ESSENTIAL DIMENSION: A SURVEY

ALEXANDER S. MERKURJEV

1. INTRODUCTION

Informally speaking, the essential dimension of an algebraic object is the minimal
number of algebraically independent parameters one needs to define the object. To
motivate this notion, let us consider an example where the object is a quadratic
extension of a field. Let F' be a base field, K/F a field extension and L/K a
quadratic extension. Then L is generated over K by an element a with the minimal
polynomial ¢? + at + b with a,b € K, so L can be given by the two parameters a
and b. But we can do better: if both a and b are nonzero, by scaling «, we can
achieve a = b, i.e., just one parameter a is needed. Equivalently, we can say that
the quadratic extension L/K is defined over the smaller field Ky = F'(a), namely, if
Lo = Ko[t]/(t* + at + a), then L ~ Ly ®k, K, i.e., L/K is defined over the field K
of transcendence degree at most 1 over F'. We say that the essential dimension of
L/K is at most 1.

The notion of the essential dimension was defined by J. Buhler and Z. Reichstein
in [ for the class of finite Galois field extensions with a given Galois group and
later in [B2] was extended to the class of G-torsors for an arbitrary algebraic group
G. Many classical objects such as simple algebras, quadratic and hermitian forms,
algebras with involutions, etc. can be viewed as torsors under classical algebraic
groups. The only property of a class of algebraic objects needed to define the
essential dimension is that for every field extension K/F we must have a set F(K)
of isomorphism classes of objects, and for every field homomorphism K — L over
F - a change of field map F(K) — F(L). In other words, F is a functor from
the category Fieldsp of field extensions of F' to the category of sets. The essential
dimension for an arbitrary functor Fieldsp — Sets was defined in [@].

The essential dimension of a functor F (of a class of algebraic objects) is an
integer that measures the complexity of the functor F. One of the applications
of the essential dimension is as follows: Suppose we would like to check whether
a classification conjecture for the class of objects given by F holds. Usually, a
classification conjecture assumes another functor £ (a classification list) together
with a morphism of functors £ — F, and the conjecture asserts that this morphism
is surjective. Suppose we can compute the essential dimensions of £ and F, and it
turns out that ed(£) < ed(F), i.e., the functor F is “more complex” than £. This
means that no morphism between £ and F can be surjective and the classification
conjecture fails. Thus, knowing the essential dimension allows us to predict the
complexity of the structure. We have examples in quadratic form theory (Theorem
O3 and Section Bd) and in the theory of simple algebras (Corollaries A and [IX).

Typically, the problem of computing the essential dimension of a functor splits
into two problems of finding upper and lower bounds. To obtain an upper bound,
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2 A. MERKURJEV

one usually finds a classifying scheme of the smallest possible dimension. Finding
lower bounds is more complicated.

Let p be a prime integer. The essential p-dimension is the version of the essential
dimension that ignores “prime to p effects”. Usually, the essential p-dimension is
easier to compute than the ordinary essential dimension.

If the algebraic structures given by a functor F are classified (parameterized),
then the essential dimension of F can be computed by counting the number of
algebraically independent parameters. But the essential dimension can be computed
in some cases where the classification theorem is not available. The most impressive
example is the structure given by the Spin, -torsors (equivalently, nondegenerate
quadratic forms of dimension n with trivial discriminant and Clifford invariant).
The classification theorem is available for n < 14 only, but the exact value of the
essential dimension was computed for every n and this value is exponential in n.

The canonical dimension is a special case of the essential dimension. The canonical
dimension of varieties measures their incompressibility. This can be studied by
means of the theory of Chow motives.

The notion of the essential dimension of a functor can be naturally extended to
the categories fibered in groupoids. This allows us to unite the essential dimension
of schemes and algebraic groups. We study the essential dimension of special types
of the categories fibered in groupoids such as stacks and gerbes.

Essential dimension, which is defined in elementary terms, has surprising connec-
tions to many problems in algebra and algebraic geometry. Below is the list of some
areas of algebra related to the essential dimension:

e Birational algebraic geometry

e Intersection algebraic cycles

e Equivariant compressions of varieties
e Incompressible varieties

e Chow motives

e Chern classes

e Equivariant algebraic K-theory

e Galois cohomology

e Representation theory of algebraic groups
e Fibered categories, algebraic stacks
e Valuation theory

The goal of this paper is to survey some of the research on the essential dimension.
The highlights of the survey are the computations of the essential dimensions of
finite groups, groups of multiplicative type and the spinor groups. We present self-
contained proofs of these cases.

We use the following notation. The base field is always denoted by F. Write
Fiyp for a separable closure of F'. A wvariety over F' is an integral separated scheme
X of finite type over F. If K/F is a field extension, we write X for the scheme
X XSpec F Spec K.

ACKNOWLEDGEMENTS. The author thanks Alex Duncan, Nikita Karpenko, Mark
MacDonald and the referee for useful comments and suggestions.
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2. DEFINITION AND SIMPLE PROPERTIES OF THE ESSENTIAL DIMENSION

2a. Definition of the essential dimension. The essential dimension of a functor
was defined in [@. Let F be a field and write Fieldsy for the category of field
extensions of F. The objects of Fieldsp are arbitrary field extensions of F and
morphisms are field homomorphisms over F'.

Let F : Fieldsp — Sets be a functor, K/F a field extension, x € F(K) and
a : Kp — K a morphism in Fieldsp (i.e., K is a field extension of Ky over F).
We say that x is defined over Ky (or Ko is a field of definition of x) if there is an
element z¢ € F(Kp) such that F(a)(xg) = z, i.e., x belongs to the image of the map
F(a) : F(Ko) — F(K). Abusing notation, we write x = (z9)x.

We define the essential dimension of x:

ed(x) := min tr. degp(Kp),

where the minimum is taken over all fields of definition Ky of x and the essential
dimension of the functor F:

ed(F) := maxed(x),
where the maximum runs over all field extensions K/F and all x € F(K).

2b. Definition of the essential p-dimension. Let p be a prime integer. The idea
of the essential p-dimension is to “ignore field extensions of degree prime to p”. We
say that a field extension K'/K is a prime to p extension if K'/K is finite and the
degree [K' : K] is prime to p.

Let F : Fieldsp — Sets be a functor, K/F a field extension, x € F(K) and Ky
a field extension of F. We say that x is p-defined over Ky (or that Ky is a field of
p-definition of x) if there are morphisms Ky — K’ and K — K’ in Fieldsy for some
field K'/F and an element xy € F(Kp) such that K’'/K is a prime to p extension
and (zg) g = zx in F(K').

We define the essential p-dimension of x:

edp(z) := mintr. degp(Ko),
where the minimum is taken over all fields of p-definition Ky of 2 and the essential
p-dimension of the functor F:
ed,(F) := maxed,(z),
where the maximum runs over all field extensions K/F and all x € F(K).
It follows from the definition that
edy(x) := mined(zr),

where L runs over all prime to p extensions of K.

We have the inequality ed,(F) < ed(F) for every p.

The definition of the essential p-dimension formally works for p = 0 if a prime
to p = 0 field extension K'/K is defined as trivial, i.e., K’ = K. The essential
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0-dimension coincides then with the essential dimension, i.e., edo(F) = ed(F). This
allows us to study simultaneously both the essential dimension and the essential
p-dimension. We will write “p > 0”, meaning p is either a prime integer or p = 0.

2c. Simple properties and examples. Let X be a scheme over F. We can view
X as a functor from Fieldsp to Sets taking a field extension K/F to the set of
K-points X (K) := Morg(Spec K, X).

Proposition 2.1. [[@, Corollary 1.4] For any scheme X of finite type over F, we
have ed,(X) = dim(X) for all p > 0.

Proof. Let a : Spec K — X be a point of X over a field K € Fields/F with image
{z}. Every field of p-definition of « contains a subfield isomorphic to the residue
field F'(z). Moreover, « is defined over F'(x) hence ed,(a) = tr. degp F(x) = dim(x).
It follows that ed,(X) = dim(X). O

The following proposition of a straightforward consequence of the definition.

Proposition 2.2. [@, Lemma 1.11] Let F and F' be two functors from Fieldsg to
Sets. Then

edy(F x F') < edy(F) + edy(F')
for every p > 0.

Let p > 0. A morphism of functors o : F — F’ from Fieldsg to Sets is called
p-surjective if for every field K/F and every element 2z € F'(K), there is a prime to
p extension K'/K such that xxs belongs to the image of the map ag: : F(K') —
F'(K'). If p = 0, the 0-surjectivity is the usual surjectivity of F(K) — F'(K) for
all K.

Similarly, the morphism « is p-injective if for every field K/F and every two
elements x,y € F(K) such that ax(x) = ax(y), there is a prime to p extension
K'/K such that zx = yg+ in F(K'). The morphism « is p-bijective if it is p-injective
and p-surjective.

Proposition 2.3. [, Proposition 1.3] Let p > 0 and o : F — F' a morphism of
functors from Fieldsg to Sets.

(1) If v is p-surjective, then edy(F) > edy(F').

(2) If v is p-bijective, then ed,(F) = ed,(F').

Example 2.4. For an integer n > 0 and a field extension K/F, let F(K) be the
set of similarity classes of all n x n matrices over K, or, equivalently, the set of
isomorphism classes of linear operators in an n-dimensional vector space over K.
The rational canonical form shows that it suffices to give n parameters to define an
operator, so ed(F) < n. On the other hand, the coefficients of the characteristic
polynomial of an operator yield a surjective morphism of functors 7 — A%, hence
by Propositions E0 and P33, ed(F) > ed(A}) = dim(A’%) = n, therefore, ed(F) = n.

The problem of computing the essential p-dimension of a functor F very often
splits into the two problem of finding a lower and an upper bound for ed,(F), and
in some cases the bounds match.

For a field extension L/F, there is an obvious functor rp,p : Fields, — FieldsF.
We will write F, for the composition of a functor F : Fieldsp — Sets with r,/r and
call it the restriction of F to L.
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Proposition 2.5. [[@, Proposition 1.5] For any functor F : Fieldsp — Sets and a
field extension L/F, we have:

(1) edy(F) > edp(Fr) for every p > 0.

(2) If L/F is a prime to p extension, then edy(F) = ed,(Fp).

Let F : Fieldsp — Sets be a functor. A scheme X of finite type over F' is called p-
classifying for F if there is p-surjective morphism of functors X — F. A classifying
scheme is a 0-classifying scheme.

Classifying schemes are used to obtain upper bounds for the essential dimension.
Propositions 71 and 223 yield:

Corollary 2.6. Let F : Fieldsp — Sets be a functor and X a p-classifying scheme
for F. Then dim(X) > edp(F).

3. ESSENTIAL DIMENSION OF ALGEBRAIC GROUPS

3a. Torsors. We will write “algebraic group over F” for a group scheme of finite
type over F.

Let G be an algebraic group over F. A G-scheme is a scheme X of finite type
over I together with a (left) G-action on X. We write mx : G x X — X for the
action morphism.

Let E be a G-scheme and Y a G-scheme with the trivial G-action. A G-equivariant
morphism f: F — Y is called a G-torsor (or we say that F is a G-torsor overY’)
if f is faithfully flat and the morphism

(mE,pE):GXE%EXyE

is an isomorphism (here pg : G X E — E is the projection). The latter condition is
equivalent to the following: For any commutative F-algebra R and for any R-point
y € Y(R), either the fiber of the map F(R) — Y (R) over y is empty or the group
G(R) acts simply transitively on the fiber.

For every scheme Y over F', the projection G x Y — Y has a natural structure of
a G-torsor, called the trivial G-torsor over Y.

Isomorphism classes of G-torsor over X are in a bijective correspondence with the
first flat cohomology pointed set H}ppf(X, G) (see [[[d, Ch. III, §4]). If G is smooth,

this set coincides with the first étale cohomology pointed set H(X,G). If F is a
field, we write H'(F,G) for H},(Spec(F),G) = H},(Gal(Fyep/F), G(Fuep))-

Example 3.1. Let G be a finite (constant) group over F. A G-torsor over F' is of
the form Spec(L) — Spec(F'), where L is a Galois G-algebra.

Example 3.2. Let A be an “algebraic object” over F such as algebra, quadratic
form, etc. Suppose that the automorphism group G = Aut(A) has the structure
of an algebraic group, in particular, G(K) = Autg(Agk) for every field extension
K/F. We say that an object B is a twisted form of A if B is isomorphic to A over
Fyep. If £ is a G-torsor over F', then the “diagonal” action of G on E' x A descends
to a twisted form B of A. The G-torsor E can be reconstructed from B via the
isomorphism E ~ Iso(B, A).
Thus, for any G-object A over F', we have a bijection

G-torsors over F' <— Twisted forms of A

In the list of examples below we have twisted forms of the
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e Matrix algebra M, (F) with Aut (Mn(F)) = PGL,, the projective linear group,
e Algebra F"* = F X F x --- x F with Aut(F") = S,,, the symmetric group,
e Split nondegenerate quadratic form ¢, of dimension n with Aut(q,) = O, the

orthogonal group,
e Split Cayley algebra C' with Aut(C) = Ga:

PGL, -torsors <+— Central simple algebras of degree n
Sp-torsors  +— Etale algebras of degree n
O,, -torsors  +— Nonsingular quadratic forms of dimension n
Go-torsors <— Cayley-Dickson algebras

3b. Definition of the essential dimension of algebraic groups. Let G be an
algebraic group over F. Consider the functor

G-torsors : Fieldsp — Sets,

taking a field K/F to the set G-torsors(K) of isomorphism classes of G-torsors over
Spec(K). The essential p-dimension ed,(G) of G is defined in [E3] as the essential
dimension of the functor G-torsors:

edy,(G) = ed,(G-torsors).

Thus, the essential p-dimension of G measures the complexity of the class of G-
torsors over field extensions of F'.
Proposition 2 yields:

Proposition 3.3. For algebraic groups G1 and Go, we have
(G1 x Ga)-torsors ~ (G -torsors) x (Ga-torsors) and

edp(Gl X Gg) < edp(Gl) + edp(Gg)
for every p > 0.

We consider only linear algebraic group except in the last Section .

3c. Cohomological invariants. Cohomological invariants provide lower bounds
for the essential dimension (see [B3]). Let M be a Galois module over F, i.e., M is
a (discrete) abelian group equipped with a continuous action of the absolute Galois
group Gal(Fyep/F) of F. For a field extension K/F, M can be viewed as a Galois
module over K and therefore, for every d > 0, we have a degree d cohomological
functor

H : Fieldsp — AbelianGroups
K — HY(K,M).

A degree d cohomological invariant u with values in M of a functor F : Fieldsgp —
Sets is a morphism of functors v : F — H, where we view H as a functor to Sets.
An invariant u is called nontrivial if there is a field extension K/F containing an
algebraic closure of F' and an element x € F(K) such that ugx(z) # 0 in H(K).

The following statement provides a lower bound for the essential p-dimension of
a functor.
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Theorem 3.4. Let F : Fieldsp — Sets be a functor, M a torsion Galois module
over F and p > 0. If p > 0 we assume that the order of every element of M is a
power of p. If F admits a nontrivial degree d cohomological invariant with values in

M, then ed,(F) > d.

Proof. By Proposition 3, we may assume that F' is algebraically closed. Choose a
field extension K/F and an element x € F(K) such that ug(x) # 0 in H(K). It
suffices to show that ed,(x) > d. Suppose the opposite. Then there are field homo-
morphisms K — K’ and Ky — K’ over F' with K'/K a prime to p extension and
tr.degp(Ko) < d, and an element z¢ € F(Kj) such that (xo9)xs = zx/. The com-
position HY(K, M) — HY(K', M) — H*(K, M) of the restriction and corestriction
homomorphisms is multiplication by [K’ : K| and hence is an isomorphism due to the
assumption on M. It follows that u (x)xs # 0in H(K'). As ug,(zo)x = uk () k-,
we have ux, (zo) # 0 in H%(Kj). Since Ky is an extension of the algebraically closed
field F' of transcendence degree less than d, by a theorem of Serre [E3, Ch. II, §4,
Proposition 11], H(Kq) = H%(Kg, M) = 0, a contradiction. O

Example 3.5. Write p,, for the group of n-th roots of unity over a field F' such
that n is not divisible by char(F'). For a field extension K/F, we have the Kummer
isomorphism

K*/K*" 5 HY(K,u,), oK™~ (a).
It follows that (G )” is a classifying variety for (u,,)*, where Gy, := Spec F[t,t7!]
is the multiplicative group, hence ed(m,,)* < s. On the other hand, if p is a prime
divisor of n, then the cohomological degree s invariant

(a1,az,...,as) = (a1) U (ag) U--- U (as) € H*(K, py)°)
is not trivial [@, Corollary 4.9], hence ed,(p,,)® = ed(p,,)® = s.

Example 3.6. Let O,, be the orthogonal group of a nondegenerate quadratic form
of dimension n over a field F’ with char(F') # 2. For a field extension K/F, the set
H(K,O,) is bijective to the set of isomorphism classes of nondegenerate quadratic
forms of dimension n. Every such form ¢ is diagonalizable, i.e, ¢ ~ (a1, az,...,an)
with a; € K*. It follows that (Gm)n is a classifying variety for O,,, hence ed(O,,) <
n. On the other hand, the cohomological degree n invariant

<a17a27 e 7an> = (al) U (CLQ) U e U (an) € Hn(K7 Z/2Z)
is well defined and nontrivial [E8, §17], hence ed2(0,,) = ed(O,,) = n.

