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Less than 33 Miniatures

Based on the textbook ” Thirty-three Miniatures: Mathematical and Algorithmic Applications of Linear
Algebra” by Jiri Matousek

Instructor’s Handout

The appearance of linear-algebraic methods is often unexpected.
— Jiri Matousek

Miniature 1: Fibonacci Numbers, Quickly
The Fibonacci numbers Fy, Fy, Fy, ... are defined by the relations

FO :O, F1 :1, and Fn+2 :Fn+1+Fn fOI"I’LZO.

Obviously, F;, can be calculated using roughly n arithmetic operations. Using linear algebra, can we
do it more quickly?

Problem 1:
Write an algorithm that uses linear algebra to compute the n'" Fibonacci number in O(logn) time.

Steps for Problem 1:

Fn+1

F, |

« Write down a matriz M that returns the next vector v,4+1 given the previous vector vy; that is,
find M such that Mv,, = v,41.

« Encode two Fibonacci numbers Fy,, Fy,+1 as a vector v, = [

« Write a formula for v, given vy = (1) .
« Describe an algorithm that computes v, (and hence finds F, 1) using only O(logn) matriz
multiplications.
1 1
M=)

o vy = Muv,_1 = M™vyg.
+ Same as for a scalar, to compute M", we need to square M log,(n) times. Hence
O(log(n)) matrix multiplications.
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Miniature 2: Fibonacci Numbers, the Formula

Problem 2:
Derive an explicit formula for the n'* Fibonacci number F),.

Steps for Problem 2:

« Let W be the vector space of all sequences (ug,u1,us,...) of real numbers — with
coordinate-wise addition and multiplication by real numbers — which satisfy the Fibonacci

recursion relationship:
W = {(UO,Ul,Ug, ..)CR ‘ Upt2 = Upil —i—un}.

« What is the dimension of this vector space? Write down a basis.
« Find all possible values of T such that v,, = ™" is a sequence in W.
- Verify that these special sequences form a basis for W.

« Write the Fibonacci sequence F = (Fy, Fy, Fo, F5,...) =(0,1,1,2,...) as a linear combination
of these special sequences. Then find an explicit formula for the n'™ Fibonacci number F,,.

The possible values of 7 satisfy 72 = 7 4+ 1 which gives

1++/5

T4+ = 9 o

Then we want to write F' as a linear combination of the two sequences (79, 74,73,73,...).

little algebra gives

and so




Miniature 3: The Clubs of Oddtown

There are n citizens living in Oddtown. Their main occupation was forming various clubs, which at
some point started threatening the very survival of the city. In order to limit the number of clubs,
the city council decreed the following innocent-looking rules:

- Each club has to have an odd number of members.
+ Every two clubs must have an even number of members in common.

Problem 3:
Under these rules, show that it is impossible to form more than n clubs.

Steps for problem 3:

« Encode the club participation of Oddtown in a matriz: Suppose there are m clubs and n
citizens. Define an m x n matriv A where A;; =1 if citizen j is in club i and A;; = 0 if citizen
j is not in club i. For the remainder of this problem, treat this as a matriz with entries in Fs.

« Look at the matriz product AAT. What do the rules of Oddtown tell you about AAT ?

- What is the rank of the matriz AAT ? How does this compare to the number of clubs?

« How does the rank of AAT compare to the rank of A? Use this to conclude that the mazimal
number of clubs is n.

Let us call the citizens 1,2,...,n and the clubs C1,Cs, ..., C,,. We define an m x n matrix A

by
1 ifjec;,
Q5 = .
0 otherwise.

(Thus clubs correspond to rows and citizens to columns.)

Let us consider the matrix A over the two-element field F5. Clearly, the rank of A is at most n.
Next, we look at the product AAT. This is an m x m matrix whose entry at position (i, k)
equals E?zl aijarj, and so it counts the number of citizens in C; N Cj,. More precisely, since
we now work over Fy, the entry is 1 if |C; N Cy| is odd, and it is 0 if |C; N Ck| is even.
Therefore, the rules of the city council imply that AAT = I,,,, where I,,, denotes the identity
matrix. So the rank of AAT is at least m. Since the rank of a matrix product is no larger than
the minimum of the ranks of the factors, we have rank(A) > m as well, and so m < n.



Miniature 6: Odd Distances

Problem 4:
Show there are no 4 points in the plane such that the distance between each pair is an odd integer.

