
Math 245B Winter 2016

Homework 7 (due: Fr, Feb. 19)

Problem 1: Consider the Poisson kernel Pt on Rn for t > 0 defined as

Pt(x) = cn
t

(t2 + |x|2)(n+1)/2
, x ∈ Rn,

where cn = Γ((n+ 1)/2)/π(n+1)/2.
For f ∈ L1(Rn) and t > 0 we define

(Ptf)(x) := (Pt ∗ f)(x) =

∫
Pt(x− y)f(y) dλn(y), x ∈ Rn.

a) Show that for each t > 0 the function Ptf is continuous.

b) Show that if we define

(Mf)(x) := sup
t>0
|(Ptf)(x)|, x ∈ Rn,

then Mf is measurable. Hint: Consider superlevel sets.

c) Show that there exists a constant C0 > 0 such that

(Mf)(x) ≤ C0(Mf)(x),

whenever f ∈ L1(Rn) and x ∈ Rn. Here Mf is the Hardy-Littlewood
maximal function of f .

Problem 2: For x ∈ Rn and A ⊆ Rn we use the notation

dist(x,A) := inf{|x− y| : y ∈ A}.
a) Show that if A ⊆ Rn is measurable and x ∈ A is a Lebesgue density point,

then

lim
y→x

dist(y, A)

|x− y|
= 0.

b) Suppose f : Rn → C is Lipschitz and A = {x ∈ Rn : f(x) = 0}. Show that
the derivative Df(x) exists and Df(x) = 0 for a.e. x ∈ A.

Problem 3: Let F ∈ NBV and TF ∈ NBV be the associated total variation
function. We consider the unique complex Borel measures µ and ν on R such that
Fµ = F and Fν = TF . Note that ν is a positive finite measure, because TF is
bounded and increasing.

a) Show that |µ(I)| ≤ ν(I) for each h-interval I ⊆ R.

b) Show that ν(I) ≤ |µ|(I) for each h-interval I ⊆ R.



c) Show that similar inequalities as in (a) and (b) hold for all open intervals
I ⊆ R.

d) Show that |µ| = ν (or, equivalently F|µ| = TF ).

Problem 4: We consider the space L1(Rn) equipped with the multiplicative
operation given by convolution ∗. So for f, g ∈ L1(Rn) we set

(f ∗ g)(x) =

∫
f(x− y)g(y) dλn(y).

Then (f ∗ g)(x) is defined for a.e. x ∈ Rn and f ∗ g ∈ L1(Rn) (HW 2, Prob. 3).
Show that for the multiplication ∗ there exists no unit in L1(Rn), i.e., there

exists no e ∈ L1(Rn) such that f ∗ e = f in L1(Rn) for each f ∈ L1(Rn) (recall
that f = g in L1(Rn) means f = g a.e. on Rn).


