
EQUIVARIANT K-THEORY

ALEXANDER MERKURJEV

1. Equivariant K-theory

The equivariant K-theory was developed by R. Thomason in [12].

1.1. Definitions. Let G be an algebraic group over a field F . A scheme X
over F is called a G-scheme if an action morphism θ : G×X → X of the group
G on X is given, which satisfies the usual associative and unital identities for
an action. In other words, to give a structure of a G-scheme on a scheme X
is to give, for every commutative F -algebra R, a natural in R action of the
group of R-point G(R) on the set X(R).

A G-module M over X is a quasi-coherent OX-module M together with an
isomorphism of OG×X-modules

ρ = ρM : θ∗(M)
∼→ p∗2(M),

(where p2 : G×X → X is the projection), satisfying the cocycle condition

p∗23(ρ) ◦ (idG×θ)∗(ρ) = (m× idX)∗(ρ),

where p23 : G×G×X → G×X is the projection and m : G×G → G is the
multiplication (see [?, Ch. 1, §3] or [12]).

A morphism α : M → N of G-modules is called a G-morphism if

ρN ◦ θ∗(α) = p∗2(α) ◦ ρM .

Let M be a quasi-coherent OX-module. For a point x : Spec R → X of
X over a commutative F -algebra R, write M(x) for the R-module of global
sections of the sheaf x∗(M) over Spec R. Thus, M defines the functor sending R
to the family {M(x)} of R-modules indexed by the R-valued point x ∈ X(R).
To give a G-module structure on M is to give natural in R isomorphisms of
R-modules

ρg,x : M(x) → M(gx)

for all g ∈ G(R) and x ∈ X(R) such that ρgg′,x = ρg,g′x ◦ ρg′,x.

Example 1.1. Let X be a G-scheme. A G-vector bundle on X is a vector
bundle E → X together with a linear G-action G × E → E compatible with
the one on X. The sheaf of sections P of a G-vector bundle E has a natural
structure of a G-module. Conversely, a G-module structure on the sheaf P of
sections of a vector bundle E → X yields a structure of a G-vector bundle on
E. Indeed, for a commutative F -algebra R and a point x ∈ X(R) the fiber of
the map E(R) → X(R) over x is canonically isomorphic to P (x).
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We write M(G; X) for the abelian category of coherent G-modules over a
G-scheme X and G-morphisms. We set for every n ≥ 0:

K ′
n(G; X) = Kn(M(G; X)).

A flat morphism f : X → Y of schemes over F induces the exact functor

M(G; Y ) →M(G; X), M 7→ f ∗(M)

and therefore defines the pullback homomorphism

f ∗ : K ′
n(G; Y ) → K ′

n(G; X).

A G-projective morphism f : X → Y is a morphism that factors equiv-
ariantly as a closed embedding into the projective bundle space P(E), where
E is a G-vector bundle on Y . Such a morphism f yields the push-forward
homomorphism

f∗ : K ′
n(G; X) → K ′

n(G; Y )

[12, 1.5].
If G is the trivial group, then M(G; X) = M(X) is the category of coherent

sheafs on X and therefore, K ′
n(G; X) = K ′

n(X).
Consider the full subcategory P(G; X) in M(G; X) consisting of locally free

OX-modules. This category is naturally equivalent to the category of vector G-
vector bundles over X (see Example 1.1) The category P(G; X) has a natural
structure of an exact category. We set

Kn(G; X) = Kn(P(G; X)).

The functor Kn(G; ∗) is contravariant with respect to arbitrary G-morphisms
of G-varieties. If G is a trivial group, we have Kn(G; X) = Kn(X).

The inclusion of categories P(G; X) ↪→M(G; X) induces a homomorphism

Kn(G; X) → K ′
n(G; X).

Example 1.2. Let µ : G → GL(V ) be a finite dimensional representation
of an algebraic group G over a field F . One can view the G-module V as a
G-vector bundle over Spec F . Clearly, we obtain an equivalence of the cat-
egory Rep(G) of finite dimensional representations of G and the categories
P(G; Spec F ) = M(G; Spec F ). Hence there are natural isomorphisms

R(G)
∼→ K0(G; Spec F )

∼→ K ′
0(G; Spec F ),

where R(G) = K0

(
Rep(G)

)
is the representation ring of G. Therefore, for

every G-scheme X over F the pullback map R(G) → K0(G; X) with respect
to the structure morphism X → Spec F is a ring homomorphism, making
K0(G; X) (and similarly K ′

0(G; X)) a module over R(G).

Let H be a (closed) subgroup of an algebraic group G over F . By restriction
of the structure, we obtain exact functors

M(G; X) →M(H; X), P(G; X) → P(H; X)

inducing group homomorphisms

K ′
n(G; X) → K ′

n(H; X), Kn(G; X) → Kn(H; X).
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We call these maps the restriction homomorphisms.

1.2. Torsors. Let G be an algebraic group over F and let p : X → Y be a
G-torsor. Then for any coherent OY -module M there is a natural G-module
structure on p∗(M) over X given by the identity automorphism of θ∗p∗ (M) =
p∗2p

∗(M). Thus, there is an exact functor check!

p0 : M(Y ) →M(G; X), M 7→ p∗(M).

The following statement is well-known (see, for example [6, Prop. 3.3]).

