),
2=4+42(0—1)=442(—1+40);
giving =A,=2D(4, 0)=2,
and R#(8, 2),=3(2—0)=1;
for there is nothing in our list under R(8, 2), to subtract in the formula for 2R!¥(r, k),.
XLVIL Our next step is to determine
Rrm(r, Eyn=RE"(r, k),+Rb-"(r, k),

Problem m. 70 find RE-=°(, k),, the number of (14k)-partitioned r-gons, built on the
n-gonal, nucleus to have h clear monogonal axes of reversion, and none besidgs.

The % clear axes (Theorem O) are monogonal axes of the m-gon, bisecting /% equi-
distant sides of it; between which lie % vertices of the n-gon upon those % axes; and n is

odd. The interval of =2 3 h s1des between such a vertex and bisected side is loaded the

mth from the vertex with a (1 +em)-part1t1oned (2+a,,)-gon, so that all is reversible about
the h axes. The equations following are satisfied in the construction:

This content downloaded from
128.97.27.20 on Tue, 24 Nov 2020 07:08:57 UTC
All use subject to https://about.jstor.org/terms



248 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

r=n- 2h(al+a2+..+an2;h,,). )
b=n—h+2h(e,+e+ .+ o) T
| (@,=0), (enPa,—1).

For every solution of these equations we can make
D(2+a, ¢,)D(2+4a, ¢,) x...D(2+an_.._h, 'en__;.)=A,.:__;.
2h 2h 2k

different arrangements of the e,, ¢,, &c. diagonals, giving as many distinct configurations

about the monogonal axis through the nth side of the n-gon. And, as before, we obtain

SA,-» different configurations in all by adding together as many such products as there
2h

are solutions of equations (D.), every order of the quantities counted as a solution ; which
sum is the entire number of configurations of (14Z%)-partitioned #7-gons built on this
nucleus to have % clear monogonal equidistant axes of reversion.

Now one of these configurations is seen on each 7-gon of the number RX*"*™(r, [),;
for each has A equidistant monogonal axes, and on none besides, because if one mono-
gonal axis is clear, all are clear; otherwise there would be more than two axial configu-
rations, and the axes are odd in number (Theorem ¥). Wherefore

EAn;h= EiR(c2f+l)h.ma(r, k)n’

2h

and (i0) RE™(r, &)= SAn—s— SRETmo(p 1)
2h

XLVIII. Since #>n in equations (D.), n>A. Let a—h=2%; then k=g is the
highest value, and

2n 3r+n
r=n+§al, 2+a,=—2n—,
2n  2n 3k—2n .
k=?+§g" O="9y ’
3r4+n 3k—2n
A1=2AL=D( 52 " om ),

and Rz(r, k),=0,

R?m(r, £),=D (3r+n 3/c—-2n),

o2n ’  2n
which of course =0 if the fractions are irreducible.

From this we can proceed to find R}™(r, k),, for every odd value of A down to h=1
which makes n—#A, r—n, and %, divisible by 2A.

The octagon has no monogonal axis of reversion (Theorem E).

XLIX. Problem n. To find Rg™(x, k)., the number of (14k)-partitioned r-gons built
on the n-gonal nucleus to have h only monogonal axes of reversion, all loaded.

The axes will be either all monogonal or all agonal axes of the n-gon (Theorem N, O),
for every axis of the 7-gon carries the same two configurations (Theorem C). - Let them
first be all monogonal, ¢. e. let % be odd ; this requires that each be loaded at one end
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with an agonally reversible (about one or more axes) (1-¢,)-partitioned (44 2e,)-gon.

The intervals of % sides will be loaded as in the last preceding construction, to satisfy
7'=n+h(2+2w0)+2h(wl+a2+ .. +an?_h;_.),}
k=n-+hs, +2b<e, +e+..+ e’%.h);

(2,=0, e, +a,—1), (n==2m+1),
(442¢,) and ¢, being numbers selected at pleasure from our register of agonally or ago-
diagonally reversibles. Putting, as in XIX.,
S {2R™ (44 20y, &,) +R™#%(4+ 20t 5,)} =H

and forming the product As-» from a solution of (D'.) which contains those numbers o,
2h

&, we deduce, as before, that =H. Aﬂ—f., comprising as many products under = as those

(DY)

solutions of (D'.), all orders of the quantltles a, ¢,, &c. being counted as solutions, is the
total number of axial configurations of (14-%)-partitioned r-gons having 4 loaded mono-
gonal axes and built on the n-gonal nucleus when # is odd.

And as one of these configurations is seen on each 7-gon of the number R{#*9*-™(r, k),,
and only one, read from the loaded end of the axis, we obtain

E(H.Aﬁ__h)=EiRo(2i+l)h.mo(r’ ]c)m
2k

and

RE™(r, k),=SH.Asa—SREI*m(p, ),
2h

where 2 is odd, and 2= 0.

L. Now let the % axes be agonal axes of the n-gon; 4. e. let n be even.

One end of every axis will carry (Theorem O) the same (3+2a,)-gon (1+-¢,)-partitioned
and reversible about at least one monogonal axis. The other ends will carry the same

(2 +2wn)-gon, (1 +en>-pa.rtitioned and reversible about at least one agonal axis, which

will be no load if #»=0." The interval of =2 s1des between these reversibles will be
ok

loaded, on the mth side from the first, with a (1+e,,,)-partitioned (24a,)-gon; and the
equations to be satisfied are,

re=n-th(1+20) +2h(tFat . +a”_;_:ﬁ)+ha%,‘l

")
k=n+hs, +2h(et et ea-a) e J

where @,=0, ¢,3 @, —1, and &, &, ®a, ¢« arve chosen at pleasure, the first pair from our
2k 2k

register of monogonally reversibles, and the second from our agonally or ago-diagonally
reversibles.
Taking now any one solution of these equations, the product H'"MA of
[ - Rm.a ne En 2m ., agdi ne En ’ ,
H _.2,,,{2R 5’(2+a2_h, eﬁ)-l—R d <2+oc2_h, Ea'f;)}
MDCCCLVIL 2L
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250 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

(which is to be considered unity when @»=0, the load being then simply the edge of
: 2k

the n-gon),
M=%, R""(34a, ),

Dn=D(2+a, ¢).D(2+a, &) X D2 +oany erom),
2h 2k 2h

is the number of configurations that we can produce, about the axis through the nth
side of the n-gon, read from that side, of (1-4£)-partitioned 7-gons built on this nucleus
from this one solution, to have 4 loaded monogonal axes. And the sum of these pro-
ducts belonging to every solution, all orders and values counting as solutions, is the
exact number of all such configurations possible. Now one, and only one, of these is
seen in each 7-gon of the number Ry V%™ (y, [),, for n even. That is,

E(H".M.An-—_ﬂ_z)-'—"EiR‘()zHl)h'mn(T, k)m
2k
R)"’n.mo(r’ k),==2 (H".M. Aw)_EiR(()2i+3)h.mo(7., k).,
. 2k
where » is even, and 4=0; and H"=1 whenever «»=0.
2h

LI. In equation (D'.), the highest value of 4 is ~=n. Then those equations become
— k=
r—n"::z"l"z“oa "';;ll:eo

H=2(HA0)=2,,,{ Rmag(r+n k— n>+R‘. <r+n’ k_n>}=R’o"”"’(r, ]f)m

n n

since A,=1, where # is odd ; but Ry ™(r, £),=0 of course, if » is even.
From this we can proceed to find R}'™(r, %),, for all odd values of 4> 1, which make,
in equations (D'.),
n—h, r—n—h(242e,) and k—n—hs,,
divisible by 24; «, and ¢, being selected from our register of agonally and ago-diagonally
reversibles.