Steps for problem 4:

« Let 0 be one of the points and a,b, c the other three. Suppose that the distance between each pair

of points is odd. Write down this condition in terms of a,b,c. We will be showing that this
creates a contradiction.

- Show that if m is an odd integer, then m? = 1 (mod 8).

« Derive the polarization identity

[+ ol* = lull® + [Jo]1* + 2(u, v)
and use it to show that

2(a,b) = 2{a,c) = 2(b,c) = 1 (mod 8).

« Define a matriz A with columns a,b,c. What is the mazimum rank of A?
- Write a formula for the product B = AT A in terms of ||a||?, {a,b), (a,c),... etc. Using your
previous results, compute 2B (mod 8).

« What is the determinant of 2B (mod 8) ¢ What does this tell you about the rank of B¢ Use this

to find a contradiction.

We observe that if m is an odd integer, then m? =1 (mod 8) (here = denotes congruence;
x =y (mod k) means that k divides  — y). Hence the squares of all the considered distances
are congruent to 1 modulo 8. From the cosine theorem we also have

2(a,b) = [lall* + [b]* = lla = bJ* =1 (mod 8),
and the same holds for 2(a, ¢) and 2(b, ¢). If B is the matrix

(a (a,b) (a,c
B=|(ba) (bb b
{ b

~ =
—~

H S
o0

~

then 2B is congruent to the matrix

modulo 8. Since det(R) = 4, we have det(2B) =4 (mod 8). (To see this, we consider the
expansion of both determinants according to the definition, and we note that the
corresponding terms for det(2B) and for det(R) are congruent modulo 8.) Thus det(2B) # 0,
and so det(B) # 0. Hence, rank(B) = 3.

On the other hand, B = AT A, where

A <a1 b1 Cl) ‘
az by c
We have rank(A) < 2 and, as it is well known, the rank of a product of matrices is no larger

than the minimum of the ranks of the factors. Thus, rank(B) < 2, and this contradiction
concludes the proof.



Miniature 9: Equiangular Lines

What is the largest number of lines in R3 such that the (nonzero) angle between every two of them is
the same?

Everybody knows that in R? there cannot be more than three mutually orthogonal lines, but the
situation for angles other than 90 degrees is more complicated. For example, the six longest diagonals
of the regular icosahedron (connecting pairs of opposite vertices) are equiangular:

As we will prove, this is the largest number one can get.

Problem 5:
Show that the largest number of equiangular lines in R? is 6, and in general, there cannot be more

than (dgl) equiangular lines in R?,

Steps for problem 5:

- Suppose that you have a configuration of n lines with unit directions v, ...,v, € R%. Suppose
that the angle between any two distinct lines is a fived 0, with 0 < 6 < 5. What does this
condition tell you about (v;,v;) fori#j7¢

« Consider the d x d matrices M; = viviT. Show that M; is symmetric for each i.

+ Show that the vector space of symmetric d X d matrices has dimension (d'gl).

« If we can show that the matrices M; are linearly independent, then we are done. (Why?) To
show this, suppose that we have a linear combination of M; such that

Z aiMi =0.

Multiply this sum on the left by va and on the right by v;. Write this sum entirely in terms of
the coefficients a; and cos? 6.

- Using the fact that cos®> 0 < 1, show that a; = 0 for all i. (This is challenging. Feel free to ask
your instructor.)

Let us consider a configuration of n lines, where each pair has the same angle ¥ € (0, ]. Let v;
be a unit vector in the direction of the ith line (we choose one of the two possible orientations
of v; arbitrarily). The condition of equal angles is equivalent to

|(vi,v;)| = cosd¥, for all i # j.

Let us regard v; as a column vector, or a d X 1 matrix. Then viT v; is the scalar product (v;, v;),
or more precisely, the 1 x 1 matrix whose only entry is (v;, v;). On the other hand, viv;fp is a

d x d matrix.

We show that the matrices viviT, 1=1,2,...,n, are linearly independent. Since they are
elements of the vector space of all real symmetric d x d matrices, and the dimension of this



Solution (continued)

space is (d"gl), we get n < (d'gl), just as we wanted.

