THE QUANTUM FLOW OF WEIGHTS ON A VON NEUMANN ALGEBRA

Tony Falcone and Masamichi Takesaki

This work is respectfully dedicated to the memory of Y. Misonou

Abstract. It has long been a part of the “folklore” associated with the theory of Type III von Neumann algebras that the (Type II∞) core which arises in the crossed product decompostion of an arbitrary Type III von Neumann algebra M is, in fact, a canonical object. This work demonstrates that it is possible to construct the core ~M in such a way that it no longer depends on one’s choice of weight. Moreover, we demonstrate that the assignment

M →^~M is in fact functorial. This, in turn, leads to a natural extension of the Flow of

Weights, this time applicable to the whole core (and not just its center), which we call the Quantum Flow of Weights.

Additionally, we derive a notion of L^p-spaces which can also be associated to each von Neumann algebra. These agree with all the standard definitions of non-commutative L^p-spaces which appear in the literature. Finally, the naturality of the core construction can be used to enhance and simplify the definition of the characteristic square of a factor, and to introduce the notion of local characteristic square. This enables us to answer completely a longstanding open question, first posed in the original work on the flow of weights by Connes and Takesaki, concerning the extended modular automorphisms.

Contents

§0. Introduction §1. The Bundle Algebra A §2. Representation of the Bundle Algebra A §3. The Quantum Flow and The Trace §4. Local Characteristic Square: Extended Unitary Group and Modular Automorphism Group §5. Conclusions

1991 Mathematics Subject Classification. Primary 46L50; Secondary 22D25. This work is supported, in part, by NSF Grant DMS 95-00882 and DMS 98-01324.

Typeset by AMS-TEX 1

§0. Introduction

In a recent work of Katayama, Sutherland and Takesaki [KtST], it was shown that to every factor M there corresponds canonically a nine term exact square of groups, called the characteristic square of M

1 1 1

1 −−−−→ T −−−−→ U(C)^∂−−−−→ B^1_θ (U(C)) −−−−→ 1

1 −−−−→ U(M) −−−−→ ~U(M)^∂−−−−→ Z^1_θ (U(C)) −−−−→ 1 Ad f_{Ad} 1 −−−−→ Int(M) −−−−→ Cnt_r(M)^ν−−−−→ H^1_θ (U(C)) −−−−→ 1

1 1 1

The construction of the characteristic square depends heavily on the functoriality of the core { ~M, R, θ, τ } of a factor M. Unfortunately, the construction presented therein of a functorial core was rather convoluted. But the beauty of the above characteristic square, and its usefulness, make us wonder if there is a more intrinsic way to associate a core to each factor. The main purpose of this paper is to establish a natural construction of the core.

The theory of von Neumann algebras is often viewed as a non-commutative extension of measure theory. A key ingredient of non-commutative integration is modular theory, which yields the modular automorphism groups. The modular condition can then be summarized by means of φ(xy) = φ(yσ^φ_{−i}(x)) (0.1)

for a faithful semi-finite normal weight φ on M and sufficiently many x and y in M. Further, we adopt a notation of physicists by writing ⟨φx⟩ for φ(x), and accept the convention that φ^αx = σ^φ_{−iα}(x)φ^α for any α ∈ C and for those x ∈ M that the above expression makes sense. Continuing in this manner, we identify φ^αψ^{−α} with (Dφ : Dψ)_{−iα} for any pair of faithful semi-finite normal weights φ and ψ on M; hence, we may “generalize” (0.1):

⟨φ^{α1}_1 x_1φ^{α2}_2 x_2 · · · φ^{αn}_n x_n⟩ = ⟨φ^{αk}_k x_k · · · φ^{αn}_n x_nφ^{α1}_1 x_1 · · · φ^{αk−1}_{k−1} x_{k−1}⟩ (0.2)

Here, ∑_n i=1 α_i = 1, {φ_1, · · · , φ_n} is an n-tuple of faithful semi-finite normal weights on M and the x_i are those elements of M such that the both sides of the above “make sense.” In the case where φ_1 = φ_2 = · · · = φ_n = φ, (0.2) is known as the Araki-Miyata multiple

KMS condition, [AM]. This has motivated us to explore further the algebraic system that

M and the symbols φ^α, α ∈ C , generate, a subject which has also been investigated by S.

Yamagami [Y].

In real analysis, it has long been known that, for p, q, r ≥ 1 with^1_p +^1_q =^1_r , if f ∈ L^p(X, μ) and g ∈ L^q(X, μ) (with {X, μ} a σ-finite measure space), then fg ∈ L^r(X, μ) and ‖fg‖_r ≤ ‖f‖_p‖g‖_q. If we set α =^1_p , β =^1_q and write M^α, M^β and M^{α+β} for L^p, L^q and L^r, then the above can be rephrased as M^αM^β ⊂ M^{α+β} and ‖fg‖_{α+β} ≤ ‖f‖_α‖g‖_β provided 0 ≤ α, β, α + β ≤ 1. This serves as a kind of a “grading” of the algebra. The theory of L^p−spaces has been successfully generalized to the non-commutative setting by several authors. But the most relevant to us is the canonical construction of L^p−spaces associated with any (σ-finite) von Neumann algebra M due to H. Kosaki, [K]. Pursuing the line suggested by the above observation, we write M^{1p} (M) for the canonical L^p(M) of Kosaki and then consider the complexification of the parameter α to obtain something to be written as M(t) which should correspond to the purely imaginary value α = it. It turns out that each M(t) can be shown to be isometrically isomorphic to M as a Banach space and the family {M(t) : t ∈ R} has a multiplicative structure, M(s)M(t) ⊂ M(s + t), s, t ∈ R; and a conjugation M(s)^∗ = M(−s) with M(0) = M. This leads naturally to the construction of an involutive Banach algebra bundle of the kind first introduced by Fell [F]. From this, we can proceed to the ”cross-section” von Neumann algebra ~M, i.e., the core of M. This core turns out to be naturaly isomorphic to the crossed product M o_σφ R of M by the modular automorphism group σ^φ of any faithful semi-finite normal weight φ on M.

In the literature, there have been a number of claims of a canonical construction of the core ~M of a von Neumann algebra M. Van Daele, [VD], and Woronowicz, [W], for example, both have made such assertions. However, these have merely been observations which follow from the fact that the crossed product von Neumann algebras M o_σφ R ∼= M o_σψ R under a natural isomorphism for any pair φ, ψ of faithful semi-finite normal weights. Every construction in the past had to, at some point, choose a faithful semi-finite normal weight or state. This is not the same as the canonical construction. Really, the only canaonical construction available so far was the one given by Katayama, Sutherland and Takesaki, and has already been alluded to.

The construction of the canonical core ~M involves the set W_0(M) of all faithful semifinite normal weights on M, as does the flow of weights. The dual action {θ_t : t ∈ R} is then simply the one corresponding to multiplication by the positive scalar e^{−s}, s ∈ R, applied to each semi-finite normal weight φ on M; this is instantly recognized as the flow of weights. The difference is that in the flow of weights the carrier algebra of the flow corresponds to equivalence classes of semi-finite normal weights, i.e., to orbits of semifinite normal weights under the inner automorphism group Int(M), while in the present case two semi-finite normal weights are not identified but rather connected by the Connes cocycle derivative. This motivates us to call the system { ~M, R, θ, τ } the quantum flow of weights.

The advantage of the quantum flow of weights construction over the crossed product

M oσφ R comes from the fact that each faithful semi-finite normal weight appears on

the equal footing in the core, i.e., there is nothing involved in switching attention from one semi-finite normal weight to another; all that appears is the notational change from φ^{it} to ψ^{it}. The information carried by the weight φ is then encoded in the one parameter unitary group {φ^{it} : t ∈ R} and therefore in the abelian subalgebra D^φ = {φ^{it} : t ∈ R}^{′′} ∨C, with C the center of the core (i.e., the “classical” carrier algebra of the flow of weights). This in turn gives rise to another (smaller) nine term exact square of abelian groups, LCSq_φ, to be called the local characteristic square of φ; this local square is equivariant for

φ ∈ W0(M) relative to the action of Aut(M). Particularly satisfying is the fact that the

middle horizontal short exact sequence splits equivariantly. This allows us to prove, for instance, that the extended modular automorphism σ^φ_c can be defined canonically for every cocycle c ∈ Z^1_θ

(U(C)^) and every φ ∈ W0(M), not solely for smooth cocycles or dominant

weights (see Theorem 4.2).

§1. The Bundle Algebra A

We begin by introducing notation. Let M be a von Neumann algebra, and let us denote

by W0(M) the set of faithful, normal and semi-finite (fns) weights on M. Fix a t ∈ R; for

any x ∈ M and φ ∈ W_0(M), we consider the expression (x, φ)_t.

Let us define (x, φ)_t ∼ (y, ψ)_t ⇐⇒ y = x(Dφ : Dψ)_t, (1.1) where, of course, (Dφ : Dψ)_t means the cocycle derivative. Then (1.1) really does define an equivalence relation amongst such “symbols”; the transitivity follows from the “chain rule” for the cocycle derivative. We shall denote a single equivalence class by xφ^{it}, and the set of all such by M(t).

Propostion 1.1. For each t ∈ R, M(t) is a dual Banach space, when equipped with the following structure: (i) xφ^{it} + yφ^{it} := (x + y)φ^{it} (ii) α(xφ^{it}) := (αx)φ^{it} (iii) ‖xφ^{it}‖ := ‖x‖.

Here, x, y are arbitrary elements from M, α ∈ C , and φ is any element of W_0(M). Proof. For each φ ∈ W_0(M), define Ψ_{φ,t}: M × W_0(M) → M by Ψ_{φ,t}(x, ψ) := x(Dψ : Dφ)_t. It is clear that Ψ_{φ,t}(a, ψ_1) = Ψ_{φ,t}(b, ψ_2) if and only if (a, ψ_1)_t ∼ (b, ψ_2)_t, i.e., if and only if aψ^{it}_1 = bψ^{it}_2 . Hence, Ψ_{φ,t} induces a bijection between M(t) and M; we will write Ψ̂_{φ,t}: M(t) → M to denote this bijection. In addition, we may use this to “pull back” the dual Banach space structure of M onto M(t). However, we need to show that this structure (in particular, the vector space structure) is independent of the choice of φ.

To see this, we first note that Ψ̂^{−1}_{φ,t}(Ψ̂_{φ,t}(xφ^{it}) + Ψ̂_{φ,t}(yφ^{it})) = (x + y)φ^{it}, and this agrees with the definition given in the statement of the Proposition. Now, we must verify that this sum did not, in fact, depend upon the choice of the map Ψ_{φ,t}. So, now choose any other ψ ∈ W_0(M); again we compute Ψ̂^{−1}_{ψ,t}(Ψ̂_{ψ,t}(xφ^{it}) + Ψ̂_{ψ,t}(yφ^{it})) = Ψ̂^{−1}_{ψ,t}(x(Dφ : Dψ)_t + y(Dφ : Dψ)_t) = Ψ̂^{−1}_{ψ,t} ( (x + y)(Dφ : Dψ)_t ) = ((x + y)(Dφ : Dψ)_t)ψ^{it} = (x + y)φ^{it}. Hence, we see that the induced dual Banach space structure is independent of the choice of map Ψ_{φ,t}, and indeed does agree with the structure introduced in the Proposition’s statement. �

Now, we will consider the interaction of elements from (possibly) different M(t)’s. Proposition 1.2.