In equations (D".), the greatest value of % gives n—2h=0, or h=1n. Those equations

become
2r— 3n

—'“o+“n
2lc 2n

—50+5n
Ay=ZA7,=1,

whence, if 2n be an odd number (for 4 is always odd),

n

R (r, &),=SH". M,

0

(but this is =0 if g be even), H" and M being defined in the preceding article, and the

number of products H". M being equal to the number of solutions of the above reduced
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form of equations (D".), made with numbers e, £, @, €2, selected from our register, as
2% 2%
above stated (L.).

From this value of R?m(r, k),, we can proceed to find, when = is even, R™(r, k), for
all values of A>1, which make

n, r—k(1+2oco—|—oalh), and lc—k(eo+el),
2. 2k,

divisible by 2h. But we cannot find Ry’(r, k), by these formule, there being no such
division reducible to a nucleus (VIIL.).

Thus we have found (XLIX., L.) Ri™ (r, k), for any value of > 2.

LII. All the numbers R of article XX. have now been determined, for every value
of h when the axes are not all loaded, and for every value of A>1 when they are all
loaded, the nucleus being n-gonal, and n<3. 'We have next to enumerate the doubly
and singly reversibles which are built on the 2-gonal nucleus, that is, upon a line, which
is of course a drawn axis of reversion of the r-gon, and also the singly reversibles which
have an ¢-scored axis. These have no proper nucleus (Theorem K).

These 7-gons now to be discussed fall into the classes following,

Ry, k)yy R*(r, k)yy R¥(r, k)yy RE(r, k), RY(r, k), RY(r, k) ;
of which the first two have a drawn diagonal axis standing as a perpendicular score upon
an undrawn axis (Theorem G); the third has a single drawn diagonal axis (Theorem G);
and the fourth, fifth and sixth have a single undrawn and scored axis of reversion (Theo-
rem K). The subscript 2 in the first three symbols shows that the nucleus is a drawn
line, which may be considered as a 2-gon reversible about a diagonal and an agonal axis.

Problem o. To find R®(x, k),, the (1+k)-partitioned x-gons built on a nucleus-line to
have @ diagonal and an agonal axis of reversion.

If the drawn diagonal be erased, the figure will be still reversible about the same two
axes undrawn, for (Theorem B, VI.) the erasure has not disturbed the symmetry about
either axis. But the erasure may have restored the symmetry about some n-gonal
nucleus of which that erased line is a clear diagonal axis (Theorem R, XVIIL). And
every 7-gon which has a clear diagonal axis perpendicular to an agonal one, that is, every
one of R¢*+2wdi(y k—1), and of R§+?%%r, k—1),, whatever % or » may be, if n>2
(Cor.1, VIL), will give us one and only one (Theorem G) of R*#(r, k),, by the drawing
of any diagonal axis of reversion; for all these axes bisect the same configuration.

‘Wherefore
R (r, 1)y 5,3, (RO, b—1),+RE4(r, b—1),},

including all values of %, and of n>2 in our register; n of course being even, else it
could have no diameter.
As we have nothing in our register under R**+»%%(8, k), R2“gd'(8 k),=0, whatever %
may be.
LIIL. Problem p. To find R*(x, k),, the number of (1 +k)-pa¢tztwned r-gons built on
a line-nucleus, to have two diagonal axes of reversion.
21L2
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_If the drawn diagonal axis be erased, the figure still remains reversible about the same
axis, as in the preceding article, and we may have restored the symmetry about some
n-gonal nucleus of which that erased line is a clear diagonal axis. Every r-gon of the
number

R2%(r, k—1),
will give us two of R**(r, k),, for we can draw a diagonal axis bisecting either of its con-
figurations; and every r-gon of the number

(Rgat - Retos' - Rihoet) (, f—1),,

which have all a clear diagonal axis at right angles to a diagonal axis (VI. VIL Cor. 1),
will give us one of R*(r, k),, by drawing any diagonal axis of reversion, which can be
drawn without meeting diagonals; 7. e.

R¥(r, k),=2,2,{2R%(r, k—1),+R3>%(r, k—1),+Riresti(y, f—1),4Ri2=%(r, k—1),};

comprehending all the values of >0 and #>2 in our register of reversibles.
Hence follows (XLIV.),

R™(8, 6),=Ri(8, 4), =1,
R*(8, 3),=R(8, 2), =1,
R2(8, 1),=Ree4(8, 0),=1.

LIV. Problem q. 7o find R¥%(x, k),, the number of (14k)-partitioned singly reversible
r-gons hawving a drawn diagonal axis.

If this axis be erased, the figure F remains reversible about the same diagonal axis,
and the erasure may have restored the symmetry about some n-gonal nucleus of which
that erased line is a clear diagonal axis, one of an odd number of axes of reversion in F';
for if this number were even, there would then be an axis (VI.) perpendicular to the
erased one, about which the symmetry would not be disturbed by the erasure, so that
the figure before the erasure must have been at least doubly reversible, contrary to
hypothesis.

Now every one of the number R**"%(r, k—1), will give one (Theorems B, G), and
only one, of R%(r, k),, by drawing of any of its axes of reversion, because all these carry
the same configuration. Consequently ‘

R¥(r, k)y=2,2, R +V4(p, f—1),,
comprehending all values of 4 including 2=0, and all of », in our register of £-partitions.
Hence we obtain (XLVL.),
R%(8, 5),=R#(8, 4),=2,
R%(8, 3),=R#(8, 2),+RE(8, 2),=2.
LV. Problem r. To find Ri*(x, k), the number of (14Xk)-partitioned r-gons reversible

only. about a single scored monogonal axis.
The number of ways in which e diagonals can be drawn at right angles across an axis
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of one of the r-gons of the division R{**V™(r, k—e), is (ll%?)ei_l.m-l; for any e
n—

2 _
number of operations described in Theorems P and S, by which a (14-%)-partitioned
monogonal can arise, is the above operation performed on every (1+4%£—e¢)-partitioned
monogonal in our register for every value of ¢, #, and h. The results, by Theorems E,
P, and S, are all monogonally reversibles. And by Theorem Q we see that every
(14-k)-partitioned (2h+3)-ly reversible about loaded monogonal axes will be among
these results, whatever be its nucleus; and every singly reversible with a loaded mono-
gonal axis will be among them; for if this be cleared, we have before us one of our sub-
jects of operation just referred to in our register. Wherefore

vertices may be chosen out of on one side of the monogonal axis. The whole

B e ej—1 -
Ehzezn(%—?‘) Jo 1T REHIm(p, f—g), =3, REHImo(p, ),

2\ €1 -
and R, )=333,("F) o1 RE(r, k—e),— SREI(r, 1),

where the omission of the subscript # shows that all nuclei are included. This is a
given number; and as no monogonally reversible can be obtained by scoring any but a
monogonal axis, it is the whole number Ry*(r, ).

LVI. Problem s. 7o find R#(x, k), the number of (14-k)-partitioned r-gons singly
reversible about a scored agonal axis.

R (r, k) and R¥(r, k) are obtained by the operations of Theorems P, R, S, by scoring
both 2A-ly and (2Ah41)-ly reversibles. We write

Ree(r, k)=R(r, k)’ + R (v, k),

the first of the right member denoting the number of those 7-gons obtained by scoring
one of an odd number, and the second, those by one of an even number, of axes.