Example 3.7. Let p be a prime integer and F' a field containing a primitive p-th
root of unity. If p = 2 we assume that F' contains a primitive 4-th root of unity.
Write CSA,» ,(K) for the set of isomorphism classes of central simple algebras
of degree p™ and exponent dividing p over a field extension K/F. By [[3], every
algebra A in CSA» ,(K) is Brauer equivalent to the tensor product of cyclic algebras
Ci1®C®...0 Ch, each of degree p. The k-th divided power of A is

sk(A) = [Ci]U[Ci]U---U[Cy,] € H*(K, Z/pZ),

where the sum is taken over all k-tuples i1 < io < -+ < iy and [C;] € H*(K,Z/pZ).
The class si(A) is well defined by [B2]. For example, if A is the tensor prod-
uct of n cyclic algebras (a;,b;) of degree p, i = 1,...,n, over the field K =
F(ay,...,an,b1,...,b,) of rational functions, then s, (A) is nonzero in H?"(K,Z/pZ),
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i.e., s, is a nontrivial cohomological invariant of CSA pn ,,. It follows that ed, (CSA pr 7p) >
2n (cf., [B4, Example 2.8]). For better lower bounds on edp(CSA pnﬂ,) see Theorem
Q.

3d. Generically free and versal G-schemes. Let G be an algebraic group over
a field F. A G-scheme X is called generically free if there is a nonempty dense
subscheme U C X and a G-torsor U — Y with Y a variety over F'. A G-invariant
open subscheme of a generically free G-scheme is also a generically free G-scheme.

The generic fiber E — Spec F(Y) of U — Y is the G-torsor that is independent
of the choice of the open set U. We call this torsor the G-torsor associated to the
G-scheme X and write F(X) for the field F(Y).

Conversely, every G-torsor E — Spec K for a finitely generated field extension
K/F extends to a G-torsor X — Y for a variety Y over F' with FI(Y) ~ K.

By [, Exposé V, Théoréeme 8.1], a G-scheme X is generically free if and only
if there is a dense open subset U C X such that the scheme-theoretic stabilizer of
every point in U is trivial.

Remark 3.8. An action of a finite group on a variety is generically free if and only
if it is faithful.

Let X be a generically free G-scheme. A G-compression of X is a G-equivariant
dominant rational morphism X --+ X’ to a generically free G-scheme X’. Following
B3], we write ed(X, G) for the smallest integer

tr. degp (F(X')%) = dim(X’) — dim(G)

over all generically free G-varieties X’ such that there is G-compression X --» X'
A G-compression X --» X’ yields an embedding of fields F(X')¢ — F(X)%,
moreover, the G-torsor E — Spec F(X)¢ associated to X is defined over F(X')%.
The following lemma compares the number ed(X, G) with the essential dimension
of the associated torsor E as defined in Section BH.

Lemma 3.9. [@, §4] Let X be a generically free G-scheme and E — Spec (F(X)G)
the associated G-torsor. Then ed(X,G) = ed(F) and

ed(G) = maxed(X, G),
where the maximum is taken over all generically free G-schemes X.

We say that a generically free G-scheme is G-incompressible if for any G-compression
X --» X" we have dim(X) = dim(X"), or equivalently, ed(X, G) = dim(X)—dim(G).
Every generically free G-scheme admits a G-compression to a G-incompressible
scheme.

A (linear) representation V' of G is called generically free if V' is generically free
as a variety. Generically free G-representations exist: embed G into U := GL,, r for
some n as a closed subgroup. Then U is an open subset in the affine space M, (F")
on which G acts linearly with trivial stabilizers.

Following [E0], we call a G-scheme X versal if for every generically free G-scheme
X' with the field F(X')¢ infinite and every dense open G-invariant set U C X, there
is a G-equivariant rational morphism X’ --» U.

By definition, a dense open G-invariant subset of a versal G-scheme is also versal.

Proposition 3.10. [EB, §5] Every G-representation V, viewed as a G-scheme, is
versal.
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Proof. Let X be a generically free G-scheme with the field F(X)¢ infinite and U € V/
a nonempty open G-invariant subscheme. We need to prove that there is a G-
equivariant rational morphism X --» U.

Replacing X be a G-invariant dense subset, we may assume that X is a G-torsor
over a variety Y. The diagonal G-action on V x X yields a G-torsor V x X — Z
for a variety Z. The projection f:V x X — X descents to a morphism g: Z — Y.
The image Z’ of U x X in Z is a dense open subscheme.

As f is a vector bundle, so is g. The generic fiber W of g is a vector space over
the infinite field F(Y) = F(X)“. As the F(Y)-points are dense in W, there is
a vector in W that belongs to the open subset Z’. This vector yields a rational
splitting h : Y --» Z’ of g. Then the pull-back of the G-torsor U x X — Z’
under h is isomorphic to X — Y, hence h yields a G-equivariant rational morphism
X --» U x X. The composition of this morphism with the projection U x X — U
is the desired rational morphism. O

Proposition 3.11. Let X be a versal generically free G-scheme (for example, a
generically free representation of G). Then ed(X,G) = ed(G).

Proof. By Lemma B3, it suffices to show that ed(X,G) > ed(Z, G) for every gener-
ically free G-scheme Z. We may assume that ed(Z,G) > 0, i.e. the field F(Z)% is
infinite.

Let f : X --» X’ be a G-compression with X’ a generically free G-scheme and
tr.degp (F(X')%) = ed(X,G). Shrinking X and X', we may assume that f is regular
and X' is a G-torsor over some variety. As X is versal, there is a G-equivariant
morphism Z --» X. Composing with f, we get a G-compression of Z onto a
subvariety of X', hence

ed(Z,G) < dim(X') — dim(G) = tr.degy (F (X)) = ed(X, G). O

Let X be a versal generically free G-scheme. The G-torsor E — Spec F(X)¢
associated to X is called a generic G-torsor. Lemma B and Proposition B yield:

Corollary 3.12. Let E be a generic G-torsor. Then ed(E) = ed(G).
Proposition BT also gives:

Proposition 3.13. (Upper bound) For an algebraic group G, we have
ed(G) = mindim(X) — dim(G),

where the minimum is taken over all versal generically free G-varieties X. In par-
ticular, if V is a generically free representation of G, then

ed(G) < dim(V) — dim(G).

If a G-scheme X is versal and generically free, and X --+ X’ is a G-compression,
then the G-scheme X' is also versal and generically free. Every versal G-scheme
X admits a G-equivariant rational morphism V --» X for every generically free G-
representation V', and this morphism is dominant (and therefore, is a G-compression)
if X is G-incompressible, hence F(X) is a subfield of the purely transcendental
extension F'(V)/F.

We have proved:

Proposition 3.14. Fvery versal G-incompressible G-scheme X is a unirational

variety with dim(X) = ed(G) + dim(G).
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Let H be a subgroup of an algebraic group G. Then every generically free G-
representation is also a generically free H-representation. This yields:

Proposition 3.15. [@, Lemma 2.2] Let H be a subgroup of an algebraic group G.
Then

ed,(G) 4+ dim(G) > ed,(H) + dim(H)
for every p > 0.

3e. Special groups. For a scheme X over F' we let nx denote the ged deg(z) over
all closed points z € X.

Let G be an algebraic group over F. The torsion index tg of G is the least
common multiple of the numbers nx over all G-torsors X — Spec(K), as K ranges
over the field extensions of F'. Prime divisors of tg are called torsion primes for G
[Ed, Sec. 2.3].

An algebraic group G over F' is called special if for any field extension K/F,
every G-torsor over Spec K is trivial. Clearly, special group schemes have no torsion
primes. Examples of special groups are GL,,, SL,,, Sp,,,.

The last statement of the following proposition was proven in [83, Proposition
5.3] in the case when F is algebraically closed.

Proposition 3.16. [, Proposition 4.4], [E8, Proposition 4.3] Let G be an algebraic
group over F. Then

(1) A prime integer p is a torsion prime for G if and only if ed,(G) > 0.

(2) An algebraic group scheme G is special if and only if ed(G) = 0.

3f. The valuation method. Valuation theory provides lower bounds for the es-
sential dimension. Let K/F be a field extension and v a valuation on K over F| i.e.,
v is trivial on F. Let F(v) be the residue field of v, it is an extension of F. The
method is based on the inequality [0, Ch. VI, Th. 3, Cor. 1]

(3.1) tr. degp(K) > tr.degp (F(v)) + rank(v),
where rank(v) is the rank of the valuation v.

Proposition 3.17. [[¥], B3, Theorem 1.2] Let G be a finite group, F a field such
that char(F') does not divide |G|, and m > 1 an integer. If G has no nontrivial
central cyclic subgroup of order prime to m, then ed(G x p,,) = ed(G) + 1.

Proof. Recall that H'(K,u,,) = K*/K*™. Therefore, we have a surjection of
functors

(G-torsors) x Gy — (G X p,y, )-torsors.
By Proposition B3 and Example B3, ed(G x p,,,) < ed(G) + 1.

Let V be a faithful G-representation and Spec(L) — Spec(K) the associated
generic G-torsor, where L = F(V) and K = F(V)%. Note that as L/F is purely
transcendental, the fields F' and L have the same roots of unity: u(L) = u(F).

The pair o := (L((¢))/K(t)), t), where ¢ is a variable, represents a (G X p,,, )-torsor
over the Laurent power series field K ((¢)). Let Lo/Kp be a G-Galois subextension
of L((t))/K((t) over F and ty € K an element such that tr. degp(Kj) = ed(a) and
the image of ¢y in K((t))* is equal to the class of ¢t modulo K ((¢))*"™, i.e., t =tg-s™
for some s € K((t)*.

Consider the valuation v on L((t)) over L with ¢ a prime element. We have
v(tg) = 1 —mu(s). It follows that v(tp) # 0 and hence the restriction vy of v on Lo
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is a nontrivial discrete valuation (of rank 1). We can view the completions Ly and
K with respect to vg as subfields of L((t)) and K ((t)) respectively, and the extension
EO/IA(O is G-Galois.

Moreover, the ramification index of the extension K ((t))/ K is relatively prime to
m as it divides v(tg). Since the extension L((t))/K ((t)) is unramified, the ramification
index of EO / IA(O is relatively prime to m. It follows that the order of the inertia
subgroup H C G for the extension EO/KO is prime to m. By [E'.Z Ch. 1V, §2]
is normal in G and there is a G-equivariant embedding H — M(Lo) As u(Lo) C
u(L((t))) = u(F), the G-action (by conjugation) on H is trivial, hence H is a central
cyclic subgroup of G. By assumption, H is trivial, i.e., the extension Ly/Kj is
unramified. Therefore, the extension Lo/Kg of residue fields is G-Galois and it is
a subextension of L/K, i.e., L/K is defined over K. By definition of the essential
dimension, Corollary BT2 and (B),

ed(G) +1=ed(L/K)+1 < tr.degp(Ko) +1<
tr.degp(Kp) = ed(a) < ed(G X ). O

Corollary 3.18. [, Corollary 5.5] Let p be a prime integer and F' a field containing
a primitive p-th root of unity such that char(F') does not divide |G|. Assume that
the center of G is a p-group (possibly trivial). Then ed(G X Z/pZ) =ed(G)+1

Other examples of the valuation method are given in Theorem BT and in Section
[an.

3g. The fixed point method.

Theorem 3.19. [E8, Theorem 1.2] If G is connected algebraic group, A is a finite
abelian subgroup of G and char(F') does not divide |A|, then

ed(G) > rank(A) — rank CZ(A),

where C’%(A) is the connected component of the centralizer of A in G. Moreover, if
A is a p-groups, then

ed,(G) > rank(A) — rank Cg(A),

This inequality, conjectured by J.-P. Serre, generalizes previous results in [Ef]
(where char(F') is assumed to be 0 and Cg(A) to be finite) and [M@] (where A is
assumed to be a 2-group).

The proof is based on the following theorem.

Theorem 3.20. [BB, Appendix| Let A be an abelian group and let F' have primitive
root of unity of order the exponent of A. Let f : Y --» X be an A-equivariant rational
morphism of A-schemes. If Y has a smooth A-fixed F-point and X is complete then
X has an A-fized F-point.

Proof. Induction on n = dim(Y’). The case n = 0 is obvious. In general, let y € Y be
a smooth A-fixed F-point and ¢ : Y — Y the blowing-up of Y at y. The exceptional
divisor E is isomorphic to P(V) ~ P"~1 where V is the tangent space of Y at y.
As A is abelian, by the assumption on the roots of unity, A has an eigenvector in V'
and hence P(V') has an A-fixed F-point. Since X is complete, the composition fog
restricts to an A-equivariant rational morphism P(V') --+ X. By induction, X has
an A-fixed F-point. O
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The following corollary gives a necessary condition for a G-scheme to be versal.

Corollary 3.21. Let X be a complete versal G-scheme and A C G a finite abelian
subgroup such that F' has a primitive root of unity of order the exponent of A. Then
X has an A-fized F-point.

Proof. Let V be a generically free G-scheme. As X is versal, there is G-equivariant
rational morphism V --» X. The zero vector in V is an A-fixed point. By the
theorem, X has an A-fixed point. O

3h. Exceptional groups. In the table one finds the bounds for the essential p-
dimension of split semisimple algebraic groups of exceptional types. Regarding
bounds for ed,(G), p prime, we assume that the characteristic of the base field
is different from p. It is sufficient to consider the torsion primes for each group (see
Proposition B13).

[p[CG[ B [ B [ B | B | EF B
0 3 5<T | 4<65 | 4<8 | 8K 118 7<29 | 9231
2 3 5 3 3 8 < 57 7T<27 | 9<120
3 — 3 4 <21 4 3 3 5 <73
5 — — — — — — 3

We have the following lower bounds for ed,(G):

The lower bounds for ed,(G) with p > 0 in the table are valid over an arbitrary
field of characteristic different from p. The lower bound for ed(G) is the maximum
of the lower bounds for ed,(G) over all p > 0.

Case p = 2: All lower bounds are listed in [I8] or given by the Rost invariant (see
[2g]).

Case p > 2: All lower bounds follow from [E8] over an arbitrary field of charac-
teristic different from p. They all come from finite abelian elementary p-subgroups
with finite centralizer (see Theorem BTU), except for E7, p = 3. In the case E:°,
p = 3, the lower bound is given by the Rost invariant and eds(E%%) = eds(F5°).

Now consider the upper bounds for ed,(G):

Case Ga: Every Cayley-Dickson algebra can be given by 3 parameters (see [ES,
Chapter VIII]), hence ed(G2) = ed3(G2) = 3.

Case Egd, E‘%d, Es and p = 0: see [B0, Corollary 1.4] (over an algebraically closed
field of characteristic 0).

Case Fy and E§¢ and p = 0: due to MacDonald, unpublished; char(F) # 2 or 3.
It was shown in [E3, Proposition 11.7] that ed(E§¢) < ed(Fy)+1 (see also [232, 9.12]).

Case E:¢ and p = 0: In [B2], char(F') # 2 or 3.

Case p # 0:

(Fy,2), (F1,3), (Es,2), (E§,3), (Eg,5): follow from [E@, 22.10]. A finite ele-
mentary abelian subgroup H C G was found such that the morphism H-torsors —
G-torsors is surjective.

(E7,3): see 3, 9.6].

(E5¢,2): see [B3].

(Egdv?’)v (E?d’Q)’ (E872)7 (E8’3): see [EI”

It was claimed in [M9] that ed(Fy) = 5 but there were gaps in the proof.
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3i. Symmetric and alternating groups. Let F' be a field of characteristic zero.
The study of the essential dimension of the symmetric group S,, and the alternat-
ing group A,, was initiated in [[@, Theorem 6.5]. An S,,-torsor over a field extension
K/F is given by a S,-Galois K-algebra or, equivalently, a degree n étale K-algebra.
The group A, is a subgroup of S,,, hence ed(A,) < ed(S,,) by Proposition BT3.
The group S, X Z /27 (respectively, Ay, X Z/27 x 7/27) is isomorphic to a subgroup
of Sp42 (respectively, A, +4). By Corollary B3,

ed(Sp42) > ed(Sp) +1, ed(Anyq) >ed(4,)+2 if n>4.

The standard Syp-action on the product X of n copies of the projective line }P’};
commutes element-wise with the diagonal action of the automorphism group H :=
PGL; of ]P’};. The variety X is birationally S,-isomorphic to the affine space A%
with the standard linear action of S,,. By Proposition B0, the S,-variety X is
versal. If n > 5, the induced action of S, on X/H is faithful and therefore, is versal
as X/H is an S,-compression of X. Hence

ed(S,) < dim(X/H) = dim(X) —dim(H) =n — 3.

As A, contains a subgroup H ~ Z/27 x Z/2Z, hence ed(A4) > ed(H) = 2 by
Example B3 and Proposition BTH.

The lower bound ed(Ag) > 3 was obtained in [, Theorem 3.6]. By Proposition
3, we may assume that F' is algebraically closed. Suppose that ed(Ag) = 2. By
Proposition B4, there is a unirational surface X with a faithful versal Ag-action.
In view of the equivariant resolution of singularities (see [E, Theorem 2.1]) we may
assume that X is smooth projective. By a theorem of Castelnuovo, X is a rational
surface. In view of Enriques-Manin-Iskovskikh classification of minimal rational
G-surfaces (see [E3] and [BT]), X is either a conic bundle over P! or a del Pezzo
surface. The classification of minimal rational G-surfaces reduces the problem to an
Ag-action on the projective plane P2. It is then shown that the (abelian) 3-Sylow
subgroup of Ag acts on P2 without fixed points contradicting Corollary B=ZI.

The lower bound ed(A7) > 4 was proved in [ZZ] along similar lines. Suppose
ed(A7) = 3. By Proposition B4, there exists a unirational smooth projective 3-fold
X with a faithful versal A7-action. As X is unirational, it is rationally connected.
Rationally connected 3-folds with a faithful A7-action were classified in [B0, Theorem
1.5]. For each such an X one finds an abelian subgroup of A7 without fixed points
contradicting Corollary B=ZI.

We collect all the facts in the following theorem.

Theorem 3.22. All known wvalues of the essential dimension of A, and S, are
collected in the following table:

L n [1[2[3[4]5]6[7]
ed(A,) [0]|0]1|2]2|3|4
ed(Sp,) ||01]1(2]2(3|4

Moreover, we have the following inequalities:

n—8>ed(S,) > [

2
, if n is even;
51 if n =1 mod 4;

"T‘H, if n=3 mod 4.

