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3. (@) (a, a,b)+(c c d)=(a+c, a+c b+d). 1st components same. Closed under addition.
K(a, a, b) = (ka, ka, kb). 1st components same. Closed under scalar muitiplication. Subspace.
(a, a, b)=a(1, 1, 0) + b(0, 0, 1). Vectors (1, 1,0) and (0, 0, 1) span space and are linearly
iIndependent. {(1, 1, 0), (0, 0, 1)} is a basis. Dimension is 2.

(b) (a, 23, b) + (c, 2¢, d) = (a+c, 2(a+c), b+d). 2nd component is twice first. Closed under
addition. k(a, 2a, b) = (ka, 2ka, kb). 2nd component is twice 1st. Closed under scaiar
multiplication. Subspace. (g, 2a, b) =a(1, 2, 0) + b(0, 0, 1). Vectors (1, 2, 0) and (0, 0, 1) span
the space and are linearly independent. {(1,2,0, (0, 0, 1)}is a basis. Dimension is 2.

(C) (a, 2a, 4a) + (b, 2b, 4b) = (a+b, 2a+2b, 4a+4b) =(a+b, 2(a+b), 4(a+b)). 2nd component
IS twice 1st, 3rd component four times 1st. Closed under addition. K(a, 23, 4a) = (ka, 2ka, 4ka).
2nd component is twice 1st, 3rd component four times 1st. Closed under scalar multiplication.

Subspace. (a, 2a, 4a) = a(1, 2, 4). {(1, 2, 4)}is a basis. Dimension is 1. Space is a line
defined by the vector (1, 2, 4).

(d) (a, -8, 0) + (b, -b, 0) = (a+b, -a-b, 0) = (a+b, -(a+b), 0). 2nd component is negative of
1st. Closed under addition. k(a, -a, 0) = (ka, -ka, 0). 2nd component is negative first. Closed
under scalar multtiplication. Subspace. (&, -a,0)=a(1, -1, 0).{(1, -1, 0)} is a basis. Dimension
s 1. Space is line defined by the vector (1, -1, 0).

4. (@) (a,b,a) +(c, d, c) = (a+c, b+d. a+C). 3rd component same as 1st. Closed under addition.
K(a, b, a) = (ka, kb, ka). 3rd component same as 1st. Closed under scalar multiplication.
Subspace. (a, b, a) = a(1, 0, 1) + b(0, 1, 0). {(1, 0, 1), (0, 1, 0)} is a basis. Dimension is 2.

(b) (a, b, 0) + (¢, d, 0) = (a+c, b+d. 0). Last component is zero. Closed under addition.
K(a, b, 0) = (ka, kb, 0). Last component is zero. Closed under scalar multiplication. Subspace.
(@ b,0)=a(1,0,0)+b(0, 1, 0). {(1, 0, 0), (O, 1., 0)} is a basis. Dimension is 2. It is xy-plane.

(€) (@, b,2)+(c, g, 2) = (a+c, b+d, 4). Last component not 2. Not closed under addition Not 2
subspace.

(d) (a, a, a+3) + (b, b, b+3) = (a+b, a+b, a+b+6). Last component is not 1st plus 3. Not  *
closed under addition. Not a subspace

9. (@) a(1,2, 3)+b(1, 2, 3) =(a+b)(1, 2, 3). Sum is a scalar muitiple of (1, 2, 3). Closed under
addition. ka(1, 2, 3) = (ka)(1, 2, 3). Itis a scalar muitiple of (1, 2, 3). Closed under scalar

multiplication. Subspace of R°. Basis {(1, 2, 3)}. Dimension is 1. Space is line defined by
vector (1, 2, 3).