The number R&(r, k) is obtained by Theorems P, Q, S, exactly as Ry“(r, k) was
obtained, except that the number of angles of the nucleus from which on one side of

n—4

. . . . ' —-3.
the clear axis ¢ scores can be drawn, 1s 5 In the first, instead of 7—L—2—-— in the second.
That is,

—4\ - -
Ris(r, B)=33.("5) o1 R, b e),— S RO, B),

where again the omission of the subscript » shows that constructions upon all nuclei are
included. :

LVIL. We have next to determine R#(r, k)", obtained by scoring a clear axis out of
an even number of axes (Theorem R).

Whatever ¢ may be, the constructions of Theorem R are enumerated by subtracting
the symmetrical arrangements of the ¢ scores from the whole number of arrangements,
and dividing the remainder by two; for every unsymmetrical one occurs twice in this
remainder, once as read from each end of the scored axis, which readings are the two
configurations of the singly reversible about the axis (Theorem C).
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254 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

Let ¢ first be even, in constructing Ri#(r, £)". The entire number of e-plets eligible

. n—4 . ..
from the —— numerals on one side of the axis is

2
()

2

and that of the g-plets eligible alike on opposite sides of the centre of the axis is

_ £l -1
() Xl

when n=4m, and, when n==qm--2, it is

wherefore, using the circulators 4, and 4,_, and 2,,

is the number out of R{¥(r, £)", when ¢ is even, that can be made from any (14k—e)-
partitioned 7-gon having an n-gonal nucleus, 2% clear axes, and clear agonal ones, by
scoring any one of these with ¢ parallels at right angles to it.

But when ¢ is odd, a diameter of the n-gon must be one of the scores if they be sym-
metrical about the centre, which requires n=4m—+-2. Hence, if n=4m, every odd ¢
scores that can be drawn gives an unsymmetrical arrangement, so that there are thus

—4\ d-1 1
4,,-23_1-%(’37> 7= N

out of Ri#(r, k)" obtained by so scoring any clear agonal axis of a 2A-ly reversible.

If n=4m+2, and ¢ is odd, we are to subtract from the whole number of ways of
drawing e scores that of the ways of doing it symmetrically, which, when we have drawn
a diameter for one, is that of the ways of drawing 4(¢—1) scores on one side of it. This
difference, divided by two, is

1
), e e (e)

n— 4\ -1 -1 —6 8__2:'1'"1 1.—
4n—2'2e~l‘_2l<<7 le‘l‘]— —<ZZ“' .,e—;-

which is the number of ways of drawing an odd number e of scores across the agonal
axis of a (4m-2)-gonal nucleus.

Uniting the expressions (a.), (4.), (¢.), we find
n—4\ el-1 -1 —4 L= =1 —6 -1 -1
%{(—2—) feF1 —25<4n-("4 )’ e (") 541 )

—2(%(26)_1@)}

for the correct number out of Ri#(r, )" that can be made by drawing ¢ diagonals of the
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 255

n-gonal nucleus in any 2A-ly reversible (1-4%—¢)-partitioned #-gon, across a clear agonal
axis.

When the axes are all clear and agonal, we can score across either configuration, <. e.
upon either of two adjacent axes, and thus obtain twice this number towards Ri(r, £)";
but if only half are clear and agonal, we have only one configuration to score, and can
obtain this number only. Hence we see that the product under ==, of the number
above written, into

=22, (2R% 4 (r, k—e),+ Rk (r, k—e),+R2*%(r, k—e),+R2*%(r, k—e),}.
is the entire sum R¥(r, %)", of r-gons in R¥(r, k) obtainable by scoring one of an even
number of axes, by the construction of Theorem R.

LVIII. Adding, then, to this entire sum the portion of Rg¥(r, k) obtained by scoring

one of an odd number of axes (LVL.), we express the complete result thus:—

Ret(r, B)=3,5,3 ‘:R@"“’“g(r b=0)..("52) T =R, 1)
+5{2R™3(r, k—e),+R*(r, k—e),+R2*%(r, k—e),+R2%5%(r, k—e),}

AT <<~——>+4.n<—->f?>

(e ()5

comprising all the values of ¢, A and # on our register of (1 + % — e)-partitioned rever-
sibles specified in the right member: (n>2, ¢>0, 2=0).

When k=e, the r-gon scored is the simple r-gon, or n=r.

The only numbers of those in the right member of this expression that our list con-
tains for r=38, are ‘

Re=%(8, 0),=1, R(8, 2),=1, R#(8, 4),=1, R}%(8, 2),=1

(XXVIIL XXXVIIL), of which the two last disappear by the multiplier n— 4, since ¢
always >0. Therefore

Rag(g 1)_1(Reagdz(8 0) X82 14) 1

(8, =H{Rew(8, 0)x (1937 =) }=o0
6—4

Ri#(8, 3)=Rz(8, 2)sx (—2—- .1) =1

Ri#(8, 4)=Rex(8, 2)sx (3.6 =0.

LIX. Problem t. To find Ri(x, k), the number of (14k)-partitioned r-gons singly
reversible about @ scored diagonal axis.
We write again in the sense of art. LVL.,,

Ré(r, k)=Ré(r, kY +RE(r, k).
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256 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

The number of angles of the nucleus from which, on one side of a clear diagonal axis,
e scores can be drawn, is 3(n—2). Wherefore, by the reasoning of LV.,

— 9\ €l- - i
Ri(r, )=33, (—@—2) ST RO, )y SREV4(r, )

I.X. When the scored axis is a diagonal one out of an even number of axes, the con-
structions R¥(», £)" of Theorem R are enumerated by a subtraction and division like
those of LVIL. Let ¢ first be even.

The entire number of e-plets eligible from the n;—Q numerals on one side of this

-
diagonal axis, is (T) l><l 17'; and that of g-plets eligible alike on opposite sides

-1 e, —13
of the centre of the axis is < 7 )2l g-l-l , when n=4m+2, and (2}‘—1)7( : %-i—l )

when n=4m: wherefore

21( ) LeF1 —(" 2)' Pﬁ = (T )l‘ 2+1—l.4,,}.2,,. (a)

is the number out of R¥(r, £)", when ¢ is even, that can be made by e-scoring a clear
diagonal axis of a 2k-ly reversible (1+%—e)-partitioned r-gon.

But when ¢ is odd, a diameter of the r-gon must be one of the e scores, if all is
symmetrical about the centre, which requires #=4m. Then when n=4m-2, every odd
e scores that can be drawn gives an unsymmetrical configuration, so that there are thus

4 09, {;( )”“f‘“ i }outong"(r,k)”, )

obtained by so scoring a clear diagonal axis of a 2A-ly reversible. And when n=4m,
we have merely to subtract from this entire number of ways as before, the number
of symmetrical ways, which, after drawing a diameter, is that of drawing 1(e—1) scores
on one side of the centre, and then to divide by two, as bqfore, thus :—

1.2, 4,,<( —2\" m"-("—}")_l—@—l) (e

|2

Then uniting the expressions (a.), (2.), (c.), we find

(7)o (2 e ) )
(o))

for the exact number out of Rf(r, £)" that can be made from any one 2A-ly reversible
(14-£—e)-partitioned r-gon, by drawing e scores upon a clear diagonal axis.