Proposition 1.3. The functor p0 is an equivalence of categories. In particular,
the homomorphism p∗ : K ′

n(Y ) → K ′
n(G; X), induced by p0, is an isomorphism.

Proof. Under the isomorphisms

G×X→̃X ×Y X, (g, x) 7→ (gx, x),

G×G×X→̃X ×Y X ×Y X, (g, g′, x) 7→ (gg′x, g′x, x)

the action morphism θ is identified with the first projection p1 : X ×Y X → X
and the morphisms m× id, id× θ are identified with the projections p13, p12 :
X ×Y X ×Y X → X ×Y X. Hence, the isomorphism ρ giving an G-module
structure on a OX-module M can be identified with the descent data, i.e. with
an isomorphism

ϕ : p∗1(M)→̃p∗2(M)

of OX×Y X-modules satisfying the usual cocycle condition

p∗23(ϕ) ◦ p∗12(ϕ) = p∗13(ϕ) .

The statement follows now from the theory of faithfully flat descent [7, Prop.2.22].
�

Proposition 1.2 allows us to consider K-theory of homogeneous varieties as
equivariant K-theory of algebraic groups:

Corollary 1.4. Let H be a closed subgroup of an algeraic group G. Then
G is an H-scheme by left translations and there is a natural isomorphism
p∗ : K ′

n(G/H)
∼→ K ′

n(H; G).

1.3. Basic results in equivariant K-theory. We formulate basic state-
ments in the equivariant algebraic K-theory developed by R. Thomason in
[12]. In all of them G is an algebraic group over a field F and X is a G-
scheme.

Let Z ⊂ X be a closed G-subscheme and let U = X − Z. Since every
coherent G-module on U extends to a coherent G-module on X [12, Cor. 2.4],
the category M(G; U) is equivalent to the factor category of M(G; X) by
the subcategory M′ of coherent G-modules supported on Z. By Quillen’s
devissage theorem [9, §5], the inclusion of categories M(G; Z) ⊂ M′ induces
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an isomorphism K ′
n(M′)

∼→ K ′
n(G; Z). The localization in algebraic K-theory

[9, ???] yields the connecting homomorphisms

K ′
n+1(G; U)

δ−→ K ′
n(M′)

∼→ K ′
n(G; Z)

and by [9, ???] we get

Theorem 1.5. [12, Th. 2.7] (Localization) The sequence

→ K ′
n+1(G; U)

δ−→ K ′
n(G; Z)

i∗−→ K ′
n(G; X)

j∗−→ K ′
n(G; U)

δ−→ . . . ,

where i : Z → X and j : U → X are imbeddings, is exact.

Corollary 1.6. Let X be a G-scheme. Then the natural closed G-embedding
f : Xred → X induces isomorphism f∗ : Kn(G; Xred) → Kn(G; X).

Let X be a G-scheme and let E be a G-vector bundle of rank r + 1 over
X. The projective bundle P(E) has a natural structure of a G-scheme so
that the natural morphism p : P(E) → X is G-equivariant. We write O(−1)
for the G-module of sections of the tautological line bundle on P(E) and set
O(−i) = O(−1)⊗i.

A modification of the Quillen’s proof [9, §8] of the standard projective bundle
theorem yields:

Theorem 1.7. [12, Th. 3.1] (Projective Bundle Theorem) The correspondence

(a0, a1, . . . , ar) 7→
r∑

i=0

[O(−i)]⊗ p∗ai

induces isomorphisms
r∐

i=0

Kn(G; X) → Kn

(
G; P(E)

)
,

r∐
i=0

K ′
n(G; X) → K ′

n

(
G; P(E)

)
.

Let X be a G-scheme and let E be a G-vector bundle over X. Let f : Y → X
be a torsor under the vector bundle space E (considered as a group scheme
over X) and G acts on Y so that f and the action map E ×X Y → Y are
G-equivariant. For example, one can take the trivial torsor Y = E.

Theorem 1.8. [12, Th. 4.1] (Strong Homotopy Invariance Property) The
pullback homomorphism

f ∗ : K ′
n(G; X) → K ′

n(G; Y )

is an isomorphism.

The idea of the proof is construct an exact sequence of G-vector bundles

0 → E → V → 1
ϕ−→ 0

such that ϕ−1(1) ' Y . Thus, Y is isomorphic to the open complement of the
projective bundle P(E) in P(V ). Then one uses the Projective bundle Theorem
and the localization to compute equivariant K-theory of Y .
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Corollary 1.9. If G acts linearly on the affine space An
F , then the projection

p : X × An
F → X induces the inverse image isomorphism

p∗ : K ′
n(G; X)

∼→ K ′
n(G; X × An

F ) .

Theorem 1.10. [12, Th. 5.7] (Duality for smooth schemes) Let X be a smooth
G-scheme over F . Then the canonical homomorphism Kn(G; X) → K ′

n(G; X)
is an isomorphism.

Theorem 1.11. [12, Prop. 6.2] (Faddeev-Shapiro Lemma) Let H be a closed
subgroup in G and let Y = G/H. Then the restriction along the H-map
X ' X × {H} ↪→ X × Y induces equivalences of categories

P(G; X × Y )
∼→ P(H; X), M(G; X × Y )

∼→M(H; X).

In particular, there are natural isomorphisms

Kn(G; X × Y )
∼→ Kn(H; X), K ′

n(G; X × Y )
∼→ K ′

n(H; X).

