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Let A € R™ " be invertible and b € R™. A Krylov subspace method for solving Az = b is a projection
method in which the search subspaces are Krylov subspaces - subspaces of the form
Kr(A,v) = span{Ajv};?;& for some k > 0 and v € R™.

Krylov subspaces

In this section, we regard A as a linear operator on a nontrivial finite-dimensional vector space V. Recall
that the minimal polynomial of A is the monic polynomial p 4 of minimal degree such that p4(A) = 0
and that the minimal polynomial of v with respect to A (also known as the A-annihilator of v) is the
monic polynomial y 4 , of minimal degree such that tA4p(A)v = 0.In particular, any polynomial p with
p(A) = 0 must be a multiple of 1 4, and similarly for £ 4 .

deg(pa) < dim(V).

Proof. If dim(V') = 1, this is trivial, so suppose that for some n > 1 itis true whenever dim(V') < n. Let
ve V\ {0} andm := deg(pa,)- Then {Ajv}’j":B1 is linearly independent and annihilated by g 4 ,(A).
Hence W := im(u4,,(A)) is an A-invariant subspace of V with deg(u 4,,) < n —m < n, and
(Larytan)(A) = 0.4

Now suppose that v € V'\ {0} and let m := deg(p4,)-

{Ajv};.n:ig{k’m}*l is a basis of KCr(A, v). In particular, dim(KCx(A, v)) = min{k, m}.

Proof. If z € KC(A, v), then £ = p(A)v for some polynomial p with deg(p) < k — 1. Dividing p by ft 4, we
obtain p = qu 4, + r for some polynomials g and 7 with deg(r) < m — 1,so z = r(A)v and hence
{Ajv}?l:lg{k’m}_l spans ICr(A, v). Moreover, if Z;.n:lg{k’m}_l cjAv = 0, the ¢; must be zero by the
minimality of m. n

The A-cyclic subspace generated by vis C(4,v) := Span{Ajv}]?’iO and is the smallest A-invariant
subspace of V' containing v. Clearly, C(A, v) = IC;, (4, v), so the cyclic subspace is also the largest Krylov
subspace generated by v.

The following are equivalent:
e k>m
e Kr(A,v)is A-invariant
o Kr(A,v) =C(A,v)
Moreover, if v = (0 := b — Az, these are equivalentto z* := A~ 1b € z© + Kr(A, T(o))_

Proof. The equivalence of the first three statements follows from the discussion above, and from the general
theory of projection methods, we know that z* € z(©) 4 ICi (A4, 7)) if IC (A, 7(0) is A-invariant. On the
other hand, if z* € £ + K1(A4,7(©), then r(© = Ap(A)r© for some polynomial p with

deg(p) < k— 1,50 g(t) := 1 — tp(t) is a polynomial such that g(A)r® = 0. Hence m < deg(q) < k.
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The Arnoldi iteration

To construct Krylov subspace methods, it is useful to generate well-conditioned bases of such subspaces.
The Arnoldi iteration produces orthonormal bases of successive Krylov subspaces ICj(A, v) (v # 0) using

(modified) Gram-Schmidt orthogonalization 10,
a1 = v/|[v|]

for =1 to k:
’Uj = qu
for 1 =1 to j:
hij = (vj, i)
vj = v; — hijq;
hira, i = llvjll
gj+1 = vj/hji1,

Indeed, if {qi}gzl is an orthonormal basis of ICj(A, v) (which itis for j = 1), then initially

v; € AK;(A,v) C K;11(A,v). Subsequently, v; is orthogonalized against ¢4, . . ., g; and normalized to
form g1 (provided that hj, 1, ; # 0), which implies that {qi fj is an orthonormal set of vectors in
ICj+1(A, v) and hence a basis thereof.

Thus, if m = deg(,uA,v), the Arnoldi iteration will break down in the m! jteration (in the sense that
Rm+1,m = 0). For if it did not break down by the m iteration, we would have dim (K, 1(4,v)) =m + 1

; and if it breaks down (for the first time) in the jth iteration, then Agq; — 25:1 hijq; = 0, which is to say
that p(A)v = 0 for some polynomial p with deg(p) < j, so j > m.

After completing the Arnoldi iteration, we obtain Ag; = ;11 hijg; for 1 < 7 < k, which we can express in
matrix form as

hi1 hik
h21
Al - @l=[on - el
— Qs Qrr o hw
| P, &
-

We can also view this as a reduction of A to upper Hessenberg form: QkTAQk = Hy, where H}, denotes
the upper k x k submatrix of H.