SENIIN

n—3>ed(A,) >
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The values of the essential p-dimension for p > 0 were computed in [, Corollary
4.2

n

edp(Sy) [p}
3j. Finite groups of low essential dimension. Let G be a nontrivial finite group.
Since there is a field extension with Galois group G, the group G has nontrivial
G-torsors and hence G is not special, hence ed(G) > 1 by Proposition BI8. If
ed(G) = 1, every faithful G-representation compresses to a curve C' with a faithful
G-action. As C is unirational, by Liiroth Theorem, we may assume that C' = IP)},
hence G C Aut (IP’};) = PGLs. It turns out that the G-action on IP’}; is versal if and
only if G can be lifted to GLy (see [, Corollary 3.4]).

Theorem 3.23. [B3, Theorem 1] A nontrivial finite group G has essential dimension
1 over a field F if and only if there exists an embedding G — GLsg over F' such that
the image of G contains no scalar matrices other than the identity.

In [[7] the authors give a complete classification of finite groups of essential di-
mension 1 over an arbitrary field. Over an algebraically closed field of characteristic
zero, ed(G) = 1 if and only if G is nontrivial cyclic or odd dihedral [[2, Theorem
6.2].

Finite groups of essential dimension 2 were classified in [E0]. Suppose that ed(G) =
2 for a finite group G. By Proposition B4, there is a unirational (and hence rational)
smooth projective surface X with a faithful versal G-action. Using the Enriques-
Manin-Iskovskikh classification of minimal rational G-surfaces, for each G-action on
X it was decided in [0 whether X is versal.

Theorem 3.24. [0, Theorem 1.1] Let F' be an algebraically closed field of charac-
teristic 0 and T = (Gw)? a 2-dimensional torus. If G is a finite group of essential
dimension 2 then G is isomorphic to a subgroup of one of the following groups:

(1) GLq,

(2) PSLy(F7), the simple group of order 168,

(3) Ss, the symmetric group,

(4) T x Gy, where |GNT| is coprime to 2 and 3 and

a=((73)-(0 3)y=om

(5) T x Ga, where |GNT| is coprime to 2 and

= (3 0):(0 8)y=on

(6) T x G, where |GNT| is coprime to 3 and

o= ( (5 T)-(17)) =

(7) T x Gyg, where |GNT| is coprime to 3 and

ai={(1 5):(i o))=se

Furthermore, any finite subgroup of these groups has essential dimension < 2.
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Finite simple groups of essential dimension 3 were classified in [H]. Let G be a
finite simple group with ed(G) = 3. By Proposition B4, there exists a unirational
(and hence rationally connected) smooth projective 3-fold X with a faithful versal
G-action. Rationally connected 3-folds with a faithful action of a finite simple group
were classified in [BO, Theorem 1.5]. One can rule out most of the groups thanks to
Corollary BZ0. Unfortunately this criterion does not apply to PSLa(Fq1).

Theorem 3.25. [H] The simple groups of essential dimension 3 are Ag and possibly
PSLy(F11). The essential dimension of PSLa(F11) is either 3 or 4.

3k. Essential p-dimension over fields of characteristic p. (See [B3] and [B4].)

Let F be a field of characteristic p > 0 and G = Z/p"Z. By [@2, Ch. II, §5], for
a field extension K/F, the group H'(K,G) is isomorphic to a factor group of the
group of Witt vectors W, (K). Thus, the affine space A% is a classifying variety for
G and hence ed(G) < n.

Conjecture 3.26. Over a field of characteristic p > 0,
ed,(Z/p"Z) = ed(Z/p"Z) = n.
The conjecture holds for n = 1 and 2 by Theorem B=23.

Theorem 3.27. Let F be a field of characteristic p > 0 and |F| > p™ for some
n>0. Then ed(Z/pZ)" = 1.

Proof. By assumption, the group (Z/pZ)" can be embedded into GLg as a unipotent
subgroup of upper triangular matrices. The induced action on the projective line P!
is faithful and versal, hence ed (Z/ pZ)n <1. O

4. CANONICAL DIMENSION

4a. Definition of the canonical dimension. The notion of canonical dimen-
sion of G-schemes was introduced in [B]. In this section we define the canonical
p-dimension of a functor (see [E4, §2] and [0, §1.6]).

Let F : Fieldsp — Sets be a functor and = € F(K) for a field extension K/F. A
subfield Ky C K over F is called a detection field of x (or Ky is a detection field of
z) if F(Ko) # 0. Define the canonical dimension of x:

cdim(z) := min tr. deg(K)y),
where the minimum is taken over all detection fields Ky of x. Note that cdim(x)
depends only on F and K but not on x.
For p > 0 we define
cdimy,(x) := min cdim(z ),
where L runs over all prime to p extensions of K. We set
cdimy, (F) := max cdim, (),

where the maximum runs over all field extensions K/F and all z € F(K).
Define the functor F by
zo0y - | AKY i F(K) #0;
F(K) = { 0, otherwise.

It follows from the definitions of the canonical and the essential dimension that

~

cdimy, (F) = ed,(F),
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i.e., the canonical dimension is a special case of the essential dimension. Since there
is a natural surjection F — F, we have

cdim, (F) < edy(F)
by Proposition E=3.
A functor F : Fieldsp — Sets is called a detection functor if |F(K)| <1 for every
field extension K/F. For example, F is a detection functor for every functor F.
A class C of fields in Fieldsg closed under extensions determines the detection
functor F¢ : Fieldsp — Sets defined by

[ {K), K ec;
Fe(K) _{ f,  otherwise.

We define the essential p-dimension of the class C by
ed,(C) := edp(Fe) = cdimy,(Fe).

Every functor F : Fieldsp — Sets determines the class Cr of field extensions
K/F such that F(K) # (). The class Cr is closed under extensions. In particular,
we get mutually inverse bijections C — F¢ and F — Cr between the classes of
field extensions in Fieldsp closed under extensions and the (isomorphism classes of)
detection functors, moreover,

cdimy, (F) = ed,(Cr).

4b. Canonical p-dimension of a variety. Let X be a scheme of finite type over
F. Viewing X as a functor from Fieldsg to Sets, we have the canonical p-dimension
cdim,(X) of X defined. In other words, cdim,(X) is the essential p-dimension of
the class
Cx = {K € Fieldsp such that X(K) # 0}.
By Proposition 0, cdimy,(X) < ed,(X) = dim(X).
Recall that nx denotes the ged deg(x) over all closed points z € X.

Lemma 4.1. Let X be a variety over F' and p > 0. Then
(1) If (nx,p) =1 (this means nx =1 if p = 0), then cdim,(X) = 0.
(2) If cdimy(X) = 0 and X is geometrically irreducible, then (nx,p) = 1.

Proof. (1) By assumption, there is prime to p extension L/F such that X (L) # 0.
Let x € X(K) for a field extension K/F. By [, Lemma 6.1], there is a prime to
p extension K'/K that admits an F-homomorphism L — K'. Tt follows that L is a
detection field of -, hence cdim,(x) < tr.degp(L) = 0.

(2) Let zgen, € X(F(X)) be the generic point. By assumption, cdimy(zgen) = 0,
hence there is a prime to p extension K’'/F(X) and a subfield Ky C K’ such that
X(Kp) # 0 and tr.degp(Ko) = 0, ie., [Ko : F] < co. As X is geometrically
irreducible, X, is a variety and [Ko(X) : FI(X)] = [Ko : F]. Since Ko(X) is a
subfield of K’, the finite extensions Ky(X)/F(X) and Ky/F have degree prime to
p. The variety X has a point over Ky, hence (nx,p) = 1. O

Proposition 4.2. [E8, Corollary 4.11] Let X be a smooth complete variety over F.
Then cdimy(X) is the least dimension of the image of a morphism X' — X, where
X' is a variety over F' admitting a dominant morphism X' — X of degree prime to
p (of degree 1 if p=0). In particular, cdim(X) is the least dimension of the image
of a rational morphism X --+ X.
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Proof. Let Z C X be a closed subvariety and X’ — X, X’ — Z dominant morphisms
with the first one of degree prime to p. Replacing X’ by the closure of the graph of
the diagonal morphism X’ — X x Z we may assume that X' is complete.

Let z € X(K) for a field extension K/F, i.e., z : Spec K — X is a morphism
over F'. Write {Z} C X for the image of z. As Z is a non-singular point of X, there
is a geometric valuation v of F(X) over F with center Z and F(v) = F(Z) C K by
[M, Lemma 6.6]. We view F(X) as a subfield of F(X’). As F(X')/F(X) is a finite
extension of degree prime to p, by [, Lemma 6.4], there is an extension v’ of v on
F(X') such that F(v")/F(v) is a finite extension of degree prime to p. Since X’ is
complete, v" has center 2’ € X’. Let z be the image of 2’ in Z. As F(2') C F(v'),
the extension F'(z')/F(Z) is finite of degree prime to p.

By [@M, Lemma 6.1], there is a prime to p extension K’/K that admits an F-
homomorphism F'(z') — K’. Thus, F(z) is a subfield of K’, hence F'(z) is a detection
field of x g/, therefore,

cdimy,(z) < tr.degp F'(2) < dim(Z),

and cdim,(X) < dim(2).

Conversely, let x4e, be the generic point in X (F(X )) Choose a prime to p
extension K'/F(X) and a subfield Ky C K’ such that X (Kj) # () and tr. degp(Ky) =
cdimp(zgen). Let Z be the closure of the image of a point xy : Spec Kg — X. We
have dim(Z) < tr.degp(Kp). The compositions

Spec K’ — Spec F(X) 2% X and Spec K’ — Spec Ko 2% Z

yield a model X’ of K’ and two dominant morphisms X’ — X of degree prime to p
and X' — Z (cf. [, §6]). We have

cdimy,(X) > cdimy(2gen) = tr. degp(Kp) > dim(Z). O

We say that a scheme X over F' is p-incompressible if cdim,(X) = dim(X). A
scheme X is incompressible if it is 0-incompressible. Every p-incompressible scheme
is incompressible.

Proposition B2 then yields:

Corollary 4.3. Let X be a smooth complete variety over F. Then
(1) X is p-incompressible if and only if for any variety X' over F admitting a
surjective morphism X' — X of degree prime to p, every morphism X' — X
1s dominant.
(2) X is incompressible if and only if every rational morphism X --+ X is
dominant.

Let X and Y be varieties over F' and d = dim(X). A correspondence from X to
Y, denoted a: X ~~ Y, is an element o € CHy(X x Y') of the Chow group of classes
of algebraic cycles of dimension d on X x Y. If dim(Y) = d, we write a’: ¥ ~ X
for the image of a under the exchange isomorphism CHy(X x Y) ~ CHy(Y x X).

Let a: X ~» Y be a correspondence. Assume that Y is complete. The projection
morphism p: X XY — X is proper and hence the push-forward homomorphism

pe: CHg(X x Y) = CHy(X) = Z - [X]

is defined [E3, § 1.4]. The integer mult(a) € Z such that p,(«) = mult(a) - [X] is
called the multiplicity of . For example, if « is the the class of the closure of the
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graph of a rational morphism X --+ Y of varieties of the same dimension, then
mult(a) = 1 and mult(a?) := deg(f) the degree of f.

Proposition 4.4. [B9, Lemma 2.7] Let p be a prime integer and X a variety. Sup-
pose that for every correspondence @ X ~~ X such that mult(a) is not divisible by
p, the integer mult(al) is also not divisible by p. Then X is p-incompressible.

Proof. Let f,g: X’ — X be two morphisms such that f is dominant of degree prime
to p. Let @ € CHy(X x X), where d = dim(X), be the class of the closure of the
graph of the morphism (f,g) : X’ — X x X. Then mult(a) = deg(f) is prime to p.
By assumption, deg(g) = mult(a?) is also prime to p. In particular, deg(g) # 0 and
g is dominant. By Proposition B2, X is p-incompressible. U

4c. Chow motives. Let A be a commutative ring. Write CM(F, A) for the additive
category of Chow motives with coefficients in A over F (see [E3, §64]). If X is a
smooth complete scheme, we let M (X) denote its motive in CM(F,A). We write
A(7), i > 0, for the Tate motives. For example, the motive of the projective space
P™ is isomorphic to A@ A(1) @ --- & A(n) in CM(F,A).

Let X be a smooth complete variety over F' and M a motive in CM(F,Z). We
call M split, if it is a (finite) direct sum of Tate motives. We call X split, if its
motive M (X) is split. For example, P" is split. We call M or X geometrically split,
if it splits over a field extension of F.

By [B9, Proposition 1.5], X is split if and only the integral bilinear form (u,v) —
deg(uv) on CH(X) is unimodular and the natural homomorphism CH(X) — CH(X7,)
is an isomorphism for any field extension L/F. An isomorphism between M (X) and
a sum of Tate motives is given by a Z-basis u1, ..., u, and the dual basis vi,...,v,
of CH(X). In particular, the Chow group CH(X) is free abelian of finite rank.

Let M be a geometrically split motive. Over an extension L/F, the motive M
is isomorphic to a finite sum of Tate motives. The rank rank(M) of M is defined
as the number of the summands in this decomposition. For example, rank (M (X ))
coincides with the rank of the free abelian group CH(X,) for a splitting field L/F.

For any integer n, we write v,(n) for the value on n of the p-adic valuation. Recall

that nx is the greatest common divisor of the degrees of closed points of a variety
X.

Proposition 4.5. [, Lemma 2.21] Let M be a direct summand of the motive
of a geometrically split variety X (with coefficients A = Z/pZ). Then vy(nx) <
vp (rank(M)).

Proof. Let M = (X,7) for a projector w. Write A’ = Z/p"Z for some n and
M' = (X,7') a lift of M in CM(X,A’) with respect to the ring homomorphism
A" — A. The rank of the motive M’ coincides with m := rank(M). Let L/F be a
splitting field of the motive M’. Mutually inverse isomorphisms between M and a
direct sum of m Tate motives are given by two sequences of homogeneous elements
ai,...,an, and by, ..., by, in CH(Xy) ® A/, satisfying 77, = a1 X by + -+ + am X by
and such that for any 4,5 = 1,...,m the degree deg(a;b;) in A’ is 0 for i # j and 1
for ¢ = j. The pull-back of n’ via the diagonal morphism X — X x X is therefore a
0-cycle class on X of degree m +p"Z € A’. Tt follows that m € nxZ+ p"Z for every
n, hence vy(nx) < vp(m). O
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Corollary 4.6. Assume that for a splitting field L the rank of the group CH(Xp) is
equal to nx. If nx is a power of a prime p, then the motive M (X) with coefficients
in Z/pZ is indecomposable.

We say that X satisfies the nilpotence principle, if for any field extension L/F, the
kernel of the change of field homomorphism End(M (X)) — End(M (X)) consists
of nilpotents. Every projective homogeneous variety under an action of a semisimple
algebraic group is geometrically split and satisfies the nilpotence principle (see [I3]).

A motive M is called indecomposable if M is not isomorphic to the direct sum
of two nonzero objects in CM(F,A). A relation between indecomposability of the
motive of a variety X and p-incompressibility of X is given in the following propo-
sition.

Proposition 4.7. [B2, Lemma 2.23] If the motive M (X) with coefficients in Z/pZ
of a smooth complete geometrically split variety X satisfying the nilpotence principle
is indecomposable, then the variety X is p-incompressible.

Proof. Suppose X is not p-incompressible. By Proposition B2, there are morphisms
f,g: X" — X such that f is dominant of degree prime to p and g is not dominant.
Let o € CH4(X x X)/p, where d = dim(X), be the class of the closure of the graph
of the morphism (f,g) : X’ — X x X. Then mult(a) # 0 and mult(a’) = 0. As
X is geometrically split and satisfies the nilpotence principle, by [E2, Corollary 2.2],
a power of the correspondence « is a projector that determines a nontrivial direct
summand of M (X)), a contradiction. O

Example 4.8. (see [B] or [BH]) Let A be a central division F-algebra of degree
d+ 1 = p", where p is a prime integer. Let X = SB(A) be the Severi-Brauer
variety of right ideals in A of dimension d 4+ 1. The variety X has a point over a
field extension L/F if and only if the algebra Ay, is split. Over such an L we have
Xp ~ (P?),. It follows that nx = d + 1 and rank(CH(X7)) = d + 1. In view of
Corollary B@, X is indecomposable in CM(F,Z/pZ) and hence is p-incompressible
by Proposition EZa. In particular, cdim(X) = cdim,(X) =d = p™ — 1.

Example 4.9. Let ¢ be a nondegenerate quadratic form over F. We will consider
the following cases:

(1) dim(q) = 2m + 1,

(74) dim(q) = 2m and the discriminant of ¢ is not trivial,

(741) dim(q) = 2m and the discriminant of ¢ is trivial.

Let A be the even Clifford algebra of ¢ in the case (i), the Clifford algebra in
the case (i7) and a simple component of the even Clifford algebra in the case (ii7).
Write X for the variety of maximal totally isotropic subspaces X4, in (i) and
(74) and a connected component of X,q, in the case (i77). Assume that the value
nx is the largest possible, i.e., nxy = 2™ in (i) and (i), and ny = 2™ ! in the
case (4i7). This condition holds if A is a division algebra. By [Z3, Theorem 86.12],
we have rank(CH(Xsep)) = nx. In view of Corollary B8, X is indecomposable
in CM(F,Z/2Z) and hence is 2-incompressible by Proposition EZ4. In particular,
cdim(X) = cdima(X) = dim(X).

Remark 4.10. We give some other examples of p-incompressible projective homo-
geneous varieties.

A generalization of Example B8 (see [E2]): Let D be a central division algebra of
degree p", m an integer with 0 < m < n — 1. Then the generalized Severi-Brauer



ESSENTIAL DIMENSION: A SURVEY 21

variety SBym (D) of right ideals in D of reduced dimension p™ is p-incompressible.
The case p =2 and m = n — 1 was proved earlier in [B4] and [B8].

Let F be a field, L/F' a quadratic separable field extension and D a central division
L-algebra of degree 2" such that the norm algebra Ny ,p(D) is split. For any integer
i =0,...,n, the Weil corestriction Ry /p SB,i (D) is 2-incompressible [E1, Theorem
1.1].

