
 Def An ZQUAVALENCE RELATION OnX is a relation E X x X
that is

REFLEXTIVE foran X E X X X

SYMMETRIC foran x ex if x y then y
t

Zx is a sibling of symmetric

is a brother of not symmeone

TRANSITIVE for all x y Z e X if X Yand Y Z then X Z
Ex is ancestor of yes

is a parent of no

Dfl Equivalent class X YE X x y Alsowritten as IX

Property let bean equivalentrelation on X and x y e X
ca if X y then x y Ex x y
b if X X y then ex hey of y x y

El la
E Suppose z e x then bydefin x z

Giventhat X Y
Bysymmetryofequivnel Y X X Z

Bytransitivityofequiv rel y x z

y Z

Andbydefn ofequivclass E e ly
x E Ly

2 Suppose z eLy
Bysymmetryofequiv rel wealsoknowthatTy EX

Overall Ex Ey
b proofbycontradiction

suppose xxy and a eEX nEy
Then bydefin X A and y a

Bysymmetryofequivnel x a

Thereforex a y
Then X y which contradictswiththeassump that Xx y



I l m 1
Then a4Ex a y
Weconcludethat Ex ATy hasnoelement if xx y

Rational Numbers Q
We want to construct s that represent dividing an integer a

into b parts
On the set Z X 2130 wedefine an equi rel as follows
for la bl co d E Z x 2
we declare a b co d when a d b C

Def The rational numbers are Q equi classof 2x 2 1
equiv classof

Deft a b t c d ad be bd

This t is well defined

Proof Given that a b ca b c d c d
WTS Cadtbe bd ca'd tb c b'd
That is bydefn of n Wis ladtbc b'd a'dib'd bd

Bydefn of n ab bat ed de
i ladtbc b'd adb'd t beb'd

a'b dd't bb'de
ca'd t b'c bd

Cadtbe bd ca'd tb c b'd



But the defn of IQ is still insufficiente.g these is no rational q with 92 2

Ifl Theproof is bycontradiction

supposethere'ssucha rationalnumber g
Thenwecanwrite 9 1 we canassume that n so and as small as possible
Thenq 2 implies m an

so ma iseven This inturn implies mis even ble if mwereodd makti forsome K 2
som cakti aka 4k't4k 1 2 2k 2k 1whichisstill an odd
m is even m iseven as were

Hence m 2k forsome K E Z
So 4k an 2k n

n is even n is even
i m n are both even

theyhavethe samefactor 2
i n is not as small as possible m n could be dividedby2 which

contradicts with the assumptionthat n is as smart as possible

However

Notice that we can approximate a positive whose square is 2 using rational

eg
rational 1.4 1.41 1.414

it t it to it to t
1421.96 1.451.9881 1.4141.999396

Therefore we will construct R using sequenceof rational s Q

SEQUENCES
Def A sequence in Q i.e ofrational s is a fund q I o Q

Wewrite gu for gin
and gn or Iquin cqn an it forthesequence

Ifqu nt then g t 92 t 9 t
qui qui gu



Def A sequence gn in IQ CONVERGES to q EQ if

Ftii III i t
positiveintegerN cau nbeyondN issmall

9

Wethen call q is a limit of gu and we write qua g
or Ito gu q lim queg qu 7 q

El que th let's show que o

Proof Suppose E E Q 0

Then wts 10 t l s E for n ZN where N is TBD
That is nt s E for n ZN where N is TBD
Or I s n for n ZN where N is TBD
Since E E Qso i I E Q o

e I can alsobewritten as I a be 2

It's obviousthat a 3 for a b e 2 0
Let N Atl then we can have N a

Then we have n z N sa z f t n t
Therefore we showed that n z N implies lo ntt c e for N att at 2 0