When the axes of the r-gon are all clear and diagonal, we obtain twice this number,
for we can score an axis carrying either of two configurations; but we obtain it once
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 257

only, when only half the axes are clear and diagonal. That is, if we multiply this
number, under =3, by
2.2 2R2(r, k—e),+R%(r, k—e), 4R =%(r, k—e),+ R #%(r, k—e),},

we have the full number R¥(r, £)', out of Ré(r, k), that are made by scoring one of an
even number of axes.
LXT. Adding the expression in LIX. to this product, we obtain

Rdt(r’ lt') 2,,22 [R(?h-ﬁ-l)dt(r /ﬂ—-e),, ( ) r‘_'i (2h+3)dz(r k)
+ {ZR”“”'(I', h— 6’),, —|-R2’“"(7', h— e)n +R2h.agdi(7. k— 3)n +R2h.agdi(7. k— e) }

() (T e )
2o (5T )]

comprising all the values of ¢, &, and %, in our register of (1-4%—e)-partitioned 7-gons
here specified (A=0, ¢>0, n>2).

Thus we have determined the six classes of doubly and singly reversibles of art. LIL.,
which are not reducible to a polygonal nucleus, and can register them in order as well
as the twelve classes of reversibles of art. XX., which are so reducible.

The only numbers in the right member of the above equation contained in our list are

Rgagdi(s, O)s=1) R;gi(81 2)6=1a Rgi(& 2)6=1, chﬁ(g, 4)4=2, R;Zi(Sa 4)4=1)
(XLIV. and XLVIL). Wherefore

R#(8, 1)=}Res%(8, 0)8<§3'-2.1—(§{—4)°) =1,
R¥(S, 2)=1Ry4(8, 0)81‘;’3 9——4} =1,
R¥(S, 3)=R(S, 2)0- S5 +RES, 2).. 257 +3{Rix(8, 20,757} —s
RE(S, 4) =R¥(S, 2)s. (6 N 'r:§+%{ #6, 0((5F) 1) J=1140=1,
RI(8, 5)=R¥(8, 4),.1+1.RE(S, 4),(1—0°) =2.

This completes our register of reversible partitions of the octagon. Collecting them
from XXVIII., XXXVIII., XLIV., XLVI, LIII., LIV., LVIIL, we add to those
above written,

Ré=4(8, 0),=1, Rz (8, 2),=1, R(8, 4),=1, Ry*(8, 2),=1,
24(8, 2)s=1, R3%(8, 4),=1,
R% (8, 2),=1, R¥ (8, 4),=2, R (8, 2),=1,
R*(8, 5),=1, R*(8, 3),=1, R*(8, 1),=1,
R% (8, 5),=2, R% (8, 3),=2,
R (8, 1) =1, Ri(8, 3) =1.
MDCCCLVIL. 2um
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258 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

That is,
R (8,1)=2, R(8,2)=4, R (8, 3)=T, R (8, 4)=4, R(8,5)=4, R*(8,1)=1,R*(8, 2)=
R*(8, 3)=1, R*(8, 5)=1, RY(8, 4)=1, R¥(8, 0)=1.
The singly reversibles R(r, k) form seven classes,
R(r, k), RE(r, k), R2°(7, k), RE(r, £),, RE(r, k), RE(r, k), R2(r, k).

LXII. We have now to investigate the number of irreversible (14-%)-partitions of the
r-gon. And when we have determined I"**(r, k),, m=0, the equations of art. XXIII.
will enable us to complete the tedious solution of our problem. It is necessary to
demonstrate the theorems following.

TuroreMm V. Every h-ly irreversible partition of an r-gon, if h>2, and every doubly
irreversible partition in which a diameter of the r-gon is not drawn, s reqularly built on a
polygonal nucleus. :

For in each of the % sequences of configuration (art. III.) in the circuit of the r-gon,
we see f marginal faces. These being all erased, we see an 7-gon (' <7) with fA fewer
diagonals, and still / sequences, for those of the r-gon have been treated alike. If this
r'-gon is reversibly partitioned, it is not singly reversible, because it has repeated
sequences (V.); therefore the theorem is proved by XII.; for there is no drawn diameter
by hypothesis. If the 7-gon be still irreversible, it has 4 sequences (W' <ch), from which
marginal faces can be removed as before; and thus we shall finally reduce the figure,
either to a reversibly-partitioned #"-gon, or to one having no marginal faces, i. e. to an
n-gonal nucleus. And by reversing the process of reduction, the r-gon can be regularly
constructed on that nucleus. Q. E. D.

LXIIL. Turorem W. If the nucleus line of a doubly irreversible r-gon buwilt on it be
erased, the figure becomes 2h-ly reversible or else 2h-ly irreversible, and has no drawn dia-
meter. :

For it has still two irreversible sequences, occupying each half the circuit of the 7-gon,
since the two sequences.terminated by the nucleus-line have been treated alike by the
erasure ; wherefore it can neither be oddly reversible nor oddly irreversible (0bs. 1, 8,1V.;
and 5, VIL). And evidently the 7-gon cannot have a drawn diameter meeting its
nucleus line.

Cor. The r-gon, after the erasure, is one of those reducible to a polygonal nucleus.

TuroreM X. If in any 2m-ly reversible, or 2m-ly irreversible, k-partition of an r-gon, @
diameter be drawn which is not an axis of reversion, and which meets no diagonal, the
Sigure becomes a doubly irreversible (14X)-partition of the r-gon, built on that drawn line.

For such a drawn line disturbs the symmetry about every axis of a reversible, because
it is (VL.) perpendicular to none of them; therefore the result is not reversible. And
every 2m-ly reversible or 2m-ly irreversible has an irreversible sequence occupying half
its circuit (III, V.), beginning at any angle not on an axis of reversion; therefore the
result is not singly irreversible. And as there is no other sequence terminated by or
exhibiting a drawn diameter, since two cannot be drawn, the result has no sequence
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 259

more than twice repeated, and is doubly irreversible. And evidently the figure is built
on the drawn line, by applying to it the same polygon on both sides, so as not to give a
reversible result.

LXIV. Problem u. 70 find I’(x, k),, (h>1, n>2), the number of h-ly irreversible
(14-K)-partitions of the r-gon, which are built on the n-gonal nucleus.

The construction differs from that of reversibles, in that the (1+-e,)-partitioned

(2+a,,)-gon which is laid on the mth side of the n-gon in the first interval of % sides, is

laid also on the mth side of every interval, so that the series of loads imposed is 4 times
repeated, and not reverted. The result will be an 7-gon in whose circuit a sequence

occupying % sides of the nucleus is A times repeated.
The equations to be satisfied are

r=n-+ k(a1+a2+ ..»+aﬁ)1
J’

h

Ic=n+k(el +e+.. -|-e%)

amioi gm}am—l 5

(E.)

exactly as in our previous constructions.
We take any one solution, and lay on the polygons, and then make every possible
change in the arrangement of the diagonals of the imposed polygons; this gives us

D(24a,, ¢,)D(2+4-a,, 32)..D(2+a%, e%)zA%

different sequences read in the r-gon upon the first % sides of its nucleus, which are all

h times repeated in the same order in the circuit of the r7-gon. We then take every
other solution of (E.) that can arise from changing either the values or order of the
numbers @, @,.., ¢, €,..; and forming a similar product from each solution, products
.which will some of them be equal to each other, we shall have enumerated in the sum

. n . .
SAn, every possible sequence that can be read on 7 successive sides of the n-gonal nucleus
: I3 C

of any (14%)-partitioned r-gon, which has that sequence /% times repeated in its circuit.

