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Geometry/Topology Qualifying Exam

Start each problem on a new sheet of paper.
Write your university identification number at the top of each sheet of paper.

DO NOT WRITE YOUR NAME!
Complete this sheet and staple to your answers.

Read the directions of the exam carefully.

s DHUb si1s
STUDENT ID NUMBER __ 4©7?

DATE: 515 12s

Jeddede deok gk e e e Rk R R R R R R dok Rk ke kA kR Rk kR ik R AR R R R R R AR R R R kAR A R RO R R RO R R R

1 8.
2. 7
3. 8
4. 9
5 10.

Pass/fail recommend on this form.

% fock yonh

Total score:

Form revised 3/08



QUALIFYING EXAM
Geometry/Topology
March 2021

Attempt all ten problems. Each problem is worth 10 points. Justify your answers carefully.

point theorem (any continuous map f: D? — D? has a fixed point, where D? is the closed
2-disk) from the hairy ball theorem (any continuous vector field on 5?% is somewhere 0).

-

’D { 1. Without using homology groups or homotopy groups, directly derive Brouwer’s fixed

2. Solve the following probiems:

/ (a)-LetF 8™ =5"be-a-continuous-map:-—Show that if F has no fixed point, then the
degree of-the-mapdeg F* = (=1)"+1,

%

{b) Show that if X has $*" as universal covermg space then 7r1( y={1} or Zy.

gl

i 't_ég;ai g@gplﬁgﬁf"grﬁ‘upﬁf

4. Let AP be the k dlmensional skeleton of the n-simplex A,. Calculate the reduced
f homology groups H; (Aﬂ ) for all values of ¢, k, n.

10, Fotiendzal
~C ﬂff%tf"}{ﬁ:a 2}

< SHew | ¢ (niceted s gﬁ@mm@ﬁm@uﬁw
8. Cens1der a dlfferentlable map f S?‘”“1 — Sm, w1th n>2 lHaeQ"S™)isa
differential form of degree n such that [g, a=1,let ffa € (521 be its pull-back under

f.
h {(a)-Show.that there-exists f-€ €1 H(S**such that F*{a)=

and . j

(b) Show that the integral I{f) = [ 8 A df isi

e
» M >N be a smooth m,a:f) between smoo manifolds, X a.ny be smooth
{uf’; [ / xﬁ}m ﬁeidfﬁ/or;j% and N, respectweiy, and- suppose that’%X ’K«» (f}: f* )) = fp
{7* 35“ Y~ @H;f/é M j z’I‘hen»fprove that - f_‘f;,,-/ /), ﬁ,.f L ,/‘ f«f o
/’;ﬁ; y ./ e /x' j/(/gy ) Lﬁ(f*w) ,/ o
where b.)/ié/z’; i—fﬂrm on AV T Her{e L’“denotes the L1W va,twe'& .

P o e@axffams/le 0 Let M be.a smoothfma,mfold of- chmensmn /n/FD{ <K<
nf:}/ Suppos@that the {w W }/a.re 11neaf1y/mde € d\?ﬁd"
roye’ ]zrat therc, e)ﬂst smooth fufmtlons 5= hyji « NF iich

that for z = 1 _ éé’ P
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GromETRY TOPOLOGY QUALIFYING ExaM, FALL 2018

(Q-1) Let M be a compact smooth n-manifold, and f: M - R" a smooth map. Let
S = {pe M |rank(df,) < n}.
{a) Prove 5 #£ @.
(b) Prove f(5) < R™ has empty interior.
(Q-2) Let M, be the space of n x n real matrices, viewed as the smooth manifold R™. Let M¥ be the subset
of matrices of rank k. Prove that M is a smooth submanifold of M,. (Hint: First prove the subset

of M¥ where the top-lefi k& x k minor is non-singular is a smooth submanifold M.}
(Q-3) Let # be the restriction of

(2dz’ — zde?) + (2tdz® — 2dat) 4+« + (@¥da? T — 2® T de®)

to the unit sphere §2*~1 ¢ R?™. Prove ker{f) is a distribution on $%"7!. Is it integrable?
(Q-4) Let M be a compact smooth 3-manifold and w € Q'{M) a nowehere zero 1-form, so that ker(w) is an
integrable distribution. Prove the following,.

(a) wAdw=_0
(b) There exists some 1-form o with dw = a Aw.
{c) dahw=10,

(Q-5) Let M € R™ be a compact (n — 1)-dimensional submanifold, let ¢: M < R™ be the inclusion map,
and let D C R™ be the n-dimensional compact region with 8D = M. Let dV = dx Adz? A Adz™ €
(k™) be the standard volume form on K",

(a) Define dA € Q" }(M), the standard volume form on M, induced by the embedding .

{b) Prove ¢*(ixdV) = (X, N)dA4, for any smooth vector field X on R™. (Here, N is the unit normal
vector field along M, pointing outward from D.}

(¢) Prove

fD LyldV) = fM (X, N} dA.