For any representation ρ : H → GL(V ) one can associate the G-vector
bundle Pρ = (G×V )/H over Y = G/H, where the H-action on G×V is given
by h · (g, v) = (gh−1, ρ(h)(v)).

Corollary 1.12. The assignment ρ 7→ [Pρ] induces an isomorphism

R(H)
∼→ K0(G; Y ) ' K ′

0(G; Y ).
Check axioms

of an oriented

coh. theory2. Category C(G) of G-equivariant K-correspondences

Let G be an algebraic group over a field F and let A be a separable F -
algebra. A G-A-module over a G-scheme X is a G-module M over X being
also a left A⊗F OX-module such that the G action on M is A-linear.

We consider the abelian category M(G; X, A) of G-A-modules and morp-
hisms of A⊗F OX- and G- modules. Set

K ′
n(G; X,A) = Kn(M(G; X, A)) .

The functor K ′
n(G; ?, A) is contravariant with respect to flat G-morphisms

and is covariant with respect to projective G-morphisms of G-schemes. The
group K ′

n(G; X,F ) coincides with K ′
n(G; X).

Consider also the full subcategory P(G; X, A) in M(G; X, A) consisting of
G-A-modules which are locally free OX-modules. The K-groups of the cate-
gory P(G; X, A) we denote by

Kn(G; X, A) = Kn(P(G; X, A)) .

The group Kn(G; X, F ) coincides with Kn(G; X).
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In [8] I. Panin has defined the category of G-equivariant K-correspondences
C(G) whose objects are the pairs (X,A), where X is a smooth projective G-
scheme over F and A is a separable F -algebra. Morphisms in C(G) are defined
as follows:

HomC(G)((X, A), (Y,B)) = K0(G; X × Y,Aop ⊗F B).

If u : (X, A) → (Y,B) and v : (Y,B) → (Z,C) are two morphisms in C(G),
then their composition is defined by the formula

v ◦ u
def
= p13∗(p

∗
23(v)⊗B p∗12(u)),

where p12, p13 and p23 are projections from X × Y × Z to X × Y , X × Z and
Y ×Z respectively. The identity endomorphism of (X, A) in C(G) is the class
[A⊗F O∆], where ∆ ⊂ X ×X is the diagonal, in the group

K ′
0(G; X ×X, Aop ⊗F A) = K0(G; X ×X, Aop ⊗F A) = EndC(G)(X,A).

We will simply write X for (X,F ) and A for (Spec F, A) in C(G).
The category C(G) for the trivial group G is simply denoted by C. There is

the forgetful functor C(G) → C.
For every scheme Z over F and every n ∈ Z there is the realization functor

KZ
n : C(G) → Abelian Groups,

taking a pair (X, A) to K ′
n(G; X × Z,A) and a morphism

v ∈ HomC(G)((X, A), (Y, B)) = K0(G; X × Y, Aop ⊗F B)

to

KZ
n (v) : K ′

n(G; X × Z,A) → K ′
n(G; Y × Z,B)

given by the formula

KZ
n (v)(u) = v ◦ u.

We simply write Kn for KSpec F
n .

Example 2.1. Let X be a smooth projective scheme over F . The identity in
K0(X) defines two morphisms u : X → Spec F and v : Spec F → X in C. If
p∗[OX ] = 1 ∈ K0(F ), where p : X → Spec F is the structure morphism (for
example, if X is a projective homogeneous variety), then the composition u◦v
in C is the identity. In other words, the morphism p splits canonically in C,
i.e., the point Spec F is a canonical “direct summand” of X in C, although
X may have no rational points. In particular, for any scheme Z over F , the
group Kn(Z) is a canonical direct summand of Kn(X × Z).

Let G be a split reductive group over a field F with simply connected com-
mutator subgroup and let B ⊂ G be a Borel subgroup. By [11, Th.1.3], R(B)
is a free R(G)-module.

The following statement is a slight generalization of [8, Th. 6.6].
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Proposition 2.2. Let G be a split reductive group over a field F with simply
connected commutator subgroup, let B ⊂ G be a Borel subgroup and set Y =
G/B. Choose a basis u1, u2, . . . , um of R(B) = K0(G; Y ) over R(G). Then the
element

u = (ui) ∈ R(B)m = K0(G; Y, Fm)

defines an isomorphism Fm ∼→ Y in the category C(G).

Proof. Denote by p : G/B → Spec F the structure morphism. Since G/B is a
projective variety, the direct image

p∗ : R(B) = K ′
0(G; G/B) → K ′

0(G; Spec F ) = R(G)

is well defined. The R(G)-bilinear form on R(B) defined y the formula

〈u, v〉G = p∗(u · v)

is unimodular ([3], [8, Th. 8.1.], [5, Prop. 2.17]).
Let v1, v2, . . . , vm be the dual R(G)-base of R(B) with respect to the uni-

modular bilinear form 〈 , 〉G. The element v = (vi) ∈ K0(G; Y, Fm) can be
considered as a morphism Y → Fm in C(G). The fact that u and v are dual
bases is equivalent to v ◦ u = id. In order to prove that u ◦ v = id it suffices to
show that the R(G)-module K0(G, Y × Y ) is generated by m2 elements (see
[8, Cor. 7.3]). It is proved in [8, Prop. 8.4] for a simply connected group
G, but the proof goes through for a reductive group G with simply connected
commutator subgroup.

