
THE CAYLEY-MENGER DETERMINANT (18.319, FALL 2006)

Theorem (Cayley-Menger). For every simplex ∆ = (v0v1 . . . vd) ⊂ Rd, we have:

vol2(∆) =
(−1)d−1

2d d!2
· det




0 1 1 1 . . . 1
1 0 `2

01 `2
02 . . . `2

0d

1 `2
01 0 `2

12 . . . `2
1d

1 `2
02 `2

12 0 . . . `2
2d

...
...

...
...

. . .
...

1 `2
0d `2

1d `2
2d . . . 0




,

where `ij = |vivj|, for all 0 ≤ i < j ≤ d.

Proof of the Theorem. Suppose vi = (xi1, . . . , xid) ∈ Rd, for all 0 ≤ i ≤ d. Define
matrices A and B as follows:

A =




x01 x02 . . . x0d 1
x11 x12 . . . x1d 1
...

...
. . .

...
...

xd1 xd2 . . . xdd 1


 , B =




x01 x02 . . . x0d 0
x11 x12 . . . x1d 0
...

...
. . .

...
...

xd1 xd2 . . . xdd 0


 .

Clearly, det(B) = 0, and

det(A) = det




x01 x02 . . . x0d 1
x11 − x01 x12 − x02 . . . x1d − x0d 0

...
...

. . .
...

...
xd1 − x01 xd2 − x02 . . . xdd − x0d 0


 = d! · vol(∆).

Note that

A · AT =
(
(vi, vj) + 1

)
0≤i,j≤d

, and B ·BT =
(
(vi, vj)

)
0≤i,j≤d

.

From here we have:

det(A · AT ) = det




(v0, v0) + 1 (v0, v1) + 1 . . . (v0, vd) + 1 0
(v1, v0) + 1 (v1, v1) + 1 . . . (v1, vd) + 1 0

...
...

. . .
...

...
(vd, v0) + 1 (vd, v1) + 1 . . . (vd, vd) + 1 0

1 1 . . . 1 1




= − det




(v0, v0) (v0, v1) . . . (v0, vd) 1
(v1, v0) (v1, v1) . . . (v1, vd) 1

...
...

. . .
...

...
(vd, v0) (vd, v1) . . . (vd, vd) 1

1 1 . . . 1 −1




.
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Since det
(
(vi, vj)

)
= det(B · BT ) = det2(B) = 0, in the determinant above we can

replace the bottom right entry (−1) with 0. Denote the resulting matrix by M .
Now observe that `2

ij = (vi, vi)− 2(vi, vj) + (vj, vj). Denote by C the matrix as in
the theorem. Using row and column operations we obtain:

det(C) = det




−2(v0, v0) −2(v0, v1) . . . −2(v0, vd) 1
−2(v1, v0) −2(v1, v1) . . . −2(v1, vd) 1

...
...

. . .
...

...
−2(vd, v0) −2(vd, v1) . . . −2(vd, vd) 1

1 1 . . . 1 0




= (−2)d det(M).

Since det(M) = − det(A · AT ) = −(
d! vol(∆)

)2
, we conclude that

det(C) = (−1)d−1 2d d!2 vol2(∆),

as desired. ¤


