Math 115A: Week 7 Notes

Isabel Veit, Josephine Broyles
May 17, 2025

1 Eigenvalues and Eigenvectors Continued

MONDAY LECTURE

Let V be an n-dimensional vector space over a field F-vector space, and T € L(V).
Remark 1.1. We sometimes call linear maps ”linear operators”.
Definition 1.2. If A is an eigenvalue of T, its

Geometric Multiplicity yr()) is

dim( ker(AI = T') ) = null(A\ — T).

Eigenspace Er ()

1<vyr(N) <n

Algebraic Multiplicity ar()) is
the multiplicity of A as a root of

x7(A) == det(A\ —T)

Characteristic Polynomial

1<ar(A) <n

Proposition 1.3. yr(A) < ar()\): the geometric multiplicity of an eigenvalue X is at most the algebraic
multiplicity of A

Suppose A is an eigenvalue of T and y7(A) = m. Then, there exist vy, ..., v, such that {vi,..., v}
is a basis of Er()\). Extend this to a basis B := {v1, ..., Vm, Um+1,--.,0n} of V.

Question 1.4. Questions to think about

1. What is/what form does g[T]p have?

2. What about the characteristic polynomial of this matrix?
Example 1.5.

Eigenvalues: A =2, ap(2) =2

T(zq, = (321 — 22, 1 + —
(171 1‘2) (Il T2, T1 172) m:'YT(Q):l
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glTvi]p = BlTvmle B[Tvmiils g[Tv,|p
Back Table: Try different extensions:
1] 1 17 [o 17 [-1 17 [2
1o 1|1 1] o 1|1
In each trial,
2
-} ]
Gary Observed:By the way, detg[T]g = [Toriginal basis
2.

det(xl — g[T)g) = (x = N)™ - 7
x = X is necessarily a solution.
*multiplicity of m
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2 Eigenvalues and Eigenvectors Continued

TUESDAY DISCUSSION

V is finite-dimensional. Take A eigenvlaue o {T, vy, - -, v,, basis of ker(AI-T). Extend to basis B=vy,
St Uy Umgls -0 05 U Of V.

Question 2.1. If we know g[T]g, then what can we say about xr(z)?
Claim 2.2. (x-A) appears at least m times in xr(z).

———————————— Observe that:

z—X 0 0 0i 77?77?77
0 0 () P07 0?7 ?
0 0 0: 727?77
0 .0 0 x=A7?7?77
0 0 0 0: 72777
0O 0 0 0 ?277°7
0O 0 0 0: ?27?77°7
0O 0 0 0 77?77

Evaluate det(zI — T') using the permutation expansion:
ways to choose

distinct rows \Z SE0(0) Go(1),1 " Ao(2)2 " " Qo (n)n

from each column

For each permutation o, if o(1) # 1, then the corresponding term sgn(c) as(1),1 -+ Gg(n),n = 0

because a,(1),; = 0. So, only the terms with o(1) =1 survive. In fact, by the same reasoning, all terms
with 0(2) #2 -+ o(n) # n vanishes. So, we know all surviving terms have o(1) =1 --- o(m) = m. So,
each of these terms shares the factors aiy ass -+ amm = (x — A)™ We just showed (x — \)™ is a factor
in each term of det(A\] —T) = 3 .... So (x — A\)™ is a factor of det(AI —T).
Conclusion:

ar(A) >m= yr(w)

algebraic multiplicity geometric multiplicity
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3 Eigenvalues and Eigenvectors Continued

THURSDAY DISCUSSION

Diagonalization
Let V' be an n-dimensional vector space over a field F-vector space, and T' € L(V).

Definition 3.1. T is DTAGONALIZABLE if there exists a basis B of V such that g[T]p is diagonal.

Let a;; € F. Then the diagonal matrix is given by:

fa;; 0 0 O O 0 O 07
0 a2 0O O 0 O O 0
0 0 0 0 0 O 0
0 0 0 0 0 0 0
0 0O 0 0 0 0 0
0 0O 0 0 O 0 0
0 0 0 0 0 o0 .0

L O 0 0 0 0 0 0 apnl

Theorem 3.2. If Ay, ..., Ay, are the distinct eigenvalues of T (these numbers are different from each

other), then the following are equivalent:

(a) T is diagonalizable
(b)V has a basis fo eigenvectors of T

(0 V=EDEr(\)
i=1

Direct Sum: For all v € V, there exists unique v; € Ep(\;) such that

m
v = E (Y
i=1

(d n= ZWT(M)

(e)  xr hasn zeroes (counted with multiplicity), and yr(\;) = ar(N\;) for each i.

