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The aim of this talk is to extend some arithmetic results on elliptic mod-
ular forms to the case of Hilbert modular forms. Among these results let’s
mention :

(1) the control of the image of the Galois representation modulo p [18][20][16],

(ii) Hida’s congruence criterium outside an explicite set of primes p [11][10],

(iii) the freeness of the integral cohomology of the Hilbert modular vari-
ety over certain local components of the Hecke algebra and the Gorenstein
property of these local algebras [12][8].

We study the arithmetic of the Hilbert modular forms by studying their
mod p Galois representations and our main tool is the action of the inertia
groups at p. In order to control this action, we compute the Hodge-Tate
(resp. Fontaine-Laffaille) weights of the p-adique (resp. mod p) étale co-
homology of the Hilbert modular variety. The cohomological part of our
paper is inspired by the work of Mokrane, Polo and Tilouine [13, 15] on
the cohomology of Siegel modular varieties and is built on the geometric
constructions of [5] and [4].

INTRODUCTION

0.1. Notations. Let F' be a totally real number field of degree d, of ring
of integers o and discriminant Ap. We put N = N q. We denote by Q the

algebraic closure of Q in C, by F the Galois closure of F in Q and by Jr be
the set of all embeddings of F in Q. The absolute Galois group of a field L
is denoted by Gr..

Let k=3 ;. kr7 € Z[JF] be an algebraic weight. This means that all
k:(t € Jr) are greater or equal to 2 and of the same parity. We put then
ko = max{k;|T € Jp}, m; = (ko — k;)/2, t =3 ;. T and n=Fk — 2¢.
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For each subset J of Jp we put p(J) = >, ¢ j(ko—m:—1)7+3" ¢ 7.\ g mr T
and for each a =3 ; a,7 € Z[Jp] we put |a| =3 ; ar € Z.

We fix an ideal n of 0 and a Hecke character x over F' of type —ngt at infin-
ity and whose conductor divides n. We denote by Si(n, x) the corresponding
space of Hilbert modular cuspforms.

Let f € Sk(n,x) be a newform (= primitive, normalised eigenvector for
the Hecke algebra Ty (n,x)) and let’s denote for each prime ideal m of o by
a(f,m) the eigenvalue of the standard Hecke operator Ty, € Tx(n,x) on f.

Let p > 5 be a prime number. Let E be a p-adic field which is sufficiently
large (this means containing F' and the eigenvalues of the Hecke operators
acting on Sk (n, x)), of ring of integers O, of maximal ideal P and of residue
field &.

By results of Taylor [21] and Blasuis-Rogawski [1] we can associate to f
a continuous, absolutely irreducible, odd representation py : Gr — GLo(E)
which is unramified outside np and such that for each prime ideal v of 0, not
dividing pn, the following relations hold :

(1) Tr(py(Froby)) = a(f,v), Det(ps(Froby)) = x(v) N(v)*~",

where Frob, denotes the geometric Frobenius. We take the geometric Frobe-
nius instead of the arithmetic one, in order to obtain positive integers for
the Hodge-Tate weights of p;.

By taking a Galois stable O-lattice, we can define p; = py mod P :
Gr — GLg(k), whose semi-simplification is independant of the particular
choice of a lattice.

We consider also the p-adic étale cohomology groups of the Hilbert mod-
ular variety. By a result of Brylisnki and Labesse [2] the part cut in by the
eigensystem associated to f is isomorphic to the tensor induced representa-
tion ® Indg pf-

We consider the following the assumptions on p :

(I) p doesn’t divide A = Ar N(n),

(D) p—1> 3 ;. (kr—1) =[n| + d.

Under the first assumption, the Hilbert modular variety has good reduc-
tion at p, admits smooth compactifications over Z, (see [4]), and the Galois
representations that we consider are crystalline.

The integer |n| 4+ d is equal to the difference |p(Jr)| — |p(@)| between
the biggest and the smallest Hodge-Tate weight of the Galois representation
® Ind(g pr- Under the second assumption, we are able to generalize results
from the characteristic zero field case to the case of a p-adic ring or the case
of a finite field of characteristic p. These two assumptions are also necessary
to apply Fontaine-Laffaille’s Theory [9], as well as Faltings’ Comparison
Theorem [6].
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0.2. Cohomological results. Denote by 971 the maximal ideal of the Hecke
algebra T = O[Ty, , m C o] acting on Sk(n, ), corresponding to f and P.
Let Y be the Hilbert modular adelic variety of level K (n) and M be one of
its connected components.

Theorem 1. Under the assumption (I), the Hodge- Tate weights of the crys-
talline representation H’ (Yg;, Vy, (Qp)) belong to the set {|p(J)|,J C Jr |J| <

7}. The multiplicity of |p(J)| as a weight of Hd(Y@, Vi (Qp))[f] is equal to
the cardinality of the set {J' C Jr , |p(J)| = |p(J")|}

The proof relies on the Faltings’ Comparison Theorem [6] relating the
étale cohomology of M with coefficients in the local system V,(Q,) to the
De Rham logarithmic cohomology of the corresponding vector bundle V,
over a smooth toroidal compactification M of M. Instead of usins Faltings’
Comparison Theorem, one can use Tsuji’s result for the étale cohomology
with constant coefficients of the Kuga-Sato variety A" (|n|-fold fiber prod-
uct of the universal abelian variety A above the fine moduli space M as-
sociated to M), whose toroidal compactifications have been constructed in
[6]. The Hodge-Tate weights are given by the jumps of the Hodge filtration
of the associated De Rham complex. These are computed, following [7], by
using the Bernstein-Gelfand-Gelfand complex (BGG complex).