3. K-theory of projective homogeneous varieties

Theorem 3.1. Let G be a simply connected group over a field F and let X
be a projective homogeneous G-variety. There exist a separable F -algebra A
and an isomorphism X ' A in the category C(G). In particular, K∗(G; X) '
K∗(G; A) and K∗(X) ' K∗(A).

Corollary 3.2. The restriction homomorphism K0(G; X) → K0(X) is surjec-
tive.

Proof. Follows from the surjectivity of the restriction homomorphism K0(G; A) →
K0(A). �

We will generalize the corollary in ???.

4. K-theory of toric varieties

Assume that a torus T acts on a normal geometrically irreducible variety X
defined over a field F . The variety X is called a toric T -variety if there is an
open orbit which is a principal homogeneous space over T . A toric T -variety is
called a toric model of T or toric T -model if the open orbit has a rational point.
A choice of a rational point x in the open orbit gives an open T -equivariant
imbedding T ↪→ X, t 7→ tx.
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4.1. K-theory of toric models.

Proposition 4.1. [6, Prop. 5.6] Let X be a smooth toric T -model defined
over a field F . Then there is a torus S over F , an S-torsor π : U → X and
an S-equivariant open imbedding of U into an affine space A on which S acts
linearly.

Remark 4.2. It turns out that the canonical homomorphism S∗
sep → Pic(Xsep)

is an isomorphism, so that π : U → X is the universal torsor in the sense of
[2, 2.4.4]. Thus, the Proposition 4.1 asserts that the universal torsor of X is
equivariantly imbedded into an affine space as an open set.

Let ρ : S → GL(W ) be a representation over F . Assume that there is an
action of an étale F -algebra A on W commuting with the action of S. Then A
acts on the vector bundle Pρ, therefore, Pρ defines an element uρ ∈ K0(X, A),explain Pρ

i.e., a morphism uρ : A → X in C. The compositionexplain r

K0(A)
αρ−→ R(S)

r−→ K0(X)

where αρ is induced by the exact functor M 7→ M ⊗A W , is clearly given by
the rule x 7→ uρ ◦ x.

Let ρ : S → GL(W ) be an irreducible representation over F . Since S is
a torus, ρ is a corestriction from a finite separable field extension Lρ/F of
a 1-dimensional representation of S. Thus, there is an action of Lρ on W
commuting with the action of S. Note that the element uρ defined above is
represented by an element of the Picard group Pic(X ⊗F Lρ).

Now we consider two arbitrary irreducible representations ρ and µ of the
torus S over F , and apply the construction described above to the torus S×S
and its representation

ρ⊗ µ : S × S → GL(Wρ ⊗F Wµ) .

The composition

K0(Lρ ⊗F Lµ)
αρ,µ−→ R(S × S)

r−→ K0(X ×X)

coincides with the map
x 7→ uop

ρ ◦ x ◦ uµ ,

where the composition is taken in C and uµ : X → Lµ, uop
ρ : Lρ → X,

x : Lµ → Lρ are considered as the morphisms in C.
Now let Φ be a finite set of irreducible representations of S. Set

A =
∏
ρ∈Φ

Lρ, u =
∑
ρ∈Φ

uρ, α =
∑

ρ,µ∈Φ

αρ,µ .

The element uρ is represented by an element of the Picard group Pic(X⊗F A).
Then the composition

K0(A⊗F A)
α→ R(S × S)

r→ K0(X ×X)

is given by the rule x 7→ uop◦x◦u where u is considered as a morphism X → L.
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The homomorphism r coincides with the composition

R(S × S) = K0(S × S; Spec F )
∼→ K0(S × S; A× A) �

K0(S × S; U × U) = K0(X ×X)

and hence r is surjective. By the representation theory of algebraic tori, the
sum of all the αρ,µ is an isomorphism. It follows that for sufficiently large (but
finite!) set Φ of irreducible representations of S the identity idX ∈ K0(X×X)
lies in the image of r ◦ α. In other words, there exists x ∈ K0(A ⊗F A) such
that uop ◦ x ◦ u = idX in C, i.e. v = uop ◦ x is a left inverse to u : X → A in C.
We have proved the following

Theorem 4.3. [6] Let X be a smooth projective toric model of an algebraic
torus defined over a field F . Then there exist an étale F -algebra A and elements
u, v ∈ K0(X, A) such that the composition X

u→ A
v→ X in C is the identity

and u is represented by a class in Pic(X ⊗F A).

4.2. K-theory of toric varieties. Let T be a torus over F . The natural
G-equivariant bilinear map

T (Fsep)⊗ T ∗
sep → F×

sep, x⊗ χ 7→ χ(x)

induces the pairing of Galois cohomology groups

H1
(
F, T (Fsep)

)
⊗H1(F, T ∗

sep) −→ H2(F, F×
sep) = Br(F ),

where Br(F ) is the Brauer group of F . There is a natural isomorphism
Pic(T ) ' H1

(
F, T (Fsep)

)
. A principal homogeneous T -space U defines an

element [U ] ∈ H1
(
F, T (Fsep)

)
. Therefore, the pairing induces the homomor-

phism

λU : Pic(T ) → Br(F ), [Q] 7→ [U ] ∪ [Q].