(b) (@, 0, 0) + (b, 0, 0) = (a+b, 0, 0). Last two components zero. Closed under scalar
multiplication. k(a, 0, 0) = (ka, o, 0). Last two components zero. Closed under scalar

multiplication. Subspace of R”. Basis {(1, 0, 0)}. Dimension is 1. Space is the x-axis.
(©) (a, 2a) + (b, 2b) = (a+b, 2a+2b) = (a+b, 2(a+b)). 2nd oomponént Is twice 1st. Closed

under addition. k(a, 2a) = (ka, 2ka). 2nd component is twice 1st. Closed under scalar
multiplication. Subspace. Basis {(1, 2)}. Dimension is 1. Space is line defined by vector

(d) (a, b, C, 1)+({d e f 1)= (a;d, b+e, c+f, 2). Last component is not 1. Not closed under
addition. Not a subspace of R
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6. (a) True: Arbitrary vector can be expressed as a inear combination of (1, 0) and (0, 1).
(@, b)=a(1, 0) + b(0, 1).

(b) True: (@, b) =a(1, 0) + b(O, 1) + 0(1, 1). (One or more of the scalars can be zero).
(c) True: p(1,0) + q(0, 1) = (0, O) has the unigue solution p=0, g=0.

(d) False: Consider the identity p(1, 0) + g(0, 1) + {0, 2) = (0, 0). Does this have the unique
solution p=0, g=0, r=0? No, can have 0(1, 0) + 2(0, 1) - 1(0, 2) = (0, 0). Vectors are not
linearly independent - we say that they are linearly dependent.

(e) True: (x,y)=x(1, 0) -y(0, -1). Thus (1, 0) and (0, -1) span R". Further,
p(1, 0)+q(0, -1)=(0, 0) has the unique solution p=0, g=0. Vectors are linearly independent.

(H) True: (X, y)= -“;-(2, 0) - —)’3;-(0, 3). Thus (2, 0) and (0, 3) span R° Further,

p(2, 0) + g(0, 3) = (0, 0) ©® (2p, 3q) = (0, O0), has the unique solution p=0, g=0.
Vectors linearly independent.

7. (@) True: (1,0, 0) and (0O, 1, O) span the subset of vectors of the form (a, b, 0). Further,
p(1, 0, 0) + g(0, 1, 0) = (0, 0, 0) has the unique solution p=0, g=0. Vectors are linearly
independent. Subspace is 2D since 2 base vectors. The subspace is the xy plane.

(b) True: The vector (1, 0, 0) spans the subset of vectors of the form a(1, 0, 0). Further
p(1, 0, 0)=(0,0,0) has unique solution p=0. Subspace is line defined by vector (1, O, 0).
One vector in basis, thus 1D. |

(c) True: Can write (a, 2a, b) in the form (a, 2a, b) = a(1, 2,‘ 0) + b(0, 0, 1).
(d) True: Can write (a, b, 2a-b) in the form (g, b, 2a-b) = a(1, 0, 2) + b(0, 1, -1).
(e) False: 1(1,0, 0) + 1(0, 1, 0) -1(1, 1, 0) = (0, O, 0). Thus vectors not linearly independent.

(f) False: R® is not a subset of R°. e.g., (1, 2) is an element of R2, but not of R°.

8. (a) Let (x, y) be an arbitrary vector in R°. Then (x, y) = x(1, 0) + y(0, 1). Thus {(1, 0), (0, 1)}
spans R”. Notice that both vectors are needed - we cannot drop one of them.
(b) (x, y) can be expressed (x, y) = x(1, 0) + y(0, 1) + 0(0, 2), or (x, y) = x(1, 0) + 3y(0, 1)
; - y(0, 2); there are many ways. Thus {(1, 0), (0, 1), (0, 2)} spans R°. Butitis not an
efficient spanning set. The vector (0, 2) is not really needed.
(C) 0(150) +2(0,1)-(0, 2) = (0, 0). Thus{(1, 0), (0, 1), (O, 2)} is linearly dependent. it is not
a basis.

