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of a "vertical" side equals iw-x (Fig. 10), then the total length t of the internal 
sides is 

t = w - 2x + v'(b2 + 16x). 

The condition of a free minimum is 

dt = - 2 + [ 16x ] = 0' i.e., 2x = • I[( b4 )2 + x2]. 
dx v' b2 + 16x 'V 

This means that the angles of the cell different from a right angle must be 120°. 
In view of !w-x> 0, this condition is fulfilled only if b < v'12w. If b ~ v'12w 

the best cell is a triangle. This completes the proof of 

THEOREM 2. Among the cells of given area generating a comb of given width the 
cell having the least perimeter is either an isosceles triangle having an angle ~ 120° 
at its apex or a pentagon composed of a rectangle and an isosceles triangle having an 
angle equal to 120° at its apex. 
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HISTORICAL NOTE ON A RECURRENT 
COMBINATORIAL PROBLEM 

WILLIAM G. BROWN, University of British Columbia 

1. In two forthcoming papers [45, 46) the author enumerates dissections 
of the disc into triangles and quadrangles. These results generalize a much studied 
problem whose history will be described briefly in this paper. 

A dissection of the disc will be a cell complex whose polyhedron is the closed 
disc B 2• (The reader who is unfamiliar with this concept can consult, for example, 
Chapter I of Riemann Surfaces by L. Ahlfors and L. Sario, Princeton Univ. 
Press, 1960.) 

It will be required that 

a) every edge be incident with two distinct vertices (called its ends); 
b) no two edges have the same ends: 
c) every vertex be incident with at least two edges; and 
d) every edge not in the boundary of B 2 be incident with two distinct faces 

(2-cells). 

Alternatively, a dissection of the disc can be thought of as a map on the 
sphere from which one face whose boundary is a simple polygon is removed; 
(cf. for example, Chapter 21 of Introduction to Geometry by H. S. M. Coxeter, 
Wiley, 1961; or Chapter 3 of Generators and Relations for Discrete Groups by 
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H. S. M. Coxeter and W. 0. J. Moser, Springer, 1957). Conditions a) to d) will 
be retained. 

A dissection is rooted if an edge in the boundary of B 2 is oriented and desig
nated as the root. 

Two rooted dissections will be said to be isomorphic if there exists a homeo
morphism of B 2 with itself carrying vertices and edges of one dissection respec
tively onto vertices and edges of the other, and preserving the root (including its 
orientation). 

A dissection will be said to be of type [ n, m ].t if 

(i) each of its faces is incident with exactly kedges; 
(ii) exactly n of its vertices lie in the interior of B 2 ; 

(iii) exactly m+k of its vertices lie in the boundary of B 2• 

FIG. 1 FIG. 2 

Examples of dissections of types [4, 2]a and [6, 0]4 are shown in Figures 1 
and 2 respectively. The number, up to isomorphisms, of rooted dissections of 
type [n, m ]k will be denoted by D~~. In [45, 46] it is shown that 

<a> 2(2m + 3) !(4n +2m+ 1)! 
Dn,m = -----------

(m + 2) !m!n!(3n + 2m + 3)! 
(1.1) 

Dn
(4m) __ j 3(3p + 4) !(3n + 3p + 2)! 

(m even; p = m/2) 
' (2p + 3)!p!n!(2n + 3p + 4)! 

0 

(1. 2) 
def 

(m odd) 

for n~O, m~O. 
2. The problem of computing the number of ways of dissecting a convex 

polygonal region into triangular regions by means of its diagonals appears to have 
been first posed by Euler to Segner, who developed a recurrence for the numbers 
which we have denoted by D~~~. In his memoir on the subject [2] Segner in
cluded a table of values of D~~~ for m < 18; because of an unfortunate computa
tional error, however, the values for m > 11 were incorrect. This latter fact was 
pointed out by Euler, who published the correct values form <23; Euler also 
stated without proof the equivalent of our formula (1.1) for n = 0, viz. 
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(3) (2m+ 2)! 
Dom = --------------

' (m + 1) !(m + 2)! 

The more general problem of computing the number of dissections of a con
vex n-gonal region into m-gonal regions by means of its diagonals was posed by 
Pfaff toN. von Fuss, who generalized Segner's recurrence [3 ]. 

The Euler-Segner problem reappeared in the years 1838-1839 in a series of 
papers in Liouville's J oumal [4--10 inclusive] in which it was solved in various 
ways, notably by Binet, who used generating functions, and Rodrigues, who 
provided a very elegant direct solution. The Pfaff-Fuss problem was again con
sidered in [11, 12, 13 ]. 