To check linear independence, we consider a linear combination

n
E aiviv;-f =0,
i=1

where a1, as, ..., a, are some coefficients. We multiply both sides of this equality by ’UJT from
the left and by v; from the right. Using the associativity of matrix multiplication, we obtain

n n
Tl T 2 2
0= E a;iv; (viv; Jv; = g a; (v, v)° = a; + g a; cos” ¥
i=1 i=1 %]

for all j.
In other words, we have deduced that T'a = 0, where a = (aq,...,a,) and

T = (1 —cos?9) I, + (cos® V) J,,.

Here I, is the identity matrix and J,, is the matrix of all 1’s. It is easy to check that the
matrix T is nonsingular (using cosd # 1). Therefore, a = 0, the matrices v;v] are linearly
independent, and the theorem is proved.

Alternatively, one can let S =), a; and note that 0 < cos?# < 1 implies

0=aj+cos’(S—a;) = (1—cos®@)a; = Scos® = (1—cos’0)S =nScos’d = S =0.

Then (1 — cos?)a; = Scos? = a; =0 for all j.



Miniature 10: Where is the Triangle?

Does a given graph contain a triangle, i.e., three vertices u, v, w, every two of them connected by an
edge? This question is not entirely easy to answer for graphs with many vertices and edges. For
example, where is a triangle in this graph?
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An obvious algorithm for finding a triangle inspects every triple of vertices, and thus it needs roughly
n? operations for an n-vertex graph (there are (’;) triples to look at, and (g) is approximately n®/6
for large n). Can we do any better with linear algebra?

Problem 6:
Given a graph G with n vertices, use the fact that an n x n matrix can be squared in O(n
time to write an O(n2-371339) algorithm that determines whether G contains a triangle.

2.371339)

Steps for problem 6:

. Let A be the adjacency matriz of G. Consider B = A%. Using the definition of matrix
multiplication, what does the entry B;; tell us about the graph G ?

« In terms of the entries A;; and B;j, what does it mean for G to contain a triangle?

« Using the fast matriz multiplication as a black box, write an algorithm that checks if G contains
a triangle.

Define the adjacency matrix of G as the n x n matrix A with

e — 1 ifi+#jand {i,j} € E(G),
)10 otherwise.

The key insight is to understand the square B := A%. By the definition of matrix
multiplication we have b;; = >.}'_; a;ax;, and

1 if the vertex k is adjacent to both ¢ and j,
ik — .
S 0 otherwise.

So b;; counts the number of common neighbors of ¢ and j.

Finding a triangle is equivalent to finding two adjacent vertices 7, j with a common neighbor k.
So we look for two indices %, j such that both a;; # 0 and b;; # 0.

To do this, we need to compute the matrix B = A?. If we perform the matrix multiplication
according to the definition, we need about n® arithmetic operations and thus we save nothing
compared to the naive method of inspecting all triples of vertices.

However, ingenious algorithms are known that multiply n X n matrices asymptotically faster.
The oldest one, due to Strassen, needs roughly n?8%7 arithmetic operations. It is based on a
simple but very clever trick—if you haven’t seen it, it is worth looking it up.

Newer methods get you to O(n2371339),



Miniature 12: Tiling a Rectangle by Squares

Problem 7:
Show that a rectangle R with side lengths 1 and x, where x is irrational, cannot be tiled by finitely
many squares.

Steps for problem 7:

- Suppose that a tiling exists consisting of squares Q1, ..., Q.. Let s; be the side length of Q;.

« Consider the real numbers R as a vector space over the field Q. Let V' C R be the subspace
generated by x, 81,82, ...,8n-

« We can define a linear function f such that f(1) =1 and f(x) = —1. (This is possible because
x,1 are linearly independent over Q).

« For a rectangle A with side lengths a and b, define v(A) = f(a)f(b). Using the linearity of f,
prove that

n
v(R) = v(Qy).
i=1
(This is the most challenging part. Draw a picture and don’t be afraid to ask your instructor for
help.)
« Using the definition of v, f,Q;, and R, find a contradiction.

_sowtion |

For contradiction, let us assume that a tiling exists, consisting of squares @1, Q2,...,Q,, and
let s; be the side length of @Q;.

We need to consider the set R of all real numbers as a vector space over the field Q of
rationals. This is a rather strange, infinite-dimensional vector space, but a very useful one.

Let V' C R be the linear subspace generated by the numbers z and sy, s, ..., sy, in other
words, the set of all rational linear combinations of these numbers.

