Math 32A (UCLA) — Midterm Preparation

Math 32A — Midterm Preparation Worksheet

Vectors, Curves, Vector-Valued Functions, Limits

Review
u-v
Dot product. For u,v € R?, cosf = Tall ol when wu # 0 and v # 0.
ul| ||v
Uy V1
Cross product. For u= [us | and v= | v |,
us U3

U203 — Uzv2
uxv=|ugv; —uvs |, |lu x v|| = area of the parallelogram spanned by u, v.
u1v2 — UV

Planes. A plane with normal n # 0 through Py = (z0, y0, 20) satisfies
n: ((‘T7yv Z) - (xo’y()v ZO)) =0.

Parametric curves. If (x(t),y(t)) is a curve and 2/(t) # 0, then

dy Y1)
de  2/(t)

Limits in R2. To prove a limit exists at (0,0), polar coordinates = = rcosf, y = rsinf are
often useful. To show a limit does not exist, compare two different paths.

1. Vectors, area, and a plane. Let A= (1,0,2), B=(3,1,1), C =(2,-1,4).
a) Compute E and ﬁ in column form.

(
(b) Compute E . fﬁ and the angle between fﬁ and 1@

)
)
(c) Compute AB x AC and the area of triangle AABC.
(d) Find an equation of the plane through A, B,C.

2. Line—plane intersection and angle. Let the line be

1 2
rt)=-1|+¢t [ 1|,
2 -1
and let the plane be
20 —y + 2z =5.

(a) Find the intersection point of the line and plane, or explain why it does not exist.

(b) Let v be the direction vector of the line and n be a normal vector to the plane. Compute
v-n.
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(c) Let ¢ be the angle between the line and the plane. Use

o Juen
sing = ————
[oll lIn

to compute ¢.

3. Parametric curve: tangents and special points. Consider the plane curve

() =t>—1,  y(t)=1t> -3t

d
(a) Compute cTy as a function of t where it is defined.
x

(b) Find all values of ¢ for which the tangent line is horizontal.

(c) Determine whether the curve has a vertical tangent. If yes, find the corresponding ¢ and
the point on the curve.

4. Vector-valued functions and speed. Let

cost
r(t) = | sint
t
(a) Compute the velocity v(t) = r/(t) and acceleration a(t) = r”(¢).
(b
(c

(d) Find an equation of the tangent line at ¢t = 0.

Compute the speed ||v(t)|| and show that it is constant.

)
)
) Find the unit tangent vector T(t).

)

5. Limits with parameters and continuity at (0,0). Fix real constants a and b. Define

az? + bry + ay?

k, (z,y) = (0,0).

(a) Convert F(x,y) to polar coordinates (x,y) = (rcosf,rsin@) for (z,y) # (0,0), and
simplify the expression so it has no r in the denominator.

b) For which values of b does the limit lim F(x,y) exist. State the limit in terms
(z,y)—(0,0)
of a.

(c) Choose k so that F' is continuous at (0,0) whenever the limit exists.

(d) When the limit does not exist, prove this by comparing the limits along the two paths
y=xand y= —=x.
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