Math 170E Week 6 Worksheet

Review
e Normal distribution. A random variable X is N(u,o?) if it has density

fx(z) = ! eXp<—(x_M)2>, zeR, o>0.
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The cumulative distribution function of the standard normal distribution N (0, 1) is denoted
by ®(z) =P(Z < 2).

e Moment generating function (mgf). For a real random variable X, the mgf is
Mx(t) = E[e™], teR with Mx(t) < cc.

If it exists on a neighborhood of zero then it uniquely determines the distribution. Addition-
ally
ME ) =E[X¥],  Mx,y(t) = Mx(t)My(t) for independent X,Y.
For X ~ N(u,0?),
Mx (t) = exp (ut + %ath), teR.

A. Normal r.v.
Let X ~ N(u,0?) with o > 0.
1) Express P(a < X <b) in terms of ®.
2) For ¢ > 0, compute P(|X — p| < co) in terms of ®.
3) Let Y = aX + b with a # 0. Identify the distribution of Y and give its parameters.
B. Functions of a normal variable
Let Z ~ N(0,1).
1) Define U = |Z|. Derive the density fi(u) for v > 0 and compute E[U].
2) Define W = Z2. Find the density fi(w) for w > 0 and compute E[W].
C. Sum of indep. normals is normal - proof
Let Xi,..., X, be independent with X; ~ N(y;,07?).
1) Compute the mgf Mg(t) of S =31 | X;.
2) Identify the distribution of S.



D. Linear transforms of independent normals; joint mgf
Let X,Y be independent N(0,1). Define

X +Y X-Y

V. AV I

1) Compute the joint mgf My v (s,t) = E[esUTV].
2) Show that My (s,t) = My(s) My (t). Conclude that U and V are independent. Hint:
Approzimate 1(_ g (z) by a sequence of polynomials.

3) Identify the marginal distributions of U and V.
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