And no two of these sequences can be alike, because they are either made from different

solutions (ﬁ' (E.), or have a different arrangement of diagonals in the % imposed polygons.
Now every hi-ly irreversible (14-%)-partition of the 7-gon has %, and no more, of these

. . . g n . .
sequences; for it has a different ¢-ple sequence of 7 vertices commencing at every one of

n

ht
beginning at the (%—I—l) th vertex is identical with that commencing at the first; and this

successive vertices, and no more, reading always in one direction, because the sequence

i-ple sequence of % vertices is £ times repeated in the circuit, because a simple sequence
‘ 2M2
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260 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

is h¢ times repeated. And as the hé-ly irreversible has the same sequences reversed on
its other face, giving % different aspects which we have all constructed as read from the

first side of the #-gon in one direction, we have had this same Ai-ly irreversible 2m:he
times before us among our results.

Again, every hi-ly reversible (14 £)-partitioned r-gon has been = times brought before

us in our EAE constructions. For this has a different é-ple sequence reversible or

irreversible of % 7 Vertices of the n-gonal nucleus commencing at any one of - successive
vertices, and we never see a sequence repeated in it till we have read over an interval
equal to that between two alternate axes, that is an interval of }% sides of the.n-gon
(art. V.). This é-ple sequence is A times repeated in the circuit of the 7-gon; so that
we have counted this Ai-ly reversible Zn; times among those constructed from equation (E.).

‘Wherefore
2n.,. .
A= 2,.{75 T#(r, k)n+,%R’"(r, lzr),.}, and

T(r, k),= (zA,. ~ 3 (G 1 Bk R, lc))) (i>0).

LXYV. The highest value of % in (E.) comes from putting the subindex %:1, or h=n.

This gives
+n k—
1 =D (55 57 R B,

a given number, since R*(r, %), is found in our register.
Next putting%=2, or whatever next factor » may have, we can obtain I*(r, k), for

évery value of 2>1 that is a divisor of the three numbers #, £ and «.
Since A>1, n>2, r, k and » are none of them prime; the only values of I*(8, £), that
give them all divisible by %, and £38—3, are
I*(8, 2), I*(8, 2),, I*(8, 4), and I¢(8, 4),.

By the last written formula,
I*(8, 4),=1{D(3, 0)—R*(8, 4),} =3(1—1)=0,

for I*(8, 2); we have three solutions, (%: 3>

8=642(140-+40)= &c.
2=64+2(0—1—1)= &c:
giving 2A,=3D(3, 0)=3, and as R*(8, 2)s=1,
(8, 2)o=3{3—$RY(8, 2} =H(3—3)=0..
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For I*(8, 2), we have (—2:2),

8=4+2.(14+1)=4+2(24+0)=4+2(0+2)
2= 442(0—1)=4+2(—1+0)
SA,=2D(4, 0)=2, and R¥(8, 2),=1,

4
B(8, 2)=3{2—;4 1}=0.

For (8, 4), we have (j=2),

8=4+2(1+1)=4+2(04+2)=4+2(2+0)
4=442(040)=4+42(—14+1)=4+2(1—1)
3A,=D(8, 0)D(3, 0)+2D(4, 1)=1+4=5,

and R‘(S, 4)‘.——1, whence
2( 9 )4'—8{ 2.2 J— bl

which is the only form of I*(8, %),, for A>1, n>2.

LXVI. Problem w. To find I*(x, k),, the doubly irreversible (1-+4Xk)-partitions of the
r-gon, which have a nucleus line.

It is proved in Theorems W and X, that these are all obtained by drawing a diameter
8 which is not an axis of reversion in one of the r-gons I**(r, £—1), and R**(r, k—1),;
and that any such diameter drawn in any one of these gives us one of I(», £),. And it
is evident that 3 is a diameter of the nucleus about which all is symmetrical (Cor. LXIII.).

When no diameter of the nucleus is a diagonal axis of reversion of the r-gon, every
diameter that can be drawn is such a line 3. Now in I*(r, £—1), you may draw & from

n N .
any one 4 of g vertices of the nucleus, and from no more, because the configuration

about 4 is repeated 2/ times, about a vertex in each of the 24 repeated sequences. In a
reversible partition no diameter of the nucleus is a diagonal axis of reversion, unless it
be.a clear axis. Therefore, in

R‘s?h . agdi(T’ k—1 )n + Rilzagdi(r’ k—1 )n +R2hag(r, k— 1)",

whether the axes be clear or not in the last one, you can draw 0 from any one of 4% vertices

of the 7-gon; for none of the partitions in these’classes have a clear diagonal axis, and
each vertex ¢ in one of the 4% intervals between two adjacent axes begins a different
sequence, which does not occur reverted till you come to ¢, equidistant with ¢ from the
axis between them. Wherefore

(r, B)y= 2,,2,,{%1”"(7‘, /c_1)0+§l(ng+ Rt L R ) (r, 1), 4+
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262 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

After the 4+ must come, first,

hgll (R2hzzgdz _I_ thag’ﬁ_l_ Rigdl) (7', k - 1)n3

because ¥ cannot be drawn from any of the 2/ terminations of clear diagonal axes, but
may be drawn to begin a certain sequence 4% times from other vertices, once in the
interval between the terminations of every adjacent pair of axes; and secondly,
—4h
+25 R, k1),

must be added, because, omitting the 4% terminations of clear diagonal axes, you can
draw & to begin a certain sequence 44 times from the remaining vertices of the nucleus.
Therefore, ﬁnally,

I¥(r, B)=3,3, 12 "~ T(r, k—1), 45 (Rs#(r, k—1), 4 RE(r, k—1),+R*5(r, k—1),)
n—2h

+

where every value of A>0 and #>2 is included, that is found in our register, filled up
by the formule already given.
LXVIIL. Hence, since we have found

Re(8, 0),=R(8, 2),=R%(8, 2);=Ri4(8, 4),=1*(8, 4),=1,
I((8,1), =0.Re%(8, )8=0
I(8,8), =4R*(8,2),+ Rggz(s 2)s=2,

I(8,5), =15 R, 4)4+4 1(8, 4),=2.

(thagdz(,},. k—1), +R2hagdt(,r k=1), +thdz(7.’ k—1), ) +n . /:M thdz(r, k—l)n},

LXVIIL. Problem x. 7o find I(x, k), the number of singly irreversible (14-k)-partitions
of the r-gon.
By the formula of XXIII. we have

1, B)=g:{ DO, )=, (5 RA(r, D)y 100, B)) }

which completes the solution of our problem of the (14-k)-partitions of the polygon, or
of the polyace; for these are analytically and numerically the same. Hence follows,

1(8, 0)=75{D(8, 0)—1.R¥S, 0)} = 0,
1(8, 1)=75{D(8, 1)—£.R*(8,1)—8R(8, 1)} —1{20—4—16} =0,
1(8, 2)=1'5{D(8, 2)—§R*(8, 2)—8.R(8, 2)} =1%{120—42—84} = 5,

1(8, 8)=-{D(8, 8)—4R*(8, 3)—8R(8, 3)—1EI%(8, 8)} =1{300 — 41 —8T—82}=14,
1(8, 4)=15{D(8, 4) —4R*(8, 4)—8.R(8, 4) —161*(8, 4)} = {350 — 21 —8-4—8§1} =18,
1(8, 5)="15{D(8, 5) —ER*(8, 5) — 8.R(8, 5) —L81*(8, 5)} = 1 {182 — 41 —84—8:2} = 5,

which, along with the results in LXTI., LXV., LXVII., complete the enumeration of
the partitions of the octagon.
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LXIX. It may be useful to collect into one view all our formule for R*(r, £) and
T(r, ). B
-Problem b. To find R?*%(r, k), (n>2), we have in XXIV., XXVIIL,

r=n +4k<al+a2-|- . +an__{lz)1
Ic=n—2k+4k(el +e,+ .. +en:hih)J’

(ami O’ em} am—la
which is always to be understood in what follows), for the equations of condition. Here
r—n and £ are both multiples of 4.

