Newton-Cotes quadrature
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Consider the approximation of I(f) := fb f(x) dx for integrable f : [a,b] — R by a quadrature formula
of the form I,,(f) := > 7 'w]f( ) where {wj}] "o € Rareweights and {z;}_, C [a, b] are distinct
nodes.

The precision of a quadrature formula is the greatest m for which I,, = I on P,, (the vector space of real
polynomial functions of degree at most m). For such an m to exist, we assume that

Y iowj = I,(1) = I(1) = b — asothat I, = I on P, by linearity, while also noting that m < 2n + 1
since Iy (w2, ;) = 0 < I(w2,;) for wy 1 := H;’L:O(. — ;) € P,41.In addition, Lagrange interpolation
shows that m > nif and only if I,(f) = I(p,) for all f, where p,, € P, interpolates f at the nodes; or
equivalently, w; = I(£;) for all j, where {£;}"_ is the Lagrange basis of P,. Such a formula is called
interpolatory and its error can be expressed as

b
1)~ 1) =1 =p2) = [ Floo,-.. 20, ol () da.

Closed Newton-Cotes formulas

Forn > 1, the (n + 1)-point closed Newton-Cotes formula is the interpolatory quadrature formula with
x; = a + jh, where h :=

To analyze its error, we define the polynomials Q;(x) := faw wj(t) dt for1 < j < n+ 1. We claim that

Q; > 00rQ; <0on [a,z; 1] according as j is odd or even. This claim is trivial for j = 1, and if it holds for
some j, integration by parts gives ;1 (z) = Q;(z)(x — z;) — [ Q;(¢) dt, which implies that the desired
inequality for ;1 holds on [a, z;_1]. Furthermore, ;41 is decreasmg on [z;-1,;], soif jis odd, then
Qj1(z) < Qja(xj1) <0forallz € [x;_1,z;], whereas if jis even, then Q4 (z) > Q,1(x;) = 0 for
allx € [.1:]-_1, :z:j] by the symmetry of w; 1, which establishes the claim by induction.

In fact, if j is odd, then ©2; > 0 everywhere because €; is decreasing on (—oo, a] and increasing on
[z;_1,00). We also note that f Qj(z)de = — f t) dt for all .

Now if n is even and f € C™*%([a, b]), integration by parts and the mean value theorems for integrals and
divided differences yield

b b
/f[wo,...,wn,w]wn+1(w)dm:—/ flzoy .- s @n, 2, 2] Qpi1(x) do

(n+2) b
— _%/ Qi1(x)dz  for some € € (a,b)

(n+2) b
_ ]ZnTz()g') / Hom i1 (£) dt.

Ifnis odd and f € C™*1([a, b]), we have


af://n0
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/ f[asg,...,a:n,m]wn+1(x)da::/ (flzo, .-y Tn-1,@] — flzo, ..., Tp])wn(z) do

b
- _/ f[a:o,...,a:n_l,a:,az]ﬂn(a:)dw
1

n+1) b
— _(7L+T11()€')/a Q,(xz)dz for some & € (a,b)

FE
e —(n + 1)' /a wn+1 (t) dt

In summary, we obtain the following (where we have changed variables affinely to exhibit the dependence
of the error and the weights on h).

Error of closed Newton-Cotes formulas

If nis even and f € C™"2%([a, b]), then there exists a £ € (a,b) such that

N _ o ) eyt Y e () da
1)~ 1) = Cuf DN, Coi= e [ - 1) @ -y

If nis odd and f € C™"!([a, b]), then there exists a £ € (a, b) such that

I(f) = L(f) = Caf "D (€)h™2, %*j;%ﬁA%@—Um@—mﬁ-
n w;/h Cn
1 (trapezoidal rule) %, % _11_2
2 (Simpson's rule) %, %, % _%
3 (Simpson’s 3/8 rule) %, %, %, % _83_0
4 (Boole's rule) %, %, %’ %, % _%

Open Newton-Cotes formulas

Forn > 0, the (n + 1)-point open Newton-Cotes formula is the interpolatory quadrature formula with

Tj=a+ (7 + 1)h, where h := Z;Jr‘;

As above, we define Q;(z) := [ w;(t) dt for 0 < j < n + 1; an analogous argument shows that ; > 0
or 2; < 0on [a,z,] according as j is even or odd, where z,,; := b. Thus, if n is even and
f € C™"2([a, b)), the same argument as before yields

Fr2(€)

b
(1 2) / twp11(t) dt  for some & € (a,b).
n ' Jao

b
/ flzo, - @n, Tlwpi1(z) de =

However, if nis odd and f € C™"!([a, b)), then 2, changes sign at z,, = b — h, so the mean value
theorem for integrals is not applicable on [a, b] as before. Instead, we write
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b Ty b
/ flxo, .-y @n, T)lwni1(z) de = / flzoy - s @n, ¢lwpi1(z)de + | flzo, ..., Tn, T|wpi1(x) dx

(n+1) Tn (n+1)n b
= f(nf(f)l')/ Wpt1(x) dx + f(nT(lé)z')/ wWn1(z) dz

for some &1, &3 € (a,b).

Since [7" wni1(z) dz = Qyy1(z,) > 0and f; wn+1(x) dz > 0, the intermediate value theorem implies
that this sum is equal to

(n+1) Tn b (n+1) b
]ZnTl()f') (/ Wpt1(x) dz ~l—/ W1 () dm) = ]ZnTl()g')/ wn+1(z)dz  for some £ € (a,b).
Error of open Newton-Cotes formulas

Ifnis even and f € C"*%([a, b]), then there exists a £ € (a, b) such that

LR = O D) eyt NI S N
I(f) = In(f) = Cof ™ D(©R™3,  C, = (H?)!/_l (z— 1) (2 — n) da.

Ifnis odd and f € C™*1([a, b]), then there exists a £ € (a, b) such that

1) = 1) = Cuf O, Cpim i | " @ —1) (2 —n) da.

(m+1)! /.
n w;/h Cn
0 (midpoint rule) 2 %
1 :
2 bt i
3 5 5 5 55 95
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