9. (a) Let (x, y) be an arbitrary vector in R°. Then (X, y) =x(1, 0) + y(0, 1). Thus {(1, 0), (O, 1)}

spans R®. Notice that both vectors are needed - we cannot drop one of them.
(b) (x, y) can be expressed (x, y) = x(1, 0) + y(0, 1) + 0(1, 1) - or (X, y) =2x(1, 0) + 2y(0, 1)
- y(1,1) - there are many ways. Thus {(1, 0), (O, 1), (1, 1)} spans R". Butitis notan
efficient spanning set. The vector (1, 1) is not really needed.
(c) 1(1, 0) l;-a 1(0, 1)-1(1, 1) =(0, 0). Thus{(1, 0), (O, 1), (1, 1)} is linearly dependent. It is
not a basis.
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Section 1.5

10. {(a) Vectors (1, 0, 0), (0, 1, 0), (0, 0, 1), and (1, 1, 1) span R° but are not linearly independent.

(b) Vectors (1, 0, 0), (O, 1, O) are linearly independent but do not span R°.

11. Separate the variables in the general solution, (2r-2s,r-3s,r,8)=r(2, 1, 1, 0) + s(-2, -3, 0, 1).
Vectors (2, 1, 1, 0) and (-2, 3, 0, 1) thus span W.
Also, identity p(2, 1, 1, 0) + q(-2, 3, 0, 1) = (0, 0, O, 0) leads to p=0, g=0. The two vectors are
thus linearly independent. Set{(2, 1, 1, 0), (-2, 3, 0, 1)} is therefore a basis for W.

Dimension 2. Solutions form a plane in R".

12. Separate the variables in the general solution, (3r+s, -r-4s,r,8)=r(3, -1, 1,0) + s(1, -4, 0, 1).
Vectors (3, -1, 1, 0) and (1, -4, O, 1) thus span W.
Also, identity p(3, -1, 1,0) + q(1, -4, 0, 1) = (0, O, 0, 0) leads to p=0, g=0. The two vectors
are thus linearly independent. Set {(3, -1, 1, 0), (1, -4, O, 1)} is therefore a basis for W.

Dimension 2. Solutions form a plane in R

13. (2r, -1, 4r, 1) =1(2, -1, 4, 1). The set of solutions form a line in R". {(2, -1, 4)} is a basis.
Dimensionis 1.

14. Separate the variables in the solution, (2r-s,-3r-2sr, s)=r(2, -3, 1, 0) + s(-1, -2, 0, 1).
Vectors (2, -3, 1, 0) and (-1, -2, O, 1) thus span W.
Also, identity p(2, -3, 1, 0) + q(-1,-2, 0, 1) = (0, 0, 0, 0) leads to p=0, g=0. The two vectors
are thus linearly independent. The set{(2, -3, 1, 0), (-1, -2, 0, 1)} is therefore a basis for W.

Dimension 2. Solutions form a plane in R*.

Exercise Set 1.5
1. @ @21)34)=23+1x4=6+4=10
(D) (1,-4)(3.,0) = 1x3 + —4x0 = 3
© (2,00(0,-1) = 2x0 + Ox—1= 0
(d) (5,-2)(-3,-4)=5x-3 + -2x-4=-15+8=-7

2. @ (1,234,100 =1x4+2x1 +3x0=4+2+0=6
(b) (3,4,-2)(5,1,-1)=3x5+4x1 + -2x-1=15+4 + 2 = 21
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Section 1.5

(¢ If (a,b,c)is orthogonal to (5,1,-1), then (a,b,c)-(5, 1 ~1)=5a+b-c=0, so
¢ =5a+b. Thus any vector of the form (a,b,5a+b) is orthogonal to (5,1,-1 )

(d) If (a,b,c,d) is orthogonal to (5,0,1,1), then (a,b,c,d)(5,0,1,1)=5a+c+d=0 so
d = -5a-c. Thus any vector of the form (a,b,c,-5a-c) is orthogonal to (5,0,1,1).

(e) If(a,b,c,d)is orthogonal to (6,-1,2,3), then (a,b,c,d)-(6,-1 23)=6a-b+2c+3d=0
S0 b = 6a+2c+3d. Thus any vector of the form (a,6a+2c+3d, ¢,d) is orthogonal to
(6,-1,2,3).

1

() 1f(a,b,c,de)is orthogonal to (0,-2,3,1,5), then (a,b,c,d,e)-(0,-2,3. 1 5}
= -20 +3Cc +d + 5e = 0, so d = 2b-3c-5e. Thus any vector of the form
(a,b,c,2b-3c-5e,e) is orthogonal to (0,-2,3,1,5).