Let X be a toric variety of torus T . Let U be the open orbit which is a
principal homogeneous space over T .

Theorem 4.4. [6, Th. 7.6] Let Y be a smooth projective toric variety over
a field F . Then there exist an étale F -algebra A, a separable F -algebra B
of rank n2 over its center A and morphisms u : Y → B, v : B → Y in C
such that v ◦ u = id. The morphism u is represented by a locally free sheaf in
P(Y,B) of rank n. The class of the algebra B in Br(A) belongs to the image
of λUA : Pic(TA) → Br(A).

Theorem says that Y is a “direct summand” of B.

5. Equivariant K-theory of solvable algeraic groups

We consider separately equivariant K-theory of unipotent groups and al-
geraic tori.
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5.1. Split unipotent groups. A unipotent group U is called split if there
is a chain of subgroups of U with subsequent factor groups isomorphic to the
additive group Ga. For example, the unipotent radical of a Borel subgroup of
a (quasisplit) reductive group is split.

Theorem 5.1. Let U be a split unipotent group and let X be a U-scheme.
Then the restriction homomorphism K ′

n(U ; X) → K ′
n(X) is an isomorphism.

Proof. Since U is split, it is sufficient to prove that for a subgroup U ′ ⊂ U
with U/U ′ ' Ga the restriction homomorphism K ′

n(U ; X) → K ′
n(U ′; X) is

an isomorphism. By Theorem 1.11, this homomorphism coincides with the
pullback K ′

n(U ; X) → K ′
n(U ; X×Ga) with respect to the projection X×Ga →

X that is an isomorphism by the Homotopy Invariance property Theorem
1.8. �

5.2. Split algeraic tori. Let T be a split torus over a field F . Choose a basis
χ1, χ2, . . . , χr of the character group T∗. We define an action of T on the affine
space Ar

F by the rule b ·x = y where yi = χi(b)xi. Denote by Vi (i = 1, 2, . . . , r)
the coordinate hyperplane in Ar

F defined by the equation xi = 0. Clearly, Vi

is a closed B-subvariety in Ar
F and T = Ar

F − ∪r
i=1Vi.

In [4] M. Levine has constructed a spectral sequence associated to a family of
closed subschemes in a given scheme. This sequence generalizes the localization
exact sequence. We adapt this sequence to the equivariant algebraic K-theory
and also change indices making this sequence of homological type.

Let X be a G-scheme over F . The family of closed subsets Zi = X × Vi in
X × Ar

F induces then the following spectral sequence

E1
p,q =

∐
|I|=p

K ′
q(T ; X × VI) ⇒ K ′

p+q(T ; X × T ),

where VI = ∩i∈IVi.
By Theorem 1.11, the group K ′

p+q(T ; X × T ) is isomorphic to K ′
p+q(X).

In order to compute E1
p,q, note that VI is an affine space over F , hence the

inverse image K ′
q(T ; X) → K ′

q(T ; X × VI) is an isomorphism by the himitiry
Invariance property Theorem 1.8. Thus,

E1
p,q =

∐
|I|=p

K ′
q(T ; X) · eI

and by [4, p.419] the differential map d : E1
p+1,q → E1

p,q is given by the formula

(1) d(x · eI) =

p∑
k=0

(−1)k(1− χ−1
k )x · eI−{ik},

where I = {i0 < i1 < · · · < ip}.
Consider Kozsul complex C∗ built of the free module R(T )r over R(T ) and

the system of elements 1− χ−1
i ∈ R(T ). More precisely,

Cp =
∐
|I|=p

R(T ) · eI
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and the differential d : Cp+1 → Cp given by the rule formally equal to (1) with
x ∈ R(T ).

The representation ring R(T ) is the group ring over the character group
R(T ). The Kozsul complex gives a resolution C∗ → Z → 0 of Z by free
R(T )-modules. It follows from (1) that the complex E1

∗,q coincides with

C∗ ⊗R(T ) K ′
q(T ; X).

Hence, the term E2
p,q, being the homology group of E1

∗,q, equals

TorR(T )
p (Z, K ′

q(T ; X)).

Theorem 5.2. Let T be a split torus over a field F and let X be a G-scheme.
Then there exists a spectral sequence

E2
p,q = TorR(T )

p (Z, K ′
q(T ; X)) ⇒ K ′

p+q(X).

We are going to prove that if X is smooth projective, the spectral sequence
splits.

Let G be an algebraic group and let H ⊂ G be a closed subgroup with a
group homomorphism π : G → H that is the identity on H. For a smooth
projective G-scheme X we write Ẋ for the scheme X together with the G-
action (g, x) 7→= π(g)x.

Lemma 5.3. If the restriction homomorphism K0(G; Ẋ×X) → K0(H; X×X)
is surjective, then the restriction homomorphism K ′

n(G; X) → K ′
n(H; X) is a

split surjection.

Proof. Since the restriction map

resG/H : HomC(G)(Ẋ, X) = K0(G; Ẋ ×X) →

K0(H; X ×X) = HomC(H)(X, X)

is surjective, there is v ∈ HomC(G)(Ẋ, X) such that resG/H(v) = idX .
Consider the diagram

K ′
n(H; X)

π∗
−−−→ K ′

n(G; Ẋ)
Kn(v)−−−→ K ′

n(G; X)

res

y res

y
K ′

n(H; X) K ′
n(H; X),

where the square is commutative since resG/H(v) = idX . The equality res ◦π∗ =
id implies that the composition in the top row splits the restriction homomorp-
hism.