Numerous authors have observed [5, 7, 21, etc.] the equivalence of the 
Euler-Segner problem with the following algebraic problem: In how many ways 
can a product of n factors be interpreted in a non-commutative non-associative 
algebra? This latter problem and its generalizations are posed periodically in 
the Problems section of this MoNTHLY [23, 24, 27, 32, 35, 43] and have also 
been considered in [18, 22, 25, 28, 29, 30, 36, 38, 39, 40 ]. 

The equivalence of the Euler-Segner problem to yet other algebraic and 
combinatorial problems has been demonstrated in [21, 26, 30, 31, 34, 41, etc.]. 

Generalizations of the Pfaff-Fuss problem (still involving dissections of a 
polygonal region by its diagonals) have been considered in [19, 20, 31]. Further 
generalizations (allowing internal vertices) were considered at great length by 
Kirkman [14, 15, 16, etc.] who developed numerous recurrences in an attempt 
to enumerate polyedra (sic). 

The accompanying bibliography (undoubtedly incomplete) traces the ap
pearances of these problems in print in chronological order of publication. The 
author will be indebted to any reader who can supply missing references. 

References 

1. L. Euler, Novi Commentarii Academiae Scientiarum lmperialis Petropolitanae, 7 (1758-
1759) 13-14. 

2. J. A. v. Segner, Enumeratio modorum, quibus figurae planae rectilineae per diagonales 
dividuntur in triangula, ibid., 203-209. 

3. N. v Fuss, Solutio quaestionis, quot modis polygonum n laterum in polygona m laterum 
per diagonales resolvi queat, Nova Acta Acad. Sci. lmperialis Petropolitanae, 9 (1791). 

4. G. Lame, Extrait d'une lettre de M. Lame AM. Liouville sur cette question: un polygone 
convexe etant donne, de combien de manieres peut-on le partager en triangles au moyen de di
agonales? J. Math. Pures Appl., 3 ( 1838) 505-507. 

5. E. Catalan, Note sur une equation aux differences finies, ibid., 508-516. 
6. 0. Rodrigues, Sur le nombre de manieres de decomposer un polygone en triangles au moyen 

de diagonales, ibid. 547-548. 
7. --,Sur le nombre de manieres d'effectuer un produit den facteurs, ibid. 549. 
8. J. Binet, Reflexions sur le probleme de determiner le nombre de manieres dont une figure 

rectiligne peut Hre partagee en triangles au moyen de ses diagonales, J. Math. Pures Appl., 4 
( 1839) 79-91. 

9. E. Catalan, Solution nouvelle de cette question: un polygone etant donne, de combien de 
manieres peut-on le partager en triangles au moyen de diagonales? ibid. 91-94. 



976 HISTORICAL NOTE ON A RECURRENT COMBINATORIAL PROBLEM [November 

10. E. Catalan, Addition ~ Ia note sur une &tuation aux differences finies inseree dans le vol
ume precedent, page 508, ibid., 95-99. 

11. J. A. Grunert, tiber die Bestimmung der Anzahl der verschiedenen Arten, auf welche sich 
ein n-eck durch Diagonalen in Iauter m-ecke zerlegen !asst ...• Arch. Math. Phys. Grunert, 1 
( 1841) 192-203. 

12. L. Liouville, Remarques sur un memoire de N. Fuss, j. Math. Pures Appl., 8 (1843) 
391-394. 

13. J. Binet, Note, ibid. 394-396. 
14. T. P. Kirkman, On the trihedral partitions of the x-ace, and the triangular partitions of 

the x-gon, Mem. Proc. Manchester Lit. Philos. Soc., 15 (1857) 43-74. 
15. ---,On the partitions and reticulations of the r-gon, ibid. 220-237. 
16. ---,On the K-partitions of the R-gon and R-ace, Philos. Trans. Roy. Soc. London, 

147 (1857) 217-272. 
17. A. Cayley, On the analytical forms called trees, Part II, Philos. Mag., ( 4) 18 ( 1859) 

374-378. 
18. E. Schroder, Vier combinatorische Probleme, Z. Math. Phys., 15 (1870) 361-376. 
19. H. M. Taylor and R. C. Rowe, Note on a geometrical theorem, Proc. London Math. Soc., 

(First Series) 13 (1881-1882) 102-106. 
20. A. Cayley, On the partitions of a polygon, ibid., 22 ( 1890-1891) 237-262. 
21. E. Lucas, Theorie des nombres, I Paris, ( 1891) 90-96, 489-490. 
22. P. Quarra, Calcolo delle parentesi, Atti Accad. Sci. Torino CJ. Sci. Fis. Mat. Nat., 53 

(1918) 1044-1047. 
23. P. Franklin, Problem 2681 {proposed), this MoNTHLY, 25 (1918) 118. 
24. C. F. Gummer, Problem 2681 (solution), ibid. 26 (1919) 127-128. 
25. J. H. Wedderburn, The functional equation g(xl) =2x+[g(x)]2, Ann. of Math., (2) 24 