If (a,b,c) is orthogonal to both (1,2,-1) and (3,1,0), then (a,b,c)-(1,2,-1)=a+2b-c=0
and (a,b,c)(3,1,0) =3a + b = 0. These equations yield the solution b = -3a and ¢ = -5a.
SO any vector of the form (a,-3a,-5a) is orthogonal to both (1,2,-1) and (3,1,0).

Let (a,b,c) be in W. Then (a,b,c) is orthogonal to (-1,1,1). (a,b,c)-(-1,1,1)=0, -a+b+c=0.
c=a-b. W consists of vectors of the form (a,b,a-b). Separate the variables.
(a,b,a-b)=a(1,0,1)+b(0,1,-1). (1,0,1), (0,1,-1) span W. Vectors are also linearly
independent. {(1,0,1),(0,1,-1)} is a basis for W. The dimension of W is 2.
It is a plane spanned by (1,0,1) and (0,1,-1).

Let (a,b,c) be in W. Then (a,b,c) is orthogonal to (-3,4,1). (a,b,c)-(-3,4,1)=0, -3a+4b+c=0.
c=3a-4b. W consists of vectors of the form (a,b,3a-4b). Separate the variables.
(a,b,3a-4b)=a(1,0,3)+b(0,1,-4). {(1,0,3), ((0,1,-4)} is a basis for W. The dimension of
Wis 2. Itis a plane spanned by (1,0,3) and (0,1,-4).

Let (a,b,c) be in W. Then (a,b,c) is orthogonal to (1,-2,5). (a,b,c)-(1,-2,5)=0, a-2b+5¢=0,
a=2b-5C. W consists of vectors of the form (2b-5¢,b,c). Separate the variables.
(2b-5¢,b,c)=Db(2,1,0)+c(-5,0,1). {(2,1,0), ((-5,0,1)} is a basis for W. The dimension of
Wis 2. Itis a plane spanned by (2,1,0) and (-5,0,1).

Let (a,b,c,d) be in W. Then (a,b,c,d) is orthogonal to (1,-3,7,4).(a,b,c,d)(1,-3,7,4)=0,
a-3b+7¢c+4d=0, a=3b-7c-4d. W consists of vectors of the form (3b-7¢c-d,b,c,d).
Separate the variables. (3b-7¢-4d,b,c,d)=b(3,1,0,0)+c(-7,0,1,0) +d(-4,0,0,1).
{(3,1,0,0), (-7,0,1,0), (-4,0,0,1)} is a basis for W. The dimension of W is 3.

@ d=v(6-2)%+(5-2)2 =5 (b) d=V(E+4)2+(1-02 =50 =5y2.
© d=v(7-22+(-3-2)2 =50 = 5v2. (d) d=V(1-524(-3-1)2 =4y2.

26. (a) d=V(4-22+(143)2 =y20 =25 b) d=v(1-2)%+(2-1)2+(3-0)2 =7

© d=V(-3-2%+(1+1)%+(2-1)2 =54 =3\B.
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34, Nu+vi® =(u, +v, )? +(uy +v,)? +...+(u_+v )2

35.

36.

37.

38.

2
=u12 +2u1 v, +v12 +u22 +2u2v2 +v22 +.,.+un2 +.?un‘./n+vn2
=u12 +u22 +.;.._+un2 it 2V +2U2V2 +...+2unvn +v12 +\122 +....+wn2
=U° +U,° . U H2U Vv, ULV, b U V)V VS VD

= lulf® + 2(u-v) + lIvil? =1lluli® + livii? if and only if u-v =0, i.e., if and only if u and

v are orthogonal.
(a,b)(-b,a)=ax=-b + b xa =0, so (-b,a) is orthogonal to (a,b).

U+v)u-v)=(u, +v, )u, -v, )+(u, FNVGHUG= Vs )+ 5 +v Nu, -V )

i LA SrivE o o 2

=Uu, ViU, Moe b it V.