(i) There exists a C -bilinear map M(s) × M(t) → M(s + t) given by (xφ^{is}, yφ^{it}) → xσ^φ_s (y)φ^{i(s+t)}. (This map can and should be thought of as multiplication.)

(ii) There exists a conjugate-linear map M(t) → M(−t) given by xφ^{it} → σ^φ_{−t}(x)^∗φ^{−it}. (This map can and should be thought of as conjugation — not involution per se, as it does not map M(t) back into itself.)

We will indicate the multiplication map by merely juxtaposing elements, while we will use the standard (·)^∗ to indicate conjugation. Notice that we have stated the preceding in the form of a Proposition rather than a Definition; indeed, it is (once again) necessary to check that such operations are well-defined, i.e., independent of the choice of “representative” of xφ^{it}. Most such verifications are done by formulaic manipulation, involving the interaction of the modular automorphism group and the cocycle derivative. These will, for the most part, be omitted — yet, when deemed appropriate, a calculation will be made explicit.

We are now in the position to construct what is sometimes called a Fell’s Bundle, i.e., we consider

F :=^∐_{t∈R} M(t)

together with the multiplication and conjugation described in the previous Proposition. Upon fixing any φ ∈ W_0(M), the map F → R × M given by xφ^{it} → (t, x) is clearly a bijection. Hence, we may “pull back” any topology we may choose to fix on R × M. However, we cannot be cavalier about such a choice, lest the topology induced on F depend on the choice of φ.

So, we proceed as follows: define Fr := {xφ^{it} ∈ F : ‖xφ^{it}‖ ≤ r}, r > 0. Then we have F = ∪_{r>0}F_r. Once again, by fixing a weight φ, we have a bijection, this time between F_r and R × rSM, where SM is the unit ball in M. By considering M with its σ-weak topology, and the corresponding product topology on R × rSM, we induce a topology on F_r. A priori, the topology we have produced on F_r appears to depend on our choice of φ, but this is in fact not so. More precisely, we have

Proposition 1.3.

(i) Fix any two fns weights φ and ψ on M. Then there exist bijections ρ_φ: F_r →

R × rSM and ρψ: Fr → R × rSM given by ρφ(xφ^{it}) = (t, x), and ρψ(yψ^{it}) = (t, y),

respectively. By considering the product topology on R × rSM, when M is given the σ-weak topology, we may use these bijections to induce topologies T_r(φ) and T_r(ψ)

on Fr. Then, (Fr, Tr(φ)) and (Fr, Tr(ψ)) are in fact identical as topological spaces.

Hence, the topology induced on F_r is independent of our choice of weight. (ii) In addition, the map ρ_φ ∘ ρ^{−1}_ψ : M × R → M × R is a homeomorphism when M × R is given the product topology with M endowed with the Arens-Mackey topology (i.e., the τ (M, M_∗)-topology). Hence, all topologies induced on F by various ρ_φ, φ ∈

W0(M), are equivalent.

Proof. (i) To prove our claim, we show that (t_ν , x_ν ) → (t, x), then (t_ν , x_ν u_{tν} ) → (t, xu_t), where we have written u_t for (Dφ : Dψ)_t. Hence it is sufficient to show ⟨x_ν u_{tν} −xu_t, ω⟩ → 0 for any ω ∈ M_∗. In fact, we may assume that ω ∈ M^+_∗ , since any element of M_∗ may be written as a sum of four such. We calculate |⟨x_ν u_{tν} − xu_t, ω⟩| ≤ |⟨x_ν (u_{tν} − u_t), ω⟩| + |⟨(x_ν − x)u_t, ω⟩| ≤ ω(x_ν x^∗_ν )^{12} ω((u_{tν} − u_t)^∗(u_{tν} − u_t))^{12} + |⟨(x_ν − x), u_tω⟩| ≤ r ‖ω‖^{12} ω((u_{tν} − u_t)^∗(u_{tν} − u_t))^{12} + |⟨(x_ν − x), u_tω⟩|. Above, we used the fact that ‖x_ν ‖ ≤ r. Now, we know that u_{tν} → u_t σ-strongly (from the general theory of the cocycle derivative); hence the first term above goes to 0. The σ-weak convergence of x_ν → x forces the second term to 0 as well.

(ii) Let’s define Φ := pr_1 ∘ (ρ_φ ∘ ρ^{−1}_ψ ), with pr_1 the standard projection onto the first factor. Now, we note that if K is any balanced, convex and σ(M_∗, M)-compact subset of M_∗, and I a closed, bounded interval in R, then K^′ := ∪_{t∈I} (Dφ : Dψ)_t K is also a weakly compact subset of M_∗. This follows from the fact that it is the continuous image of K × I under the map (ω, t) → (Dφ : Dψ)_t ω. Moreover, the convex closure L := co(K^′) is again balanced, convex and weakly compact [DS].

So, assume again that x_ν → x, this time in the τ (M, M_∗)-topology, while t_ν → t in R. Without loss of generality, we may assume that this net is contained in a bounded interval I. We compute sup_{ω∈K} |⟨Φ(xν , tν ) − Φ(x, t), ω⟩| = sup_{ω∈K} |⟨xν (Dφ : Dψ)t_ν − x(Dφ : Dψ)t, ω⟩| ≤ sup_{ω∈K} ( |⟨(xν − x), (Dφ : Dψ)t_ν ω⟩| + |⟨x, ((Dφ : Dψ)t_ν − (Dφ : Dψ)t) ω⟩| ) ≤ sup_{ω∈K} ( |⟨(xν − x), (Dφ : Dψ)t_ν ω⟩| + |⟨((Dφ : Dψ)t_ν − (Dφ : Dψ)t), ωx⟩| ) ≤ sup_{μ∈L} |⟨xν − x, μ⟩| + sup_{μ∈Kx} |⟨(Dφ : Dψ)t_ν − (Dφ : Dψ)t), μ⟩|. Note that both terms in the last expression tend to 0: the first due to the fact that L, like K, is also a balanced, convex and weakly compact subset of M_∗, and the second due to the fact that the cocycle derivative is a σ^∗-strong-continuous map, and we recall that the σ^∗-strong- and the Arens-Mackey topologies agree on bounded subsets of M [T1]. �

Similar arguments allow us to conclude that, when we consider, in lieu of the σ-weak topology, the σ-strong or σ^∗-strong topology on M, the resulting topologies on F_r are also independent of the choice of weight. We may use these results to topologize all of F in a weight-independent manner: we define a set U ⊂ F to be limit σ-weakly open (resp., limit σ-strongly open, limit σ^∗-strong open) if U ∩ F_r is open for all r > 0, when F_r is given the approriate topology. These limit topologies on F are also clearly independent of any choice of weight. We note that the same kind of construction fails if we try to pull back the product topology on R × rSM when M is given the norm topology — it is in general not possible to make the resulting topology independent of the choice of weight.

In addition, we note that the fiber “above” 0, viz., M(0), is isomorphic to M (trivially); of course, this fiber is the only one which is naturally an algebra. Moreover, we remark that the M-valued inner product is realized as {xφ^{it} | yφ^{it}} = (yφ^{it})^∗xφ^{it} = φ^{−it}y^∗xφ^{it} = σ^φ_{−t}(y^∗x), which agrees with our intuition.

We now consider sections of F, i.e., maps R → F , s → x(s)φ^{is}. We denote such a section by x_∼; hence, x_∼(s) = x(s)φ^{is}. In the event that we want to stress the dependence on a particular choice of a faithful semi-finite normal weight φ, we write x_∼(s) = x_φ(s)φ^{is}. We now want to consider the Banach space Γ^1(F) of L^1-sections of F, that is, those (measurable) sections satisfying ∫ R ‖x_∼(s)‖ ds = ∫ R ‖x(s)φ^{is}‖ ds = ∫ R ‖x(s)‖ ds < ∞. By “measurable” we mean the measurability of the following kind: we say a section x_∼ is measurable if for any finite interval I in R and ε > 0 there exists a compact subset K ⊂ I such that |I\K| < ε and the map: s ∈ K → x_∼(s) ∈ F is continuous relative to any of the above topology in F. As the norm: x ∈ M → ‖x‖ ∈ R_+ is lower semi-continuous relative to the σ weak operator topology, the standard arguments show that the measurability of cross-sections does not depend on the choice of any operator topology in F.

We are now going to turn the space Γ^1(F) of L^1-integrable sections into an involutive Banach algebra A.

Proposition 1.4. When equipped with a multiplication given by

(x_∼y_∼)(t) := ∫ R x_∼(r)y_∼(t − r) dr = ∫ R (x_φ(r)φ^{ir} )(y_φ(t − r)φ^{i(t−r)}) dr = ( ∫ R x_φ(r)σ^φ_r (y_φ(t − r)) dr ) φ^{it}, and an involution defined by

x_∼^∗(t) = x_∼(−t)^∗ = σ^φ_t (x_φ(−t))^∗φ^{it},

the space Γ^1(F) of integrable F-sections becomes an involutive Banach algebra, denoted henceforth by A. (The norm on A has already been indicated, viz., we have seen ‖x_∼‖A = ∫ R ‖x(r)‖ dr, when x_∼(r) = x(r)φ^{ir} .)

The proof is routine, involving multiple applications of Fubini’s theorem; we leave it to the reader.

We call the involutive Banach algebra A the Bundle Algebra.

§2. Representation of the Bundle Algebra A

In order to construct the ”bundle von Neumann algebra” ~M out of A, we need to represent the von Neumann algebra M on a Hilbert space H. So wee begin by fixing the pair {M, H}, and stress that in this context H is to be viewed as a left L^2-von Neumann module. Let us, as usual, denote by M^′ the commutant of M in L(H), and define the von Neumann algebra N to be the opposite von Neumann algebra, (M^′)^∘. That is to say, N and

M^′ have the same structure as C -Banach spaces – all that changes is that the multiplication in N is reversed: if a, b are elements of M^′, and we denote by a^∘, b^∘ the corresponding

elements of N, then a^∘b^∘ = (ba)^∘. (Note also that we have (a^∘)^∗ = (a^∗)^∘.) It is clear that

N too is a von Neumann algebra. This allows us to consider H as an L^2-von Neumann

bimodule, specifically an M-N bimodule, where the right action of N on H is given by ξa^∘ := aξ for all ξ ∈ H, a^∘ ∈ N. Notice that since we have N^∘ = M^′ , expressions of the form xξa^∘, where x ∈ M, etc., are unambiguous.

Because we are now dealing with two different von Neumann algebras, we will use A(M)

and A(N) to refer to their respective bundle algebras, whenever there is any possibility of

confusion. To construct a bundle of Hilbert spaces on which A(M) acts from the left and

A(N) acts from the right, we consider the (cartesian product) X := R × W0(M) × H ×

W0(N), and a relation ∼t on this set, after fixing t ∈ R, viz.,

(r_1, φ_1, ξ_1, ψ_1) ∼_t (r_2, φ_2, ξ_2, ψ_2), (2.1)

whenever ( dφ_1 dψ^∘_1 )_{ir1} ξ_1 = ( dφ_2 dψ^∘_2 )_{ir2} ξ_2(Dψ_2 : Dψ_1)_t. (2.2)

(Note that here we have (r_1, φ_1, ξ_1, ψ_1), (r_2, φ_2, ξ_2, ψ_2) ∈ X, and^{dφ1}_{dψ}∘_1 , etc., represent spatial derivatives.)