Let ¢ be a non-degenerate quadratic form over F'. Let ¢ be an integer satisfying
1 <i < (dimgq)/2, Q; the Grassmannian of i-dimensional totally isotropic subspaces.
If the degree of every closed point on Q; is divisible by 2¢ and the Witt index of the
quadratic form gp(q,) equals i, then the variety ); is 2-incompressible [E0, Theorem
7]. The case of i = 1 was known before by [EH] (the proof is essentially contained in
[[OT]; the characteristic 2 case has been treated later on in [E3]). For ¢ = 2 and odd-
dimensional ¢, it has been proved in [B3]. The case of maximal i, i.e., of i = [n/2],
was also known before (see [BO, Theorem 1.1] and [[M]).

Let K/F be a separable quadratic field extension. Let h be a generic K/F-
hermitian form of an arbitrary dimension n > 0. For r = 0,1, ..., [n/2], the unitary
grassmannian of r-dimensional totally isotropic subspaces is 2-incompressible [E3,
Theorem 8.1].

4d. Strongly p-incompressible varieties. Let p be a prime integer and R =
(r1,7r2,...) asequence of non-negative integers, almost all zero. Consider the “small-
est” symmetric polynomial Qg in the variables X1, Xo,... containing the monomial

_ 2__ 3_
(Xl . 'XT1)p I(Xh-i-l s XT1+T2)p 1(XT1+T2+1 e X?“1+T2+7"3)p b

and write QQr as a polynomial on the standard symmetric functions:

QR = PR(O'l,O'Q, e )
For any smooth projective variety X of dimension |R|, we define the characteristic
number
R(X) :=degcr(—Tx) € Z,
where cp, is the characteristic class cg := Pg(c1, ¢z, ... ) and Tx is the tangent bundle
of X.

By definition, nx divides R(X), hence v,(R(X)) > v,(nx) for any R. A smooth
projective variety X is caller p-rigid, if v,(R(X)) = vp(nx) for some R.

A smooth projective variety X is called strongly p-incompressible, if for any pro-
jective variety Y with v,(ny) > vp(nx), dimY < dimX, and a multiplicity 1
correspondence X ~» Y one has dimY = dim X and there also exists a multiplicity
1 correspondence Y ~» X. In particular, any strongly p-incompressible variety is
p-incompressible.

Proposition 4.11. [B8, Theorem 7.2] Assume that char(F) # p. Then any p-rigid
variety over F is strongly p-incompressible.

Example 4.12. Let p be a prime integer and o = {ay, a2, ...,an} € K, (F)/pK,(F)
a symbol in the Milnor K-group of F' modulo p (see [[[8]). We write oy, for the image
of ain K, (L)/pK,(L) for a field extension L/F. A smooth projective variety X is
called a p-generic splitting variety of a if apxy = 0 and X has a closed point of
degree prime to p over every field extension K/F such that ax = 0. In view of [E3],
p-generic splitting varieties exist for every symbol over a field of characteristic 0 and
by [E3, Proposition 2.6], every p-generic splitting variety X of a nontrivial symbol
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with dim(X) = p"~! — 1 is p-rigid (for the sequence R with 7, 1 = 1 and 7; = 0 for
all i #n —1). It follows from Proposition B0 that X is strongly p-incompressible.

Example 4.13. Let ¢ be a nondegenerate quadratic form over a field F' and X the
projective quadric hypersurface over F' given by ¢q. The first Witt index i1(X) is the
Witt index of ¢ over the function field F'(X). It is shown in [E3] (if char(F') # 2) and
in @] (if char(F) = 2) that X is strongly 2-incompressible if and only if i;(X) = 1.

An example with hermitian quadric of dimension 2" — 1 is considered in [EY,
Theorem A].

4e. Products of Severi-Brauer varieties. Let F' be an arbitrary field, p a prime
integer and D C Bry,(F') a subgroup, where Br,(F) is the subgroup of elements of
exponent dividing p in the Brauer group Br(F') of F. We write ed,,(D) for the essen-
tial p-dimension of the class of splitting field extensions for D (i.e., field extensions
that split all elements in D) and ind(d) for the indez of d in Br(F).

The goal of this section is to prove the following theorem.

Theorem 4.14. Let p be a prime integer, F a field of characteristic different from
p and D a finite elementary p-subgroup of the Brauer group Br(F'). Then

ed(D) = ed, (D) = min Z (ind(d) — 1),
de A
where the minimum is taken over all bases A of D over Z/pZ.

Let A= {dy,...,d.} be a basis of D. For every i, A; a central division F-algebra
(of degree ind(d;)) representing d; and P; = SB(A4;) the Severi-Brauer variety of A;.
Set Py := Py x P, x --- x P.. Note that P4 depends on the choice of the basis A.

The classes of splitting fields of P4 and D coincide for every basis A. Hence

T
(4.1) edy(D) < ed(D) = cdim(Py4) < dim(P4) = > (ind(d;) — 1).
i=1

We will produce a basis A of D such that cdim,(P4) = dim(P4). The latter is
equivalent to the fact that P4 is p-incompressible.

We say that a basis A = {dy,...,d,} of D is minimal if for every i = 1,...,r and
any element d € D \ span(dy,...,d;—1), we have ind(d) > ind(d;).

Remark 4.15. One can construct a minimal basis of D by induction as follows:

Let dy be a nonzero element of D of the minimal index. If the elements dy, ..., d;_1
are already chosen for some i < r, we take for the d; an element of D of the minimal
index among the elements in D \ span(dy,...,d;—1).

Thus, it is suffices to prove the following proposition.

Proposition 4.16. Let D C Bry,(F) be a subgroup of dimensionr and A = {di,ds, . ..

a minimal basis of D. Then the variety P4 constructed above is p-incompressible.

Fix a minimal basis A of D. In view of Proposition B4 it suffices to prove the
following proposition.

Proposition 4.17. Let D C Br,(F') be a finite subgroup and A a minimal basis of
D. Then for every correspondence c: Pg ~» Py, we have

mult(a) = mult(a!) (mod p).



ESSENTIAL DIMENSION: A SURVEY 23

Let A be a central simple algebra in Bry,(F') and P := SB(A). We will study the
Grothendieck group Ko(P) (see [Ed]). In the split case, P is a projective space of
dimension deg(A) — 1, hence

KoP)= [ z¢.
0<j<deg(A)
where £ € Ky(P) is the class of the invertible sheaf O(—1). Then 1 — £ is the class
of a hyperplane and (1 — £)9°84 = 0. Consider the polynomial ring Z[z]. We have
a ring isomorphism
Ko(P) = Z[z]/((1 — z)?4),

taking £ to the class of z. On the other hand, we can embed the group Ky(P) into
Z[zx], & — ', as the subgroup generated by the monomials 7 with j < deg A.

In the general case, by a theorem of Quillen (see [B, §9]),

Ko(P)~ J] Ko(4®).
0<j<deg(A)

The image of the natural map Ko(A%7) — KO(Z®j) = Z, (where "bar” denotes
objects over a splitting field) is equal to ind(A®7)Z. The image of the injective

homomorphism Ko(P) — Ko(P) identifies Ko(P) with the subgroup generated by
ind(A®7) Z & for all j > 0. More precisely,

KoP)= [ md@A®)zdc [ z¢=KoP)
0<j<deg(A) 0<j<deg(A)

Let ind(A) = p™. For any j > 0, write:
) 0, if j is divisible by p;
i) ={ v &

n, otherwise.
Thus, ind(A%7) = p¢) and the ring Ko(P) depends only on n.
Denote by K(n) the subgroup of Z[z] generated by the monomials p°U)zi for
j > 0. Clearly, K(n) is a subring of Z[z].
There is a natural surjective ring homomorphism K(n) — Ko(P). Write h :=

1 —x. We have h9¢4 ¢ K(n). Since the image of h in Ky(P) is the class of a
hyperplane, the image of h°84 in Ky(P) is zero.

Proposition 4.18. The induced homomorphism K (n)/(hi84) — Ky(P) is an iso-
morphism.

Proof. Set m = deg A. It suffices to show that the quotient ring K(n)/(h™) is
additively generated by p¢¥)z7 with j < m. Note that the polynomial z" — (=h)™ =
2™ — (z —1)™ is a linear combination with integer coefficients of p°U)z7 with j < m:

m—1
™ —(=h)" = Z a; P
7=0
For any k > m, multiplying both sides of this equality by pelk—m) ph—m — pe(k)pk—m
we see that the polynomial p¢*) 2% modulo the ideal (h™) is a linear combination with

integer coefficients of the p@)z/ with j < k, and the proof concludes by induction
on k. O
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Corollary 4.19. Let g be a polynomial in the variable h =1 — x lying in K(n) for
some n > 0. Let bh'™1 be a monomial of g such that i is divisible by p™. Then b is
divisible by p™.

Proof. By Proposition ECI8, the factor ring K (n)/(h?) is isomorphic to Ko(P), where
P is the Severi-Brauer variety of an algebra of index p™ and degree i. Thus,
K(n)/(h?) is additively generated by p*Waz? = peU)(1 — h)/ with j < i. Only
the generator p¢~"D(1 — h)"~1 = p*(1 — h)*~! has a nonzero h*~'-coefficient and
that coefficient is divisible by p™. O

Note that we also have a canonical embedding of groups Ko(P) C K(n).

Now consider the following more general situation. Let A1, Ao, ..., A, be central
simple algebras in Br,(F'), P, = SB(4;) and P = P; x --- x P,. We will consider
the Grothendieck group Ky(P). In the split case (when all the algebras A; split),
P is the product of r projective spaces of dimensions deg(A;) — 1,...,deg(A,) — 1

respectively. Write & € Ko(P) for the pullback of the class of O(—1) on the i-th
component of the product and set

¢=g g
for a multi-index j = (ji,...,7r). We also write 0 < j < deg A for a multi-index j
such that 0 < j; < degA; foralli=1,...,r.
We have
KoP)= [ zé¥,
0<j<deg A

Then 1 — & € Ko(P) is the pull-back of the class of a hyperplane on the i-th

component. We have (1 — &;)d84: = 0,
Consider an r-tuple of variables x = (z1,...,,) and the polynomial ring Z[z].
We have

Ko(P) = Z[z]/ (h{ ™M, ... hdesAr),

where h; ;=1 — x;.
In the general case, by Quillen’s theorem,

Ko(P)~ [ Ko(A4%),
0<j<deg A

where A®7 := A?jl ®- - @AY, The image of the injective homomorphism Ky(P) —

Ky (P) identifies Ko(P) with the subgroup

Ky(P)= ][] ind4®)z¢,
0<j<deg A

of K() (P)

Suppose now that the algebras A; are division algebras representing a minimal
basis A = {dy,...,d,} of the subgroup D. Set p" := ind(d;) = deg(d;) and d’ :=
dj' - di" € Bry(F) for a multi-index j = (j1,...,Jr) > 0. Recall that by the
definition of a minimal basis, 0 < ny < ng < -+ < n, and log, ind(a’) > ny with
the largest k£ such that ji is not divisible by p.
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We introduce the following notation. Let »r > 1 and 0 < n; <ng < --- < n, be
integers. For all j = (ji1,...,7,) > 0, we define the number e(j) as follows:

e(j) = 0, ifall j1,...,J, are divisible by p;
7= ng, with the largest k such that ji is not divisible by p.
Thus, we have
log,, ind(a’) > e(j).
Let K := K(ny,...,n,) be the subgroup of the polynomial ring Z[z| in r variables

x = (x1,...,2,) generated by the monomials p¢Va7 for all j > 0. In fact, K is a
subring of Z[x]. By construction, we have canonical embeddings of groups

Ko(P) C K C Zlx].
We set h = (hq,...,hy) with h; =1 — x; € Z[z], thus, Z[z] = Z[h].
Proposition 4.20. Let f = f(h) € K be a nonzero polynomial and ch®, for a multi-

index © > 0 and ¢ € Z, a nonzero monomial of the least degree of f. Assume that
the integer ¢ is not divisible by p. Then p™ |i1,...,p"" |iy.

Proof. We proceed by induction on m =r +mny +---+n, > 1. The case m =1 is
trivial. If m > 1 and n; = 0, then for any j = (j1,...,j,), we have

e(j) = e(j"),
where j' = (j2,...,7r). It follows that
K = K(na,...,n.)[x1] = K(na,...,n)[h1].

Write f in the form
fF=> n-g

i>0
with g; = gi(ha,...,hy) € K(ng2,...,n;). Then ché2 ... hir is the monomial of the
least degree of g;;. We can apply the induction hypothesis to g;, € K(na,...,n,).
In what follows we assume that n; > 1.
Since K(ni,n2,...,n,) C K(ny — 1,ng,...,n,), by the induction hypothesis,

p™ =t dy, p™2 |ig,...,p™ |i,. It remains to show that 41 is divisible by p™!.
Consider the additive operation ¢: Z[x] — Q[z] defined by
(9) = 1 T 99
Plg) = ? 1 or1
We have
j J1
29) = 2L
p(z”) )
for any j. It follows that
(4.2) o(K)C K(np —1)[za,...,z;] = K(n1 — 1)[ha, ..., hy
and )
, 1 d(hi) [T N A
hj I . — _ 40 h]l h”--'h]r 7h]1h12"'h‘h.
¢(h') > on p r‘|‘p12 T

Since chi1 -+~ hir is a monomial of the lowest total degree of the polynomial f, it
follows that —<* hi"rhi2 ... hir is a monomial of p(f) considered as a polynomial

in h. By (£2), —C;% hi'~1 is a monomial of a polynomial from K (n; — 1). Since c is
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not divisible by p, it follows that % is an integer and by Corollary B9, this integer
is divisible by p™~!. Therefore p™ divides i;. O

Let A be a minimal basis of D and set P := P4. We write P for P over a splitting
field.

Proposition 4.21. For any j > 0, we have
Im(CH/ (P) — CH/(P)) C pCH/(P).

Proof. Each of the groups Ko(P) and K(P) is endowed with the topological fil-
tration (see [ED]). The subsequent factor groups Ko(P)U/7+Y) and Ko(P)U/7+h of
these filtrations fit into the commutative square

CH/(P) s Ko(P)W/i+h

| !

CH/(P) s Ko(P)U/i+1)

where the bottom map is an isomorphism as P is split. Therefore it suffices to show
that the image of the homomorphism Ko(P)U/i+1) — Ky(P)U/i+1) is divisible by p
for any j > 0.

The ring Ko(P) is identified with the quotient of the polynomial ring Z[h] by the
ideal generated by hilnddl, ..., hinddr - Under this identification, the element h; is
the pull-back to P of the class of a hyperplane in P; over a splitting field and the
j-th term Ko(P)) of the filtration is generated by the classes of monomials in h of
degree at least j. The group Ko(P)U/7+D is then identified with the group of all
homogeneous polynomials of degree j.

Recall that

Ko(P) C K(ny,...,n,) C Z[z],

where n; = log, (ind(dy)).

An element of Ko(P)Y) with j > 0 is a polynomial f in h of degree at least j.
The image of f in Ko(P)U/7+Y) is the j-th homogeneous part fj of f. As the degree
of f with respect to h; is less than ind d;, it follows from Proposition that all
the coefficients of f; are divisible by p. ([

Now we prove Proposition EET4. Note that any projection P; x P; — P; is a pro-
jective bundle for every i. By the Projective Bundle Theorem [23, Theorem 57.14],
the Chow group CH"(P x P) is naturally isomorphic to a direct some of several
copies of CHY(X) for some j’s and the value j = 0 appears once. By Proposition
B0, the image of the composition

f: CH"(P x P) = CH"(P x P) — (Z/pZ)?,

¢
modulo p is cyclic generated by the image of the direct summand of CH"(P x P
isomorphic to CH’(P) ~ Z. Since the image of the diagonal class under f is (1, 1),
the image of f is generated by (1, 1).

where n = dim(P), taking a correspondence e € CH" (P x P) to (mult(c), mult(a’)
X
1
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4f. A conjecture. Let A be a central division F-algebra of degree n. Write n =
q1q2 - - - ¢» where the g; are powers of distinct primes. Then A is a tensor product
A1 ®A®...®A,, where A; is a central division F-algebra of degree ¢; [2Z9, Theorem
4.4.6]. A field extension K/F splits A if and only if K splits A; for all i. In
other words, the variety SB(A) has an K-point if and only if the variety Y :=
SB(A1) x SB(A3) x --- x SB(A,) has an K-point. Hence

s
cdim (SB(A)) = cdim(Y) < dim(Y) = > (g — 1).
i=1
It was conjectured in [[38] that the inequality is actually an equality:

Conjecture 4.22. Let A = A1 ® Ay ® ... ® A, be the tensor product of central
division F-algebras of degree qi1,qs,...,q-, where g; are powers of distinct primes.
Then

.
cdim(SB(A)) = > (- 1).
i=1
This conjecture was proved in the case when r = 1, i.e., when deg(A) is power of a
prime integer (Example E8) and in the case n = 6 if char(F') = 0 (see [[¥, Theorem
1.3]). The proof uses classification of rational surfaces, especially, del Pezzo surfaces
of degree 6.

4g. Canonical p-dimension of algebraic groups. Let G be an algebraic group
over I and p > 0. The canonical p-dimension of G is the maximum of the canonical
p-dimension of all G-torsors over all field extensions of F'.

The following statements follow from Lemma E.

Lemma 4.23. Let G be an algebraic group over F' and p a prime integer. Then
(1) If cdimy,(G) # 0, then p is a torsion prime for G.
(2) If p is a torsion prime for G and G is connected, then cdim,(G) # 0.
Lemma 4.24. A connected group G is special if and only if cdim(G) = 0.
Let p be a prime integer. The canonical p-dimension of split semisimple groups
was computed in [EH] (classical groups) and [[M3] (exceptional groups).
Type A,_1: If d divides n,
. | p™—1, if pdivides d;
odinmy, (SL" /Md) - { 0, otherwise.

where p™ is the largest power of p dividing n.

Type By: 1
=R CdiHlQ SOgn_H - 471(71 * )7

2
1
cdimg Sping,, ;| = n(n;—) —2kF 41,
where k is the smallest integer such that 2% > n.

