
Linear maps and matrices

Let 𝔽 be a field and let 𝑉  and 𝑊  be vector spaces over 𝔽 with respective bases 𝐵𝑉 ≔ {𝑣𝑗}
𝑛
𝑗=1

 and

𝐵𝑊 ≔ {𝑤𝑖}
𝑚
𝑖=1.

Matrices
• The matrix of 𝑇 ∈ 𝐿(𝑉,𝑊) with respect to 𝐵𝑉  and 𝐵𝑊  is

[𝑇]𝐵𝑊 𝐵𝑉
≔ [

𝛼11
⋮
𝛼𝑚1

⋯
⋱
⋯

𝛼1𝑛
⋮

𝛼𝑚𝑛

] ∈ 𝔽𝑚×𝑛, where 𝛼𝑖𝑗 ∈ 𝔽 are such that 𝑇𝑣𝑗 = ∑
𝑚

𝑖=1
𝛼𝑖𝑗𝑤𝑖 .

• The matrix of 𝑣 ∈ 𝑉  with respect to 𝐵𝑉  is

[𝑣]𝐵𝑉
:= [Φ𝑣]𝐵𝑉 {1𝔽}

∈ 𝔽𝑛×1, where Φ𝑣 ∈ 𝐿(𝔽, 𝑉) is defined by Φ𝑣(𝛼) ≔ 𝛼𝑣

= [
𝛽1
⋮
𝛽𝑛
] , where 𝛽𝑗 ∈ 𝔽 are such that 𝑣 = ∑

𝑛

𝑗=1
𝛽𝑗𝑣𝑗 .

Thus,

[𝑇]𝐵𝑊 𝐵𝑉
= [ [𝑇𝑣1]𝐵𝑊

⋯ [𝑇𝑣𝑛]𝐵𝑊 ] .

Matrix operations
• For 𝑇1, 𝑇2 ∈ 𝐿(𝑉,𝑊) and 𝛼 ∈ 𝔽, we define

[𝑇1]𝐵𝑊 𝐵𝑉
+ [𝑇2]𝐵𝑊 𝐵𝑉

:= [𝑇1 + 𝑇2]𝐵𝑊 𝐵𝑉
,

𝛼 ⋅ [𝑇1]𝐵𝑊 𝐵𝑉
:= [𝛼𝑇1]𝐵𝑊 𝐵𝑉

.

Thus, the map 𝑇 ↦ [𝑇]𝐵𝑊 𝐵𝑉
 is an 𝔽-vector space isomorphism from 𝐿(𝑉,𝑊) to 𝔽𝑚×𝑛.

• Suppose that 𝑈 is a vector space over 𝔽 with basis 𝐵𝑈 ≔ {𝑢𝑘}
𝑝
𝑘=1. For 𝑆 ∈ 𝐿(𝑈, 𝑉) and 𝑇 ∈

𝐿(𝑉,𝑊), we define

[𝑇]𝐵𝑊 𝐵𝑉
[𝑆]𝐵𝑉 𝐵𝑈

≔ [𝑇 ∘ 𝑆]𝐵𝑊 𝐵𝑈
.

In particular, since Φ𝑇𝑣 = 𝑇 ∘ Φ𝑣 for all 𝑣 ∈ 𝑉 , we have

[𝑇𝑣]𝐵𝑊
= [𝑇]𝐵𝑊 𝐵𝑉

[𝑣]𝐵𝑉
.

Moreover, the map 𝑇 ↦ [𝑇]𝐵𝑉 𝐵𝑉
 is an 𝔽-vector space isomorphism from 𝐿(𝑉) to 𝔽𝑛×𝑛 that also

preserves multiplication and the multiplicative identity (otherwise known as a “unital 𝔽-algebra
isomorphism”).
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