(1922) 121-140. 
26. E. Netto, Lehrbuch der Combinatorik, 2nd ed., Teubner, Leipzig and Berlin, (1927) 192. 
27. G. Birkhoff, Problem 3674 (proposed), this MoNTHLY, 41 (1934) 269. 
28. I. M. H. Etherington, Non-associative powers and a functional equation, Math. Gaz., 

21 (1937) 36-39. 
29. ---,On non-associative combinations, Proc. Roy. Soc. Edinburgh, 59 (1939) 153-162. 
30. ---,Some problems of non-associative combinations, I, Edinburgh Math. Notes, 

No. 32 (1940) 1-6. 
31. ---and A. Erdelyi, Some problems of non-associative combinations II, ibid., 7-12. 
32. 0. Ore, Problem 3954 (proposed), this MoNTHLY, 48 (1940) 245. 
33. P. Erdos and I. Kaplansky, Sequences of plus and minus, Scripta Math., 12 (1946) 73-75. 
34. T. Motzkin, Relations between hypersurface cross ratios and a combinatorial formula 

for partitions of a polygon, for permanent preponderance, and for non-associative products, Bull. 
Amer. Math. Soc., 54 (1948) 352. 

35. H. W. Becker, Problem 4277 (solution), this MoNTHLY, 56 (1949) 697-699. 
36. N. Jacobson, Lectures on abstract algebra I, Van Nostrand, Princeton, N.J., (1951) 18-19. 
37. G. P6lya, Mathematics and plausible reasoning I, Princeton Univer. Press, 1954, 102. 
38. H. Bateman, Higher transcendental functions, Bateman manuscript project, Volume 3, 

McGraw-Hill, New York, 1955, 230. 
39. N. Bourbaki, Theorie des ensembles, Actualites Sci. Ind., 1243 (1956) 88. 
40. G. N. Raney, Functional composition patterns and power series reversal, Trans. Amer. 

Math. Soc., 94 (1960) 441-451. 
41. H. G. Forder, Some problems in combinatorics, Math. Gaz., 45 (1961) 199-201. 
42. P. Lafer and C. T. Long, A combinatorial problem, this MONTHLY, 69 (1962) 876-883. 
43. J. B. Kelly, Problem 4983 (solution), ibid. 931. 
44. J. W. Moon and L. Moser, Triangular dissections of n-gons, Canad. Math. Bull., 6 (1963) 

175-178. 



1965] ON SOME PROPERTIES OF SHORTEST HAMILTONIAN CIRCUITS 977 

45. W. G. Brown, Enumeration of triangulations of the disk, Proc. London Math. Soc., 
(3rd Series) 14 (1964) 746-768. 

46. --,Enumeration of quadrangular dissections of the disc, Canad. J. Math., 17 (1965) 
302-317. 

ON SOME PROPERTmS OF SHORTEST HAMILTONIAN CIRCUITS 

L. V. QUINT AS, St. John's University, Jamaica, New York and 
FRED SUPNICK, City College, City University of New York 

1. Introduction. In this paper proofs are given of the following "folk theo
rems." 

By the covertex class of a polygon is meant the class of all polygons having 
the same vertex set as the given polygon. 

THEOREM 1. A spherical or planar polygon which is shortest of its CO'/Jertex 
class and whose vertices are noncogeodesic cannot intersect itself. 

THEOREM 2. A spherical or planar polygon which is shortest of its covertex 
class and whose vertices are noncogeodesic must contain the vertices on the boundary 
of its convex hull in their cyclic order. 

When on a 2-sphere we shall assume that the vertex set of a polygon does 
not contain a pair of antipodal points and that all edges are minor geodesic arcs. 

The symbols for polygons [V1 · · · V,.] are to be considered cyclic and sym
metric. The symbol 

will denote the arc-inversion that operates on the polygon 

[V1 · · · V i-lv, · · · Y;-lV;Vi+l · · · Vn] 

to produce 

[Vl · · · y,_lV;Y;-1 · · · V,Vi+l · · · Vn]. 

2. Proof of Theorem 1. Let h denote a polygon which intersects itself. Then 
there is a closed edge of h which intersects an (open) edge of h. Let PaPb be the 
open edge and denote the closed edge by Cl(PoPd), where 

h = [P.,P, · · · PcPd · · · ]. 

We have the following cases: 

1. The intersection of P .. Pb and Cl(PcPd) is a point, i.e., the intersection 
point is Pc, Pd, or a point of PeP d. 

2. The intersection of P oPb and P cP 4 is a geodesic arc and when P .. P, and 