Type Cu: cdimg Sp,,, = 0,

cdimy PGSp,,, =2™ — 1,

where 2™ is the largest power of 2 dividing 2n.
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Type D,: Let 2™ be the largest power of 2 dividing n and k the smallest integer
such that 2% > n.

cdimg Spiny,, = n(nQ—l) -2k 41,
cdims SOy, = n(n2—1)’

cdimy PGO3, = n(nQ—l) +2™ -1,

cdimg Spin;n = n(nQ—l) +2m — 9k,

if n is even for the last two group.
Type Go: cdimy(G) = 3.
Type Fy: cdimg(Fy) = 3, cdimg(Fy) = 8.
Type Eg: cdimg(Eg) = 3, cdimg(EE¢) = 8, cdimz(E¢?) = 16.
Type E7: cdimg(E5¢) = 17, cdimg(E2?) = 18, cdimg(E7) = 8.
Type Eg: cdimg(Eg) = 60, cdims(Es) = 28, cdims(Eg) = 24.

Example 4.25. Let G = GL,, /p,; (we don’t assume that d divides n). The con-
necting map

HY(K,G) — H*(K,p,) = Brg(K)

for the exact sequence 1 — p; — GL, — G — 1 yields a bijection between
G-torsors(K) and the set CSA,, 4(K') of isomorphism classes of central simple alge-
bras of degree n and exponent dividing d. Note that if p a prime divisor of d, then
there is a division algebra A over a field extension of F' of degree the largest power
p™ of p dividing n and exponent dividing d. The classes of splitting fields of A and
the corresponding Severi-Brauer variety coincide. It follows from Example R that

cdimy,(GL, /py) = cdim,(CSA, 4) =p™ — 1.

The computation of the canonical dimension of an algebraic groups (for p = 0) is
a much harder problem. Conjecture 222 would imply that if n = q1g2 - - - g, where
q; are powers of distinct primes, then

cdim(PGL,) = > (g — 1).

=1

It is shown in [[¥] that cdim(PGLg) = 3 over a field of characteristic 0. This is
the only group having more than one torsion primes with the known value of the
canonical dimension.

It is proved in [B@] that cdim(Spin,, ;) = cdim(Spin,, ;) < n(n —1)/2 and
this is equality if n is a power of 2. The value of cdim(Spin,,) for all n < 16 was
determined in [BH].

5. FIBER DIMENSION THEOREM

The essential dimension of fibered categories was defined in [I].
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5a. Categories fibered in groupoids. In many examples of functors F : Fieldsp —
Sets, the sets F(K) are isomorphism classes of objects in certain categories. It
turned out that it is convenient to consider these categories which usually form
what is called the categories fibered in groupoids.

Let Schemesy be the category of schemes over F', w: X — Schemesp a functor, a
an object of X and X = w(a). We say that a is an object over X. For every scheme
X over F, all objects over X form the fiber category X (X) with the morphisms f
satisfying 7w(f) = 1x.

Let f:a — b be a morphism in X and a:= 7(f) : X — Y, so that a is an object
over X and b is over Y. We say that the morphism f is over a.

The category X equipped with a functor 7 is called a category fibered in groupoids
over F' (CFG@) if the following two conditions hold:

(1) For every morphism « : X — Y in Schemesp and every object b in X over Y,
there is an object a in & over X and a morphism a — b over a.

(2) For every pair of morphisms o : X — Y and f : Y — Z in Schemesp and
morphisms g : b — cand h : a — cin X over 8 and (3 o « respectively, there is a
unique morphism f : a — b over « such that h = go f.

It follows from the definition that the object a in (1) is uniquely determined by
b and « up to canonical isomorphism. We will write by, for a. The fiber categories
X(X) are groupoids for every X, i.e., every morphism in X'(X) is an isomorphism.

Suppose X (X) is a small category for every X, i.e., objects in X'(X) form a set.
We have a functor Fy : Fieldsp — Sets, taking a field K to the set of isomorphism
classes in F(K) := F(Spec K) and a field extension o : K — L to the map [a] — [ar],
where [a] denotes the isomorphism class of a.

Example 5.1. Every scheme X over F' can be viewed as a CFG as follows: An
object of X (as a CFQG) is a scheme Y over X, i.e., a morphism Y — X over F.
A morphism between two objects is a morphism of schemes over X. The functor
7 : X — Schemesp takes a scheme Y over X to Y and a morphism between two
schemes over X to itself. Note that the fiber groupoids X (Y') = Mor(Y, X) are sets,
i.e., every morphism in X (Y') is the identity.

Example 5.2. Let an algebraic group G act on a scheme X over F. We define the
CFG X/G as follows: An object of X/G is a diagram

E-—Y2-X,

!

where p is a G-torsor and ¢ is a G-equivariant morphism. A morphism between two
such diagrams is a morphism between the G-torsors satisfying obvious compatibility
condition. The functor 7 : X/G — Schemesp takes the diagram to Y.

If E—Y is a G-torsor, then E/G ~ Y.

If X = Spec(F'), we write BG for X/G. This is the category of G-torsors E — Y
over a scheme Y.

Example 5.3. Let K/F be a finite Galois field extension with Galois group H and
f + G — H a surjective homomorphism of finite groups with kernel N. Then G
acts on Spec(K) via f. An object of the fiber of the category X := Spec(K)/G over
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Spec(F) is a G-torsor E — Spec(F) together with an isomorphism E/N = Spec(K)
of H-torsors. By Example B, E' ~ Spec(L), where L/F is a Galois extension with
Galois group G such that LY ~ K. In other words, L/F is a solution of the
embedding problem in Galois theory given by K/F and f (see [BE0]).

All CFG’s over F form a 2-category, in which morphisms (X, 7) — (X, 7)
are functors ¢ : X — X’ such that 7’ o ¢ = 7, and 2-morphisms ¢; — @2 for
morphisms @1, p9 : (X, 7) — (X', 7’) are natural transformations ¢ : 1 — 9 such
that 7'(t,) = 1r(q) for all objects a of X'. For a scheme X over F' and a CFG X
over I, the morphisms Morcpra (X, X') have a structure of a category. By a variant
of the Yoneda Lemma, the functor

Morcrpa (X, X) — X(X),

taking a morphism f: X — X to f(lx), is an equivalence of categories.

We will use the notion of 2-fiber product in the 2-category of CFG’s over F. If
p: X — Zand ¢ : Y — Z are two morphisms of CFG’s over F' a 2-fiber product
X xz Y is a CFG over F whose objects are triples (z,y, f), where x and y are
objects of X and ) over a scheme X and f : p(z) — 9¥(y) is an isomorphism in Z
lying over the identity of X. The diagram

Xxzy 2y

ai J{w

%)

with the obvious functors o and f§ is 2-commutative (i.e. the two compositions
X xz )Y — Z are 2-isomorphic).

Let f: X — ) be a morphism of CFG’s over F'. An object of the fiber category
Y(Y) for a scheme Y determines a morphism y : Y — ) of CFG’s over F. The fiber
of f over y is defined as the 2-fiber product

X, =X xyY.

Example 5.4. Let G be an algebraic group and X a G-scheme over F'. We have a
natural morphism f : X/G — (Spec F)/G = BG. A G-torsor E — Y determines a
morphism y : Y — BG. Then the scheme Xp := (X x E)/G, the twist of X by the
torsor E, is the fiber (X/G), of f over y.

Example 5.5. Let G — H be a homomorphism of algebraic groups over F. An
H-torsor E — Y determines a morphism y : ¥ — BH. Then E/G is the fiber
(BG)y of the morphism BG — BH over y.

5b. Essential and canonical dimension of categories fibered in groupoids.
Let X be a CFG over F, x : Spec(K) — X a morphism for a field extension K/F
and Ky C K a subfield over F. We say that z is defined over Ky (or that Ky is a
field of definition of x) if there exists a morphism x : Spec(Ky) — X such that the
diagram

Spec(K) *—= X

| <

Spec(Kp)
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2-commutes. We say that x is detected over Ky (or that Ky is a detection field of
x) if there exists a morphism z¢ : Spec(Ky) — X.
Define
ed(x) := mintr.degp(Kp), cdim(z) := mintr.degp(K(),

where the minimum is taken over all fields of definition K of x, respectively, over
all detection fields K|) of x. For p > 0, we define

edy(x) :=mined(z), cdim,(x):=mincdim(zy),
where L runs over all prime to p extensions of K. We set
ed,(X) := maxedy(z), cdimy(X) := maxcdim,(z),

where the maximum runs over all field extensions K /F and morphisms z : Spec(K) —
X.

If the fiber category X(X) is small for every X, we have the functor Fy :
Fieldsp — Sets (see Section Ba). It follows from the definitions that

edy(X) = edy(Fr), cdim,(X) = cdimy,(Fyr).
Note that for an algebraic group G, we have ed,(BG) = ed,,(G) for every p > 0.

The following theorem generalizes [[, Theorem 3.2].

Theorem 5.6. (Fiber Dimension Theorem, [B0, Theorem 1.1]) Let f: X — ) be a
morphism of CF'G’s over F. Then for every p > 0,

ed,(X) < edp(Y) + maxed, (X)),
cdimy, (&) < edp(Y) + max cdim, (X)),

where the maximum is taken over all field extensions K/F and all morphisms y :
Spec(K) — Y of CFG’s over F.

Proof. We will give a proof of the first inequality. Let K/F be a field extension,
x : Spec K — X be a morphism, and set y = fox : Spec K — ). By definition
of ed,(y), there exist a prime to p extension K'/K and a subfield Ky C K’ over F
such that tr. degp(Ko) = ed,(y) together with a 2-commutative diagram

Spec K’ Spec K
i iyo
Spec K —= X ! Y.

By the universal property of 2-fiber product there exists a morphism z : Spec K/ —
Xy, such that the diagram

Spec K' —= X,, — Spec Kj

Lo,k

Spec K ———= X y

2-commutes. By the definition of ed,(z), there is a prime to p field extension K" /K’
and a subfield K1 C K" over Ky with tr.degy (K1) = edp(z) such that the above
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diagram can be completed to a 2-commutative diagram

Spec K —— Spec K1

L

Spec K' —=— X, Spec Ky
T f
Spec K X V.

Therefore, x is p-defined over K7. It follows that

edy(z) < tr.degp(K1) = tr.degp(Ko) + tr. degy, (K1) =
edy(y) + ed(2) < edy(V) + edy(Xy,). T

Theorem B8 and Examples b4 and B3 give:

Corollary 5.7. [, Corollary 3.3] Let G be an algebraic group, X a G-scheme and
E — Spec(K) a G-torsor for a field extension K/F. Then

edy(X/G) < edy(G) 4 dim(X)
for every p > 0.

Corollary 5.8. Let G — H be a homomorphism of algebraic groups over F'. Then
ed,(G) < edy(H) + maxed,(E/G)

for every p > 0, where the mazximum is taken over all field extensions K/F and all
H-torsors E — Spec K.

5c. Essential and canonical dimension of a gerbe. Let G be an algebraic group
and C' C G a smooth central subgroup. As C is commutative, the isomorphism
classes of C-torsors over a scheme X form an abelian group. The group operation
can be set up on the level of categories as a pairing

BC x BC — BC, (I,I')+— (I xx1I')/C,

where I and I’ are C-torsors over X and an element c in C acts on I x x I’ by (c,c™1),
making BC a “group object” in the category of CFG’s. We will write (t,¢') — t+¢'
for this operation and 0 for the trivial C-torsor.

We set H = G/C and let E be an H-torsor over Spec(F). Consider the fibered
category X := E//G. An object of X(X) over a scheme X is a “lift” of the H-torsor
E x X — X to a G-torsor J — X together with an isomorphism J/C & E x X.
The latter shows that J is a C-torsor over F x X.

The exactness of the sequence

HL(X.G) — Hi{(X,H) —» H4(X,C)

for a scheme X implies that X’ has an object over X if and only if the image of 6(X)
in Hgt(X, () of the class of FE is trivial. We say that X is split over a field extension
K/F if X(K) # (0. Thus, the classes of splitting fields of X and 6(X) coincide.

By [E3, §28], the group H'(K,C) acts transitively (but not simply transitively in
general) on the fibers of the map H'(K,G) — H'(K, H) for every field extension
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K/F. This can also be set up in the context of categories as follows: First, we have
the “action” functor

(5.1) BCxX— X, (t,x)—t+uz,

taking a pair of objects (I,.J), where I — X is a C-torsor and ¢ : J — X is a
G-torsor, to the G-torsor (I xx J)/C.

We also have the “subtraction” functor
(5.2) X xX—BC, (v,2))—2—2,

taking a pair of objects (J,J') over X to I := (J xpxx J')/G. We view I as a
C-torsor via the C action on the first factor J. Thus, BC' “acts simply transitively”
on X.

Note that X is split if and only if X ~ BC. As every H-torsor E — Spec(F) is
split over a field extension of F', the fibered category X can be viewed as a “twisted
form” of BC, or a “BC-torsor”.

The pairings satisfy the following properties:

(t+t)+ax~t+ (' +x)
(t+z)—a' ~t+ (x—2)
(x—2)+2 ~x
r—x~0
O+z~z
for t,¢' € BC(X) and z,2' € X(X).

Remark 5.9. Let C be a commutative group. A fibered category X equipped with
the two pairings as in (Bdl) and (B) satisfying the conditions above is known as a
gerbe banded by C. There is an element §(X) € H?(F,C) attached to X such that
X has an object over a scheme X if and only if §(X) is trivial over X. In particular,
the classes of splitting fields for X and (X)) coincide.

Let X' be gerbe banded by C' = (p,,)® (for example, X = E/G as above). Let C
denote the character group Hom(C, Gy,) of C. Taking the cup-product with 6(X)
for the pairing

C ® H*(F,C) — H*(F,Gy,) = Br(F)
we get a homomorphism 3 : C(F) — Br(F). Let D(X) be its image. Clearly, 6(X)
is split over a field extension K /F' if and only if D(X) is split over K. In particular,
(5.3) cdim, (X) = ed, (D (X)) = edy,(Im(B))
for all p > 0.
Now we connect the essential and canonical dimension of a gerbe.

Proposition 5.10. Let X be as above. Then
edy(X) < cdimy(X) + ed,(BC)
for every p > 0.

Proof. Let K/F be a field extension, z € X(K), K'/K a prime to p field extension
and a subfield Ky C K’ such that X(Kj) # 0 and cdim,(X) = tr.degp(Kp). Take
any y € X(Kpy) and set t := xx — ygr € BC(K'). Choose a prime to p field
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extension K”/K’, a subfield Ky C K" over F and a t' € BC(K;) with ¢, = tg»
and tr.degp (K1) = edp(t). Then zxn ~ th, + yrr is defined over KoK, hence

edp(z) < tr.degp(KoK1) < tr.degp(Ko) + tr.degp (K1)
= cdim,(X) + edp(t) < cdimy(X) 4+ ed,(BC). O

In the following theorem we show that the inequality is in fact the equality if
C= (up)s, where p is a prime integer, over a field I’ of characteristic different from
p. Recall that ed,(BC) = s in this case by Example B3.

Let R be a commutative F-algebra and r; € R*, ¢ = 1,...,s. Then the ring
R[zy,...,x5]/(x] —r1,..., 28 —r,) is a Galois C-algebra over R. We simply write
(r) or (r1,...,7s) for the corresponding C-torsor over Spec(R), so we view (r) as an
object of BC(R). The C-torsors (r) and (r) are isomorphic if and only if r; R*P =
riR*P for all i. Moreover, if Pic(R) = 1 (for example, when R is a local ring), then
every C-torsor over Spec(R) is isomorphic to a torsor of the form (r) with r; € R*.

Let X be a gerbe banded by C' = (u,)® over F. A choice of a basis of the

character group C identifies the group H?(F,C) with Br,(F)*. The corresponding
element § € H?(F,C) ~ Bry(F)*® can be represented by an s-tuple of central simple
algebras Aj, Ag, ..., As with [4;] € Bry(F). Let P be the product of the Severi-
Brauer varieties P; = SB(A4;). Note that X’ has an object over a field extension L/F
(i.e., X is split over L) if and only if P(L) # 0.

The following theorem was proved in [, Theorem 4.1] in the case s = 1.

Theorem 5.11. Let p be a prime integer and X a gerbe banded by C' = (u,)° over
a field F' of characteristic different from p. Then

ed,(X) = cdimp(X) + s.

Proof. In view of Proposition B and Example B3, it suffices to prove the inequality
ed,(X) > cdimy(X) + s.

Let z € X(K) for a field extension K/F. Set L := K(t1,...,ts), where t1,...,ts
are variables and 2’ := (t) + x € X(L), where (t) = (t1,...,ts) € BC(L).

Set L' /L be a prime to p field extension, let Ly C L’ be a subfield over F' and
y € X(Lo) such that y; = 2, and tr.degp(Lo) = edp(z’).

Let L; := K(t;,...,ts) and v; the discrete valuation of L; corresponding to the
variable t; for ¢ = 1,...,s. We construct a sequence of prime to p field extensions
L!/L; and discrete valuations v} of L} for i = 1,..., s by induction on i as follows:
Set Lj = L. Suppose the fields L),..., L} and the valuations v}, ...,v]_; are con-
structed. There is a valuation v; of L} with residue field L] ; extending the discrete
valuation v; of Lg with the ramification index e; and the degree [L; 41 L; 1] prime
to p.

The composition v’ of the discrete valuations v} is a valuation on L’ with residue
field K’ of degree over K prime to p. A choice of prime elements in all the L,

identifies the group of values of v/ with Z*. Moreover, for every i = 1,..., s, we have
’Ul(ti) = €;&; + Z Ai5E€ 4
7>

where the ;’s denote the standard basis elements of Z° and a;; € Z. It follows that
the elements v'(¢;) are linearly independent in Z* modulo p.
Write vg for the restriction of v’ on L.
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Claim: rank(vg) = s.