It is easily verified that the relation ∼_t is an equivalence relation on the set X. We denote the quotient set X/ ∼_t by H(t) and the class [r, φ, ξ, ψ] ∈ H(t) of (r, φ, ξ, ψ) ∈ X by φ^{ir}ξψ^{i(t−r)}. So in H(t) we have φ^{it}ξ = ( dφ dψ^∘ )_{it} ξψ^{it}, φ ∈ W_0(M), ψ ∈ W_0(N), ξ ∈ H, t ∈ R (2.3)

or equivalently φ^{it}ξψ^{−it} = ( dφ dψ^∘ )_{it} ξ. (2.3’)

Observe that the relation ∼_t is generated by subrelations: φ^{it}_1 φ^{−it}_2 ∼ (Dφ_1 : Dφ_2)_t, φ_1, φ_2 ∈

W0(M), ψ^{it}1 ψ^{−it}_2 ∼ (Dψ1 : Dψ2)t, ψ1, ψ2 ∈ W0(N) and the relation (2.3’).

Lemma 2.1. In the set H(t), t ∈ R, the linear structure and the inner product defined by: { λ(φ^{ir}ξψ^{i(t−r)}) + μ(φ^{it}ηψ^{i(t−r)}) = φ^{ir}(λξ + μη)ψ^{i(t−r)}; ( φ^{ir}ξψ^{i(t−r)} | |φirηψi(t−r)) = (ξ | |η) makes H(t) a Hilbert space which does not depend on the choice of φ ∈ W_0(M), ψ ∈ W_0(N) nor on r ∈ R.

Proof. Suppose φ^{ir1}_1 ξ_1ψ^{i(t−r1 )}_1 = φ^{ir2}_2 ξ_2ψ^{i(t−r2)}_2 and φ^{ir1}_1 η_1ψ^{i(t−r1)}_1 = φ^{ir2}_2 η_2ψ^{i(t−r2)}_2 . This means that ξ_1 = (Dφ_1 : Dφ_2)_{−r1} ( dφ_2 dψ^∘_2 )_{i(r2−r1)} ξ_2(Dψ_2 : Dψ_1)_{t−r1}

η_1 = (Dφ_1 : Dφ_2)_{−r1} ( dφ_2 dψ^∘_2 )_{i(r2−r1)} η_2(Dψ_2 : Dψ_1)_{t−r1} .

Hence we have

λξ_1 + μη_1 = (Dφ_1 : Dφ_2)_{−r1} ( dφ_2 dψ^∘_2 )_{i(r2−r1)} (λξ_2 + μη_2)(Dψ_2 : Dψ_1)_{t−r1} ,

which shows that the linear operation in H(t) is independent of φ, ψ and r. Also we have ( ξ_1 | |η_1) = (ξ_2 | |η_2). Thus the inner product is also independent of the choice of φ, ψ and

r. �

Observe that for each φ ∈ W_0(M) and ψ ∈ W_0(N) the maps: U_φ(t) : ξ → φ^{it}ξ = U_φ(t)ξ ∈ H(t), ξ ∈ H; V_ψ(t) : η → ηψ^{it} = V_ψ (t)η ∈ H(t), η ∈ H are both unitaries satisfying

V_ψ(t)^∗U_φ(t) = ( dφ dψ^∘ )_{it} ; Set G =^∐_{t∈R} H(t)

to obtain a Hilbert space bundle over R which is homeomorphic to the product bundle

H × R where a homeomorphsim is given by fixing either φ ∈ W0(M) or ψ ∈ W0(N) as seen

above. When we need to indicate the dependence of G on the original Hilbert space H we write G(H).

We now define a multiplinear product: (xφ^{ir} , φ^{is}ξ, yψ^{it}) ∈ M(r) × H(s) × N(t) → xφ^{ir}φ^{is}ξyψ^{it} ∈ H(r + s + t) as follows: xφ^{ir} φ^{is}ξyψ^{it} = φ^{i(r+s)}σ^φ_{−(r+s)}(x)ξyψ^{it} = x ( dφ dψ^∘ )_{i(r+s)} ξσ^ψ_{(r+s)}(y)ψ^{i(r+s+t)}. It is again routine to check that the above product does not depend on the choice of

φ ∈ W0(M) and ψ ∈ W0(N) and is associative. We omit the detail.

Lemma 2.2. With r, s, t ∈ R fixed, we have the following statements:

i) If a pair (a^′, b^′) ∈ L(H(s), H(s+t))×L(H(r+s), H(r+s+t)) satisfies b^′(xξ) = x(a^′ ξ) for every x ∈ M(r), i.e. if (a, b) makes the following diagram commutative: H(s)^{a′}−−−−→ H(s + t) x x H(r + s)^{b′}−−−−→ H(r + s + t) then there exists y ∈ N(t) such that a^′ξ = ξy, ξ ∈ H(s), and b^′η = ηy, η ∈ H(r +s).

ii) If a pair (a, b) ∈ L(H(s), H(s + t)) × L(H(r + s), H(r + s + t)) satisfies b(ξy) = (bξ)y for every y ∈ N(r), i.e. if (a^′, b^′) makes the following diagram commutative: H(s)^a−−−−→ H(s + t) y y H(r + s)^b−−−−→ H(r + s + t) then there exists x ∈ M(t) such that aξ = xξ, ξ ∈ H(s), and bη = xη, η ∈ H(r + s).

Proof. We prove only the assertion (i). The other follows by symmetry. Fix a pair (φ, ψ) ∈

W0(M) × W0(N). For each ξ ∈ H and x ∈ M, we have φ^{−i(r+s)} ( b^′φ^{ir} ( φ^{is}xξ )) ψ^{−it} = φ^{−i(r+s)} ( b^′ ( φ^{i(r+s)}xξ )) ψ^{−it} = φ^{−i(r+s)} ( b^′σ^φ_{r+s}(x)φ^{ir} φ^{is}ξ ) ψ^{−it} = φ^{−i(r+s)} ( σ^φ_{r+s}(x)φ^{ir} a^′φ^{is}ξ ) ψ^{−it} = ( xφ^{−is}a^′φ^{is}ξ ) ψ^{−it}; equivalently

V_ψ(t)^∗U_φ(r + s)^∗b^′U_φ(r + s)x = xV_ψ (t)^∗U_φ(s)^∗a^′U_φ(s), x ∈ M.

Taking x = 1, we conclue that

V_ψ(t)^∗U_φ(r + s)^∗b^′U_φ(r + s) = V_ψ (t)^∗U_φ(s)^∗a^′U_φ(s)

is an operator in the commutant M^′, which we denote by y^∘ ∈ M^′. Namely, there exists an operator y = y^{∘∘} ∈ N such that

V_ψ(t)^∗U_φ(r + s)^∗b^′U_φ(r + s)ξ = V_ψ (t)^∗U_φ(s)^∗a^′U_φ(s)ξ = ξy, ξ ∈ H.

This means: a^′φ^{is}ξ = φ^{is}ξyψ^{it}; b^′φ^{i(r+s)}ξ = φ^{i(r+s)}ξyψ^{it}, ξ ∈ H. This completes the proof. �

Let ~H = Γ^2(G) be the Hilbert space of square integrable cross-sections of the bundle G.

We want to let the bundle algera A(M) (res. A(N) act on ~H from the left (resp. from

the right). Before doing this, we should establish the correspondence between the bundle

algebras A(M^′) and A(N). We have defined N to be the opposite algebra (M^′)^∘ of M^′.

Let us denote the canonical correspondence between N and M^′ by y ∈ N ↔ y^∘ ∈ M^′ and

ψ ∈ W0(N) ↔ ψ^∘ ∈ W0(M^′), i.e. ψ^∘(y^∘) = ψ(y), y ∈ N. Furthermore, we write y^{∘∘} = y

and ψ^{∘∘} = ψ. Recall that σ^ψ_t (y)^∘ = σ^{ψ∘}_{−t} (y^∘), y ∈ N. Therefore the natural extension of

the ∘−operation from N and M^′ to the Fell bundles F(N) and F(M^′) is then given by: ( yψ^{it} )_∘ = ψ^{∘−it}y^∘ = σ^{ψ∘}_{−t} (y^∘)ψ^{∘−it}, y ∈ N, ψ ∈ W_0(N). (2.4) Thus the ∘−operation on A(N) and A(M^′) is give by:

y_∼^∘(t) = ( y_∼(−t) )_∘ , y_∼ ∈ A(N) ∪ A(M^′) (2.4’)

and we get A(N)^∘ = A(M^′) and A(M^′)^∘ = A(N).

Define left and right actions of the bundle algebras A(M) and A(N) on ~H respectively

as follows: ( x_∼ξ ) (t) = ∫ R x_∼(r)ξ(t − r)dr; ( ξy_∼ ) (t) = ∫ R ξ(s)y_∼(t − s)ds. (2.5)

Also A(M^′) acts on ~H from the left:

y_∼ξ = ξy_∼^∘, y_∼ ∈ A(M^′),

i.e. ( y_∼ξ ) (t) = ∫ R y_∼(s)ξ(t − s)ds = ∫ R ξ(t − s)y_∼^∘(s)ds = ∫ R ξ(t + s) ( y_∼(s) )_∘ ds, y_∼ ∈ A(M^′). (2.5’)

Each x ∈ M(r) and y ∈ N(t) act on ~H from the respective side as follows: ( xξ ) (s) = xξ(s − r); ( ξy ) (s) = ξ(s − t)y, ( y^∘ξ ) (s) = y^∘ξ(s + t), ξ ∈ ~H. (2.5”)

In particular, M = M(0) and N(0) both act on ~H respectively. Also {φ^{it} : t ∈ R} and {ψ^{−it} : t ∈ R} are both one parameter unitary groups on ~H acting from their respective sides; these will be denoted by {u_φ(t)} and {v_ψ(t)} when we view them as one parameter unitary groups acting on ~H from the left.

Lemma 2.3. i) With φ ∈ W_0(M) fixed, the map U_φ : Γ^2(G) → ξ_φ ∈ L^2(R, H) = L^2(R)⊗H defined by: ( U_φξ ) (s) = ξ_φ(s) = φ^{−is}ξ(s) ∈ H, ξ ∈ ~H (2.6) is a unitary such that

a) For each x ∈ M, ( U_φxU^∗_φξ ) (s) = σ^φ_{−s}(x)ξ(s), ξ ∈ L^2(R, H);

a’) For each y ∈ N, ( U_φy^∘U^∗_φξ ) (s) = ξ(s)y; b) For each t ∈ R, ( U_φu_φ(t)U^∗_φξ ) (s) = ξ(s − t), ξ ∈ L^2(R, H);

b’) For each t ∈ R, ( U_φv_ψ(t)U^∗_φξ ) (s) = ( dφ dψ^∘ )_{it} ξ(s + t).

ii) The unitary U_φ, with φ ∈ W_0(M) fixed, carries the von Neumann algebra ~M generated by the action of A(M) onto the cross product M o_σφ R isomorphically.

iii) The von Neumann algebra ~M^′ generated by the action of A(M^′) is the commutant of ~M and is mapped isomorphically by the unitary U_φ to the crossed product M^′ o_σψ∘ R with any ψ ∈ W_0(N) fixed.

