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A proof of the correctness of synthetic division

We consider the problem of dividing the polynomial a(x) = ZZ:O akxk (a, # 0) by the polyno-
mial b(x) = Z?:o bkxk (b,, #0), where 0 < m < n. Synthetic division arranges the coefficients
of a and b in a table as follows:
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Division then proceeds as illustrated below (the left side of the table has been condensed for
the sake of space),

an an—l an—2 T am am—l am—2 e aO
—b, e e =byc,
—b,_, —bpaCm  ThyuaC —bsc —b 5,
-b,_, bu1Chm —bmiCima —b, 161 —b, ¢
a, Z Z Z d d_, - d,
/bm Cn—m Cn—m—l Cn—m—2 T CO

where the entry immediately below the bar in each column is the sum of the entries above the
bar in that column, and the entry in the last row is this sum divided by b,,. The quotient is then

c(x)=>,_0 ckxk, and the remainder is d(x) = le_ol dkxk.

Note: In the following proof, we will regard b, as zero if k < 0 or k > m; similarly, we will regard
¢, as zero if k < 0 or k > n—m. Sums are to be understood as ranging over all integers unless
otherwise specified.

From the illustration, it is clear that

d,=a,+ Z —bicj=ak—2bl.ck_i, 0<k<m;
i+j=k i
bmck = Qyym + Z _bicj =y, — Z bick+m—i’ 0< k <n—m.
i+j=k+m; i<m—1
i<m—1

To prove the correctness of synthetic division, we must show that b(x)c(x) + d(x) = a(x). We
do so by comparing the coefficients of both polynomials. The coefficient of x* in b(x)c(x)+d (x)
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is clearly
(Z bick—i) +d,,

which, for 0 < k < m, is equal to
(Z bick_i) + (ak —Z bick_i) = a.
On the other hand, if m < k < n, the coefficient of x* in b(x)c(x) + d(x) is

bC—m + Z b = (ak - Z bick—i) + Z bici

i#m i<m—1 i#m
=q+ E : bici;
i>m+1
= aq,

which completes the proof.



