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Remark: the vector fields in this assignment have the form

F(:v,y, Z) = (F1($7y)> Fg(l’,@j), 0)'

This means that they can be visualized entirely in 2D and that their curls are
multiples of (0,0, 1). For questions 1-5, the 2D projections of the domains
are R — (0,0), R? — (0,0), R? — (0,0), R?2—(the line from (0, —1) to (0, 1)),
and R? — (0, —1) — (0, 1), respectively.

1. Consider the following vector field with domain R3—(z-axis):
(73/’ ) O)
F(x,y,2) = ———=.
(@p2) = B2
(a) What is V x F?
(b) Let C be the oriented curve parametrized by r(t) = (cost,sint, 0)
where 0 < t < 2. Calculate fC F - dr.

(c) Is F conservative on R3—(z-axis)?
(d) How would you justify your answer to (c) as quickly as possible?

2. Consider the following vector field with domain R?—(z-axis):

F(x,y,2) = (ngg;g)

(a) What is V x F?

(b) Let C be the oriented curve parametrized by r(t) = (cost,sint,0)
where 0 < ¢t < 27. Calculate [, F - dr.

(c) Is F conservative on R3—(z-axis)?

(d) How would you justify your answer to (c) as quickly as possible?



3. Consider the following vector field with domain R?—(z-axis):

F(z,y,2) = 59,0
Va2 +y?
(a) What is V x F?

(b) Let C be the oriented curve parametrized by r(t) = (cost,sint, 0)
where 0 < ¢t < 27. Calculate [, F - dr.

(c) Is F conservative on R3—(z-axis)?

(d) How would you justify your answer to (c) as quickly as possible?

4. Consider the following vector field with domain R3 — ({0} x[~1, 1] xR):

— (_(y+ 1)7$70) (_(y_ 1),1‘,0)
S VRV E TR

Maybe it helps to see the vector field.

Go to the applet: http://www.falstad.com/vector/index.html.

e Select “user-defined vector field”.
e Enter the coordinates lised in the next two steps.
o - (y+1) / (x"2 + (y+1)"2 ) + (y-1) / (x"2 + (y-1)"2 )

ex / (x2+ (y+1D"2 ) - x/ (x"2 + (y-1)"2)

I have chosen to remove the line segment connecting the two dots
from the domain of vector field.

(a) What is V x F?

(b) Let C be the oriented curve parametrized by r(t) = (2 cost, 2sint, 0)
where —m < t < 7. Calculate fCF - dr.

Hint: how do F(r(t)) - r'(t) and F(r(—t)) - r'(—t) relate?
(c) Is F conservative on R® — ({0} x [~1,1] x R)?
(d) Justify your answer to (c).


http://www.falstad.com/vector/index.html

5. Let Fi(,y,2) = SEDE0) and Fa(x,y, 2) = 250

(a) What is V x Fo? Is F5 conservative on {(z,y,2) € R®: y < 3}?
Hint: does this domain have holes?
Let C be parametrized by r(t) = (cost, —1+sint,0), 0 <t < 27.
(b) What is [, Fo-dr? Hint: use (a).
(c) What is [, Fy - dr?

(d) Is F = F; — Fy conservative on
R? — ({0} x {~1} x R) — ({0} x {1} x R)?

(e) Compare your answer to (d) with question 4(c).



Solutions

1. Consider the following vector field with domain R3—(z-axis):

(_yv Ly 0)

F(z,y,2) =

(a) Direct calculation gives

1
VXF:(QQ>.
Vaz+y?

(b) Let C be the oriented curve parametrized by r(t) = (cost,sint,0)
where 0 < ¢ < 27. Direct calculation gives f cF- dr = 2.

(c) Fis NOT conservative on R3—(z-axis).

(d) I found the line integral to be the quicker calculation.
A vector field with a non-zero circulation is not conservative.

The curl calculation also tells you F is NOT conservative.

2. Consider the following vector field with domain R?—(z-axis):

(_y7 Zz, O)
F(z,y,2) = 222
(a) Direct calculation gives V x F = 0.

(b) Let C be the oriented curve parametrized by r(t) = (cost,sint,0)
where 0 < ¢ < 27. Direct calculation gives f cF- dr = 2.

(c) Fis NOT conservative on R3—(z-axis).

(d) A vector field with a non-zero circulation is not conservative.

3. Consider the following vector field with domain R3—(z-axis):

(z,9,0)

(a) Direct calculation gives V x F = 0.

F(z,y,z2) =

(b) Let C be the oriented curve parametrized by r(t) = (cost,sint, 0)
where 0 <t < 27. Direct calculation gives f c F.dr =0.