Proof. i) Let x ∈ M and ξ ∈ L^2(R, H). Then ( U_φxU^∗_φξ ) (s) = φ^{−is}x ( U^∗_φξ ) (s) = φ^{−is}xφ^{is}ξ(s) = σ^φ_{−is}(x)ξ(s), s ∈ R. ii) Let us simply compute for ξ ∈ L^2(R, H): ( U_φu_φ(t)U^∗_φξ ) (s) = φ^{−is} ( u_φ(t)U^∗_φξ ) (s) = φ^{−is}φ^{it} ( U^∗_φξ ) (s − t) = φ^{−is}φ^{it}φ^{i(s−t)}ξ(s − t) = ξ(s − t), s, t ∈ R.

iii) With φ ∈ W_0(M) fixed, for each x_∼ ∈ A(M) we compute: ( U_φx_∼U^∗_φξ ) (s) = φ^{−is} ∫ R x_∼(r) ( U^∗_φξ ) (s − r)dr = φ^{−is} ∫ R x_∼(r)φ^{i(s−r)}ξ(s − r)dr = φ^{−is} ∫ R x_φ(r)φ^{ir} φ^{i(s−r)}ξ(s − r)dr = ∫ R σ^φ_{−s} ( x_φ(r) ) ξ(s − r)dr = ( ( ∫ R x_φ(r)(λ(r) ⊗ 1)dr ) ξ ) (s), where x_φ(r) = x_∼(r)φ^{−ir} as seen before and λ(·) is the regular representation of R on L^2(R). From these calculations, the assertion follows easily. �

We are now ready summarize our conclusions:

Theorem 2.4. i) The association:

{M, H^} −→^{{ ~}M,^~H} is a functor from the category

SvNA of von Neumann algebras with spatial isomorphsim as morpisms into the category SFSvNA of semi-finite von Neumann algebras with spatial isomorphisms as morpisms.

ii) If we fix φ ∈ W_0(M), then the unitary U_φ defnined by (2.6) gives a natural spatial isomorphsim of { ~M, ~H} onto {M o_σφ R, L^2(R, H)}.

iii) Choosing the canonical Hilbert space L^2(M) attached to every von Neumann algebra

M as a representing Hilbert space H of M, we get a functor M →^~M from the category vNA

of von Neumann algebras with isomorphsims as morphisms into the category SFvNA of semi-finite von Neumann algebras with isomorphsims as morphisms.

Although the proof is by now routine, we are going to give a brief outline in order to establish some notation.

Proof. i) Let U be a unitary which implements a spatial isomorphism α = α_U of {M_1, H_1} onto {M_2, H_2}. For each φ ∈ W_0(M_1), set α(φ) = φ ∘ α ∈ W_0(M_2). Clearly, α maps

W0(M1) onto W0(M2) bijectively. Then the map α̃ defined by: α̃(xφ^{it}) = α(x) ( α(φ) )_{it} , xφ^{it} ∈ F(M_1),

gives an isomorphism of F_1 = F(M_1) onto F_2 = F(M_2). We also define a map Ũ of the Hilbert space bunde G_1 = G(M_1, H_1) onto the other G_2 = G(M_2, H_2) by: Ũ(φ^{it}ξ) = (α(φ))^{it}Uξ, φ^{it}ξ ∈ G_1, which can be easily seen to be a bundle isomorphism of F_1 onto F_2 and to carry the action

of F1 on G1 onto that of F2 on G2. Hence it gives rise to a unitary^~U of the Hilbert

space ~H_1 = Γ^2(G_1) of L^2−cross sections of G_1 onto the Hilbert space ~H_2 = Γ^2(G_2) of

L^2−cross sections of G_2, which conjugates the von Neumann algebra { ~M_1, ~H_1} onto the other { ~M_2, ~H_2}. We denote by α̃ the spatial isomorphism of ~M_1 onto ~M_2 implemented by Ũ which extends the original isomorphsim α of M_1 onto M_2. It is now not difficult to see that if U : H_1 → H_2 and V : H_2 → H_3 are unitaries implementing respectively spatial isomorphisms α = α_U : {M_1, H_1} → {M_2, H_2} and β = α_V : {M_2, H_2} → {M_3, H_3} then ~V U = Ṽ Ũ and ]β ∘ α = β̃ ∘ α̃. This completes the proof of (i).

The assertions in (ii) and (iii) have already been established. � Definition 2.5. The von Neumann algebra ~M is called the core of a von Neumann algebra

M. The isomorphsim α̃ appearing in the proof will be called the canonical extension of the

given isomorphism α.

§3. The Dual Action and The Trace Recall that the flow of weights of Connes-Takesaki is a mathematical structure coming from the trivial action of R on weights, Θ_s : φ ∈ W(M) → e^{−s}φ ∈ W(M). Let us examine what happens in our context if we consider the same trivial action of R on W_0(M). First, we observe that for each t ∈ R (x, φ) ∼_t (y, ψ) ⇐⇒ (x, e^{−s}φ) ∼_t (y, e^{−s}ψ), (x, φ), (y, ψ) ∈ W_0(M). Therefore, the corresponding one parameter group of transformations on the Fell’s bundle F(M) is given by:_{θt(xφis) = e−istxφis, xφis ∈} M(s). This is easily seen to be a one parameter automorphism group of F(M). Lemma 3.1. The one parameter autmorphism group {θ_t : t ∈ R} of the Fell’s bundle

F(M) can be extended to the von Neumann algebra^~M, which will be denoted by {θt : t ∈ R}

again. Furthermore, the one parameter automorphism group {θ_t : t ∈ R} is conjugate to the dual action {^σ^φ_t : t ∈ R} on M o_σφ R under the spatial isomorphism given by the unitary U_φ of Theorem 2.11.

Proof. Define a one parameter unitary group {V (t) : t ∈ R} on ~H by ( V (t)ξ ) (s) = e^{−ist}ξ(s), s ∈ R, ξ ∈ ~H. (3.1’) It then follows easily that V (t)x_∼V (t)^∗ = θ_t(x_∼), x_∼ ∈ A(M) and V (t) ~MV (t)^∗ = ~M. We leave the details to the reader. �

As a consequence, the action θ of R on M is integrable. Hence the integral

I_θ(x) = ∫ R θ_s(x)ds, x ∈ ~M_+, (3.2) is an operator valued weight from ~M to ~M^θ which is canonically identified with the original von Neumann algebra M. Thus, we get a semi-finite normal weight φ̃ on ~M, to be called the dual semi-finite normal weight, by the formula:

φ̃(x) = φ ∘ I_θ(x) = φ ( ∫ R θ_s(x)ds ) , x ∈ ~M_+. (3.3)

The dual semi-finite normal weight φ̃ is faithful if the original semi-finite normal weight φ is. Lemma 3.2. i) The modular automorphism group of φ̃ is given by: σ^{φ̃}_t = Ad(φ^{it}), t ∈ R.

ii) The weight τ_φ on ~M defined by:

τ_φ(x) = lim_{ε↘0} φ̃ ( φ^{− 12} (1 + εφ^{−1})^{− 12} xφ^{− 12} (1 + εφ^{−1})^{− 12} ) , x ∈ M_+, (3.4)

is a faithful semi-finite normal trace such that τ_φ ∘ θ_s = e^{−s}τ_φ, s ∈ R. (3.5) iii) The trace τ_φ does not depend on φ, i.e. τ_φ = τ_ψ, φ, ψ ∈ W_0(M).

We will denote this common trace by τ .

Proof. i) The one parameter automorphism group {Ad(φ^{it})} and {θ_s} commute as θ_s(φ^{it}) = e^{−ist}φ^{it}. Hence we have I_θ ∘Ad(φ^{it}) = Ad(φ^{it})∘I_θ, which meas that φ̃∘Ad(φ^{it}) = φ̃, t ∈ R. Thus we have φ^{it} ∈ ~M_{φ̃}, i.e. σ^{φ̃}_t (φ^{is}) = φ^{is}, s, t ∈ R. From the general theory of operator valued weights, it follows that σ^{φ∘Iθ}_t (x) = σ^φ_t (x) for every x ∈ M. Hence Ad(φ^{it}) and σ^{φ̃}_t agree on M and {φ^{is}}which together generate ~M. Hence, (i) follows.

ii) The general theory of weights of Pedersen–Takesaki [PT] yields that the weight τ_φ is a faithful semi-finite normal trace on ~M. For the trace scaling property (3.6), we simply compute informally for s ∈ R and x ∈ ~M (using a computation which can easily be made rigorous) τ_φ ( θ_s(x) ) = φ̃ ( φ^{−1}θ_s(x) ) = φ̃ ( θ_s ( θ_{−s}(φ^{−1})x ) )

= φ̃ ( e^{−s}φ^{−1}x ) = e^{−s}τ_φ(x). iii) Take φ, ψ ∈ W_0(M) and compute the Connes cocycle derivative: (Dτ_φ : Dτ_ψ )_t = (Dτ_φ : Dφ̃)_t(Dφ̃ : Dψ̃)_t(Dψ̃ : Dτ_ψ)_t = φ^{−it}(D(φ ∘ I_θ) : D(ψ ∘ I_θ))_tψ^{it} = φ^{−it}(Dφ : Dψ)_tψ^{it} = φ^{−it} ( φ^{it}ψ^{−it} ) ψ^{it} = 1.

This completes the proof. �

We can therefore conclude the following:

Theorem 3.3. To every von Neumann algebra M there corresponds canonically a covariant system { ~M, R, θ, τ } of a semi-finite von Neumann algebra ~M equipped with a faithful semi-finite normal trace τ scaling one parameter automorphism group in such a way that the original von Neumann algebra M naturally identified with the fixed point algebra ~M^θ. The covariant system {CfM, R, θ} obtained by restricting θ to the center CfM of ~M is precisely the flow of weights on M of Connes-Takesaki.

Definition 3.4. We call the covariant system { ~M, R, θ, τ } the quantum flow of weights

on M.

Theorem 3.5. The quantum flow of weights { ~M, R, θ, τ } on a von Neumann algebra M is a functor from the category vNA of von Neumann algebras M with ismorphims as morphisms onto the category ŜFvNA of semi-finite von Neumann algebras { ~M, R, θ, τ } equipped with a one parameter automorphism group θ which scales a faithful semi-finite normal trace τ in such a way that τ ∘ θ_s = e^{−s}τ, s ∈ R, where morphisms of ŜFvNA are those isomorphisms which conjugate the one parameter automorphisms and the traces. Proof. This theorem is merely an extension of Theorem 2.4iii; all that needs to be verified is the naturality of the conjugation.