Let T be a split torus over F , χ ∈ T ∗ be a character such that T ∗/(Z ·χ) is a
torsion-free group. Then T ′ = ker(χ) is a subtorus in T . Denote by π : T → T ′

any splitting of the imbedding T ′ ↪→ T .

Proposition 5.4. Let X be a smooth projective T -scheme. Then the restric-
tion homomorphism K ′

n(T ; X) → K ′
n(T ′; X) is a split surjection.
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Proof. We use the notation Ẋ as above. Since T/T ′ ' Gm, by Corollary
1.9, Theorem 1.11 and the localization (Theorem 1.5), we have the following
surjection

K ′
0(T ; Ẋ×X)

∼→ K ′
0(T ; Ẋ×X×A1

F ) →→ K ′
0(T ; Ẋ×X×Gm) ' K ′

0(T
′; Ẋ×X)

which is nothing but the restriction homomorphism. The statement follows
from Lemma 5.3.

Corollary 5.5. The sequence

0 → K ′
n(T ; X)

1−χ−→ K ′
n(T ; X)

res−→ K ′
n(T ′; X) → 0

is split exact.

Proof. We consider X ×A1
F as a G-scheme with respect to the action of G on

A1
F given by the multiplication by χ. In the localization exact sequence

. . . → K ′
n(G; X)

i∗−→ K ′
n(G; X × A1

F )
j∗−→ K ′

n(G; X ×Gm)
δ−→ . . .

where i : X = X×{0} ↪→ X×A1
F and j : X×Gm ↪→ X×A1

F are imbeddings,
the second term is identified with K ′

n(G; X) by Corollary 1.9 and the third one
with K ′

n(H; X) since G/H ' Gm as G-schemes (see Theorem 1.11). With this
identifications j∗ is the restriction homomorphism which is a split surjection
by Proposition 5.4. In order to determine i∗, by projection formula, i∗ is the
multiplication by i∗(1). Let t be the coordinate of A1. It follows from the
exactness of the sequence of G-modules over X × A1

F

0 → OX×A1 [χ−1]
t−→ OX×A1 → i∗(OX) → 0

that i∗(1) = 1− χ−1. �

Theorem 5.6. Let T be a split torus and let X be a smooth projective scheme.
Then the spectral sequence in Theorem 5.7 degenerates. i.e.,

TorR(T )
p (Z, K ′

n(T ; X)) =

{
K ′

n(X), if p = 0;
0, if p > 0.

check
Proof. Let χ1, χ2 . . . , χr be a Z-base of the character group T ∗. Since R(B) is
a Laurent polynomial ring in variables χi, the elements 1− χi ∈ R(B) form a
R(B)-regular sequence, the result follows from [?, IV-7]. �

Let R be a commutative algebra. An R-algebra A is called almost exterior if
there is a finite subset {a1, a2, . . . , an} ⊂ A such that the products ai1ai2 . . . aik

for all k ≤ n and all i1 < i2 < · · · < ik form a basis of the R-module A.graded

commutative?
Theorem 5.7. Let T be a split torus over a field F . Then the K∗(F )-algebra
K∗(T ) is almost exterior.
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5.3. Quasitrivial algebraic tori. An algeraic torus T over a field F is called
quasitrivial if the character Galois module T ∗ is permutation. In other words,
T is isomorphic to the torus GL1(C) of invertible elements of an étale F -
algebra C. The torus T = GL1(C) is embedded as an open subscheme of the
affine space A(C). By the classical Homotopy Invariance and Localization, the
pullback homomorphism

Z = K0

(
A(C)

)
→ K0(T )

is surjective. We have proved

Proposition 5.8. For a quasitrivial torus T , one has K0(T ) = Z · 1.

We generalize this statement in Theorem 5.9.

5.4. Coflasque algebraic tori. An algebraic torus T over F is called coflasque
if for every field extension L/F the Galois cohomology group H1(L, T ∗) is triv-
ial (here T ∗ is the group of characters of T defined over Lsep). For example, a
quasi-trivial torus is coflasque.

Recall that the Picard group of a coflasque torus is trivial.

Theorem 5.9. Let T be a coflasque torus and let U be a principal homogeneous
space of T . Then K0(U) = Z · 1.

Proof. Let X be a smooth projective toric model of T (it exists by [1]). The
variety Y = (X × U)/T is then a toric variety of T that has an open orbit
isomorphic to U .

By Theorem 4.4, there exist an étale F -algebra A, a separable F -algebra
B of rank n2 over its center A and morphisms u : Y → B, v : B → Y in C
such that v ◦ u = id. The morphism u is represented by a locally free sheaf in
P(Y,B) of rank n. The class of the algebra B in Br(A) belongs to the image
of λUA : Pic(TA) → Br(A).

Applying the realization functor we get a (split) surjection

K0(u
op) : K0(B

op) → K0(Y ).

The torus T is factorial, hence the group Pic(A) is trivial and therefore, the
algebra B splits, so that K0(B

op) is isomorphic canonically to K0(A). Under
this identification we get a (split) surjection

K0(w
op) : K0(A) → K0(Y ),

where w is a certain element in K0(Y, A) represented by a locally free sheaf of
rank one, i.e., by an element of Pic(Y ⊗F A).