(c) F is conservative on R3—(z-axis).

(d) f(z,y,2) = /22 + y? is a potential for F.



4. Consider the following vector field with domain R3— ({0} x [—1, 1] xR):

_ (_(y+ 1)73370) (_(y_ 1)’x70)
Py ="arnie ~ 2rg-12

(a) Question 3a together with the chain rule give V x F = 0.
(b) Let C be the oriented curve parametrized by r(t) = (2 cost, 2sint, 0)
where —7m <t < 7.

_ 4+2sint 4 —2sint
" 5+44sint 5 —4sint

F(r(t)) - r'(t)

so F(r(—t)) - r'(—t) = —=F(r(t)) - v'(t). Thus, [,F-dr=0.
(c) F is conservative on R3 — ({0} x [~1,1] x R).

(d) F has zero curl. The domain has a hole, but we checked that the
circulation around that hole is zero, so F is conservative.

Perhaps you’d feel better if we defined a potential for F.
Define a function with domain R — ({0} x [-1,1] x R) by

x x

arctan(¥) — arctan(¥=2)  if 2 £ 0
[y, 2) = .
0 if x =0.

Direct calculation shows that for x # 0, V f(z,y, z) = F(z,y, 2).

We worry though. Is f even continuous when z = 07
A point (0,y, z) in the domain has either y > 1 or y < —1.
Suppose y > 1.

Then lim; o4 f(z,y,2) =5 -5 =0
and lim; 40— f(z,y,2) = -5+ 5 =0,
so limgz—0 f(z,y,2) = 0= f(0,y, 2).

Suppose y < —1.

Then lim, o4 f(z,y,2) = =5+ 5 =0
and lim,_o— f(z,y,2) =5 — 5 =0,
so limg 0 f(2,y,2) = 0= f(0,y, 2).
Yes, f is continuous when = = 0.



We worry more. Does V f(z,y,2) = F(z,y, z) hold when = = 0?

2
F(0 =|(—-—-,0,0).
(,y,Z) <y2_17 ’ >

We quickly see that %(0’ y,z) = %(O,y, z) =0.

By definition, %(O, Y, z) = limg_0 w = lim, o 7]6(&:;%2)-
By L’Hopital’s rule, lim,_, w = lim, o %(m, Y, Z).

Finally,

- Of : —(y+1) —(y—1) 2

lim = =1 - = :
250 8x($’y’z) 250 <x2+(y+1)2 224+ (y—1)2 y? —1

So %(O,y, 2) = =

y*-1"
Yes, Vf(z,y,z) = F(z,y, z) holds when z = 0.

Phew!! You can see the end for other approaches.

5. Let Fy(z,y,2) = SU20 and Fy(z, y, 2) = G020

(a)

(b)
()
(d)

22+ (y+1)? o+ (y—1)?

Question 3a together with the chain rule give V x Fj.

{(z,y,2) ER3: y < %} has no holes,

so F is conservative on {(z,y,2) € R3: y < 1}.

Let C be parametrized by r(t) = (cost, —1+sint,0), 0 <t < 27.
Jo Fa-dr = 0 since Fy is conservative on {(z,y,2) e R*: y < 1.
Direct calculation gives f cF1-dr =2r.

Let F = F1 - FQ.

fC F - dr = 27 so F has a non-zero circulation on

R? — ({0} x {1} x R) — ({0} x {1} x R)
which means it is NOT conservative on this domain.

Notice that trying to define a potential as in 4(d) would result in
a discontinuous function since

zg%l_i_f(xaoao) =m 7é -m = $1_1>1’(I)l_ f($7070)

Putting a wall between {0} x {—1} xR and {0} x {1} x R), makes
F change from not conservative to conservative.

F “detects” loops which are nontrivial and pass through the re-
gion being blocked by the wall.



6. Another formula for the potential I gave in 4.(d) is

SV PR L N Y SES N, |

Another way to prove that f is differentiable on the plane x = 0 is to
note that for |y| > 1, we have

f(z,y,z) = arctan <:n> — arctan (m)
y—1 y+1

This formula is not valid when —1 <y < 1. We have

arctan(;%y) —arctan(45) +7  ifx >0, -1<y<1

= y
arctan(;%7) —arctan(;17) — 7  ifx <0, -1 <y <1

i

+

f(x?y’z) = {

Y
7. How do question 4 and 5 change for the domain

R3 — ({0} x (—o0, —1] x R) — ({0} x [1,00) x R)?