Let α: M_1 → M_2 be an isomorphism of von Neumann algebras, and α̃: ~M_1 → ~M_2 be the corresponding isomorphism of their (respective) cores. We need to verify that (α̃ ∘ θ_s ∘ α̃^{−1})(x(t)φ^{it}) = θ_s(x(t)φ^{it}), for all s, t in R. But straightforward calculation yields

(α̃ ∘ θ_s ∘ α̃^{−1})(x(t)φ^{it}) = (α̃ ∘ θ_s)(α^{−1}(x(t))(φ ∘ α^{−1})^{it}) = α̃(α^{−1}(x(t − s))(φ ∘ α)^{it}) = x(t − s)φ^{it} = θ_s(x(t)φ^{it}). Hence, we are done. �

In order to continue our study of the quantum flow of weights on M, we introduce some notation. We set {A, R, ρ} to be the covariant system {L^∞(R), Translation}, i.e. ( ρ_t(f) ) (s) = f(s + t), f ∈ A, s, t ∈ R. (3.6) In {A, R, ρ}, we fix the following one parameter unitary group {V (t) : t ∈ R} which generates A as a von Neumann algebra, and its analytic generator H, which is affiliated with A: { ( V (t) ) (s) = e^{−ist}, s, t ∈ R; H(t) = e^{−t}. (3.7)

It then follows that: ρ_t ( V (s) ) = e^{−ist}V (t), s, t ∈ R. (3.8)

Theorem 3.6. i) Each φ ∈ W(M) gives rise uniquely to an equivariant isomorphsim π^φ from {A, R, ρ} into { ~M_{s(φ)}, R, θ}, where s(φ) is the support projection of φ, such that π^φ ( V (t) ) = φ^{it}, t ∈ R. ii) If π is an equivariant isomorphism of {A, R, θ} into { ~M_e, R, θ} with e ∈ Proj(M), then there exists φ = φ_π ∈ W(M) such that π = π^φ.

Proof. The assertion (i) for faithful semi-finite normal weights has been proven already in the process of constructing ~M. For a non-faithful φ ∈ W(M), what one needs do is simply consider the reduced algebra M_{s(φ)} of M by the support s(φ) of φ and to apply the assertion for faithful ones.

ii) Acoording to the considerations in the case (i), we may and do assume e = 1. Set v(t) = π ( V (t) ) , t ∈ R,. Then we have θ_s ( v(t) ) = e^{−ist}v(t), s, t ∈ R. Choose ψ ∈ W_0(M) and put u_t = v(t)ψ^{−it}. Then it follows that {u_t} is a σ^ψ-cocycle, so that there exists a φ ∈ W_0(M) by the converse of the Connes cocycle derivative theorem such that u_t = (Dφ : Dψ)_t, i.e. u_t = φ^{it}ψ^{−it}. This means that v(t) = φ^{it}, t ∈ R. The isomorphism π is determined by the image {v(t) : t ∈ R} of the one parameter unitary group {V (t)}. �

Because of this result, a natural question is how to compute φ_π from the embedding π of {A, R, ρ}, or from {v(t)} = {π ( V (t) ) }. The following proposition answers this question:

Proposition 3.7. Suppose π = π^φ for a fixed φ ∈ W(M). Let h = π(H) be the analytic generator of the one parameter unitary group {v(t)} = {π ( V (t) ) } in ~M_{s(φ)}. For any f ∈ L^∞(R)_+ with ∫ R f(t)dt = 1 we have

φ(x) = lim_{ε↘0} τ ( h^{12} (1 + εh^{12} )^{− 12} x^{12} π(f)x^{12} h^{12} (1 + εh^{12} )^{− 12} ) , x ∈ ~M_+. (3.9)

Symbolically, we can write: φ(x) = τ ( h^{12} x^{12} π(f)x^{12} h^{12} ) , x ∈ ~M_+. (3.9’)

Proof. First, for any positive self adjoint operator K affiliated with ~M, we will write τ_K for the semi-finite normal weight on ~M given by

τ_K (x) := lim_{ε↘0} τ ( K^{12} (1 + εK^{12} )^{− 12} xK^{12} (1 + εK^{12} )^{− 12} ) , x ∈ ~M_+. From Lemma 3.2, it follows that φ̃ = τ_K . Now, we compute for x ∈ M_+

τ_K (x^{12} π(f)x^{12} ) = φ̃(x^{12} π(f)x^{12} ) = φ ( I_θ(x^{12} π(f)x^{12} ) ) = φ ( x^{12} I_θ ( π(f) ) x^{12} )

= φ(x) as I_θ(π(f)) = ∫ R θ_t ( π(f) ) dt = π ( ∫ R ( ρ_t(f) ) dt ) = π(1) = s(φ). �

Lemma 3.8. If μ is a normal weight on A such that μ ∘ ρ_s = e^{−s}μ and 0 < μ(f_0) < ∞ for some f_0 ∈ A_+, then the weight μ is of the following form with some constant C > 0 μ(f) = C ∫ R e^sf(s)ds, f ∈ A = L^∞(R), (3.10)

and it is therefore faithful and semi-finite.

Proof. Let m_μ be the definition ideal of the weight ρ. Then f_0 ∈ m_μ, so that m_μ ≠ {0}. By the relative invariance of μ under the action ρ, the ideal m_μ is also invariant. Therefore,

mμ is σ-weakly dense in A. Similarly, the left kernel Nμ = {x ∈ A : μ(x^∗x) = 0} of μ is

ρ-invariant and N_μ ≠ A as f_0 /∈ N_μ. Thus N_μ = {0}. This means that the weight μ is semi-finite and faithful. Consider the function H defined by (3.7) and observe that ρ_s(H) = e^{−s}H, s ∈ R. Thus the new normal weight weight μ^′ given by μ^′(f) = μ(Hf), f ∈ A_+, is invariant under the action ρ and semi-finite and faithful. The uniqueness of translation invariant regular Borel measure on R implies the existence of a constant C > 0 such that μ^′(f) = C ∫ R f(s)ds, f ∈ A_+. Thus our assertion follows. � The following is a counterpart of a result of U. Haagerup, [H: Theorem X], recast in the context of quantum flow of weights.

Theorem 3.9. The following statements for φ ∈ W(M) are equivalent:

i) The weight φ is finite, i.e. φ(1) < ∞; ii) π^φ(A) ∩ m_τ ≠ {0};

iii) The operator φ in ~M is τ -measurable in the sense of I. E. Segal, [Seg].

Proof. i) ⇒ ii): Suppose φ is finite. Let p = χ_{[0,1]} ∈ A_+, the characteristic function of the unit interval. We have I_θ(p) = 1, ‖H^{±1}p‖ = e^{±1} < ∞ and τ (π^φ(p)) = φ̃(φ^{−1}p) = φ(I_θ(φ^{−1}p)) ≤ eφ(I_θ(p)) = e‖φ‖ < ∞. Hence π^φ(A) ∩ m_τ ≠ {0}.

ii) ⇒ iii): The assertion (ii) implies the existence of a function f_0 ∈ A_+ with 0 < τ (π^φ(f_0) < ∞. By Lemma 3.8 the weight τ on π^φ(A) is semi-finite and given by (3.10). Since χ_{[λ,+∞)}(H) = χ_{(−∞,− log λ]} for any λ > 0, we have

τ (χ_{[λ,+∞)}(φ)) = C

∫_{− log λ} −∞ e^sds = C λ < ∞. iii) ⇒ ii): This implication is an immediate consequence of the definition of τ -measurability. ii) ⇒ i): The θ-invariance of m_τ ∩ π^φ(A) implies the σ-weak density of the ideal m_τ ∩ π^φ(A) in π^φ(A). This means that τ is semi-finite on π^φ(A), so that Lemma 3.16 applies to μ = τ ∘ π^φ. With p as above, we have φ(1) = φ(I_θ(π^φ(p))) = φ̃(π^φ(p)) = τ (φπ^φ(p)) = μ(Hp) = C ∫_1 0 ds = C < ∞. � Motivated by the term ”density” in [C9], we introduce

Definition 3.10. For each α ∈ C , a closed, densely-defined operator T affiliated with ~M is said to be of grade α if θ_s(T ) = e^{−αs}T, s ∈ R; (3.11)

we will use the notation grad(T ) to refer to α.

Proposition 3.11. Suppose that S and T are closed, densely-defined operators affiliated with ~M. Then,

i) grad(S^∗) = grad(S).

ii) If the product ST is densely defined and preclosed, then grad(ST ) = grad(S) + grad(T ) where ST is the closure of ST .

iii) grad(|T |) = ℜ(grad(T )) =^{grad(T )+grad(T )}_2 .

iv) For T ≠ 0, if grad(T ) is not pure imaginary, then T must be unbounded and the spectrum of |T | is absolutely continuous relative to the Lebesgue measure.

v) If T ≥ 0 and p = grad(T ) ≠ 0, then there exists uniquely φ ∈ W(M) such that T^{1p} = h_φ where h_φ is the operator of Proposition 3.8 corresponding to φ. In other words, after identifying φ with h_φ, we have T^{1p} ∈ W(M).

Proof. The claims (i), (ii) and (iii) are trivial, so we omit their proofs. We will prove (iv) and (v) together. The unboundedness of T is obvious because θ_s is an isometry of ~M so that ‖T ‖ cannot be finite. Let e be the support projection of T ≥ 0, i.e. the range projection of T . Consider the one parameter unitary group {U(t) : t ∈ R} in ~M_e given by U(t) = T^{itp} . Then we have θ_s(U(t)) = e^{−ist}U(t), s, t ∈ R. Therefore there exists a equivariant isomorphism π from {A, R, ρ} into ~M_e such that π(V (t)) = U(t), t ∈ R. Thus by Theorem 3.6.ii, there exists φ ∈ W(M) such that U(t) = φ^{it}, t ∈ R. �

Hence, the set W(M) of semi-finite normal weights on M is identified with the set of all densely defined positive self-adjoint operator of grade 1 affiliated with ~M. Naturally, we want next to identify the predual M_∗ as a subset of the set of operators with grade one. Recall the polar decomposition ω = u|ω| for ω ∈ M_∗ in the predual M_∗. Theorem 3.9 gives the criteria for |ω| to be finite. Thus, we have the following characterization of operators corresponding to elements in the predual:

Theorem 3.12. Let M^1 be the set of all τ -measurable operators affiliated with ~M of grade one. Then there exists a natural bijection: ω ∈ M∗ ↔ T (ω) ∈ M^1 such that

i) T (ω) ≥ 0 ⇔ ω ≥ 0; ii) T (φ) = φ if φ ∈ M^+_∗ ; iii) T (aωb) = aT (ω)b, a, b ∈ M, ω ∈ M_∗;

iv) if a ∈ m^+_{Iθ} has I_θ(a) = 1, then a^{12} xT (ω)a^{12} ∈ L^1( ~M, τ ), x ∈ M, and

ω(x) = τ (a^{12} xT (ω)a^{12} ), x ∈ M. (3.12)

Consequently, the value of the right hand side does not depend on the choice of a. Namely, the notation ∫ T = τ (a^{12} T a^{12} ), T ∈ M^1, (3.12’)

is justified, and the bilinear form: ⟨x, T ⟩ = ∫ xT, (3.12”)

gives the pairing between M and M^1 which identifes M^1 with M_∗.