S D 2 2a 20 2 iyt 5
=0, U V, v, o= = {lull = livil.

Thus Hull - livii=0ifand only if (u+ v)-(u-v)=0. Thatisflull=llviifand onlyifu+ v
and u - v are orthogonal.

@ Mul® =u+ul+...+u? 20,50 llull=0.
(b) Null=Oifandonlyifu ®+u,®+...+u? =0ifandonlyifu, =u, =...=u_=0.

(© Heull® = (cu, > +cu, )*+. .. Heu )? =c® (u,2+u%+. .. +u %) =c° lull®,
so licull = Ic! lull.

@ lull=lu, I+lu,1+...+1lu 1=0since each term is equal to or greater than zero.
u, 1+1u, 1+...+lu_1=0if and only if each term is zero.
licull =lcu, 1+lcu, I+...+lcu I=lcllu, I +Icllu,1+...+Iclu_|
=lcl(lu, T+ lu, 1+ .. +1u_i) =1|C| Hull.
1.2 =111+ 121 =3, I{(-3,4)l = 1-31 + 14l = 7, 1i(1,2,-5)ll = 1] + 12] + |-5]= 8,

and 11(0,-2,7)1 = 101 + 1-21 + 171 = 9.
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7 I1+12-13=O 8. 11+12-13=0
211 + 413 =34 I1 + 213 =9
412 + 413 =(28 312 + 213 =17
sothat [, =5, I, =1,1, =6. at L =1,1, =3, =
9 I1+12-13=0 10 I1+12-13=0
313 —R 2[1 + 213 =4
4I +313=13 4I2+2I3==2
sothatI = 12 =1,,I3 .5 SO that I1 =il 12 =0 13 =
T e e g
I. + 312 = ol
I1 + 713-31

12 e 5 = [, == 19. sinh by o I,
13—14—I5=0 13—I4+I5
I, = 4 L sl
I, = 4 L. F L2t
I = 4 elget 215
sothatl, =12, I, =4, sothatl, =78, 1, =58,
I, =81, =4 . =4 I, =23,1, =5/, I, =1/6.

14. Assume 13 flows from A to B.
11 - 12 - 13 =0
I, + 21, = 4
I2 - 213 =9

gives I, =6, I, =7,1; =-1, sothe currentin ABis 1 amp flowing from B to A.

15. Let I, Dbe the current in the direction from the 16volt battery to A, let I, Dbe the current
from A to B, and let I, be the current in the direction from C to B.

11-12_- [3 S R
SH +:1; 1616
—I2+513=9:23
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X, =0is minflow along BC; i.e., BC, closed to traffic

in matcase X, =100, x, =200, X3 =150. Then alternative route would have to be
provided to get from B to towns in direction of C, and D.

18 x1=x0+100, X3=Xx2+90, x3=x4+130, Xxg5=x4+110, X5=Xg+80, x7=xg+75
x7=xg+120, x1=xg+155. Since a flow cannot be negative these equs give: |
X12100,X3290,X32130,X52110,X5280,X7275,X72120,X12155.
Thus, must have x{=2155, X32130, x52110, x72120.
Is x1=155 possible, i.e., does it result in nonneg flows? Yes, gives
x2f55,x3=145,X4=15,x5=125,x5=45,X7=120,x8=0.
Minimum flow allowable along X1 18 155. Note that this is attained by closing xg to

Taffic. Alternative routes (Clearly labelled diversions!) wi '
: ) will then have to be provi
e x7 traffic wanting to get to some of the towns that are accessed from otﬁer e?(ietg g?r

¥a =%z - X5 + 200, X2 =-X3 + X5, X4 =-X5+ 200.

o Eme = k(X; + 2Xp + X3 + 2X4 + X5)
=4{X3- X5 + 200 + 2(-X3 + Xg) + X3 + 2(-Xs + 200) + Xs5) = 4(600) = 2400 minutes.
7S averages to 12 minutes per car. Itis interesting to note that the time is

no=pendent of the actual distribution of traffic for this model. This will not be true if k

OFers on different stretches of road due to different r iti
- s ko oad conditions. Students can
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