THE CAYLEY-MENGER DETERMINANT (18.319, FALL 2006)

Theorem (Cayley-Menger). For every simplezx A = (vgvy . ..vq) C R, we have:

o 1 1 1 ... 1

9 (=t 1 G 0 6y ... by
VORA) = it G 0 8y |

R T

where £;; = |vv;], for all 0 <i < j <d.

Proof of the Theorem. Suppose v; = (Ty1,...,%q) € R, for all 0 < i < d. Define
matrices A and B as follows:

o1 Lo2 ... Tod 1 o1 To2 ... Tod 0
A - IL‘.H ZL‘.12 ZL“ld 1 7 B — 11 12 ... T14 0
Tagl Tq2 ... Xdd 1 Tg1 Tqg2 ... Tdd 0
Clearly, det(B) = 0, and
o1 T2 c. Tod 1
T11 — To1 Ti2 — T co. Tg—xoq O
det(A) = det |~ 70 TR o T T g ol (A).
Tgl — ol Taz — Toz .- Tad — Tog 0
Note that
T T
A-A" = ((vi,vj)+1)0§i7jgd, and B-B" = ((Ui7vj))0§i,j§d'
From here we have:
(vo,v0) +1 (vo,v1)+1 ... (vo,vg)+1 0O
(Ul,U0)+1 (Ul,U1)+1 (vl,vd)+1 0
det(A - AT) = det : : : :
(va,v0) +1 (vg,v1)+1 ... (vg,v9)+1 0
1 1 1 1
(Uo, 'UQ) (UQ, Ul) e (Uo, Ud) 1
(Ul, 'Uo) (Ul, Ul) Ce (Ul, ’Ud> 1
= — det : : . : :
(va,v0) (vag,v1) .. (vg,vq) 1
1 1 1 -1

1



2 THE CAYLEY-MENGER DETERMINANT (18.319, FALL 2006)

Since det((v;,v;)) = det(B - BT) = det*(B) = 0, in the determinant above we can
replace the bottom right entry (—1) with 0. Denote the resulting matrix by M.

Now observe that ;; = (v, v;) — 2(vi,v;) + (vj,v;). Denote by C' the matrix as in
the theorem. Using row and column operations we obtain:

—2(vo,v9) —2(vg,v1) ... —2(vo,vq) 1
—2(’211,’00) —2(’01,’(]1) R —2(1)1,’(]0{) 1
det(C) = det : : : | = (=2) det(M).
—2(vg,v0) —2(vg,v1) ... —2(vg,vg) 1
1 1 1 0

Since det(M) = —det(A - AT) = —(d!vol(A))Q, we conclude that
det(C) = (—1)"12¢d1?vol*(A),
as desired. U