Proof. i) To avoid possible confusion, let us write T (φ) for φ ∈ W(M) when we consider it as an operator affiliated with ~M. Theorem 3.9 asserts that T (φ) ∈ M^1 if and only if

φ ∈ M^+_∗ . For a general ω ∈ M∗ set

T (ω) = uT (|ω|) (3.13)

with ω = u|ω| the polar decomposition of ω. Observe that if ω ∈ M^+_∗ , then the support projection s(T (ω)) of T (ω), the range projection, is precisely s(ω) the support of ω. This means that the decomposition of T (ω) for a general ω ∈ M_∗ of (3.13) is precisely the polar decomposition. Thus (i) follows.

ii) Trivial.

iii) If ω = u|ω| is the polar decomposition of ω ∈ M_∗, then for all unitaries a, b ∈ U(M) we have the polar decomposition: aωb^∗ = (aub^∗)b|ω|b^∗ of aωb^∗. Thus, T (aωb^∗) = (aub^∗)T (b|ω|b^∗) = auT (|ω|)b^∗ = aT (ω)b^∗. The assertion follows by linearity.

iv) Suppose T = T (ω), ω ∈ M_∗. Let T = UK be the polar decomposition. By Theorem 3.18, K = T (|ω|) is τ -measurable. Hence T is τ -measurable.

Conversely, suppose that T is τ -measurable. Let T = UK be the polar decomposition. Then U is fixed under θ, so that U ∈ M. Since K is τ -measurable and of grade one, there exists φ ∈ M^+_∗ such that K = T (φ). Now we have T = T (ω) with ω = Uφ ∈ M_∗.

Now we fix a ∈ m_+ with I_θ(a) = 1 and ω ∈ M_∗. Let ω = uφ be the polar decompostion. Set T = T (ω) and K = T (φ). Then K = |T | and τ is semi-finite on π^φ(A). Therefore, there exists a conditional expectation E from ~M onto π^φ(A) such that τ (exe) = τ ∘ E(x), x ∈ ~M, with e = s(φ). We claim E ∘ θ_s = θ_s ∘ E, s ∈ R. In fact, for any f ∈ A and x ∈ ~M, we have τ (E(θs(x))π^φ(f)) = τ (θs(x)π^φ(f)) = τ (θs(xθ−s(π^φ(f))) = e^{−s}τ (xπ^φ(ρ_{−s}(f))) = e^{−s}τ (E(x)π^φ(ρ_{−s}(f))) = τ (θ_s(E(x))π^φ (f)) .

Therefore, we have E(m_{Iθ} ) = π^φ(L^∞(R) ∩ L^1(R)). We next claim that K^{12} a^{12} ∈ L^2( ~M, τ ). Indeed, τ ((K^{12} a^{12} )^∗(K^{12} a^{12} )) = τ (a^{12} Ka^{12} ) = τ (K^{12} aK^{12} ) = φ̃(a) = φ(I_θ(a)) = φ(1) = ‖φ‖ = ‖ω‖ < ∞. Also, we have a^{12} xuK^{12} ∈ L^2( ~M, τ ), x ∈ M, by the similar computation: τ ( (a^{12} xuK^{12} )^∗(a^{12} xuK^{12} ) ) = τ (K^{12} u^∗x^∗axuK^{12} ) = φ̃(u^∗x^∗axu) = φ(I_θ(u^∗x^∗axu)) = φ(u^∗x^∗xu) < ∞. Thus we get a^{12} xT (ω)a^{12} = (a^{12} xuK^{12} )(K^{12} a^{12} ) ∈ L^1( ~M, τ ) and (3.12) follows. � The proof of the above theorem immediately yields the following:

Corollary 3.13. If M^2 be the set of all τ -measurable operators affiliated to ~M of grade 1 2 , then the inner product: (S|T ) = ∫ T^∗S, S, T ∈ M^2, (3.14)

makes M^2 a Hilbert space which can be identified with the standard form L^2(M) of M.

It is now possible to unify the theory of non-commutative L^p-spaces. For a fixed 1 ≤ p ≤ ∞, the space L^p(M) is obtained as the completion of the set Mω^{1p} , ω ∈ M^+_∗ . This is however identified with M^p, the set of all τ -measurable operators of grade^1_p affiliated to

~M, which is a Banach space with the norm: ‖T ‖_p = (∫ |T |^p ) 1_p , T ∈ M^p, (3.15)

and the pairing of M^p × M^q with^1_p +^1_q = 1 is given by: ⟨S, T ⟩ = ∫ ST, S ∈ M^p, T ∈ M^q. (3.16)

We leave the details to the interested reader; see also [H2, Iz, Ks].

Remark 3.14. i) If we denote the set of all τ -measurable operators of degree α for α ∈ C

by M^1α (a natural extension of the above notation), then we have M^1is = M(s) for s ∈ R.

ii) If ℜ(α) < 0, then M^{1α} = {0}.

The remark (i) follows from the fact that if T ∈ M and θ_t(T ) = T, t ∈ R, then T is bounded and therefore T ∈ M because τ (p) = +∞ for every non-zero p ∈ Proj(M). The remark (ii) follows from the fact that if T is a positive self-adjoint operator of degree p < 0, then we have τ (χ_{[λ,∞)}(T )) = ∞ for every λ ∈ R. So if T is τ -measurable, then T must be bounded. But the grade condition on T makes boundedness impossible except for any T other than T = 0.

Corollary 3.15. Let M be the ∗-algebra of all τ -measurable operators affiliated to ~M. Let

H be the right half plane in C . Then for every α, β ∈ H and φ, ψ ∈ M^+_∗ we can add and

multiply freely elements of φ^αM and ψ^βM inside the *-algebra M.

§4. The Local Characteristic Square – Extended Unitary Group and Modular Automorphism Group

We begin by first citing an important result concerning the structure of the quantum flow of weights from the work of Katayama, Sutherland and Takesaki, [KtST].

Theorem 4.1. The relative commutant M^′ ∩ ~M of the original von Neumann algebra M in the core ~M is the center CfM of ~M.

Now, let’s fix a φ ∈ W(M), and set A^φ = π^φ(A) and D^φ = C ∨ A^φ = C ∨ π^φ ( L^∞(R) ) . Observe the following easy but important facts: { (A^{φ)′} ∩ M = Mφ; D^φ ∩ M ⊂ Cφ,^{(4.1)}

where M_φ is the centerlizer of φ in M and C_φ is the center of M_φ.

To avoid unnecessary complication, let us assume that our von Neumann algebra M is a factor.

Recall the characteristic square for a factor M cited in the introduction, in particular the middle row for the extended unitary group ~U(M):

1 −→ U(M) −→ ~U(M)^∂−→Z^1_θ (U(C)) −→ 1, (4.2)

where (∂b)_t = bθ_t(b^∗), t ∈ R, b ∈ ~U(M). In [CT], it was shown that each dominant

φ ∈ W0(M) gives rise to a continuous injective homomorphsim σ^φ : c ∈ Z^1_θ (U(C)) →

σ^φ_c ∈ Aut(M), called an extended modular automorphsim. It was further shown that if c ∈ Z^1_θ (U(C)) is twice differentiable, then the extended modular automorphism σ^φ_c makes sense for arbitrary φ ∈ W_0(M). A natrual question left in [CT] unanwered so far is whether this extended modular automorphism σ^φ_c makes sense for general φ ∈ W_0(M) and c ∈ Z^1_θ (U(C)). In a joint work of Sutherland and Takesaki [ST], they proved that every element c ∈ Z^1_θ (U(C)) is cohomologous to an infinitely differentiable one. We want to explore this question in the context of quantum flow of weights.

First, we state Theorem 4.2. To each φ ∈ W_0(M) there corresponds a right inverse b_φ : c ∈ Z^1_θ (U(C)^) → b_φ(c) ∈ ~U(M) ∩ D^φ of the coboundary map ∂ such that i) ∂(b_φ(c)) = c, c ∈ Z^1_θ

(U(C)^); (4.3)

ii) b_φ is a continuous hommorphism of Z^1_θ

(U(C)^) into^~U(M) ∩ D^φ;

iii) For every α ∈ Aut(M) we have:

b_{φ∘α}−1 = α̃ ∘ b_φ ∘ α̃^{−1}; (4.4)

iv) If φ ∈ W_0(M) is dominant, then

~Ad(b_φ(c^∗)) = σ^φ_c , c ∈ Z^1_θ(U(C)); (4.5)

v) For every pair φ, ψ ∈ W_0(M) of dominant weights, we have

b_φ(c^∗)b_ψ (c^∗)^∗ = (Dφ : Dψ)_c, ∈ Z^1_θ

(U(C)^). (4.6)

vi) For each c^1, c^2 ∈ Z^1_θ

(U(C)^), we have:

(Dφ : Dψ)_c1_c2 = (Dφ : Dψ)_c1 σ^ψ_{c1} ( (Dφ : Dψ)_c2 ) . (4.7)

vii) Relative to the strong resolvent convergence topology on the space W_0(M) of faithful semi-finite normal weights and the σ^∗-strong topology in ~U(M) the correspondence b : φ ∈ W_0(M) → b_φ(c) ∈ ~U(M) is continuous for each c ∈ Z^1_θ(R, U(C)).

viii) In the case M is σ-finite, the map: φ ∈ W_0(M)∩M_∗ → b_φ(c) ∈ ~U(M) is continuous relative to the norm topology in the first space and the σ^∗-strong topology on the second space for each fixed c ∈ Z^1_θ

(U(C)^).

Before proceeding with the proof, we establish notation and a suitable realization of the quantum flow { ~M, R, θ, τ }. With {M, H} a fixed representation, we define a map W_φ : L^2(R) ⊗ H → L^2(G(H)) for each φ ∈ W(M) as follows:

(W_φξ)(s) = φ^{is}ξ(s) ∈ s(φ)H(t), ξ ∈ L^2(R, H), φ ∈ W(M) (4.8)

which is a partial isometry from L^2(R, H) into L^2(G(H)) such that W_φ(s(φ) ⊗ λ(t))W^∗_φ = φ^{it}, t ∈ R, φ ∈ W(M); W^∗_φW_φ = s(φ)H ⊗ 1 and W_φW^∗_φ = s(φ)_L2_(G_(H_{))}

(4.9) where the indices H and L^2(G(H))) indicate the representation spaces of the projection

s(φ) respectively.

With φ ∈ W_0(M) fixed , we know that ~M is naturally identified under the unitary

W_φ : L^2(R, H) → L^2(G(H)) with the crossed product M o_σφ R = W^∗_φ ~MW_φ. We want

to choose the diagonalization of {φ^{it}} rather than the dual action {θ_t}. So let F be the

Fourier transform and the Fourier inverse transform on ~H = L^2(R, H) given by ( F ξ ) (p) =

√_1 2π ∫ R e^{−isp}ξ(s)ds; ( F^∗ξ ) (s) =

√_1 2π ∫ R e^{isp}ξ(p)dp, ξ ∈ L^2(R, H), (4.10)

where the above integral should be undertood as the improper integral: ∫ R f(t)dt = lim_{n→∞} ∫_n −n f(t)dt (4.11)

for those functions f such that the above limit exists. We then work with the von Neumann

algebra F

(M oσφ R^)F^∗ instead of the original crossed product. We have then: { ( F φ^{it}F^∗ξ ) (s) = e^{−ist}ξ(s) = ( V (t)ξ ) (s); ( F μ(p)F^∗ξ ) (s) = ξ(s − t) = (¯ λ(t)ξ ) (s). (4.12)

The von Neumann algebra F

(M oσφ R^)F^∗ = F^(M⊗L(L^2(R))^{)(σφ⊗ρ)}F^∗ is then identi-

fied with the fixed point algebra

(M⊗L^(L^2(R)^{)σφ ⊗Ad(μ)}. In order to keep track of the

identification, let us denote by π̃^φ the isomorphism of ~M onto F

(M oσφ R^)F^∗, i.e.