We define a linear mapping f : V' — R such that f(1) =1 and f(x) = —1 (and otherwise
arbitrarily). This is possible, because 1 and x are linearly independent over Q. Indeed, there is
a basis (b1, ba,...,b;) of V with by =1 and by = z, and we can set, e.g., f(b1) =1, f(by) = —1,
f(bs) =---= f(bg) =0, and extend f linearly on V.

For each rectangle A with edges a and b, where a,b € V', we define a number v(A4) := f(a)f(b).
We claim that if the 1 x x rectangle R is tiled by the squares Q1,Q2,...,Q,, then

n

v(R) =Y v(Qy).

i=1

This leads to a contradiction, since v(R) = f(1)f(x) = —1, while v(Q;) = f(s;)? > 0 for all i.
To check the claim just made, we extend the edges of all squares @; of the hypothetical tiling
across the whole of R. This partitions R into small rectangles, and using the linearity of f, it is
easy to see that v(R) equals the sum of v(B) over all these small rectangles B. Similarly v(Q;)
equals the sum of v(B) over all the small rectangles lying inside Q;. Thus, v(R) = Y i | v(Q;).



Miniature 13: Three Petersens Are Not Enough

The famous Petersen graph

has 10 vertices of degree 3. The complete graph Kig has 10 vertices of degree 9. Yet, it is not possible
to cover all edges of K by three copies of the Petersen graph.

Problem 8:
Show that there are no three subgraphs of Kjq, each isomorphic to the Petersen graph, that together
cover all edges of K.

Steps for problem 8:

« Suppose for the sake of contradiction that Kyy can be covered by three copies of the Petersen
graph: P, Q, and R.

« Let A be the adjacency matriz of Kio and Ap, Ag, and Ag be the adjacency matrices of the
subgraphs P, Q, and R respectively. Show that

A:AP+AQ+AR.

- Write down an adjacency matriz for the Petersen graph. Show that this adjacency matrix has
eigenvalue 1 with geometric multiplicity 5. Because Ap is equivalent to any adjacency matriz of
the Petersen graph, this implies that Ap has eigenvalue 1 with geometric multiplicity 5.

- Suppose that = is an eigenvalue of A, with eigenvalue 1; that is, A,x = x. Show that (1,z2) =0
where 1= (1,...,1)T. The same is true of Aq.

- Consider the subspace 1+ = {z : (1,x) = 0} C R, What is the dimension of this subspace?

- Using the dimension of 1+, prove that Ag and Ap share a nonzero eigenvector v with
eigenvalue 1.

« Prove that v is an eigenvector of Ar with eigenvalue —3. Using the fact that R is a Petersen
graph, show that this is a contradiction.

We recall that the adjacency matrix of a graph G on the vertex set {1,2,...,n} is the n x n

matrix A with
1 ifi#jand {i,5} € E(G),
Qaij = .
0 otherwise.

It means that the adjacency matrix of the graph Kig is Jig — 19, where J,, is the n X n matrix
of all 1’s and I, is the identity matrix.
Let us assume that the edges of Ky are covered by subgraphs P, @, and R, each of them
isomorphic to the Petersen graph. If Ap is the adjacency matrix of P, and similarly for Ag
and Ag, then

Ap+ Ag + Ar = Jio — T1o.

It is easy to check that the adjacency matrices of two isomorphic graphs have the same set of
eigenvalues, and also the same dimensions of the corresponding eigenspaces.



Solution (continued)

We can use Gaussian elimination to calculate that for the adjacency matrix of the Petersen
graph, the eigenspace corresponding to the eigenvalue 1 has dimension 5; i.e., the matrix

Ap — Iy has a 5-dimensional kernel.

Moreover, this matrix has exactly three 1’s and one —1 in every column. So if we sum all the
equations of the system (Ap — I10)x = 0, we get 2x1 + 2x9 + - - - + 2219 = 0. In other words,
the kernel of Ap — I is contained in the 9-dimensional orthogonal complement of the vector
1=(1,1,...,1).

The same is true for the kernel of Ag — I19, and therefore, the two kernels have a common
nonzero vector x. We know that Jipz = 0 (since z is orthogonal to 1), and we calculate

ARac = (J10 — IlO — Ap — AQ).CL‘
= J10517 — I10.'L' — (AP — _[10).'13 — (AQ — Ilo).'L' = 2[10{E
=0—2—-0—-0—2x=—3z.

It means that —3 must be an eigenvalue of Ag, but it is not an eigenvalue of the adjacency
matrix of the Petersen graph—a contradiction.
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