Counted Multiplicity:

i=1



l lmrsdag

Diagona lization

et V be a n-dim. fF-veclor space.

and T € L(v).
2

Def T is diagonalizable if fhere exists @ basis B of Vv <4 5[0y is diggoral. = [ OO'\z.,,,
QrjelF

let V be a n-dim. fF-vector space.
and T € L(W).
these -mm

A ore 88, S0k
Theorem  Tf )., .. 0n Qre fhe ditinct”eigenvalues of T, then fhe olowing ave equivalert:
(@ Tis diagonalizaile

if ong 1is | (b) 'V has a bass of eigenvec fors of T

true,

ol ore tre/ oy \/ = & E, ()
W any {is (-)ld:rec\' sum: m
false, for all veV, thers exists unique vef(l;) st. v=;§ ¥;
all are false . m
(4) n=§‘-'{1 (].) z o (X)=n
2

K (e) )‘T has n zeroes (Wuh counded multiphcily) and Ya ()= o () B eachi

We will prove:

@ = B =) = d) =@

V\Sefs Proof:
Claim (b)Y = (©)
|1V _has a basic of eigenyectors of T, then V=_§‘ET(2-.)

Proof:  Assome V' has a basis of eigenvectrs of T, Call i+ B< fvun, Vi, o, v, Vi Vo, oo
\'m.n o V"‘:km}
grouped by eigenvalues:
Vi,j is the j-th eigenued‘o,- for eigen\m[ue A K =# of basis yeclors belonging o eigeniahe X,

Need o show:
Q For all vel, 3v; e E (%) st y:z v, t.. +Vm



® Unique: if u; € Eq () olso Safishes yzu +...+Un, then =V, ... V= Un.

Pt O:
Let ve V be given
B is a bass, so it spans.
So let Cij be coeffiaanls sodicfym
m K
e i g Ciy iy
Notiee for each i, each Vi, hos eigenvahie A;, meanng by closure of eigenspaes.
Ki
JZJ Gy Vaq € Ev(n)
6E,(M

ki
So et V.= g Gy Uiy

h
And we hoe \r=,=ll .
Pf@: Vi €Er ()
Mniquemss= know V=V, #..4 Uy
Suppose V= Uit ..t Um for some Wi € E; ()

izl ....m.

Then: 0= (U -V) t - +(Up-Va)
G E1 ()\,\ e ET(AM) @

Know: ), m olistinct
We provedl on Quiz/ges’re;dog that eigen\ec{vrs wl Olstinct eigenmhm are Iinearlg independent -
Each w-; IS eifer an eigenveckr or O-

Bt f Ji sl w70 thn i s on eigeniaon, So @ Shas linear dlepergine of He fonzero ferms,
Condrad icdron.

So, borall 1, -y, =0
e W=V
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grandm’s Promo
(b) = @)
\ hag o basts of eigentechrs of T=Tis disgonaliza ble.

\/ hos a basis {V,,..., Vm} Bisa boss: T = Ve [}li 0 OOJ so T is

o . , 0 0‘ l-
B[T]B: [B L2 5Tv’"] - [B )‘|V) lenVn.) =1 : U, oyena

K\j\e + Eric:

Q> (d)
6100
B; - {V.':, ey vim} d"’”(ETFM dim(E)-0c 6) ... (Proo(: in ?TogreSS>

ng_'s SUPPorh Tdeo: -Hj b fid a bosis of U
Ericonjechure: " u- Vew By= {u., oo h
Bv‘ = {W.,..., Wm.s
dim U=dm V+ dm W IEL AR Y A2

W= ﬁ,wl-)-...-l-ﬁ,ub
VoueU, JveV, welk:
So that,

W=viw
(,ohere:

VW are Unique
VH =z &Y+ + Vot Bl + o bt = 0

Ky(e- d U=ve W
then VA= £

Avik: CWW\S‘- VAW contains 0.