π̃^φ(x) = F W^∗_φxW_φF^∗, x ∈ ~M. (4.13)

Proof of Theorem 4.2. As mentioned above, we identify ~M with F

(M oσφ R^)F^∗ and φ^{it}

with V (t). The quantum flow {θ_t} is then given by the one parameter unitary group

{ρ̄(s) : s ∈ R} = {1 ⊗ ρ(s) : s ∈ R}. We set: (~ b_φ(c)ξ ) (s) = ( π̃^φ(c_{−s})ξ ) (s), c ∈ Z^1_θ

(U(C)^), ξ ∈^~H, s ∈ R. (4.14)

We then put b_φ(c) = π̃^{φ−1}(b̃_φ(c)). It is easily seen that b_φ(c) ∈ D^φ = C ∨ A^φ and that

b_φ(c^1c^2) = b_φ(c^1)b_φ(c^2) for every c^1, c^2 ∈ Z^1_θ

(U(C)^). Also the map bφ : c ∈ Z^1_θ^(U(C)^) →

b_φ(c) ∈ D^φ is continuous. Now with b = b_φ(c) for short, we compute: ( π̃^φ(bθ_t(b^∗))ξ ) (s) = ( π̃^φ(c_{−s})π̃^φ(θ_t(b^∗)))ξ ) (s) = ( π̃^φ(θ_t(b^∗))π̃^φ(c_{−s})ξ ) (s) = ( ρ̄(t)π̃^φ(b^∗)ρ̄(t)^∗π̃^φ(c_{−s})ξ ) (s) = ( π̃^φ(b^∗)ρ̄(t)^∗π̃^φ(c_{−s})ξ ) (s + t) = ( π̃^φ(c^∗_{−(s+t)})ρ̄(t)^∗π̃^φ(c_{−s})ξ ) (s + t) = ( ρ̄(t)^∗π̃^φ(θ_t(c^∗_{−(s+t)})c_{−s})ξ ) (s + t) = ( π̃^φ ( θ_t ( c^∗_{−t}θ_{−t}(c^∗_{−s}))c_{−s} ) ξ ) (s) = ( π̃^φ ( θ_{−t}(c^∗_{−t})c^∗_{−s}c_{−s} ) ξ ) (s) = ( π̃^φ(θ_t(c^∗_{−t}))ξ ) (s) = ( π̃^φ(c_t)ξ ) (s). Hence we get c_t = bθ_t(b^∗) = ∂(b)_t, t ∈ R.

We are now going to prove the equivariance of b_φ. As σ^{φ∘α−1} t = α ∘ σ^φ_t ∘ α^{−1}, t ∈ R, α ∈ Aut(M), we have π^{φ∘α−1} = α̃ ∘ π^φ; π̃^{φ∘α−1} (x) = Ũ (α)π̃^φ(x)U(α)^∗ , x ∈ ~M; (φ ∘ α^{−1})^{it} = α̃(φ^{it});

A^{φ∘α−1} = α̃(A^φ);

D^{φ∘α−1} = α̃(D^φ),

(4.15)

where Ũ(α) = U(α) ⊗ 1 on ~H = L^2(R, H) = H ⊗ L^2(R) with the standard Hilbert space H

and U(α) the unitary such that { U(α)H_+ = H_+; U(α)xU(α)^∗ = α(x), x ∈ M. The extended automorphism α̃ ∈ Aut( ~M) is then implemented by the unitary Ũ (α) =

U(α) ⊗ 1 on ~H = H ⊗ L^2(R). Now we compute for c ∈ Z^1_θ

(U(C)^): ( π̃^φ(α̃(b_φ(α̃^{−1}(c))))ξ ) (s) = (~ U(α)π̃^φ(b_φ(α̃^{−1}(c)))Ũ (α)^∗ξ ) (s) = U(α) ( π̃^φ(α̃^{−1}(c_{−s}))Ũ (α)^∗ξ ) (s) = (~ U(α)π̃^φ(α̃^{−1}(c_{−s}))Ũ (α)^∗ξ ) (s) = ( π̃^{φ∘α−1} (c_{−s})ξ ) (s) = ( π̃^{φ∘α−1} (b_{φ∘α}−1 (c))ξ ) (s).

Thus the equivariance of the maps b_φ, φ ∈ W_0(M), follows.

Before continuing with the proofs of statements (iv) and (v), we need to lay some

groundwork. We fix a dominant φ ∈ W_0(M) and set Mφ(t) = {x ∈ M : σ^φ_s (x) = e^{ist}x, s ∈ R}, t ∈ R. Lemma 4.3. If φ ∈ W_0(M) is dominant, then the center C_φ of the centeralizer M_φ of φ

carries a one parameter automorphism group {θ^φ_t : t ∈ R} such that

i) xa = θ^φ_t (a)x, x ∈ M_φ(t), a ∈ C_φ;

ii) There exists canonically an isomorphism π̄^φ from C onto C_φ which conjugate two

one parameter automorphism groups θ and θ^φ;

iii) The actions of C and C_φ on ~H are related in the following way: ( π̄^φ(a)ξ ) (s) = ( π̃^φ(θ_{−s}(a))ξ ) (s), a ∈ C, s ∈ R.

Proof. This is an immediate consequence of the definition of a dominant weight; see [CT].

We leave the proof to the reader.

End of the Proof of Theorem 4.2. iv) Now we assume that φ ∈ W_0(M) is dominant. For

each x ∈ M_φ(t), we have ( π̃^φ(x)ξ ) (s) = xξ(s − t), ξ ∈ ~H, s, t ∈ R. c ∈ Z^1_θ

(U(C)^), We write b = bφ(c), c ∈ Z^1_θ^(U(C)^), for short. We now compute for each x ∈ Mφ(t)_( π̃^φ(bxb^∗ )ξ ) (s) = ( π̃^φ(c_{−s})π̃^φ(xb^∗)ξ ) (s) = ( π̃^φ(xb^∗ c_{−s})ξ ) (s) = x ( π̃^φ(b^∗c_{−s})ξ ) (s − t) = x ( π̃^φ(c^∗_{t−s}c_{−s})ξ ) (s − t) = x ( π̃^φ(θ_{−s}(c^∗_t ))ξ ) (s − t) = ( π̃^φ(xθ_{−s}(c^∗_t ))ξ ) (s) = ( π̃^φ(θ_{−s}(c^∗_t )x)ξ ) (s) = ( π̄^φ(c^∗_t )π̃^φ(x)ξ ) (s). Therefore, we see Ad(b_φ(c)) ( x ) = c^∗_t x, x ∈ M_φ(t). This means precisely that ~σ^φc =

~Ad(b_φ(c∗)). This completes the proof of claim (iv).

v) and vi) To discuss the comparison of weights, we need to investigate the 2 × 2

matrix algebra M_2 = M_2(C ) ⊗ M. The quantum flow of weights for M_2 is given by

{ ~M2 = M2(C ) ⊗^~M, R, id ⊗ θ, Tr ⊗ τ }. For any pair φ, ψ ∈ W0(M), we get the balanced

weight φ ⊕ ψ ∈ W_0(M_2) whose ”it”-power (φ ⊕ ψ)^{it} is given by: (φ ⊕ ψ)^{it} = [ φ^{it} 0 0 ψ^{it} ] , t ∈ R, and therefore π^{φ⊕ψ} (f) = [ π^φ(f) 0 0 π^ψ(f) ] , f ∈ L^∞(R). This means then: b_{φ⊕ψ} (c) = [ b_φ(c) 0 0 b_ψ (c) ] , c ∈ Z^1_θ

(U(C)^), (4.16)

and we get:

Ad((φ ⊕ ψ)^{it}) ([ 0 1 0 0 ]) = [ 0 (Dφ : Dψ)_t 0 0 ] , t ∈ R; Ad(b_{φ⊕ψ} (c^∗)) ([ 0 1 0 0 ]) = [ 0 (Dφ : Dψ)_c 0 0 ] , c ∈ Z^1_θ

(U(C)^).

This together with (4.16) yields (v) and (vi).

(vii) and (viii): As the norm convergence of a sequence {φ_n} of faithful normal positive linear functionals to a faithful φ ∈ M^+_∗ implies the strong resolvent convergence of {φ_n} to φ as the sequence of self-adjoint closed operators affiliated to ~M, the claim (viii) follows immediately from (vii). The strong resolvent resolvent convergence of {φ_n} implies the σ^∗- strong convergence fo the sequence {φ^{it}} of one parameter unitary groups to φ^{it} uniformly in t of any bounded interval. Thus the sequence {π̃^{φn} } of equivariant embeddings of

{A, R, ρ} to^~M converges to π̃^φ σ^∗-strongly pointwise. Thus in the definition of^~bφ of

(4.15), {π̃^{φn} (c_{−s})} converges σ^∗-strongly. The Lebesgue dominated convergence theorem takes care of the desired covergence of {b_{φn} (c)} to b_φ(c). �

The next result justifes the notation Cnt_r(M).

Corollary 4.4. If M is a separable factor, then elements of Cnt_r(M) acts trivially on strongly central sequences, i.e. if {x_n} is a sequence such that lim_{n→∞} ‖x_nω − ωx_n‖ = 0 for every ω ∈ M_∗ then {α(x_n) − x_n} converges to 0 σ^∗-strongly.

Proof. It suffices to prove that the claim is true for every strongly central sequence {u_n} of unitaries in M. The strong centrality of {u_n} is equivalent to the convergence: lim_{n→∞} ‖ω∘ Ad(u_n) − ω‖ = 0, ω ∈ M_∗. If α ∈ Cnt_r(M), then by definition there exists c ∈ Z^1_θ(R, U(C)) such that α = Ad(u) ∘ σ^φ_c for any fixed faithful φ ∈ M^+_∗ and some u ∈ U(M). As Ad(u) acts trivially on every strongly central sequences, we need to prove that {σ^∞_c (u_n) − u_n} converges to zero or equivalently {u^∗_nσ^φ_c (u_n) − 1} converges to zero. But observe that

u^∗_nσ^φ_c (u_n) = (Dφ ∘ Ad(u_n) : Dφ)_c = b_{φ∘Ad(un)}(c^∗)b_φ(c^∗)^∗.

By Theorem 4.2.viii, if φ is a faithful normal state on M, then {b_{φ∘Ad(un)}(c)} converges to b_φ(c) σ^∗-strongly. Thus, {u^∗_nσ^φ_c (u_n)} converges to 1. �

Corollary 4.5. Each φ ∈ W_0(M) gives rise to an equivariant splitting of the short exact sequence (4.2) given by the homomorphism b_φ : c ∈ Z^1_θ

(U(C)^) → bφ(c) ∈^~U(M) ∩ D^φ.