It follows that K0(Y ) is generated by the direct images of classes of sheaves
from Pic(YE) for all finite separable field extensions E/F . Since the inverse
image homomorphism K0(Y ) → K0(U) is surjective, the analogous statement
holds for the open subset U ⊂ Y . But by [10, Prop. 6.10] there is an injection
Pic(UE) ↪→ Pic(TE) = 0, hence Pic(UE) = 0 and therefore K0(U) = Z · 1.
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6. Equivariant K-theory of simply connected groups

6.1. Simply connected groups of inner type.

Theorem 6.1. Inner simply connected

6.2. Simply connected group.

Proposition 6.2. Let G be an algebraic group over F and let f : X → Y
be a G-torsor over F . For every point y ∈ Y let Xy be the fiber f−1(y) of
f over y (so that Xy is a principal homogeneous space of G over the residue
field F (y)). Assume that K0(Xy) = Z · 1 for every point y ∈ Y . Then the
restriction homomorphism K ′

0(G; X) → K ′
0(X) is surjective.

Proof. We prove that the restriction homomorphism resX : K ′
0(G; X) → K ′

0(X)
is surjective by induction on the dimension of X.

Assume that we have proved the statement for all schemes of dimension less
than the dimension of X. We would like to prove that resX is surjective.

We prove this statement by induction on the number of irreducible com-
ponents of Y . Assume first that Y is irreducible. By Corollary 1.6, we may
assume that Y is reduced.

Let y ∈ Y be the generic point and v ∈ K ′
0(X). Since K0(Xy) = Z · 1, the

restriction homomorphism K ′
0(G; Xy) → K ′

0(Xy) is surjective. It follows that
there exists a non-empty open subset U ′ ⊂ Y such that the image of v in K ′

0(U),
where U = f−1U ′, belongs to the image of the restriction homomorphism
K ′

0(G; U) → K ′
0(U). Set Z = X − U (considered as a reduced scheme).

Since dim(Z) < dim(X), the left vertical homomorphism in the commutative
diagram with the exact rows

K ′
0(G; Z)

i∗−−−→ K ′
0(G; X)

j∗−−−→ K ′
0(G; U) −−−→ 0yresZ

yresX

yresU

K ′
0(Z)

i∗−−−→ K ′
0(X)

j∗−−−→ K ′
0(U) −−−→ 0

is surjective. Hence, by diagram chase, v ∈ im(resX).
Let now Y be an arbitrary scheme. Let Z ′ be an irreducible component in

Y and set Z = f−1Z ′, U = X − Z. The number of irreducible components of
U is less than one of X. y the first part of the proof and induction hypothesis,
the homomorphisms resZ and resU in the commutative diagram above are
surjective. It follows that resX is also surjective. �

Corollary 6.3. Let G be a quasitrivial simply connected group, T ⊂ G a
maximal torus of a Borel subgroup of G. Then the restriction homomorphism

K0(G/T ) = K0(T ; G) → K0(G)

is surjective.

Proof. The character group T ∗ is generated by the fundamental characters and
therefore, T ∗ is a permutation Galois module, so that T is a quasisplit torus.
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Every principal homogeneous space of T is trivial, hence the statement follows
from Theorem 5.9 and Proposition 6.2. �

Theorem 6.4. Let G be a simply connected group and let X be a principal
homogeneous space of G. Then K0(X) = Z · 1.

Proof. Suppose first that G is a quasisplit group. Choose a maximal torus T
of a Borel subgroup B of G. By Corollary 6.3, the second homomorphism in
the composition

K0(G/B) → K0(G/T ) → K0(G)

is surjective. The first homomorphism is an isomorphism since every fiber of
the canonical surjection G/T → G/B is isomorphic to an affine space [9, §7,
Prop. 4.1]. In the commutative diagram

K0(G; G/B) −−−→ K0(G; G) = Z

res

y yres

K0(G/B) −−−→ K0(G)

the left vertical homomorphism is surjective by Corollary 3.2, hence so is the
right vertical one, i.e., K0(G) = Z · 1.

Now let G be an arbitrary simply connected group. Consider the projective
homogeneous variety Y of all Borel subgroups of G. For every point y ∈ Y ,
the group GF (y) is quasisplit. Hence by Proposition 6.2, the homomorphism

K0(Y ) → K0(G× Y )

is surjective. It follows from Example 2.1 that the natural homomorphism
K0(F ) → K0(G) is a direct summand of this surjection and therefore, is sur-
jective. �

6.3. Spectral sequence. Let G be a split reductive group over a field F .
Choose a maximal split torus T ⊂ G. Let X be a G-scheme.

The group K ′
n(G; X) (resp. K ′

n(T ; X)) is a module over the representation
ring R(G) (resp. R(T )). The restriction map K ′

n(G; X) → K ′
n(T ; X) is a

homomorphism of modules with respect to the restriction R(G) → R(T ) and
hence induces a R(T )-module homomorphism

θ : R(T )⊗R(G) K ′
n(G; X) → K ′

n(T ; X).

Proposition 6.5. Assume that the commutator subgroup G′ of G is simply
connected. Then the homomorphism θ is an isomorphism.