GMRES

The generalized minimal residual (GMRES) method for solving Az = bis an iterative residual projection
method whose k" iterate £ lies in (¥ + C (4, (), where #®) := b — Az®) Thus, if we apply the

Arnoldi iteration to r(?), we can write 2®) = £ + Qky(k) with QQ, as above and y(k) € R* minimizing

Ir®]| = 7@ — AQxy®|| = ||Boe'™ — Hry®)||, where B = ||[r®]| and

elk =1 0 --- 0]T € R**! (since Q.1 has orthonormal columns).
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These least squares problems can be solved by incrementally triangularizing the upper Hessenberg matrices

~ ~ R
Hj.. More precisely, if Q0 is an orthogonal matrix such that Qi Hj, =: Bl e REFDxk g upper
1xk
triangular, then
0 7 Ry, *
1 Pit2, k41 h
N — ’ k+2, k+1
Hy

Hence this matrix can in turn be triangularized using a single Givens rotation G 1 (and £ itself can be
chosen to be a Givens rotation):

~ R *
Gri1 g Hi * = OIc x| =: Risa
Piio, ki1 01 (k1)
:Ibrkﬂ ﬁ;:l
b b [ R
Furthermore, ika(ﬁoegk)) =: [ﬁk} e RFL then ||r®]| = H [,Bk] o g }y(k) is minimized when
k k (01K
y® = R, by, and ||r®|| = |By|, and we have
b by
0 (k) bk
G | Poer™| Grpi [Br| = [+ | =]
[ o 0 B
*-
Qi1 308(1’““)

We note that GMRES breaks down precisely when the underlying Arnoldi iteration does, which in view of the
discussion above is equivalent to the approximate solution being exact.

Convergence
By definition, the residuals in GMRES satisfy

[r ™ = min [|(I - Apxa(A)r@|| = min _[pp(A)r @],

Pr-1€Pp_1 PrEP, pr(0)=

where Py, denotes the vector space of polynomials with degree at most k. This immediately yields the
following estimate for diagonalizable matrices.

Let o(A) denote the spectrum of A. If A = VAV ~! for some diagonal matrix A, then

(k) < . ] >\ . (0)
T K min max T .
[P < &(V) e )\pk( ) I

The Lanczos iteration

When A is symmetric, the Arnoldi iteration reduces to what is known as the Lanczos iteration. Since

H; = QEAQ;C, the upper Hessenberg matrix Hj, must also be symmetric and therefore symmetric
tridiagonal. For this reason, we denote it by T and define aj := tj;and B := t; j+1 = tj41, j. With this
notation, the algorithm is as follows.
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Bo=0,q0=0
q1 = v/||v||

for j=1 to k:
vj = Ag;
aj = (v, q;)
vj = v; — Bj-1gj-1 — ;q;
Bi = llvjll
gj+1 = vi/B;

CG

The conjugate gradient (CG) method for solving Az = b when A is symmetric positive definite is an iterative

error projection method whose kthiterate () lies in z(©) + Kr(A, r(o)), where 7®) := b — Az, Although
it is possible to derive CG from the Lanczos iteration just as GMRES was derived from the Arnoldi iteration, a
simpler and more direct derivation is given in the notes on the conjugate gradient method.

Convergence
By definition, the errors in CG satisfy

le®)la = min [[(I— Apr-1(A)e?|a= min [pr(A)e?] 4,
Pr-1€Py1 PrE Py, pir(0)=1

where P}, denotes the vector space of polynomials with degree at most k. Using the fact that A = QAQ !

for some orthogonal matrix @ and some diagonal matrix A, and that ||Qpx(A)Q || 4 = ||lpr(A)||2. we

obtain an estimate analogous to the one for GMRES.

Let o(A) denote the spectrum of A. Then

e min max e .
I la < prEPy, pr(0)=1 Aea(A) k()] -] [P

Now suppose that the eigenvalues of A are A\; > --- > A, > 0 with A\; # A,,. We know from

approximation theory that the polynomial py, € Py, with pi(0) = 1 that minimizes max ez, ] |Pr(A)| is

Pk = m where T, is the k" Chebyshev polynomial and a(t) := —1 + o = = ) (t — An) maps

[An, A1] affinely to [—1, 1]. Since |T}| < 1on [—1,1] and a(0) = — £, where & := K(A), upon
evaluating T}, at a(0) we obtain

2

k
k—1
. - ||e<0>\|Aé2(L ) RGN
(45) +(25) Vet
VR VA1

le®]| 4 <

1. In the algorithm below, standard Gram-Schmidt orthogonalization would set v; = v; — Z'Zzl hi;q; after computing the h;; instead of updating it inside
the loop. It is also possible to use Householder reflections. [5]
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