For some arithmetic applications we need to establish p-adic or mod p
results analogous to the one above. To do this we adapt to the Hilbert
modular case the techniques developped by Mokrane, Polo and Tilouine in
the Siegel modular case. Namely, we construct an integral BGG complex for
distribution algebras and then apply Faltings’ Comparison Theorem mod p.

By using a “local-global” Galois argument, we obtain the following two
theorems (the proof of the first one relies also on a theorem of Pink [14] on
the étale cohomology of the restriction of a local system to the boundary of
a Shimura variety).

Theorem 2. Assume that the conditions (I) and (II) hold. Assume more-
over that
(Irr) py is absolutely irreducible, and

(MW) the middle weight |p(JF)‘2+|p(g)‘ = d(k%_l) does not belong to the set
{lp(J)],J C Jr}.

Then

(i) the 9M-local component of the boundary cohomology HY(Y,Vy(K))om
vanishes, and

(i) the Poincaré pairing HE(Y, V,(0))hy x HI(Y, Vi, (0))hy — O is perfect
(the notation ' means modulo torsion).
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Theorem 3. Assume that the conditions (I) and (II) hold. Assume more-
over that
(LI) the image of Indg Py is sufficiently large.

Then

(1) H*(Y, Vy(k))on = HY(Y, Vi (K)o,

(ii) H*(Y,V,(0))gm = HY(Y,V,(O))on is a free O-module of finite rank
and H* (Y, V,(E/ O)gp = HY(M, Yy (E/ O))sn is a divisible O-module of finite
corank.

0.3. Arithmetic results. Let A*(Ad°(f),s) be the imprimitive adjointe
L-function of f, completed by its Euler factors at infinity and let W (f)
be the complex constant from the functional equation of the standard L-
function of f. We denote by Q}t € C*/O* the periods defined by the

Eichler-Shimura-Harder isomorphism.

Theorem A Let f and p be such that the conditions (1), (II) , (Irr) and
(MW) hold.

Then, if P divides %ﬁﬁo(m, then it exists another normalised eigen-

o0
form g € Sk(n,x) such that f = g (mod P), in the sense that the corre-
sponding eigenvalues of f and g are congruent modulo P.

If n =0 and k = 2t or if F' is a quadratic real field, k is parallel and f is
ordinary at p, Ghate [10] has obtained an analogous result to the one above.
The proof follows closely the original one given by Hida [11] in the elliptic
modular case, and uses the theorem 2, as well as a formula of Shimura [19]

%ﬁﬁo(m to the number of cohomological congruences.

£°f

relating

Theorem B Let f and p be such that the conditions (I), (II) and (LI)
hold. Then

(i) H*(Y, V,(k))[9M] is k-vector space of dimension 24,

(ii) H*(Y, V,(O))on is free of rank 2¢ over Ton.

(iii) Top is Gorenstein.

The proof of (i) relies on the theorem 3 and the g-expansion principle (see
[8], [3]). Then (ii) and (iii) are deduces as in [12].

Remark 4. In theorems A and B do not use any of the followins assump-
tions : f ordinary at p, parallel weight, trivial strict class group of F', level
one, nor py minimal.

0.4. Galois results. In this section we study the images of the Galois rep-
resentations p, and Indg P, in order to prove that conditions (Irr) and (LI)
are satisfied in most cases, and give explicite corollaries of the theorems A
and B. This is achieved by generalizing to the Hilbert modular case theorems
of Serre [18] and Ribet [16] on elliptic modular forms.
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Denote by F the compositum of F and the subfield of Q fixed by {g €
G, Det(ps(g)) € Fy }-

Proposition 5. Assume that the conditions (I) and (II) hold.

(1) If for all J C Jr, there ezxists an unit ¢ =1(mod n) such that p does
not divide the integer N(e?) —1) (in particular the weight k should not be
parallel), then (Irr) holds.

(ii) Assume (Irr), d(p-1) > 5( > (k1)) and that the following condition

T€JR
is satisfied :
(not—CM) for any quadratic CM-extension M of F, of discriminant di-
viding n, and in which all the primes p of F above p split, it does not exist
a Hecke character v over M of type k = (k, (ko —1)t—k) at infinity and of
conductor nA]T/[l/F such that f = Indf, 4 (mod P).

Then, there ezists a power q of p such that we have Im(pglg.) = GLo (F,)P
or (IF;2 GLy(F,))P. In this case, we say that the image of py is large.

(iii) Assume, either that the image of pyr is large and k is not induced,
either that f is a theta series coming from a CM field M /F whose conductor
Apyr is primitive. Then (LI) holds.

Remark 6. (i) As a corollary we obtain that if the conditions (I) and (II)
hold and if the form f is not a theta series then the image of p; is large
for all than finitely many primes p. Moreover, if the the weight k£ is not
parallel, then we get an explicite bound for these p’s. In the case where k
is parallel (k = kot), one could try to generalize the crystalline methods of
Faltings and Jordan [8], in order to prove (Irr) under the condition that p
does not divide the constant term of an Eisenstein series of weight kot, in
other words the value at 1 — ky of the L-function of a Hecke character over
F of finite order.

(ii) the (not-CM) condition is used to prove that the projective image
of py is not dihedral. The primes p for which the congruence f = Indf(} P
(mod P) may appear should be controled by the special value of the L-
function associated to the character CM 1° (In the case elliptic this is
proved by H. Hida [11] and K. Ribet [17]; see also Theorems A and B
above).

(iii) the condition d(p—1) > 537 ; (k- —1) is used to rule out the
exceptional case where the projective image of py is isomorphic to one of
the groups A4, Sy or As.
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