(d) Derive Gauss’ Divergence Theorem from the case n == 3.
{Q-8) Can = finite rank free group have a finite index subgroup of smaller rank?
(Q-7) Prove that the covering map S™ — RP™ induces an isomorphism on de Rham cohomology if and only
if n is odd. What is the orientable doubie cover of RP™7
{()-8) Assume the integral homology of a space is Z in grading 0, Z in grading 2, Z/2 in grading 3, and 0 in
ali other gradings. :
(a) What is its integral cohomology group?
(b) Construct a simply connected CW complex X with the given homology.
{¢) Construct another simply connected CW complex ¥ with the same homology, which is not
homotopy equivalent to X.
(Q-9) Let X be a connected CW-complex. Show that there is a natural isomorphism

Hk(EX;M) 4 Hk_l{X; M)
for all k and for all abelian groups M.
(Q-10) Let Y be a connected and simply connected CW-complex.
(8) Compute the fundamental group of ¥ v %,
(b) Describe the universal cover of ¥ V S?, together with the action of the deck transformations.
(c) Describe all finite covers of YV S, again with the action of the deck transformations.
(d) Describe what changes in the first two parts for ¥ = RP2.



QUALIFYING EXAM
Geometry/Topology
March 2018

Attempt all ten problems. Each problem is worth 10 points. Justify your answers carefully.

1. Suppose that M and N are connected smooth manifolds of the same dimension and
fi M - N is a smooth submersion.

(a) Prove that if M is compact, then f is onto and f is a covering map.

{b) Give an example of a smooth submersion f: M — N such that M and N have the same
dimension, N is compact, and f is onto, but f is not a covering map.

2. Let &y, ®g : R x $? — 82 be two global flows on the sphere S?. Show that there
exist € > 0, a neighborhood U of the North pole, a neighborhood V of the South pole, and
a global flow ® : R x 8% -3 S2 such that ®(¢,q) = ®n(t,¢) for all t € (—¢,€),¢ € U, and
O(t, q) = Pg(t,q) for all t € {—~e,¢), g€ V.

3. For n > 1, consider the subset X C CP*" given by
X={[zg:2: 2] ECP™ | 211 = Znyg = -+ = 23, = O},
(a) Show that X is a smooth submanifold.

(b) Calculate the mod 2 intersection number of X with itself.

4. Suppose N is a smoothly embedded submanifold of a smooth manifold M. A vector
field X on M is called tangent to N if X, ¢ T,N C T,M for all p € M.

(a) Show that if X and Y are vector fields on M both tangent to N, then [X,Y] is also
tangent to N.

(b) Illustrate this principle by choosing two vector fields X, Y tangent to S* € R® (such that
[X, Y] is not identically zero), computing [X, Y] and checking that it is tangent to S2.

5. A symplectic form on an eight-dimensional manifcld is defined to be a closed two-form
w such that wAwAwAw is a volume form (that is, everywhere nonvanishing). Determine which
of the following manifolds admit symplectic forms: (a) §%; (b) $% x §%; {c) % x 2 x §2 x 52,

6. Let U be a bounded open set in R® with smooth boundary, and let V be a smooth vector
field on R®. The classical divergence theorem expresses the triple integral fff,, divVd(vol)
as a surface integral over the boundary of V. State this theorem, and show how it can be
obtained as a particular case of Stokes’ Theorem for differential forms.

7. Let M and N be smooth, connected, orientable n-manifolds for n > 3, and let M#N
denocte their connect sum.

(a) Compute the fundamental group of M#N in terms of that of M and of N (you may
sssume that the basepoint is on the boundary sphere along which we glue M and N},



(b) Compute the homology groups of M#N. {You may use without proof that H,(~;Z) of
a connected orientable n-manifold is always isomorphic to Z).

(¢} For part (a), what changes if n = 27 Use this to describe the fundamental groups of

orientable surfaces.

8. Determine all of the possible degrees of maps 5% — St x St

9. Point S? via the south pole, and consider the Cartesian product S x §2.
(a) Describe a cell structure on S? x 5% that is compatible with the inclusion of
S2v 5% ey 5% x 57
as those pairs where one coordinate is the south pole.
(b) Let X be (S% x S%) Ugz D?, where we attach the 3-disk via the map
S 5%y 82

which crushes a great circle connecting the north and south poles. Compute the homol-
ogy groups of X.

10. Let X be a semi-locally simply connected space and let X — X be the universal
cover.

(a) Show that any map o: A™ — X lifts to a map : A" — X, where A™ is the standard
n-simplex.

(b) Show that if &y,49: A" — X are two lifts of o, then there is an element g of the
fgndamental group of X such that g o 5; = &y, where we view g as an automorphism of
X via the deck transformations.