Therefore, the extended unitary group ~U(M) is a semi-direct product:

~U(M) = U(M) of_{Ad(bφ(·))} Z^1_θ^(U(C)^). (4.17)

Lemma 4.6. The covariant system {D^φ, R, θ} for every φ ∈ W_0(M) splits canonically:

{D^φ, R, θ} = {(M ∩ D^φ)⊗A^φ, R, id ⊗ θ}. (4.18)

Proof. Since θ_s(φ^{it}) = e^{−ist}φ^{it}, s, t ∈ R, the characterization of a dual covariant system due to M. Landstad [Land], yields that the covariant system {D^φ, R, θ} is dual to the system

{(D^{φ)θ}, {Ad(φ^{it}) : t ∈ R}^}. As D^φ is abelian, Ad(φ^{it}), t ∈ R, acts trivially on (D^φ)^θ = M ∩ D^φ, so that our assertion follows. �

Definition 4.7. i) We call Mod^φ(M) = { ~Ad(u) : u ∈ D^φ ∩ ~U(M)} the modular group of

φ ∈ W0(M).

ii) We set D_φ = D^φ ∩ M and call it the strong center of the centralizer M_φ of φ ∈

W0(M)._{iii) We set Modφ∘ (M) = {Ad(u) : u ∈ U(Dφ)}.}

Summarizing the above results, we obtain:

Theorem 4.8. The above groups form the following commutative Aut_φ(M)×R equivariant exact square:

1 1 1

1 −−−−→ T −−−−→ U(C)^∂−−−−→ B^1_θ (U(C)^) −−−−→ 1 1 −−−−→ U(D_φ) −−−−→ ~U(M) ∩ D^{φ ∂}−−−−→ Z^1_θ (U(C)^) −−−−→ 1 Ad fAd 1 −−−−→ Mod^φ_∘ (M) −−−−→ Mod^φ(M)^ν−−−−→ H^1_θ (U(C)^) −−−−→ 1 1 1 1

with ~U(M) ∩ D^φ ∼= U(D^φ) × Z^1_θ

(U(C)^).

Definition 4.9. We call the above exact square the local characteristic square of φ ∈

W0(M). For a non faithful φ ∈ W0(M), the local characteristic square can be also defined

considering the resuced algebra M_{s(φ)}.

We have now the following easy but important consequence:

Theorem 4.10 (Functoriality). The association of the local characteristic square to each φ ∈ W_0(M)) is a functor in the sense that if α is an isomorphism: M → N then the canonical extention ~α, which maps the quantum flow { ~M, R, θM, τ M} of M onto the other

{ ~N, R, θN, τ N}, maps the local characteristic square LCSqφ of φ ∈ W0(M)) onto the local

characteristicsquare LCSq_{φ∘α}−1 of φ ∘ α^{−1} ∈ W_0(N) isomorphically.

We leave the proof to the reader.

Collorary 4.11. The automorphism group Aut(M) acts on the field { LCSq_φ : φ ∈ W0(M)^} of local characteristic squares in the obvious way.

§5. Conclusions

It should now be apparent that the quantum flow of weights is given by the same types of ideas which produced the flow of weights of Connes-Takesaki, viz., while the original flow of weights is constructed by identifying two semi-finite normal weights when they are equivalent under the Murray-von Neumann equivalence, the quantum flow of weights is given by relating two weights by the Connes cocycle derivative. In each case, the flow is given simply by multiplication of each semi-finite normal weight by the scalars e^{−s}.

As was noted in the introduction, we can relate this construction of the quantum flow of weights to the theory of L^p-spaces. Each space M(t) is given by considering the purely imaginary power φ^{it} of φ ∈ W_0(M). (The canonical L^p-space L^p(M) due to Kosaki is constructed by considering positive powers φ^{1p} , 1 ≤ p ≤ ∞, of the weight φ ∈ W_0(M).) As in the case of the Fell bundle {M(t)}, two different L^p(M) and L^q(M), p ≠ q, do not intersect. But as soon as one fixes a φ ∈ W_0(M), one can have xφ^{− 1p} = yφ^{− 1q} for some pair x ∈ L^p(M) and y ∈ L^q(M), or equivalently x = aφ^{1p} ∈ L^p(M) and y = aφ^{1q} ∈ L^q(M); one then can view these two elements in different spaces as the same elements. The same phenomenon occurs if one identifies aφ^{it} ∈ M(t) and aφ^{is} ∈ M(s). However this identification simply brings about confusion. Conversely, to view each M(t) as an individual Banach space will also fail to yield the complete picture. Our emphasis throughout has been to view L^p-theory as a mutiplicative theory, and consider these all at once — not as the theory of a singel isolated Banach space. This point of view allows us to observe that the analytic continuation of M^{1p} gives precisely {M(t) : t ∈ R} = {M^{1it} : t ∈ R}.

References

[AM] H. Araki and H. Miyata, On KMS boundary condition, Publ. Res. Inst. Math. Sci., Ser. A 4 (1968/1969), 373–385.

[C1] A. Connes, Une classification des facteurs de type III, Ann. Sci. Ecole Norm., Sup. 6 (1973), 133-252.

[C2] , Almost periodic states and factors of type III1, J. Funct. Anal., 16 (1974), 415-445. [C3] , Outer conjugacy classes of automorphisms of factors, Ann. Sci. Ecole Norm. Sup., 8 (1975), 383-419.

[C4] , On the classification of von Neumann algebras and their automorphisms, Symposia Math., XX (1976), 435-478.

[C5] , Periodic automorphisms of the hyperfinite factor of type II1, Acta Sci. Math., 39 (1977), 39-66.

[C6] , Classification of injective factors, Cases II1, II∞, III_λ, λ = 1, Ann. Math., 104 (1976), 73-115.

[C7] , Sur la théorie non commutative de l’integration, Algèbres d’Opérateurs, Lecture Notes in Math., Springer-Verlag, 725 (1979), 19 - 143.

[C8] , Factors of type III1, property L^′_λand closure of inner automorphisms, J. Operator Theory, 14 (1985), 189-211.

[CK] A.Connes and W. Krieger, Measure space automorphism groups, the normalizer of their full groups, and approximate finiteness, J. Func. Anal., 24 (1977), 336-352.

[CS] A. Connes and E. Størmer, Homogenuity of the state spaces of factors of type III1, J. Funct.

Anal., 28 (1978), 187-196.

[CT] A. Connes andM. Takesaki, The flow of weights on factors of type III, Tohoku Math. J., 29 (1977), 473-555.

[CW] A. Connes and E. J. Woods, A construction of approximately finite dimensional non-ITPFI factors, Canad. Math. Bull., 23 (1980), 227-230.

[vD] A. van Daele, Continuous crossed products and type III von Neumann algebras, London Math.

Soc., Lecture Notes Series, 31 (1978), vii+68 pp.

[DS] N. Dunford and T. Schwartz, Linear operators, Part I, Interscience, New York, 1958. [Fll1] J.M.G. Fell, An extension of Mackey’s method to Banach *-algebraic bundles, Memoirs Amer.

Math. Soc., 90 (1969).

[Fll2] J.M.G. Fell, Induced representations and Banach *-algebraic bundles, Lecture Notes in Math., 582 (1977).

[H1] U. Haagerup, The standard form of von Neumann algebras, Math. Scand. 37 (1975), 271-283. [H2] U. Haagerup, L^p-spaces associated with an arbitrary von Neumann algebra, Algèbres d’opérateurs et leurs applications en physique mathématique, 15 (1979), CNRS,, 185-184.

[H3] U. Haagerup, Connes bicentralizer problem and uniqueness of the injective factor of type III1, Acta Math., 158 (1987), 95-147.

[HS1] U. Haagerup and E. Størmer, Equivalence of normal states of von Neumann algebaras and the flow of weights, Adv. in Math., 83 (1990), 180-262.

[HS2] , Pointwise inner automorphisms of von Neumann algebras with an appendix by C.

Sutherland, J. Funct. Anal., 92 (1990), 177-201.

[HS3] , Pointwise inner automorphisms of injective factors, J. Funct. Anal., 122 (1994), 307- 314.

[Iz] H. Izumi, Construction of non-commutative L^p-spaces with a complex parameter, Internation J.

Math., to appear.

[J] V. F. R. Jones, Actions of finite groups on the hyperfinite type II1 factor, Mem. Amer. Math.

Soc., 237 (1980).

[JT] V. F. R. Jones and M. Takesaki, Actions of compact abelian groups on semifinite injective factors, Acta Math., 153 (1984), 213-258.

[KtST1] Y.Katayama, C.E. Sutherland and M. Takesaki, The intrinsic invariant of an approximately finite dimensional factor and the cocycle conjugacy of discrete amenable group actions, Electric Research Announcement of AMS., 1-1 (1995).

[KtST2] The characteristic square of a factor and the cocyle conjugacy of disdrete group actions on factors, Inventiones Mathematicae, to appear.

[KT] Y. Kawahigashi and M. Takesaki, Compact abelian group actions on injective factors, J. Functional Analysis, 105 (1992), 112 - 128.

[KwST] Y. Kawahigashi, C.E. Sutherland and M. Takesaki, The structure of the automorphism group of an injective factor and the cocycle conjugacy of discrete abelian group actions, Acta Math., 169 (1992), 105-130.

[Ks] H. Kosaki, Application of the complex ineterpolation method to a von Neumann algebra (Noncommutaitve L^p-spaces), J. Functional Analysis, 56 (1984), 29-78.

[Kr] W. Krieger, On ergodic flows and the isomorphism of factors, Math. Ann., 223 (1976), 19-70. [M1] G.W. Mackey, Borel structure in groups and their duals, Trans. Amer. Math. Soc., 85 (1957), 134 - 165.

[M2] , Ergodic theory and virtual groups, Math. Ann., 166 (1966), 187 - 207. [S] C.E. Sutherland, A Borel parametrisation of Polish groups, Publ. RIMS Kyoto Univ. 21, No. 6 (1985), 1067-1086.

[ST1] C.E. Sutherland and M. Takesaki, Actions of discrete amenable groups and groupoids on von Neumann algebras, Publ. RIMS Kyoto Univ., 21 (1985), 1087-1120.

[ST2] C. E. Sutherland and M. Takesaki, Actions of discrete amenable groups on injective factors of type III_λ, λ ≠ 1, Pacific J. Math., 137 (1989), 405-444.

[T1] M. Takesaki, Duality for crossed products and the structure of von Neumann algebra of type III, Acta Math., 131 (1973), 249-310.

[T2] , A classification theory based on groupoids, Proc. of the US-Japan Seminar, Kyoto, 1983, Pittman Research Notes in Math. Ser., 123 (1986), 400-410.

[T3] , Theory of operator algebras I, Springer-Verlag, Heidelberg, New York, Berlin, 1979, pp. vii+415.

[W] S. L. Woronowicz, Operator Systems and their Application to the Tomita-Takesaki Theory, Lecture Note Series No. 52, Aarhus universitet, Matematisk institut (1979).

[Y] S.Yamagami, Algebraic aspects in modular theory, Publ. Res. Inst. Math. Sci. 28 (1992), 1075– 1106..

Department of Mathematics, Illinois State University; Normal, IL 61790-4520

Department of Mathematics, University of California, Los Angeles; Los Angeles, CA 90095-1555

E-mail address, T. Falcone: afalcone@math.ilstu.edu E-mail address, M. Takesaki: mt@math.ucla.edu