To prove the claim let Ry C Ly be the valuation ring of vg. Since X (Lg) # 0, we
have P(Lg) # 0. As P is complete, the set P(Ry) is not empty, hence the algebras
A; are split over Ry and therefore, X(Ry) # 0. Choose any object g € X(Rp).
Since Ry is local, the difference y — (z¢)r, in BC'(Lp) is isomorphic to (z) for some
zi € (Lo)*. Hence

() >y — (o) ~ 2y — (zo)rr ~ (O +21r) — (wo)pr ~ () + (2 — (20)1r)-

Note that the element x; — (2¢)r/ is in the image of BC(R') — BC(L’), where
R’ C L’ is the valuation ring of v'. Hence, we have zy — (x¢)r =~ (r) for some
r; € (R/)X.

Thus, (2)1 =~ (t)1 + (r) =~ (tr), hence there exist w; € L' such that

2 = tiriwf

and therefore, vo(z;) = v/(t;) modulo p for all i = 1,...,s. It follows that the
elements vg(z;) are linearly independent modulo p and hence generate a submodule
of rank s in Z*®. This means that rank(vg) = s, proving the claim.

Let Ky be the residue field of vg. As P(Ry) # (), one has P(Ky) # () and hence
X(Ky) # 0. Moreover, Ky C K’ and [K’ : K] is prime to p, so Ky is a detection
field of x i+ and therefore,

tr. degp(Kp) > cdimy,(x).
It follows from (B) that
ed,(X) > edy(2') = tr.degp(Lo) > tr.degp(Ko) + rank(vg) > cdimy(x) + s.
Since the above inequality holds for every K/F and =z € X(K), we have
ed,(X) > cdimy(X) + s. O

Corollary 5.12. Let F' be a field of characteristic different from p, X a gerbe banded
by C = (u,)°. Then

ed(X) = ed,(¥) = min Y _ ind(B(x)),

XEB
where the minimum is taken over all bases B ofa over 7/ pZ.

Proof. Any basis of C contains a subset that maps bijectively by 8 onto a basis of
D. Hence by Theorems 14, 511 and (B33),

ed,(X) = cdimy,(X) + s = edp(D) + s = min Z (ind(d) — 1) + s
de A

= min Z(ind(x) - 1) + 5 = min Z ind(x),

X€EB XEB

where the minima are taken over all bases A and B of D and C respectively. By
Proposition B0 and Theorems -1, BT,

ed,(X) < ed(X) < cdim(&X) + s = cdim,(X) + s = ed,(X). O
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6. LOWER BOUNDS FOR THE ESSENTIAL DIMENSION OF ALGEBRAIC GROUPS

Let G be an algebraic group, C' a central smooth subgroup of G and set H = G/C,
so we have an exact sequence:

(6.1) 1-C—-G—H—1.
Fix an H-torsor E over Spec(F') and consider the homomorphism
(6.2) BE . C — Br(F)

taking a character x : C' — Gy, to the image of the class of £ under the composition
HY(F, H) % H2(F,C) X H%(F,Gy) = Br(F),
where 0 is the connecting map for the exact sequence (BEI).

We write Rep(G) for the category of all finite dimensional representations of G
over F'. For a character y € C write Rep(X)(G) for the full subcategory of all
G-representations V such that cv = x(c)v any cin C and v € V.

If C is a diagonalizable group, then every C-space V is the direct sum of the
eigenspaces V) over all y € C [@R, §22]. Since the restriction homomorphism
FIG)% — F[C]X) is surjective, we have F[G]X) # 0 for every x. A nonzero
function in F[G]™) generates a nonzero finite dimensional G-subspace of F[G] in

Rep™(G). Tt follows that the category Rep™(G) is nontrivial for all x € C.
The following theorem was proved in [E4, Theorem 4.4, Remark 4.5].

Theorem 6.1. (Index Theorem) Let C' be a diagonalizable central smooth subgroup
of an algebraic group G, H=G/C, and x : C — Gy, a character. Then

(1) For every H-torsor E and every V in Rep™)(Q), the integer ind BZ(x) di-
vides dim(V').
(2) Let E be a generic H-torsor (over a field extension of F'). Then

ind BF (y) = ged dim(V),
where the ged is taken over all G-representations V in Rep(X)(G).

Proof. (1) The natural homomorphism G — GL(V) for a G-representation V in
Rep(X)(G) factors through a map H — PGL(V). By [EQd, Lemma 4.3|, the compo-
sition

HY(F,H) - H'(F,PGL(V)) — Br(F)
takes the class of an H-torsor E to 3 (x). It follows that ind 8 (x) divides dim (V).

(2) Let U be a faithful representation of H, X a nonempty open subset of U and
m: X — Y an H-torsor. Let E be the H-torsor associated to w. It is a generic
H-torsor over the function field L := F(Y).

Let x € C. Fix a nonzero G-representation W in Rep(X)(G). The conjugation
action of G on B := End(W) factors through an H-action. By descent (cf. [Z3, Ch.
1, §2]), there is (a unique up to canonical isomorphism) Azumaya algebra A over Y
and an H-equivariant algebra isomorphism 7*(A) ~ Bx := B x X. Let A be the
generic fiber of A; it is a central simple algebra over L with 8¥(x) = [A] for the
map 8E : C — Br(L).

Let H act on a scheme Z over F. We also view Z as a G-scheme. Write M(G, Z)
for the (abelian) category of left G-modules on Z that are coherent Oz-modules (see
[[@, §1.2]). In particular, M(G, Spec F') = Rep(G).
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Note that C acts trivially on Z. Let M®X)(G,Z) be the full subcategory of
M(G, Z) consisting of G-modules on which C acts via x. For example, M) (G, Spec F) =
Rep™(G).

We make use of the equivariant K-theory. Write Ko(G, Z) and K(SX)(G, Z) for
the Grothendieck groups of M(G, Z) and MX) (G, Z) respectively.

Every M in M(G, Z) is a direct sum of unique submodules M) of M in MX) (G, Z)
over all characters x of C. It follows that

Ko(G,2) = [[ k(G 2).
xel

The image of the map dim : Ky(A) — Z given by the dimension over L is equal
to ind(A) - dim(W) - Z. To finish the proof of the theorem it suffices to construct a
surjective homomorphism

(6.3) Ko(RepW(G)) — Ko(A)
such that the composition Ky (Rep(X) (G)) — Ko(A) oy 7,4 given by the dimension
times dim(W).

First, we have a canonical isomorphism
(6.4) Ky (Rep(X) (G)) ~ K(()X) (G,Spec F).

Recall that X an open subscheme of U. By homotopy invariance in the equivariant
K-theory @3, Cor. 4.2],

Ko(G,Spec F) ~ Ko(G,U).
It follows that

(6.5) KY(G, Spec F) ~ K$Y(G,U).
By localization [@8, Th. 2.7], the restriction homomorphism
(6.6) kX6, U) — KX(@, x).

is surjective.

Write M(l)(G,X, Bx) for the category of left G-modules M on X that are co-
herent Ox-modules and right Bx-modules such that C acts trivially on M and
the G-action on M and the conjugation G-action on Bx agree. The corresponding

Grothendieck group is denoted by K(()l) (G, X, Bx). For any object N in M®X)(G, X),
the group C' acts trivially on N ® 7 W* and B acts on the right on N @ p W*. We
have Morita equivalence

MY (@G, x) S5 MY(G, X, By)
given by N — N ®@p W* (with the inverse functor M — M ®p W). Hence
(6.7) kX6, x) ~ KM(G, X, By).

Now, as C' acts trivially on X and By, the category M) (G, X, Bx) is equivalent
to the category M(H, X, Bx) of left H-modules M on X that are coherent Ox-
modules and right Bx-modules such that the G-action on M and the conjugation
G-action on Bx agree. Hence

(6.8) K(G, X, Bx) ~ Ko(H, X, Bx).
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Recall that 7 : X — Y is an H-torsor. By descent, the category M(H, X, Bx)
is equivalent to the category M(Y, A) of coherent Oy-modules that are right A-
modules. Hence

(6.9) Ko(H,X,Bx) ~ Ko(Y, A).
The restriction to the generic point of Y gives a surjective homomorphism
(6.10) Ky(Y, A) — Kyo(A).

The homomorphism (E3) is the composition of (E4), (E3), (E1), (672), (E3), (B9)
and (B10). It takes the class of a representation V' to the class in K(A) of the generic
fiber of the vector bundle ((V @ W*) x X)/H over Y of rank dim(V) - dim(W). O

Suppose that the central subgroup CA of a group G is isomorphic to the product
of s copies of u,,. The character group C is a vector space of dimension s over Z/pZ.
For every y € C write n, for the ged of dim(V) over all V € Rep™(G). A basis B

for C is called minimal, if the sum Y ven My is the smallest possible.

XEB

Theorem 6.2. [B4, Theorem 4.1] Let p is a prime integer different from char(F)
and G an algebraic group having a central subgroup C isomorphic to (up)s. Then

ed,(G) > Z ny, — dim(G)

X€EB
for a minimal basis B of C.

Proof. Set H = G/C, so we have an exact sequence (E1). Let E — Spec(L) be a
generic H-torsor over a field extension L/F. Consider the gerbe X = E/G, over L
banded by C7.

By Proposition 3 and Corollary B4,

ed,(G) > ed,(Gp) > edp(X) — dim(E) = edp(X) — dim(G).
The H-torsor E yields a homomorphism ¥ in (62). By Corollary 512,
edp()() = min Z ind(ﬁE(X)),

XEB
where the minimum is taken over all bases B of C. By Theorem B,
ind(ﬁE(X)) = Ny. O

Corollary 6.3. Assume in addition, that for every x € 6’, there are V, in Rep(X)(G)
and a G/C-torsor E (over a field extension of F) such that ind BE(x) = dim(V,).
(By Theorem B, this condition holds if the dimension of every irreducible represen-
tation of G over F' is a power of p.) Let V be the direct sum of the spaces Vy, with
X in a minimal basis of C. Then

(1) Ve is a faithful representation of C,

(2) edp(G) > dim(V) — dim(G),

(3) Moreover, if V' is generically free, then

ed,(G) = ed(G) = dim(V) — dim(G).
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7. ESSENTIAL DIMENSION OF FINITE GROUPS

7a. Essential p-dimension. Let G be a finite group. We view G as a constant
algebraic group over a field F'. By Example B, to give a G-torsor is the same as to
give a Galois G-algebra. Thus, the essential dimension of G measures the complexity
of the class of Galois extensions with Galois group G.

Theorem 7.1. [@A, Theorem 4.1] Let p be a prime integer, G be a p-group and F
a field of characteristic different from p containing a primitive p-th root of unity.
Then

edp(G) = ed(G) = mindim(V),

where the minimum is taken over all faithful representations V' of G over F.

Proof. Let g be the order of G. By [E, Th. 24|, every irreducible representation of
G is defined over the field F(u,). Since F' contains p-th roots of unity, the degree
[F(uq) : F] is a power of p. Hence the dimension of any irreducible representation
of G over F' is a power of p.

Let C be the socle of G, i.e., the maximal elementary abelian p-group in the
center of G, and V' a G-representation in Corollary B33 such that the restriction V|¢
is faithful. It suffices to show that V is generically free. Let N be the kernel of V.
As N is normal in G and N N C = {1}, by an elementary property of p-groups, N
is trivial, i.e., V' is faithful and hence generically free since G is finite. (]

Remark 7.2. The proof of Theorem [ and Remark ET3 show how to compute
the essential dimension of G over F. For every character x € C choose a nonzero
representation V, € Rep(X)(G) of the smallest dimension. It appears as an irre-
ducible component of the smallest dimension of the induced representation Ind&(x).
We construct a basis xi,...,xs of C by induction as follows: Let x1 be a nonzero
character with the smallest dim(V,,). If the characters xi1,...,xi;—1 are already
constructed for some ¢ < s, then we take for x; a character with minimal dim(V},)
among all the characters outside of the subgroup generated by x1,...,Xx;—1. Then
V is a faithful representation of the least dimension and ed(G) = >_7_, dim(V},).

Remark 7.3. We can compute the essential p-dimension of an arbitrary finite group
G over a field F of characteristic different from p. (We don’t assume that F' contains
p-th roots of unity.) Let Gj, be a Sylow p-subgroup of G. By [, Proposition 4.10],
Proposition 23 and Theorem I, the integer ed,(G) = edp(Gp) = ed,((Gy)r,),
where F}, = F(u,), coincides with the least dimension of a faithful representation of
G, over Fj,.

Remark 7.4. Theorem [T was extended in [B9, Theorem 7.1] to the class of étale
p-group schemes having a splitting field of degree a power of p. The case of a cyclic
p-group G was considered earlier in [E4].

Corollary 7.5. [E2, Corollary 5.2] Let F' be a field as in Theorem . Then
S
ed(Z/p" L x L)pL x -+ x Lp™L) =Y [F(&m) : F].
i=1
One can derive from Theorem [ an explicit formula for the essential p-dimension
of a finite p-group G as follows: For a finite group H, we denote the intersection of
the kernels of all multiplicative characters H — F* by H'. For any i > 0, let K;
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be the intersection of the groups H’ for all subgroups H C G of index p’ and set
C; = K; N C, where C is the socle of G. Set C_1 = C. Thus, we have a sequence of
[F)-spaces

C=C_1D0CyD---DC,

with Cs = {1} for s large enough.

Theorem 7.6. [[[3, Theorem 1.2] Let p be a prime integer, G be a p-group and F
a field of characteristic different from p containing a primitive p-th root of unity. If
p =2, we assume that F' contains a primitive 4-th root of unity. Then
S
edy(G) = ed(G) =) (dim(C;_1) — dim(C}))p".
i=0
7b. Covariant dimension. Let G be a finite group. A covariant of G is a G-
equivariant morphism ¢ : V. — W, where V and W are finite-dimensional G-
representations. We say that  is faithful if G acts faithfully on the image ¢(V'). The
covariant dimension covdim(G) of G is the minimal value of dim(yp), as ¢ ranges
over all possible faithful covariants of G (see [Bl] and [BQ]).
The essential and covariant dimensions of GG are related as follows:

ed(G) < covdim(G) < ed(G) + 1.

Theorem 7.7. [B0, Theorem 3.1] The equality covdim(G) = ed(G) holds if and only
if the center of G is not trivial.

This result has since been used by A. Duncan in [EI] (see Theorem B24) as a
key ingredient in his classification of finite groups of essential dimension 2. Further
applications can be found in [B8] that generalizes the approach of [E4] in the case of a
cyclic group and gives another proof of the equality ed(G) = min dim(V') in the setup
of Theorem . The approach replaces fibered categories by the homogenization
method as follows: R

Choose a minimal basis B for C. By Index Theorem B, for any x € B there is
a G-representations V,, € Rep™) (@) such that ind 8Z(y) = dim(Vj) for a generic
G/C-torsor E. Let V be the direct sum of V, for all x € Band ¢ : V --» V a
G-compression. It suffices to show that ¢ is dominant. It is shown in [B8] that ¢ can
be chosen homogeneous with respect to the components V,. In particular, ¢ can
be thought of as a G/C-compression of the product of projective spaces P(Vy) for
X € B. Therefore, twisting this compression by the generic G/C-torsor E, we get
a compression of the product X of Severi-Brauer varieties SB(A, ), where Ay is a
central division algebra of degree dim(V},). By Proposition B8, X is incompressible,
hence ¢ is dominant.

8. ESSENTIAL DIMENSION OF GROUPS OF MULTIPLICATIVE TYPE
The essential dimension of groups of multiplicative type was considered in [Bd].

8a. Essential p-dimension. Let G be an algebraic group of multiplicative type.
Let L/F be the (finite) splitting field extension with Galois group I'. The assignment

G G = Hom(Gpr, Gm)

yields an anti-equivalence between the category of groups of multiplicative type split
by L and the category of finitely generated I'-modules (see [ER, 20.17]).
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Let p : G — GL(V) be a representation of G. By [ER, §22], over the splitting
field L of G, the L-space Vi, has a basis vy, ..., v, consisting of eigenvectors of G,
in Vi. Moreover, the basis can be chosen I'-invariant (see [B9, Lemma 2.3]). The
L-subalgebra B C Endy,(V7,) consisting of all endomorphisms b such that b(v;) € Lv;
for all 7 is canonically isomorphic to the product of n copies of L with the group
I' acting by permutations of the factors. It follows that the F-algebra A := B is
an étale algebra of dimension n. The isomorphism of B-modules B = V;, taking
a bto Y b(v;), is I-equivariant, hence it descends to an isomorphism of A-modules
A 5 V. Tt follows that the representation p is isomorphic to the composition

G 5 GLi(4) = GL(A)

for a group homomorphism 7. In particular, p factors through a quasisplit torus
GL;(A4).

Clearly, the torus GL;(A) acts generically freely on A. Therefore, if p is faithful,
then 7 is injective and therefore, G acts generically freely on A. Thus, the classes of
faithful and generically free representations of G coincide.

Note that the representation V is irreducible if and only if I acts transitively on
the basis if and only if A is a field (and therefore, a subfield of L). In particular,
dim(V') divides [L : F| = |T'|.

A representations V' of G over F' is called p-faithful if the kernel of V is a finite
group of order prime to p.

Theorem 8.1. [B9, Theorem 1.1] Let F' be a field and p an integer different from
char(F). Let G be a group of multiplicative type over F' such that the splitting group
I' of G and the factor group G/T by the mazimal subtorus T in G are p-groups.
Then

ed,(G) = ed(G) = mindim(V),
where the minimum is taken over all p-faithful representations V' of G over F.

Proof. The proof is parallel to the one of Theorem Il. First note that the dimension
of an irreducible representation V of G over F is a p-power as I' is a p-group and
dim(V') divides |I'|.