D(24a, )X .. xD(2+an__2n, ew):An_—_le,
‘ 4h 4h ah
Rﬁh.agdi(r’ k)n=zaw_EiRi(i-H)h.agdi(r’ k)m (i>0);
. 4h

(A)

®ogdi
R?.agd!(yr’ k):o:R: 8! (7', k)n;
Ri*“(r, £),=D <?:7_+_" Sk;ngn)

on
Problem c. To find R3*#%(r, k), (XXIX., XXX.),
r=n-2h(2 +2a0)+4k(a +a,+. +wn*-.»» 1
k=n-+2Ms, +ahfe, et +enu j
H=3,{2R™¢(4+ 2w, &)+ R4 (4420, ¢,)},
Rasdi(r, lc),,:E(H.An_gh)—-E,.Rf,’;“*‘)“gd‘(r, k). (4> 0);

Roosd(r, k), =3 {sz ag(r+n k— ">_|_R2m agdz<r+n k—n },

(4)

RE“(r, £),=0,

ot (r, B),=S(H.0,)—Ru(r, &),
* Problem d. To find R2%-%(r, k), (XXXII., XXXIIIL),
r=mn +4h(a,-|—a2+ +a/n—4h)+2k(2“n+1)1
k=n—2h-t4h(e,test . +er-) +2h.en J’
* vy
M2, R34 20, ),
4h 4k
Riz.agdi(r, ]ﬂ)n:E(MAﬁ:ﬂ)‘*Eisz-(i“)“gdi(T, ]C)m (i>0),
v
Ry %(r, k),=0,
RZZM(T, k)n s, Rnomo <2r Qk;—n),
2r ‘Zk—n)

n n

(A")

RE““(r, k), =SMA,—3,R™ m(
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264 REV.T.P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

Problem e. To find R¥#(r, ), (XXXIV., XXXV.),
r=n-+2h(2 +2w0)+4k(a1+a2+ . +an-_4h)+2h(2a£+1n
4k 4A
F=n42he, +4h(os+s .+ o) +- 2y J’
' 4h 4h
=3,,(2R™ (4420, ¢,)+R54( 4420, 5,)),
M=szm-mé'(3+za£, ca),
4h 4k
Roei (7, lc),,,:Z(H.M.AM)—Z,-Rﬁ““)"'“S"”(r, k)., (i>0),
4h
R:agdi(y.’ k)n= 07
Rin-adi(p, f),=3(H.M),
Rimoedi(p, f),=S(HMA,)—Ri™*4(p, k),.,
Problem f. To find R?-*(r, k), (XXXVI., XXXVIIL),

r=n-+2h (al+a2+ .-I-am;y;)
2h
k:n—2k+2k(el +e+ ..+ eﬂ)} i

2h
R (7, ]c),,:%{ S8n-a(i> 0)—2i<21{g<i+l>ag(r, k), AR -o8(p, ), Reiosdi(y, ), Ribiasdi(y, Ic)ﬂ)},

R (r, k), =R¥s(r, £),=0,

R, B),=H{D (5 ) =R e (1, 227)

Problem g. To find R}z#(r, k), (XXXVII., XXXVIIL),
r=n+k(2+2ao)+2k(al+a2+ . +an_.2:?)‘[ -
k=n—h—he, +2h(el+ez+..+e%@)J I (BY)

H="5, {2R™(4+2a0, &)+ R™4(4 420, 5,)}
Riz(r, K)y=3(IL. Apzan) = ZREH5(r, B), (53>0)
Ry (r, £),=0,

Riz (r, D=2, (2R Rimr) (2 2]
Problem h. To find Ris(r, %), (XXXIX. XL.),
r=n+h(2-|—2aco)+2h(al+a2+ ..+a1;}t_2;.)+k. (2+2a%),
=n+hs, +2k(¢91 +e+.. +en;_h2;.) +Ize£ ; }
H =3, {2R"(4+4 20y, 6)+ R4 420, ¢,)},
HI= 3, (2R -2, ) 4+ R0 -2, )13

2k 2h

.’ (AIII.)

(B.)

(B")

R (1, B ={2(H. H' Do) = 3 2RI 4(r, D)o RES(r, Rt RSosi(r, B),+RE(r, £),),
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REV. T. P. KIRKMAN ON >THE K-PARTITIONS OF THE R-GON AND R-ACE. 265
where >0
Ry (r, k),=0,
Rys(r, k),=%{=(H.H')—Ry#%(r, k),}.
Problem i. To find Ri%(r, k), (XLI., XLIIL.),
r=n-+h(1 +2a0)+2h(a,+a2+ .. +a,;___h_m,) +k(1 +2a%),1
2 A (62
k=n+hs, +2k(e,+eﬁ+ .. +en____z,,)+}zs_7._; f > (©)
2n n
here r and » are both even.
M =E,,€R""”“’(3+2uo, £0)s
M'=3,R" (342, o),
2k 2h
Ry (r, Ic),,:%{E(MM’Ag__m.)—Ei(2R{,“"+""i+R§2i+R§“i“g"‘+R§ﬁi“g°‘)(r, lc),,}, (> 0).
2h | N
Ry (v, k),=0

RE(r, £),=32{ 20(B™™(3 420, 1)) Zo(R" (342, )} —4E,Rrmo (8, 1),

n n

2k—2n

—2n
where -——=ao+a1, and =€,=4¢,.

Problem k. To find R%; "’(r, k), (XLII., XLIIL.);

here 4 is even, consequently » is even.
r=n-+h(1 +2u0)+2h(a,+a2+ .. +an_2%§),
k=n-hs, 2k(e, +e+.. +e,L__h)';
2h
and 7 is divisible by 25.
M=3,.R"(3+2a,, s,)
R}#(r, k),= E(MAM)—E,,R;?”’“'“(T, k),, 1=0.
(i, k), =3, R m(’,‘_ﬂl, l‘_’;"
Problem 1. To find R(r, %), (XLV., XLVL),
r =n+2k(a(+a2+ . +a1),
2k, .
=n+2h(e, +e+.. +e£) ;}
2h,
here 7, k and » are all even and divisible by 2A.
R (7, k) =32 An—33,{ QR+ 0M | Rekidi | Raih-agdé | R¥basdi)(p ) 1 (i>0),
2k
R (r, k),=0
R, = 3D (755 157) =R, D= R, )}

MDCCCLVII. 2N

(¢)
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266 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-AAC.