Proof. Let B ⊂ G be a Borel subgroup containing T . Set Y = G/B. By
Proposition 2.2, there is an isomorphism in the category C(G):

(2) Fm ∼→ Y,

defined by elements ui ∈ K0(G; Y ) = R(B) forming a base of R(B) over R(G).
Applying the realization functor (see Section 2)

KX
n : C(G) → Abelian Groups,
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to the isomorphism (2), we obtain an isomorphism

K ′
n(G; X)m ∼→ K ′

n(G; X × Y ).

Identifying K ′
n(G; X)m with R(B)⊗R(G) K

′
n(G; X) using the same elements ui

we get the canonical isomorphism

R(B)⊗R(G) K ′
n(G; X)

∼→ K ′
n(G; X × Y ).

Composing this isomorphism with the canonical isomorphism (Proposition
1.11)

K ′
n(G; X × Y )

∼→ K ′
n(B; X),

and identifying K ′
n(B; X) with K ′

n(T ; X) via the restriction homomorphism
(Theorem 5.1) we get θ.

Since R(T ) is free R(G)-module by [11, Th.1.3], in the assumptions of Propo-
sition 6.5 one has

(3) TorR(G)
p (Z, K ′

n(G; X)) ' TorR(T )
p (Z, K ′

n(T ; X)).

Thus, Theorem 5.7 yieldstell about R(G)
somewhere Theorem 6.6. Let G be a split reductive group defined over F with the simply

connected commutator subgroup and let X be a G-scheme. Then there exists a
spectral sequence

E2
p,q = TorR(G)

p (Z, K ′
q(G; X)) ⇒ K ′

p+q(X).
make a proof?

Remark 6.7. If X = G, one has E2
p,q = TorR(G)

p (Z, Kq(F )). This formula to-
gether with the fact that the spectral sequence degenerates gives the computa-
tion of Kn(G) (see [4]).

Theorem 5.6 and (3) yielddoes it give
Panin? Corollary 6.8. If X is a smooth projective G-scheme, then the spectral se-

quence in Theorem 6.6 degenerates. i.e.,

TorR(G)
p (Z, K ′

n(G; X)) =

{
K ′

n(X), if p = 0;
0, if p > 0.

Example 6.9. Let H ⊂ GLn,F be an imbedding. Then for the “classifying
variety” X = GLn,F /H of H one has

K0(X) ' Z⊗R(GLn,F ) R(H).

6.4. Projective case.

7. Equivariant K-theory of factorial groups

7.1. Factorial groups. An algebraic group G over a field F is called factorial
if for any finite field extension E/F the Picard group Pic(GE) is trivial.

Proposition 7.1. [5, Prop. 1.10] Let G be a reductive group over a field F ,
G′ be the commutator subgroup of G. Then G is factorial if and only if G′ is
simply connected and the torus G/G′ is coflasque.

In particular, simply connected groups and coflasque tori are factorial.
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7.2. K-theory.

Theorem 7.2. Let G be a factorial group and let X be a principal homogeneous
space of G. Then K0(X) = Z · 1.
Proof. Let G′ be the commutator subgroup of G and let T = G/G′. The group
G′ is simply connected and the torus T is coflasque. The variety X is a G′-
torsor over Y = X/G′. By Proposition 6.2 and Theorem 6.4, the restriction
homomorphism

K0(Y ) = K0(G
′; X) → K0(X)

is surjective. The variety Y is a phs of T and by Theorem 5.9, K0(Y ) = Z · 1,
whence the result. �

Theorem 7.3. Let G be a reductive group defined over a field F . Then the
following condition are equivalent:
1. G is factorial.
2. For every G-scheme X the restriction homomorphism

K ′
0(G; X) → K ′

0(X)

is surjective.

Proof. 1 ⇒ 2. Consider first the case when there is a G-torsor X → Y . Then
the restriction homomorphism K0(G; X) → K0(X) is surjective by Proposition
6.2 and Theorem 7.2.

In the general case choose a representation G → GL(V ) such that there
is a nonempty open subset U ⊂ A(V ) on which G acts freely. Consider the
commutative diagram

K ′
0(G; X)

∼−−−→ K ′
0(G; A(V )×X) −−−→ K ′

0(G; U ×X)

res

y res

y res

y
K ′

0(X)
∼−−−→ K ′

0(A(V )×X) −−−→ K ′
0(U ×X).

There is a G-torsor U × X → Y , hence by the first part of the proof, the
right vertical map is surjective. By localization, the right horizontal arrows are
surjections. Finally, the composition in the bottom row is an isomorphism since
it has a splitting K ′

0(U × X) → K ′
0(X) being the inverse image with respect

to the closed imbedding X = {pt} ×X ↪→ U ×X of finite Tor-dimension (see
[9, §7, 2.5]). Thus, the left vertical restriction homomorphism is surjective.

2 ⇒ 1. Taking X = GE for some finite field extension E/F , we have a
surjective homomorphism

Z = K0(E) = K ′
0(G; GE) → K ′

0(GE),

i.e. K ′
0(GE) = Z·1. Hence, the first term of the topological filtration K ′

0(GE)(1)

of K ′
0(GE) (see [9, §7.5]), being the kernel of the rank homomorphism

K ′
0(GE) → Z, is trivial, in particular,

Pic(GE) ' K ′
0(GE)(1/2) = 0,

i.e. G is a factorial group.
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7.3. About K0(homogeneous).
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