Let C be the p-cocle of G, i.e., the maximal subgroup isomorphic to (,up)s for some
s. The character T-module C is canonically isomorphism to G / (p@ +1 CAJ), where [
is the augmentation ideal in Z[I']. By Corollary B3, there exists a G-representation
V such that the restriction V| is faithful and

ed,(G) > dim(V) — dim(G).
The kernel N of the G-representation V is a normal subgroup of G with NN C =
{1}. By Lemma [B9, Lemma 2.2], N is a finite group of order prime to p, i.e.,
the G-representation V' is p-faithful. Then V is a faithful (and hence generically
free) representation of G/N, hence ed(G/N) < dim(V) — dim(G/N) by Proposition
BT3. As G is split over a p-extension of F' and G/T is a p-group, the groups
H'(K,G) and H'(K,G/N) are the p-primary torsion abelian groups for every field
extension K/F. Since the order of N is prime to p, the natural homomorphism
HY(K,G) - H'(K,G/N) is an isomorphism [Bd, Proposition 4.2]. It follows that
ed(G) = ed(G/N). Therefore,
dim(V) — dim(G) < edy(G) < ed(G) =ed(G/N) <
dim(V) — dim(G/N) = dim(V') — dim(G). O
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Theorem BT can be restated in terms of I'-modules. Recall that every represen-
tation of G factors through a quasisplit torus P, and the character I'-module of a
quasisplit torus is permutation. The representation p is p-faithful if and only if the
cokernel of f: P — G is finite of order prime to p. A homomorphism of I'-modules
A — G with A a permutation I'-module and the finite cokernel of order prime to
p is called a p-presentation of G. A p-presentation of the smallest rank is called
minimal.

Corollary 8.2. [B9, Corollary 5.1] Let f : P — G be a minimal p-presentation of
G. Then edy(G) = ed(G) = rank(Ker(f)).

Remark 8.3. We can compute the essential p-dimension of an arbitrary group G
of multiplicative type over a field F' of characteristic different from p. Let G, be the
subgroup of G containing the maximal torus 7' of G such that G,/T is a p-group
and [G : Gp] is relatively prime to p, and I', a Sylow p-subgroup of I'. Let F}, = Lt»
be the fixed field of I',,.

For any field extension K/F, every element in the kernel and cokernel of the
homomorphism

HY(K,G,) — H'(K,G)

are split over an extension of K of degree prime to p. It follows that the morphism
of functors G)-torsors — G-torsors is p-bijective. By Proposition 3 and Theorem
B,

edy(G) = edp(Gp) = edp((Gp)Fp)

is the rank of the kernel of a minimal p-presentation of (A;p (or equivalently, @)
viewed as a I',-module.

We derive an explicit formula for the essential p-dimension of a group G of mul-
tiplicative type.
The character T-module C of the p-socle C' is isomorphic to G / (pG +1 G) For

any subgroup A C I', consider the composition GA < G — C. For every k, let Vi
denote the image of the homomorphism

H G2 = C,
AcT

where the coproduct is taken over all subgroups A with [I : A] < p*. We have the
sequence of [F-subspaces

(8.1) 0=V,cVycC---CcV,=C.

Theorem 8.4. [, Theorem 4.3] We have the following explicit formula for the
essential p-dimension of a group G of multiplicative type:

r

edy(G) = > (dim(V;) — dim(Vi_1))p" — dim(G).
k=0

8b. A conjecture on the essential dimension. Let G be a group of multiplica-
tive type over F split over a finite Galois extension L/F with Galois group I'. Let

1G5 H—-S—1
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be an exact sequence of groups of multiplicative type split by L. Suppose that «
factors through a quasisplit torus. Then for any field extension K/F, the map o*
in the exact sequence

S(K) - H\(K,G) %5 HY(K, H)
is trivial as quasisplit tori are special. It follows that S is a classifying variety for G
and hence
ed(G) < dim(S) = dim(H) — dim(G).

The surjective I'-homomorphism of the character groups & : H — G factors
through a permutation I'-module. A surjective homomorphism f : A — B of I'-
modules is called a permutation representation of B if A is a lattice and f factors
through a permutation I'-module. Thus, if A — Gisa permutation representation
of G, then ed(G) < rank(A) — dim(G).

A. Ruozzi posed the following conjecture in [Ed]:

Conjecture 8.5. The essential dimension of a group G of multiplicative type is
equal to min(rank(A) — dim(G)), where the minimum is taken over all permutation

representations A — G of G.

Proposition 8.6. [§2, Theorem 14] Conjecture B3 holds for the groups G such that
the splitting group I' of G and the factor group G/T by the maximal subtorus 7" in
G are p-groups for some prime integer p.

Proof. By Theorem ETl, there is a I'-homomorphism f : P — G with P a permu-
tation I'-module and the image M of f is of index m := [@ : M] prime to p such
that ed(G) = rank(P) —rank G). There is a T-homomorphism j : G — M such that
both compositions of j with the inclusion i : M — G are multlphcatlons by m.

As |Gt0rs] = pk for some k, the multiple p* - Id of the identity of G factors as
the composition G—7Z — G of group homomorphisms, where r = rank(G / Gtors)
Since |T'| = p™ for some n, the multiple p**™ - Id factors as the composition

RN NG

of I'-module homomorphisms, where A = Z[T'].

Choose integers a and b such that am + bp**™ = 1. Then the composition
(7)
f

~ (i, bg) ~
G——MaoN —=C
is the identity, i.e., G is a direct summand of M & A".
Let A be the inverse image of G under the homomorphism
fOlgm:POA - MaoA.
The surjection A — Gisa permutation representation as it factors through P @ A"
and rank(A) — dim(G) = rank(P) — rank(M) = rank(P) — rank(G) = ed(G). O

Example 8.7. (see [62]) Let p be a prime integer different from char(F’). The group
G =Z/pZ is a group of multiplicative type split by F(§,) with cyclic Galois group
I' = () of order m dividing p — 1. The character I'-module G is cyclic of order p as
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an abelian group. Write t"* — 1 = ®,,, - ¥,;, in the polynomial ring Z[t], where ®,, is
the m-th cyclotomic polynomial. The composition

h:Z[t]) (@) L 2z % G,

where v acts on the first module by multiplication by ¢, f(t*) = 4*W,,(v) and g takes
1 to a generator of GG is a permutation representation of G. Hence

ed(Z/pZ) < rank Z[t]/(Pm) = p(m) = ¢ ([F(&) : Fl),
where ¢ is the Euler function. One can check that h is a minimal permutation
representation of G, hence Conjecture B3 asserts that ed(Z/pZ) = ¢([F (&) : F]).
This is not known for p > 11 over F = Q.

Example 8.8. Let m be a positive integer and write m = p’flpl;Q .- ~pffT, where

p1,Dp2,...,p" are distinct primes. The cyclic group G := Z/mZ is the product of
cyclic groups G; = Z/pf"Z. Let F be a field such that char(F) # p; and §,, € F
for every i. The Galois group I' of F(,,)/F' is the product of the p;-groups I'; :=
Gal (F(fp{w )/F). Let I; be the augmentation ideal in the group ring Z[I';]. Write A
for the I-submodule of the permutation T-module P := [1Z]I';] generated by []1;
and the element (1,1,...,1). We have a surjective I';-homomorphism Z[T;] — G;
taking 1 to a generator of @Z The composition

A=P-]][Gi=G
is a permutation representation of G. Hence
ed(Z/mZ) < rank(A) = Z[F(gp_ki) D JF]—r+1

(see [BR, Proposition 11] or [[]). One can check that this is a minimal permutation
representation of G, hence Conjecture B asserts that the equality holds. The
equality is also a consequence of Conjecture 22 [II2, Theorem 4.4].

9. ESSENTIAL DIMENSION OF SPINOR AND EVEN CLIFFORD GROUPS

9a. Essential dimension of spinor groups. The computation of the essential
dimension of the spinor groups was initiated in [@] (the case n > 15 and n is not
divisible by 4) and [24] (the case n < 14) and continued in ] and [[F] (the case
n > 15 and n is divisible by 4). We write Spin,, for the split spinor group of a
nondegenerate quadratic form of dimension n and maximal Witt index.

If char(F") # 2, then the essential dimension of Spin,, has the following values for
n < 14 (see [E2, §23]):

n <6|7(8|9(10(11|12|13|14
edz(Spin,)) =ed(Spin,,)) | 0 [4|5|5|4 | 5|6 |6 |7

The lower bounds for the essential dimension of Spin,, for n < 14 are obtained by
providing nontrivial cohomological invariants and the upper bounds - by construct-
ing classifying varieties. The lower and upper bounds match!

We write Spin.| for the semi-spinor group. We refer to [E] for various facts about
spinor groups, their factor groups and Clifford algebras.

Lemma 9.1. [@] If n > 15 then, over a field of characteristic 0, the following
representations are generically free:
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(1) The spin representation of Spin,, of dimension 2n=1)/2 " if n is odd,

(2) Either of the two half-spin representation of Spin,, of dimension 2(n=2)/2 "¢
n =2 (mod 4)

(3) The half-spin representation of Spin;’, of dimension 20"=2/2 ifn = 0 (mod 4)
and n > 20.

In the following theorem we give the values of ed,(Spin,,) for n > 15 and p =0
and 2. Note that ed,(Spin,) = 0 if p # 0,2 as 2 is the only torsion prime of Spin,,.

Theorem 9.2. Let F' be a field of characteristic zero. Then for every integer n > 15
we have:

o(n-1)/2 _ nln=l) if n is odd;
eds(Spin,,) = ed(Spin,,) = { 2(n=2)/2 _ @, if n =2 (mod 4);
2(n=2)/2 y gm _ =) iy = () (mod 4),

where 2™ is the largest power of 2 dividing n. Moreover,

edy(Spin) = ed(Spin;’) = 2("=2)/2 _ ”(”2_1) ifn=0 (mod 4) and n > 20.
Proof. We start with the semi-spinor group Spin;” when n = 0 (mod 4) and n > 20
(see [@, Remark 3.10]). Let C be the center of Spin,’. The factor group H =
Spin,t /C is the special projective orthogonal group. An H-torsor E over a field
extension K/F determines a central simple algebra A with an orthogonal involution
o. The image of the map 8 : C — Br(K) is equal to {0,[CT]}, where Ct is a
simple components of the Clifford algebra C(A, ¢). By [E4], there is a field extension
K/F and an H-torsor (A,o) over K such that ind(Ct) = 2("=2/2 ie., C*(q) is
a division algebra. The dimension of the semi-spinor representation V of G is also
equal to 2(n—2)/2, By Lemma B, V' is generically free. It follows from Corollary B3
that

eds(Spint) = ed(Spin;t) = dim(V) — dim(Spin;}) = 2"=2/2 _ w

Let C' be the 2-socle of the center Z(G) of the group G := Spin,. Suppose
first that n is odd. The group C is equal to Z(G) and is isomorphic to py. The
factor group H = G/C is the special orthogonal group. An H-torsor E over a field
extension K /F is a nondegenerate quadratic form ¢ of dimension n. The image of
the map 8% : C — Br(K) is equal to {0, [Co(q)]}, where Cy(q) is the even Clifford
algebra of ¢. By [E1], there is a field extension K/F and an H-torsor q over K such
that ind(Co(q)) =20=D/2 je. Cy(q) is a division algebra. On the other hand, the
dimension of the spinor representation V of G is also equal to 2("~1/2, By Lemma
B, V is generically free. It follows from Corollary B3 that
n(n —1)

5

Now suppose that n = 2 (mod 4). The group C is isomorphic to p, (while
Z(G) ~ pmy). As in the previous case, the factor group H = G/C is the special
orthogonal group and an H-torsor E over a field extension K/F is a nondegenerate
quadratic form ¢ of dimension n. The image of the map BF : C — Br(K) is equal
to {0,[C(q)]}, where C(q) is the Clifford algebra of q. As the center of the even
Clifford algebra Cy(q) is split, we have Cy(q) ~ CT(q) x C~(q) with central simple

eda(G) = ed(G) = dim(V) — dim(G) = o(n=1)/2 _
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K-algebras C*(q) and C~(q) Brauer equivalent to C(q). The degree of C*(q) is
equal to 2("~2)/2_ By [E4), there is a field extension K/F and an H-torsor q over K
such that ind(C*) = 2(n=2)/2 "je.. C*(q) are division algebras. The dimension of

every semi-spinor representation V of G is also equal to 2(n=2)/2, By Lemma B, V
is generically free. It follows from Corollary B33 that

n(n—1)
—

Finally suppose that n = 0 (mod 4). The group C = Z(G) is isomorphic to
Mo X po. The factor group H = G/C is the special projective orthogonal group.
An H-torsor E over a field extension K/F determines a central simple algebra A

edy(G) = ed(G) = dim(V) — dim(G) = 9(n—=2)/2 _

with an orthogonal involution o. The image of the map ¥ : C - Br(K) is equal
to {0,[A],[CT],[C~]}, where CT and C~ are simple components of the Clifford
algebra C(A, o). By [E1], there is a field extension K/F and an H-torsor (A, o) over
K such that ind(C*t) = ind(C~) = 2("=2/2 and ind(A) = 2™, the largest power of
2 dividing n. The image of a minimal basis of C is equal to {[4],[CT]}. It follows
from Theorem B3 that
n(n —1)
—

In order to prove the opposite inequality apply Corollary B3R to the group homo-
morphism G — Spin;':

ed(G) < ed(Spin,h) + maxed(E/G),

n

edy(Spin,,) > ind(CF) + ind(A) — dim(H) = 2=2)/2 4 gm _

where the maximum is taken over all Spin; -torsors F over all field extensions K/F'.
The image of the class of E under the map H'(K,Spin;) — H%(K, usy) = Bra(K) is
the class of the algebra A, hence by Theorem EI4 and Proposition B0, ed(E/G) <
ind(Ag). As ind(Af) is a power of 2 dividing n, we have ind(Ag) < 2™, where 2™
is the largest power of 2 dividing n. The computation of the essential dimension of
Spin,’ in the first part of the proof yields the inequality

ed(G) < 2(m=2/2 4 gm _ w
for n > 20.

It remains to consider the case n = 16. Let V be the sum of the semi-spinor
representation of Spin;q and the natural representation of the special orthogonal
group Ofﬁ, which we view as a Spin g-representation via the projection Spin;gz —
Ofs. Then V is a generically free representation of Spin;4 (see [@, Theorem 3.3]).
By Proposition B3,

ed(Spin;g) < dim(V) — dim(Spin;g) = 24. O

9b. Essential dimension of the even Clifford group. Let F be a field of char-
acteristic different from 2 and K/F a field extension. We define:

Set of isomorphism classes of nondegenerate

1 o
I(K) = quadratic forms over K of dimension n

There is a natural bijection I!(K) ~ H'(K,O,) (see [E3, §29.E]).
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Recall that the discriminant disc(q) of a form ¢ € I} (K) is equal to
(=1)*=1/2 det(q) € K*/K*2. Set

I2(K):={q€ I}(K) suchthat disc(q) = 1}.
There is a natural bijection I2(K) ~ H'(K,O;) (see [E8, §29.E]).
The Clifford invariant ¢(q) of a form ¢ € I2(K) is the class in the Brauer group

Br(K) of the Clifford algebra of ¢ if n is even and the class of the even Clifford
algebra if n is odd [ER, §8.B]. Define

I3(K):={q e I’(K) suchthat ¢(q)=0}.

Remark 9.3. Our notation of the functors I¥ for k = 1,2,3 is explained by the
following property: I¥(K) consists of all classes of quadratic forms ¢ € W(K) of
dimension n such that ¢ € I(K)¥ if n is even and ¢ L (—1) € I(K)* if n is odd,
where I(K) is the fundamental ideal of classes of even dimensional forms in the Witt
ring W(K) of K.

Let T} be the split even Clifford group (see [E8, §23]). We have T, -torsors ~ I3,
hence ed,(T';)}) = ed,(I3) |3, §3].
The functor I3 is related to Spin,,-torsors as follows: The short exact sequence

1 — py — Spin,, — O} — 1
yields an exact sequence
(9.1) K*/K*? = HY(K, py) — H'(K,Spin,)) - H'(K,0,) 5 H*(K, u,),

where c is the Clifford invariant. Thus Ker(c) = I3 (K).

The essential dimension of I} and I? was computed in [82, Theorems 10.3 and
10.4]: we have ed(I!) = n and ed(I2) = n — 1. The Fiber Dimension Theorem EB
applied to (EI) and Proposition 23 give the inequalities

edy(I;) < edy(Spin,) < edy(I) + 1

for every p > 0, thus either ed,(I3) = ed,(Spin,,) or ed,(I}) = ed,(Spin,,) — 1.

It turns out that in order to decide which equality occurs, one needs to study the
following problem in quadratic form theory. Note that this problem is stated entirely
in terms of quadratic forms, while in its solution we use the essential dimension. We
don’t know how to solve the problem by means of quadratic form theory.

Problem 9.4. For a field F, determine all pairs of integers (a,n) such that 0 <

a < n and every form in I3(K) contains a nontrivial subform in I2(K) for every
field extension K/F.

All forms in I3 (K) for n < 14 are classified (see |24, Example 17.8, Theorems 17.13
and 21.3]). Inspection shows that for such n the problem has positive solution.
In general, for non-negative integers a, b and a field extension K/F set

Lo y(K) = {(qa, @) € Io(K) x Ij(K) such that qo L g € [;(K)}.

We have a morphism of functors I 5’,1) — I3 taking a pair (¢4, q) to ¢o L qp. It turns
out that in the range n > 15 (with possibly two exceptions) we have the inequality
ed(I3,) < ed(I2), thus, the morphism of functors is not surjective and hence the
probfem has negative solution.
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Theorem 9.5. [[3, Theorem 4.2] Let F be a field of characteristic 0, n > 15 and a
an even integer with 0 < a < n. Then there is a field extension K/F and a form in
I3(K) that does not contain a nontrivial subform in I2(K) (with possible exceptions:

(n,a) = (15,8) or (16,8)).

Theorem 9.6. [[@, Theorem 7.1] Let F be a field of characteristic 0. Then for
every integer n > 15 and p = 0 or 2 we have:

o(n=1)/2 _ 1 _ LHQ_I), if n is odd;
edy(Th) = edy(Iy) = § 207-2)/2 - @, if n =2 (mod 4);
2(”_2)/2—1—2"”—1—”("T_l)7 if n =0 (mod 4),
where 2™ is the largest power of 2 dividing n.