Problem m. To find R¥™(r, k), (XLVIIL., XLVIIL);
here n, A and 7 are odd numbers. ‘

r=n +2h(al+a2+..+an__f),1
2h
k=n—h+ Zk(el +at. e, J '
2h
st.mo (7., k)n= YAn—_lb_EiR£2i+3)ma(7.’ k)m (Z'i 0)
. 2h
Ry (v, k),=0
Rirmo(r, k)FD(

(D)

Sr-tn 8k—2n
2 > 2n :

Problem n. To find R}-™(r, k), (XLIX., L.), for » odd and » even,
r=n+b(2+2ao)+2h<al+a2+ .. +aﬂ%h), ‘l
k=n+he, +2h(e +e+ -+ e, J
H=X,{2R"*(4+42,, &)+R"5%(4+2e,, ¢,)}
Ri(r, k),= EH.A,%.,-—E,-.RQ'(%*S)"‘”@’, k),, (1=0),

S )

when » is odd. And, when % is even,
r=n-+h(1 +2wo)+2k(a,+a2+ . +an;2@)+hwﬁ
2h 2h
k=n-+he, ' +2k(e, +e,+ ..'+en__@>—|-hei;
2h 2h

H'= Em (2Rmag+R2magdi (2 + %n, 6_75))
2k 2k
M= 2m}:{‘”mw(?’ +, go) 5
Rg.mo(y’ k)nz E(HI,M . An;}fh) - 2{R(()2i+3)h.mo(7., k)m (Z; O)’

R:'MD(T, k)n=2m{(2Rmag+R2magdi) (ti@ ]‘_'i” } (7’& Odd);

n’ n
Ry™(r, k),=0, for n even ;
Ri™(r, k),=3H"M, if 5 be odd, and =0, if 5 be even.
Problem o. To find R**%(r, k), (LIL.),
Ry, k), =3,2, { R+ f—1), 4 RiH+2e(p, f—1),}.
Here » and £—1 are both even, by Problems b, ¢, as well as ».
Problem p. To find R**(r, k), (LIIL.),
| R¥(r, k),=3, 3, { (2R 4 Rosi - Rirasdi | Riosdi)(p fr—1),}.
Here r and £—1 are both even (Problems b, c, k, 1).
Problem q. To find R%(r, k), (LIV.),
Ré(r, k)y=3,2, R+ V%(r, k—1),.
Here » and £~1 are both even, by Problem 1.
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 267

Problem r. To find Ry“(», k) (LV.),
Ry“(r, k)=2,2.2 ( ) [T R 0m(r, f—e),— S,RE+™(r, F).

Problem s. To find R (r, k) (LVI. LVIL),

Ref(r, B)=5,3.3, fR(zhm«g(g» k—o), ("“’4) [ 1 —Rgm+ou(r, F)
+1{OR™¥(p, f—e),+RE%(r, F—e), -+ RV, o) R "g‘”‘(r k—e),)

{5 (05 e () )
o (50 T E)

Problem t. To find Rf(r, k) (LXI.),

Rgi(;.’ k)=2h232n[R£-2h+l)di(7‘, k-—e)n.(?—gg)el—l.ﬂ—l_—’_Rgﬂh+a)di(T’ 7{,‘)

+H{2RP(r, k), +RE4(r, ko), +RIwH(r, k—e), + REwH(r, k—0),}

(50 T () i () )

(7))
Problem u. To find I*(r, £),, h>1, n>2 (LXIV.),
r=n+k(al+a2+ .. +a%),
lc=n+h(el +e+ .+ e%).

Here A divides 7, », and %.

T(r, k)= {EA,. S (71 Dt R, B),) | (00,
J

(r, ), _2{1) rtn " n

—R*(r, k),,}
Problem w. To find I(r, %), (LXVL),
P(, D=5 10 b=k 5 (RE4r, 1)+ R4, = 1), 4R (7, B—1),)

th

4+ (Rebast(y, f—1),+ R2%(p, k—1),+R2(r, k—1),

+n 4:/3 R””"(r, lc-l),,)}

Here » and £—1 are both even.
2N8N2
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268 REV.T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

Problem x. To find I(r, &) (LXVTIL),

1, By=gi{ Dir, =2 (R R By 10, 1)) |

LXX. As a further illustration of these formula and their use, and for a comparison
of methods, it will be worth our while to deduce the seven partitions of the 9-g011, and
the eight partitions of the 10-gon, which are obtained by way of example in the memoir
referred to, in the first article.

First, to find R*(9, 6) and I*(9, 6).

As the 9-gon is divided into triangles, there can be only two nuclei, a triangle or a
line. We ask, then, what are R¥(9, 6), and R¥(9, 6),?

By Theorem E, the axes are monogonal only, and R*(9, 6), is what we are seeking.
By Problem m,

Ri™(9, 6),=0,

Ry ™(9, 6),=D(5, 2)=5;
and by Problem n,
Ry™(9, 6)y=(2R"*+R*%%)(4, 1)=0,

R*%(4, 1),=1 being the only entry in our register under (4, 1).
For Ry(9, 6),, we have, by equations (D'.), n—g_h—hzl-:h.

9=342420,+424,,
6=34 g+ 2e,,
44-20,=8—2a,, A,=D(2+a, ¢),
gg=3—2¢,,
R7€9, 6),==.{Z(2Rm¢ 4 R%)(8—2a,, 3—2¢,)}.D(24a,, ¢,).
The only values of e, are 0 or 1; if ¢,=1, a,<2, if ¢,=0, a,<c1. And as we have
nothing in our register under (R™ or Rs%)((4, 1) or (6, 3)),
Ry*(9, 6),=0,
and (Problems o, p, q) R(9, 6), =0;
wherefore R(9,6) =Rp(9, 6),=5.
Next to find I*(9, 6),; by Problem u,
IO, 6)i=}{D(4, 1)—R¥9, 6),} =}(2—0)=1,
the subtracted term having just been proved to be zero. ~And as 9 is odd (Problem w),
1*(9, 6),=0, wherefore (Problem x),
1(9, 6)=1%{D(9, 6)—9IR(9, 6)—LET%(9, 6)=1%{429—95—6-1} =21.
This agrees with the results at p. 409 of my former memoir, saving an error of
transcription in the seventh line from the bottom, in which +1.7(8, 2, 0) is omitted

from the value of I(10, 2) as it stands above (line 14). If the indulgent reader will
kindly correct the sixth and seventh lines thus,
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REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE. 269

1(10, 2)=2.%{%(8, 2, 0).%(4, 1, 0)}+1.%(8, 2, 0)
=2.3{4—2}+44=6,
he will find the sum
1(10, 2)41(10, 3)41(10, 4)=64+134-2=21,
I*(10, 3)=1,

and ) R(10, 2)4R(10, 4)=5,
the 7-partitions of the nonagon, in that notation, as we have Juat found them: vide (I)
of this memoir.

LXXI. We shall for a final example determine the 8-partitions of the decagon.
There is no nucleus but 3 and 2; we want then

R*(10, 7), R*(10, 7),, R%(10, 7),, R,(10,7), I*(10, 7), I*(10, 7)..

By Theorems M, E (XIV., IX), no axis can be agonal, or monogonal ; we seek then
R™(10, 7),, R*(10, 7),, R%(10, 7),, and R&(10, 7).

Ri4(10, T);=0 by Problem i, because n is odd; and R}¥(10, 7),=0 for the same
reason, as is also R:%(10, 7),. Therefore R*(10, 7),=0.

