PROBLEM SET #3

DUE DATE: OCTOBER 22

1. Let A be an n X n-matrix, and let B be an m x m-matrix. Let

A 0

For this problem, you have to show that |C| = |A| - |B|, using the definition of the
determinant.

(1) Let £, x 3, be
Sn X S = {f € Spgm| f{1,...,n}) ={1,...,n}}.

In other words, we write the set from 1 to n+m as the set from 1 to n then
the set from n 4+ 1 to n + m, and we require that f preserves holds these
two subsets invariant. Show that if 0 € ¥, ,, — 3, X Xp, then
Cl,o(1) « - - C(n+m),o(n+m) = 0,
where ¢; ; is the element in position 4, j of C. Conclude that
|IC| = Z sign(0)c1,o(1) - - - Ctntm),o(ntm)-
TEYX, XX
(2) Let 0 € ¥, X Xy, let 01 be the restriction of o to {1,...,n}, and let o3 be
the restriction of o to {n +1,...,n 4+ m}. Show that
sign(o) = sign(o1) - sign(oz).
(3) Combine parts 1 and 2 to conclude that
|C|=14]-|BI.

2. Let V be a 7 dimensional vector space. Show that there is more than one
possible Jordan form for a nilpotent operator on V' with index of nilpotency 3 and
with a 3-dimensional kernel.

3. Let p(A) = A" + an—1 A" 1 + -+ +ap. Let

0 0 ... 0 —ap
1 0 ... 0 —ay
Ap=|0 1
00 ... 0 —ano
0 0 ... 1 —Qnp—1

Show that p4,(A) = (=1)"p(A). (Hint: Expand the determinant along the first
row or column and use induction on n).
4. Now some examples to work through. Find the Jordan form J of the following

matrices A. Find also a Jordan basis and the change of basis matrix P such that
J =P lAP.
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