If char(F) # 2, then the essential dimension of I3 has the following values for
n < 14:

n <6[7[8]9]10][11[12]13] 14
edo(I) =ed(I3)] 0 |[3]4[4]4[5][6]6]7T

Note that ed(Ij5) = 22. A jump of the value of ed(Spin,) when n > 14 is
probably related to the fact that there is no simple classification of quadratic forms
in I3 of dimension greater than 14.

9c. Pfister numbers. Consider the following application in the algebraic theory
of quadratic forms over a field F' of characteristic different from 2 (see [@, §4]).

Recall that the quadratic form ap(1l,a1) ® (1,a2) ® -+ ® (1, ay,) with a; € F*
is called a general m-fold Pfister form over F. FEvery form ¢ in the m-th power
I'"™(F) of the fundamental ideal in the Witt ring of F' is the sum of several m-fold
Pfister form. The m-Pfister number of ¢ is the smallest number of m-fold Pfister
forms appearing in a such sum. The Pfister number Pf,,(n) is the supremum of the
m-Pfister number of ¢, taken over all field extensions K/F and all n-dimensional
forms ¢ € I"™(K).

One can easily check that Pfi(n) = n/2 and Pfy(n) = n/2 — 1, i.e., these values
of the Pfister numbers are linear in n. The exponential lower bound for the essential
dimension of the spinor groups implies that the value Pf3(n) is at least exponential
in n. It is not known whether Pf,,(n) is finite for m > 4.

10. ESSENTIAL DIMENSION OF SIMPLE ALGEBRAS

Let CSA, be the functor taking a field extension K/F to the set of isomor-
phism classes CSA,(K) of central simple K-algebras of degree n. By Example B3,
the functors CSA, and G-torsors for G = PGL, are isomorphic, in particular,
ed,(CSA,,) = ed,(PGL,,) for every p > 0.

Let p be a prime integer and p” the highest power of p dividing n. Then edp(CSA n) =
edp( CSApr) [BO, Lemma 8.5.5]. Every central simple algebra of degree p is cyclic
over a finite field extension of degree prime to p, hence edp(CSAp) = 2 [B3, Lemma
8.5.7].

10a. Upper bounds. Let G be an adjoint semisimple group over F'. The adjoint
action of G on the sum of two copies of the Lie algebra of G is generically free, hence
by Proposition B3, ed(G) < dim(G) (see [E3, §4]). It follows that ed(CSA,) =
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ed(PGL,) < n? — 1. This bound was improved in [E8, Proposition 1.6] and [&3,
Theorem 1.1]:

n?—3n+1, ifn>4;
< >
ed(C5A) < { W, if n > 5 is odd.

If p is a prime integer then ed,(CSA,) = ed,(CSA,"), where p" is the largest
power of p dividing n. Upper bounds for ed,(CSA,) with p > 0 were obtained in
[A], [@] and then improved in [BY]. Let N be the normalizer of a maximal torus T
of a semisimple group G. For any field extension K/F, the natural map

(10.1) N-torsors(K) — G-torsors(K)

is surjective by [@3, 111.4.3, Lemma 6]. It follows that ed,(G) < ed, (V) for any p > 0.
If G = PGL,", we have N = T x S,r, where T is the factor torus of (Gy,)?" modulo
Gy, embedded diagonally. Then N-torsors(K) is the set of isomorphism classes of
pairs (A, L), where A is a central simple K-algebra of degree p” and L C A is an
étale K-algebra of dimension p”. The map () takes a pair (A, L) to A.

Structure theorems on maximal étale subalgebras of simple algebras allow us to
replace the symmetric group Sy~ by a subgroup.

Lemma 10.1. [B8, Corollary 3.3] Let A be a central division algebra over a field F
of degree p" > p. Then there is a finite extension K/F of degree prime to p such
that the K-algebra Ap contains a mazximal subfield of the form Ly Qp Lo with Ly
and Ly of degree p and p"~' over K respectively.

Using the lemma one can replace the group Spr by the subgroup Sy, x S,-—1, hence
edyp(CSAp) < edp(T % (Sp X Syr-1)). It turns out that there is generically free
representation of the semidirect product of dimension p*" =2 + p’.

Theorem 10.2. [ES, Theorem 1.2] For every r > 2, we have
ed,(CSA ) <p* 2 + 1.

10b. Lower bounds. In order to get a lower bound for ed,, (CSA pr) one can use the
valuation method. Using valuations we “degenerate” the group PGL,- to a torus
as follows:

Let F be a field and p a prime integer different from char(F'). Over a field exten-
sion L/F containing a primitive p-th root of unity, let L' = L(a}/p, aé/p, e a,lﬂ/p)
for some a; € L™ and choose a central simple L-algebra A of degree p” that is split
by L'. Over the rational function field L(t) := L(t1,ta,...t,), the algebra

B:= Ay @ (a1,t1) @ (az,t2) @ - -+ @ (ar, ),

where (a;, t;) are cyclic algebras of degree p, is split by L'(¢), hence there is a central
simple algebra D of degree p" over L(t) Brauer equivalent to B.

Consider the functor F : Fields;, — Sets that takes a field extension K/L to the
factor group of the relative Brauer group Br(L' ®; K/K) modulo the subgroup of
decomposable elements of the form (a;,b1) ® -+ ® (a,, b,) with b; € K*. We can
view the algebra A as an element of F (L), denoted A. Using the theory of simple
algebras over discrete valued fields, one obtains the key inequality

edy,(CSA,r) > edy(D) > edy(A) + 7.
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Note that the values of F are abelian groups, moreover, there is a torus T over L

such that F ~ T-torsors. For a generic choice of A one has ed,(A) = ed,(T"). This
value can be computed using Theorem 4.

Theorem 10.3. [[[2, Theorem 6.1] Let F' be a field and p a prime integer different
from char(F'). Then
ed,(CSA,) > (r—1)p" + 1.

Combining with the upper bound in Theorem IIA we get the following corollaries.

Corollary 10.4. [, Theorem 1.1] Let F' be a field and p a prime integer different
from char(F). Then ed,(CSA,2) =p*+1.

Note that M. Rost proved earlier that ed(CSA 4) = 5.

Corollary 10.5. [B8] Let F be a field of characteristic different from 2. Then
edQ(CSAg) = 17.

For every integers n,m > 1, any field extension K/F, let CSA,, ,,(K) denote the
set of isomorphism classes of central simple K-algebras of degree n and exponent
dividing m. Equivalently, CSA,, ,(K) is the subset of the m-torsion part Br,,(K)
of the Brauer group of K consisting of all elements a such that ind(a) divides n. In
particular, CSA,, ,,(K) = CSA,(K). We view CSA,, », as a functor Fieldsp — Sets.

Note that CSA,, n, ~ (GLy, /u,,)-torsors.

We give upper and lower bounds for ed,(CSA,, ;) for a prime integer p different
from char(F"). Let p” (respectively, p®) be the largest power of p dividing n (respec-
tively, m). Then ed,(CSA,, n) = ed,(CSA,r ps) and (see [@, Section 6]). Thus, we
may assume that n and m are the p-powers p” and p® respectively with s < r.

Every central simple algebra of degree 4 and exponent 2 is the tensor product
(a1,b1) ® (az2,b2) of two quaternion algebras. It follows from Example B2 that
ed(C5A4,2) = edQ(CSA4’2) =4.

Theorem 10.6. [@, Theorem 6.1] Let F' be a field and p a prime integer different
from char(F). Then, for any integers r > 2 and s with 1 < s <r,

(r —1)2r—1 ifp=2ands=1,

2r—2 r—S
+ > ed,(CSAyr ps) >
D D > edy( ».p°) {(r —1)p"+p"° otherwise.

Corollary 10.7. Let p be an odd prime integer and F a field of characteristic
different from p. Then
ed,(CSA 2 ) = P> +p.

The corollary recovers a result in [B7] that for p odd, there exists a central simple
algebra of degree p? and exponent p over a field F which is not decomposable as a
tensor product of two algebras of degree p over any finite extension of F' of degree
prime to p. Indeed, if every central simple algebra of degree p? and exponent p were

decomposable, then the essential p-dimension of CSA 2 , would be at most 4.
Corollary 10.8. Let F be a field of characteristic different from 2. Then

edQ(CSA&Q) = ed(CSA&Q) = 8.

The corollary recovers a result in [[] that there is a central simple algebra of degree
8 and exponent 2 over a field F' which is not decomposable as a tensor product of



ESSENTIAL DIMENSION: A SURVEY 51

three quaternion algebras over any finite extension of F' of odd degree. Indeed, if
every central simple algebra of degree 8 and exponent 2 were decomposable, then
the essential 2-dimension of CSAg 2 would be at most 6.

In the case p = 2 one can get a better upper bound.

Theorem 10.9. [B, Theorem 1.1] Let F' be a field of characteristic different from 2.
Then, for any integer n > 3,
ed,(CSAgn o) < 22774 4 on=1,
Corollary 10.10. Let F be a field of characteristic different from 2. Then
eda(CSA16,2) = 24.

Some bounds for the essential p-dimension in characteristic p were obtained in [B]
and [3].

10c. Essential dimension of split simple groups of type A. A split simple
group of type A,_; is isomorphic to SL,, /u,, for a divisor m of n. The exact
sequence

1—SL, /u,, = GL, /u,, = G, — 1

allows us to compare the essential dimension of SL,, /u,,, and GL,, /.,

Theorem 10.11. [, Theorem 1.1] Let n be a natural number, m a divisor of n
and p a prime integer. Let p" and p® be the largest powers of p dividing n and m
respectively. Then over a field of characteristic not p,
0, if s =0;
edp(SLy, /) = edp(CSApr ), if s=r;
edp(CSApgps +1, if 0<s<r.

11. ESSENTIAL DIMENSION OF OTHER FUNCTORS

11a. Essential dimension of forms and hypersurfaces. Define the functors
taking a field extension K/F to the set of isomorphism classes Forms,, 4(K) of
forms (homogeneous polynomials) in n variables of degree d and to the factor set
Hypersurf,, 4(K) = Forms,, 4(K)/K* by the natural scalar action of the multiplica-
tive group, viewed as the set of isomorphism classes of hypersurfaces in IP’”K_l of
degree d.

Theorem 11.1. [B3, Theorem 1.1] Let F' be a field of characteristic 0. Assume that
n > 2 and d > 3 are integers and (n,d) # (2,3),(2,4) or (3,3). Then

(1) ed(Formsn’d) = (”+j_1) —n®+ cdim(CSAn,d) + 1.

(2) ed(Hypersurf,, ;) = (n+2171) —n?+ cdim(CSA,, 4).

The values of ed(Forms n, d) and ed(Hypersurfm d) for n,d > 1 not covered by
Theorem T are summarized in the following table.

’ n ‘ d H ed(Forms,, 4) ‘ ed(Hypersurfm i) ‘
arbitrary | 1 0 0
1 >2 1 0
arbitrary | 2 n n—1
2 3 2 1
3 4 3 2
4 3 4 3
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Write ged(n,d) = qige - - - ¢, where the ¢; are powers of distinct primes p;. Let
pfi be the largest power of p; dividing n. Conjecture B222 would imply that
t
Cdim(CSAm d) = Z(pf’ —1).
i=1
11b. Essential dimension of abelian varieties.

Theorem 11.2. [B, Theorem 1.2], [0, Theorem 1.2] Let A be an abelian variety of
dimension g > 0 over a field F. Then

(1) If F is algebraically closed of characteristic 0, then ed(A) = 2g;

(2) If F is a number field, then ed(A) = oo.

11c. Essential dimension of moduli of curves. The essential dimension of
fibered categories (stacks) technique (see Section B) is used in the proof of the fol-
lowing theorem.

Theorem 11.3. [IM] Let Mg, be the stack of n-pointed smooth algebraic curves of
genus g over a field of characteristic 0. Then

2, if (g,n) = (0,0) or (1,1);

Oa Zf (gan) - (07 1) or (072);
ed(Mg,n) = 0, Zf (gan) = (170)

5, if (9,m) = (2,0)

39 —3+n, otherwise

11d. Essential dimension of some subfunctors. In this section we consider
certain subfunctors of Y for an algebraic variety Y over F. More specifically, let
f: X = Y be a dominant morphism of varieties over F. We consider the functor
Iy : Fieldsp — Sets defined by

Tp(K) = Im(X (K) 2% Y(K)) € Y(K)

for a field extension K/F. Thus, Zy is a subfunctor of Y.

Theorem 11.4. Let f : X — Y be a dominant morphism of varieties over a field
F and X' the generic fiber of f. Then

dim(Y) + edimy(X') < edp(Zy) < ed(Zy) < dim(X)
for every p > 0.

Proof. As there is a surjection X — Zy, we have ed,(Zy) < ed(Zy) < dim(X).

Let K = F(Y), E/K a field extension and 2/ € X'(E). Write = for the image of
2 in X(F) and set y := fg(z) in Y(E). We view y as a point in Z;(E). By the
definition of the essential dimension of Z;(E), there is a prime to p field extension
L/E, a subfield Ly C L over F' and an element yo € Z¢(Lg) such that (yo)r = yr
and tr.deg(Lo/F) < edp(Zy). It follows that the images of yg and y in Y coincide
with the generic point of Y, hence K can be viewed as a subfield of L.

As yo € Zy(Ly), there is a point g € X (Lo) such that fr,(zo) = yo. We can view
xo as a point in X'(Lg). Thus, 2’ is detected over Ly and by the definition of the
canonical p-dimension of X', we have

cdimy(z') < tr.deg(Lo/K) = tr.deg(Lo/F) — tr.deg(K/F) < ed,(Zy) — dim(Y').
It follows that cdim,(X') < ed,(Zy) — dim(Y"). O
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Corollary 11.5. If the generic fiber X' is p-incompressible, then ed,(Zy) = ed(Zy) =
dim(X).

Proof. As X' is p-incompressible, we have cdim,(X’) = dim(X"). Note that dim(X) =
dim(Y) + dim(X"). 0

Example 11.6. Let F be a field of characteristic zero and o € H"(F, ,uf?(nfl)) a
non-zero symbol. Consider the functor

.Fa(K):{aGKX such that (a)Uaxg =0 in H"H(K,u?”)}CKX.

Let Z, be a p-generic splitting norm variety of o of dimension p"~! — 1 (see
Example BT2). Write gp(Za) for the symmetric p-th power of Z, with all the
diagonals removed. A geometric point of SP (Zy) is a zero-cycle z = 21 + - -+ + 2z, of
degree p with all z; distinct. There is a vector bundle & — SP (Z) with the fiber
over a point z as above the degree p algebra F(z) := F(z1) X --- X F(zp) (see [€3,
§2]). Leaving only invertible elements in each fiber we get an open subvariety X in
E. Note that dim(X) = pdim(Z,) +p = p". A K-point of X is a pair (z,u), where
z is an effective zero-cycle on Z, over K of degree p and u € K(z)*.

Consider the morphism f : X — Gy, taking a pair (z,u) to Ng(,)/x(u) and the
functor Zy.

Lemma 11.7. For any field extension K/F we have:

(1) Zy(K) C Fa(K).

(2) If K has no nontrivial field extensions of degree prime to p, then Fo(K) =

i (K).
Proof. (1) Suppose a € Iy(K), i.e., a = Ng(.)/x(u) for a point (z,u) € X(K). We
have
(o) Uag = NE/K((U) U ozK(z)) =0

as a(,) = 0 since Z, is a splitting field of a. Thus, a € Fo(K).
(2) Let a € Fo(K), ie., (a) Uag = 0 for an element a € K*. By [@3], there is a
degree p field extension /K and an element u € E* such that a = Ng/k(u) and

ap = 0. It follows that Z(FE) # () and therefore, Z has a closed point z of degree p
with F(z) = E. We have (z,u) € X(K) and f(z,u) = a, hence a € Zy(K). O

It follows from the lemma that the inclusion of functors Z; < F, is a p-bijection,
hence ed,(Zy) = ed,(F,) by Proposition EZ3.

The generic fiber X’ of f is a p-generic splitting variety for the (n + 1)-symbol
(t) U « over the rational function field F'(t) (see [EH]). As the symbol (t) U « is
not trivial, the variety X’ is p-incompressible by Example EEI2. By Corollary I3,
edy(Zy) = dim(X) = p". It follows that

edy(Fa) = p".
Example 11.8. Let (V,q) be a non-degenerate quadratic form over F' of character-
istic different from 2 and D(q) the functor of values of g, i.e.,
D(q)(K) = {q(v), v € Vg is an anisotropic vector} C K*.
If the form ¢ is isotropic, then D(g)(K) = K* for all K and hence eds(D(q)) =
ed(D(q)) = 1.
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Let X C V be the open subscheme of anisotropic vectors in V. The restriction
of ¢ on X yields a morphism f : X — Gy,. The generic fiber X’ of f is the affine
quadric given by the quadratic form h := ¢ L (—t) over the rational function field
F(t).

Lemma 11.9. The first Witt index of h (see Example §13 ) is equal to 1.
Proof. Over the function field F(t)(h) of h, we have:

qrayn) L (—t) = hpayny = b L (t,—t)

for a quadratic form A’ over F'(¢)(h). Then the form A’ is a subform of gp(4)(n). As the
field extension F'(t)(h)/F' is purely transcendental, the form gg () is anisotropic,
hence so is /. O

It follows from the lemma and Example EI3 that the generic fiber X' is 2-
incompressible. By Corollary T3,

edz(D(q)) = ed(D(q)) = dim(q).

Corollary 11.10. Let q(z) = q(x1,...,x,) be an anisotropic quadratic form over
a field F with char(F) # 2. Let L be a subfield of the rational function field F(x)
containing F(q(x)) If the generic value q(x) of q is a value of q over L, then
[F(z): L] < oo.

Example 11.11. Let L/F be a finite separable field extension. Let f : Ry /p(Gm 1) —
G, be the norm map. Consider the functor Zy. The set Z;(K) is the group of all
non-zero norms for the extension K ® p L/ K. The generic fiber X’ of f is the generic

torsor for the norm one torus 7' = R(Ll/)F(GH17 L)
It was proved in [E2] that the variety X’ is p-incompressible if [L : F] is a power
of a prime integer p. In this case, ed,(Zy) = ed(Zy) = [L : F1.
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