By Problem p,

R**(10, 7),=Z2,2,{2R?*4 R} 4 Rire% 4 Riie%)(10, 6),}=0; for

R?4 (10, 6),=0, because 10 is not a multiple of 44 (Problem 1);
R4 (10, 6),=0, for the same reason (Problem k);
R (10, 6),=0, because 10 is no multiple of 8% (Problem b);
R4 (10, 6),=0, because 10—mn, (n>2) is no multiple of 84 (Problem c).

R* (10, 7),=2,2,R*+4(10, 6),=R¥(10, 6),, because 10 is a multiple of 4442 (Pro-
blems 1, q) ;

R (10,7) =333, [R‘”‘“’"‘(lo T—e), {( ) (1T }+&c.](Problem t),

all the remaining part of the expression vanishing; for we shall presently see that =4
only in both these equations; and R{™*¥%(10, 7) has been proved above to be =0, as
have R?4(10, 7—e¢), and R}*%(r, T—¢), also; and R2**%(10, 7—e),=0, because 7—e and
10—n are not multiples of 44, unless hA=1,2=6; (n>2), Wh1ch makes equations (A.)

n—2h —1

( 4h ) . 10=6+4.1, and T—e=6—2+44.—1,

. e="T; but R*#%(10, 0); has no existence, for if there are no diagonals the nucleus is
the 10-gon itself. RZ“%(10, 7T—e),=0; for this can only be R;#¥%10, T—e); for a

n—2
reason just given ; but (Problem c) 7—e¢—6 is even, therefore =1, and as h=1, =nj4—z—a,~

equations (A'.) become
10=6+.2(24+0)+4.0, and k=6=6+2.24+4.—1,

i. e. in H, ,=0, ¢,=2, or a 4-gon has two diagonals not crossing, which is absurd.
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270 REV. T. P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

Therefore R#+9%(10, 7—¢), is what we have to determine for every value of %, e,
and 7. “

Now in RM(10, 7—e), (Problem 1), when % is odd, 10, 7—¢ and # are not all divisible
by 24 if n>6; for n<10. And in R!(10, 7—e)s, £ is either 1 or 3. For A=3 the

formula for R¥* gives R*(10, 7—e);=0, because 10;— 6

is not integer; and for A=1,

n
="
10=642.(a,+a.}a,)
T—e=6+42.(e,+¢,+¢);
the solutions are
10—6 _ _
1—e=2(040-1), or =2(1—1-1), or =2(0—1-1),
6—2

| —1
the second line of which is absurd, if ¢<3. But for ¢>2, the multiplier (——2——)3 =0.

Therefore » is not 6.

Let then n=4, and seek R*(10, T—e),, for A odd. If 247 =1, the formula for R¥#

. o 10+4 . . 4
gives R;%(10, 7—e),=0, because —;— is not integer. Then 2—h=2, h=1, and we have

for e=1,
10=4+42.(241)=442(34-0)
6=4+2 (14+0)=4+42(2-1),
giving four solutions; and for e=3, the multiplier (3——2:2 ) o vanishes. These four are

then the only solutions, and
2(A,)=2D(4, 1)D(3, 0)4+2D(5, 2)=2(2+5)=14;

whence R#(10, 6),=3{14—Z2,(2R{+V% L R3% | R -aei 4 R2ee)(10, 6),}
where (¢>0).
Now

R{*V%(10, 6),=0 (Problem 1), because 10 and 6 and 4 have no common measure 2(¢41).
Ry (10, 6),=0 (Problem k), because 10 is not divisible by 4.

Rz-#%(10, 6),=0 (Problem b), because 10 is no multiple of 4.

R34 (10, 6),=0 (Problem c), because 10—4 is no multiple of 4s.

Therefore R#(10, 6),=314=T7T=R¥(10, 7),
and “R(10, 7)=R%(10, 7),4+R&10; 7)=2R%(10, 6),=14.

LXXII. We have next to determine I*(10, 7), 2> 1.
The formule for I (Problem u) give

1*(10, 7),=0, because 10; % is no integer.
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B
-1

1
And (Problem w)
(10, 7);2,,2{ (10, 6),4 2 R 10, 6),,},

the quantities here omitted from the formula being
Ry#%(10, 6),=0, because 10 is not divisible by 44 (Problem e).
R* (10, 6),=0, for the same reason (Problems f, g, h).
R3%%(10, 6),=0, as it has been proved in the preceding article.
R2*#%(10, 6),=0, because 10 is not divisible by 4% (Problem b).
R4 =R¥=0, for the same reason (Problems k, 1).
Now the equations of Problem u for I**(10, 6), are those of Problem 1 for R%(10, 6),,

and we have proved in the preceding article that A=1 and n=4 are the only values
affording a solutionf; which gives

E(AZL_) =3(A2)=14.
2h
Wherefore (Problem w) (¢>0),

T3(10, 6)4_8{14 z,(o(z T (10, 6), 5 RH(10, 6)4)}

4 . .
is not integer, and we

The formula for I*(r, k), shows that 1410, 6),=0, for *

have just proved that R*(10, 6),=0 under every form except R2es(10, 6),, which
remains to be determined.

In Problem d we see that.r—mn—2h is divisible by 44; wherefore n=4 and A=1.
Therefore, by the formula for R,

R2#4(10, 6),=3,,R"™(5, 2)=R"(5, 2)=1,
as is easily verified. Consequently
12(10, 6),=3 {14 —4R¥w(10, 6),} =" >=3,
and 1310, 7)=1%(10, 7),=41*(10, 6),+%.R*#%(10, 6),=641=T,
whence, finally (Problem x),
I(10, T)=45{D(10, 7)—%°R(10, 7)—221*(10, 7)} =+5(1430—10.14—10.7)=61.

And this enumeration of the 8-partitions of the 10-gon agrees with that at p. 410 of
my memoir mentioned in the first article.

It is evident that this last example would have caused far less tlouble, if we had had
our register of partitions filled up for inspection up to the 7-partitions of the 10-gon.

There is little difficulty, as I have verified to some extent, in framing, by the aid of
the results here given, algebraical expressions, contaihing circulating functions for R(s, k)
and T*(r, k), in terms of 7 and # only, and thence by addition, complete expressions of the
(14-k)-partitions of the r-gon. But the subject has been pursued far enough for one
communication.
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272 REV.T P. KIRKMAN ON THE K-PARTITIONS OF THE R-GON AND R-ACE.

LXXIII. The notation above employed for the partitions of the »-gon is applicable,
with hardly any change, to express those of the r-ace.

An /A-ly reversible (14-%)-partition of the r-ace has & axial planes of reversion, which
are achorial, diachorial, or monochorial, according as they cut none, two, or one only of
the faces (ywpia) about the r-ace. The £ partitioning lines may conveniently be called
diapipeds, or shorter, diapeds, being each in two planes about the r-ace, as a diagonal is
in two summits of the r-gon.

Putting Ac¢, Di, and Mo, for achorial, diachorial and monochorial, we have the

following account to give, N standing for the nucleus n-ace, of the (14-%)-partitions of
the r-ace:
th JAc. Di(?", k)N —_— R2h .ag. di(r’ k)“,

Rh.Av (7.’ /g)N=Rk.ag (7,., k)m
Rh.])z‘ (7.’ k)N=Rh.di (7’, ]c)m
R*M  (r, k)y=R"" (7, k),
I (r, )y=1* (1, k),
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