MATH 121 — MIDTERM 1II
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Problem 1. Give the definitions of the following terms:
(1) Hausdorff, Regular, & Normal
Housdorf¥: givn xdyeX, 3 Uex,V3Y, UnV=g.

Re%ulor: Given xe¥X, CsX dowd, xeC, T U®X, \J2C st. UaN=g.
Nowol : givn Ci.Ca clowd, CiaGi=é,  F Uzc,,\N2G »b UAN=d

(2) Connected

X 15 comecled F He m\a C[o?fn eh ot X 1§

(3) Basis for a topology

BT 15~ bosis if \'IUET,() U s o min £ elw/}s + B

(4) Continuous

fX—oY & wmwous T V Ue Ty, £ (Wew.
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Problem 2. Let X be a space and let A C X be a closed subspace. Let f: A — R™
be a continuous function

flx) = (fi(@),.... falz))
such that for 1 < i <mn, f; is a bounded function. Show that there is a continuous
function F: X — R™ such that F(a) = f(a) for all a € A.

By He Tiehe exlonsion theoem, B each  (, here s o mop

F:X—R od-m&mg £ Lt FX—K b F®- (l-.'(é,...,g(a}
Tre com s.-le & F vth dhe i ?'Q)ed\ﬁ is R, whids is Conknuws, So
is mn\w.;ous Smce eods F exduds §, F eduds £

Problem 3. Let X be a space and let Y and Z be closed subspaces. Let f: Y — W
and g: Z — W be functions such that for allx € Y N Z f(x) = g(x). Show that

fUG:YUZ W

is continuous if and only if f and g are.

Let C<sW be desed.
= -}"g omhawous = -FH(C) closed in VY, 3“[C> Closed n Z. Sme y"'fz ort
cloed m X, § (C) # 1(Q) oe dosed n X 7 e F(CB"’% (CB is clowd
n X = in YoZ Nou £ (C:) KC} (Fu)(CB
> Yo YoZ is corhmous, o He oompos:k Y—YZ—W is. s is
wd £ Te sowe realt 8iue$ 8‘5 cunknuiLa.
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Problem 4. Let X and Y be spaces.

(1) Show that if Y is compact, then the projection mx: X XY — X is closed
(i.e. takes closed sets to closed sets).

Lt Ve¥XxY be closed. If 1 (V)= ¥, ther we o€ doe, smee X is closed. SDJ,QQ;’N
s AYaVn g Sne Vs dod, VyeV, hoe oo s Uy Uy st
a.e ugxug cXY-N. Since Y s compoact Fin'u’(c\\a mony Usj covtr ug,,...,u;,,,

Lt Us Ug."---"uan- Then <Y e (uxug, u...quugﬂ = UxY, ond UxYnV:;zf
(smee Ux Uy, < uglxus'isXx\/-\/) = UrmM)=g, od ony x e X-m) hos
on open neig\ako:lmd i XV

(2) Show that if Y is compact and Hausdorff, then a function f: X — Y is
continuous if and only if the graph

Iy={(z, f(z))lre X} C X xY

18 closed.

 HooscedF FF Ay= s lyeYt s dowd. |
.=>?)/ ’Cmsd?/ XKVJ:’ YV  defined ka (Ag\'—-’ ('PC")’HB- IF Fis continous,
4. o is Yis: et . Y}y be e hve fn.:']ec{\'ms VY=Y T
11{,‘»({“1) [x,;,)r- Y= Tr),(x,;j\, o m‘.@vl) & confnuous. 11,‘,.(4?} I)G,a)g F&), so
o) s Fom = comous.
(.[.‘,ljl(A\)- l?: is e dosed.
< et CeV be dosed. Then ‘n;;"(C) is dosed # Tr;'(c\)n]} s dosd.
Now () aTh= Z("’U) ];?c- v}; 5(,@) ] ;: {-{;(c) ‘
Sace Y & compoct, Tx & dosed = p, (Tr;'(c)nl})z £ s doed.
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Problem 5. If X is a discrete space, then show that there is a minimal set of open
sets B that is contained in every basis for the topology on X. What is this set?

X s discele NV xeX, §3F s cper F Bs o bosis, b VxeX, Ix}
s o ounion of lasic optn 2k = Zx} ic o lasic open el So if ’.5' s o
boss, ¥ fixllxe)(} cPB. Tus is o bosis, snce evry wl & a uiin f poirfs,
od F we woe missing oy aeY, Hn {31 wodd be wissed.

Problem 6. Let S' = {z € C||z| =1}. Let A C St be {z € S|z # 1}. Define an
equivalence relation on S' by x ~ vy if x =y or if x and y are both in A. Describe
explicitly the space S'/ ~. How many points does it have? Is it compact? Is it

connected? Is it To? Th? To? T3% Ty? i} r'z:]lzél
Qi > é/,\,{m,r--]} UcSh s o i G s op.
J(ri)= 10k ool open 1 (9= 4 Yis is that
)= i} o o 76 g s s
(- SFY: e GRS ST ddig 2 pod e

7 Ves! Ws ik

Comecked? Yes! St is dowd bt ot oper.
To? ch.l (Sow n dass>

77 N [ is et desed.

-|-,|.9 No! T,'w'[;'



