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XXYV. Proof of the hitherto undemonstrated Fundamental
Theorem of Invariants. By J.J. SYLVESTER, Professor of
Mathematics at the Johns Hopkins University, Baltimore®.

AM about to demonstrate a theorem which has been wait-
ing proof for the last quarter of a century and upwards.

It is the more necessary that this should be done, because the
theorem has been supposed to lead to false conclusions, and its
correctness has consequently been impugnedt. But, of the two
suppositions that might be made to account for the observed
discrepancy between the supposed consequences of the theorem
and ascertained facts—one that the theorem is false and the
reasoning applied to it correct, the other that the theorem is
true but that an error was committed in drawing certain de-
ductions from it (to which one might add a &ird, of the
theorem and the reasoning upon it being both erroneous)—
the wrong alternative was chosen. An error was committed
in reasoning out certain supposed consequences of the theorem ;
but the theorem itself is perfectly true, as I shall show by an
argument so irrefragable that it must be considered for ever
hereafter safe from all doubt or cavil. It lies at the basis of
the investigations begun by Professor Cayley in his ¢ Second
Memoir on Quantics,” which it bhas fallen to my lot, with no
small labour and contention of mind, to lead to a happy issue,

# Communicated by the Author.

+ Thus in Professor Fad de Bruno’s valuable Théorie des Formes
Binaires, Turin, 1876, at the foot of page 150 occurs the following pas-
sage :— Cela euppose essentiellement que les équations de condition
sotent toutes tndépendantes entr’elles, ce qui n'est pas toujours le cas, ainsi

u'il résulte des recherches du Prof. Gordan sur les nombres des cova-~
riants des formes quintique et sextique.”

The reader is cautioned :fainst supposing that the consequence alleged
above does result from Gordan’s researches, which are indubitably correct.
This supposed consequence must have arisen from a misapprehension on
the of M. de Bruno of the nature of Professor Cayley s rectification
of the error of reasoning contained in his second memoir on Quantics,
which had led to results discordant with Gordan's. Thus error breeds
error, unless and until the ‘i)ernicious brood is stamped out for good and all
under the iron heel of rigid demonstration. Inthe early of this year
Mr. Halsted, a Fellow of Johns Hopkins University, called my attention
to this passage in M. de Bruno's book; and all I could say in reply was
that « ﬁe extrinsic evidence in support of the independence of the equa-~
tions which had been impugned rendered it in my mind as certain as any
fact in nature could be, but that to reduce it to an exact demonstration
transcended, I thought, the powers of the human understanding.”

At the moment of completing a memoir, to appear in tgorchardi:’s
Journal, demonstrating my quarter-of-a-century-old theorem for enabling
Invariants to procreate their species, as well by an act of self-fertilization
as by confju ation of arbitrarily paired forms, the unhoped and unsought-
for prize fell into my lap, and I accomplished with scarcely an effort a task
which I had believed lay outside the range of human power.
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and thereby to advance the standards of the Science of Alge-
braical Forms to the most advanced point that has hitherto
been reached. The stone that was rejected by the builders
has become the chief corner-stone of the building.

I shall for greater clearness begin with the case of a single
binary quantic (a, b, ¢,...,{} 2, y)". Any rational integral
fanction of the elements a, b, ¢c,...l which remains unchanged
in value when for them are substituted the elements of the
new quantic obtained by putting z+ Ay instead of =z in the
oriﬁinal one, I call a Differentiant in £ to the given quantic.

y a differentiant of a given weight w and order j, I mean
one in every term of whi£ the combination of the elements
is of the jth order and the sum of their weights w, the weights
of the successive elements (a, b, c,...l) themselves being
reckoned as 0, 1, 2,... ¢ respectively.

The proposition to be proved is, that the number of arbitrary
constants in the most general expression for such differentiant
is the difference between the number of ways in which w can
be made up with the integers 0, 1, 2, 3,...¢ (repetitions
allowable), Yess the number of ways in which w—1 can be
made up with the same integers. e may denote these two
numbers by (w : 1,7), (w—1 : 1,7) respectively, and their dif-
ference by A(w : ¢,7). Then, if we call the number of arbi-
trary constants in the differentiant of weight w and order 5
belonging to a binary quantic of the ith order D(w: 1, ), the
proposition to be established is that D(w : 1,5)= A(w : 3, §).

t us use N to denote the operator

a
“ar
and O to denote the operator

d ., d
+2b“% +-..+lkm?

ad . d d
tb% +(1—1)C% +... +l(_176.

Then it is well known that the necessary and sufficient condi-
tion for D being a differentiant in zis that the identity D=0
be satisfied.

Let us study the relations of 2 and O in respect to D.

In the first place, let U be any rational integral function of

the elements of order j and weight w; then I say that
0.0.U-0.2.U=(@j—2w)U.
For if we use x to signify the act of pure differential opera-
tion, it is obvious that
02.0.U=(2x0)U+(02x0)U,
0.0. g=2'(ﬂx 0O)U+(Ox)U;
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» 0.0.U-00.U=((2x0)—(0%2))U

. d : d . d o 4
=ia o +2(t—1)b‘—23 +3(t—2)czc +... +zka—k
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If now pa?.b7.c"...l*, where p is a number, be any term in
. U, we have

p+q+r+...+t=j}b hvoothesis :
q+2r+... +it=w ¥ Aypotiesis ;

. 0.0.U=0.0.T7,

f d d d d
z(a%+b% + Cd—c... + lc-l—z)
d d . d
—2(  BE 42 g..+i3)
=3p()—2w) (a®. 0% ¢"... ")
=(tj—2w)U, as was to be proved.

If now for U we write D a dlﬁ’erentlant in #, we have
0QD=0, and therefore
0.0.D=8D,

i €.

where §=1f—2w.
Again,

0.0(0.D)—-0.92(0.D)=(j—2(w+1))0.D;
for O.D is of the weight w+1;
= 0.0 D=02.08D+(8-2)2.0.D
=(20—-2)2.0.D
=06(26—2)D.
Similarly it will be seen that
' 03. 0%. D=5(25—2)(35—6)D,
and in general
Q2. 0°.D=8(26—2)(36—6)... (gs-(g=+q))D
=(1.2.3...¢)(6.86—18—2...8—¢—1)D,

the successive numbers 8, 28—2, 36— 6, &c. being the succes-
sive sums of the anthmetlcal series &, 8 2,8—4, “8— 6, &c.




D(w:1i,j)=o0r>(w:i,5)—(w—1:1,j),
and also o o
D(0:1,5)=(0:17);
o D(w:d, )+ D(w—1:147)+D(w—2:1, j)+...
+D(0: ¢, j)= or > (w: 1,j).

If in the above condition, for any assumed value of w, > is the
sign to be employed, then the equation D(w: 1, j)=A(w:1,;
cannot be satisfied fg;r all values of w. l(f, on ,tﬁe other har,u?,
























