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136 | Chapter 2 Homology

some point y € S", the preimage f =3 () consists of only finitely many points, say
Xyt "y Xy, Let Uy, - -+, U, be disjoint neighborhoods of these points, mapped by f
into a neighborhood V of y. Then f(U; -~ x;) ¢ V — y for each i, and we have a

commutative diagram f
Hn(U'i! Ui_xi) - Hn(vlv_y)

=" -

H (5" 8™ x,) P H,(S™ ™ £71(3) =22 H(8™ "= y)

\ [j Se Im

H,(5™) H,(S")

where all the maps are the obvious ones, in particular k; and p; are induced by inclu-
sions. The two isomorphisms in the upper half of the diagram come from excision,
while the lower two isomorphisms come from exact sequences of pairs. Via these four
isomorphisms, the top two groups in the diagram can be identified with H, (S By

and the top homomorphism f, becomes multiplication by an integer called the local
degree of f at x;, written deg f|x;.

For example, if f is a homeomorphism, then 7 can be any point and there is
only one corresponding x;, so all the maps in the diagram are isomorphisms and
deg f|x; = deg f = +1. More generally, if f maps each U; homeomorphically onto
V, then deg f|x; = +1 for each i. This situation occurs quite often in applications,
and it is usually not hard to determine the correct signs.

Here is the formula that reduces degree calculations to computing local degrees:

| Proposition 2.30. deg f = ¥, deg f|x;.

Proof: By excision, the central term H, (S",5" - f “1(y)) in the preceding diagram
is the direct sum of the groups H,(U;,U; — x;) =~ Z, with k; the inclusion of the
ith summand. Since the upper triangle commutes, the projections of this direct sum
onto its summands are given by the maps p,. Identifying tlre outer groups in the
diagram with Z as before, commutativity of the lower triangle says that p; S0 =14
hence j(1) = (1,--+,1) = ¥, k;(1). Commutativity of the upper square says that the
middle f, takes k,(1) to deg f|x;, hence 3 k;(1) = j(1) is taken to ¥ deg f|x,.
Commutativity of the lower square then gives the formula deg f = >.; deg f |x,. O

Example 2.31. We can use this result to construct a map S" — 5" of any given degree,
for each n = 1. Let g:S"—\/, 5" be the guotient map obtained by collapsing the
complement of k disjoint open balls B; in §” to apoint, and let p:V, §"— 5" identify
all the summands to a single sphere. Consider the composition f = pg. For almost all
¥ € 5" we have f “1(y) consisting of one point x; in each B;. The local degree of f
at x; is =1 since f is a homeomorphism near x;. By precomposing p with reflections
of the summands of V/,$" if necessary, we can make each local degree either +1 or
—1, whichever we wish. Thus we can produce a map S"—S" of degree +k.
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