HIGH REGULARITY WELL-POSEDNESS FOR CM-DNLS :
STANDARD ENERGY METHODS

MATTHEW KOWALSKI

1. Introduction

The Calogero-Moser derivative NLS equation is stated
(CM-DNLS) ity 4 Uge + 20T D(|ul?)u = 0

where D = —id,, and IIT is the Szegd projector onto non-negative frequencies. We
will often abbreviate IITD = Dt and II* f = fT.

For ease of notation, we will extensively use f < g to imply that there exists
a universal constant C' > 0 such that f < C'g. When the constant has additional
dependencies, we will indicate those by subscripts. At times, we will use the corre-
sponding notation 2 and ~.

In light of Gerard and Lenzmann’s proof of global well-posedness for small
data,[I] we wish to present a self-contained version for personal reference and un-
derstanding. Specifically, we aim to prove

Theorem 1.1 (H? Global Well-Posedness). |CM-DNLSY| is globally well-posed for
initial data vy € H3 (R) with L*-mass

M(Uo) < 27.
Moreover, we have the a-priori bound

sup [[u(t)]| > < o0
teR

2. LocAL THEORY

We study the Cauchy problem for (CM-DNLS|in H_% (R). To do so, we wish to
run Kato’s classical iterative scheme for quasilinear evolution equations, the details

of which will be explained.

Proposition 2.1 (H? Local Well-Posedness). For any R > 0 there is some T(R) >
0 such that, for every u® € H2 (R) with ||u°||z> < R, there exists a unique solution
uwe C([-T,T); H3(R)) of[CM-DNLS with u(0) = u°.

Moreover, the flow map ug +— u(t) is continuous on H?.

By distributing the derivative and rearranging, we rewrite CM-DNLS] as
(1) Up = TUgy + 20T Gy + 20T ut,.
We aim to construct a sequence u* such that u°(t) = ug and

uFt = gt 2T uk A - 2RIy uk

To that end, we first find bounds on the inhomogeneous term 2u*IITu*uk with the
following Lemma.
1
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Lemma 2.2. For allp € {0,1,2}, if u € H}(R) and v € HP, then IITuv, € HY
with
I vz e < Nlull ez |[o] o

Proof. We first prove a bound on |[IItuf,||s for f € H}r By direct computation,

(€)= / a(g—mﬁ(n)\j‘;’?

=

— / ale + mnf(n)
R

wls
3

2
Then

0o 0 =R 2
el < | ] [ bltate+ i Fian| de

< IfI2 / / 0+ EP[A(E + n)Pdnde  (Holder's)
o rC
— 1712 / / G RO C=n+Ew=1-8)

~ IFI / ¢la(e)|2de

= Hu||?{a/2||fH§

as desired. By density of H} in L3, this bound extends to f € L3. In particular,
this implies that [|[[TTuvylls < [Jullg2||v]|2 for v € L2.

To prove the original statement, we first note that by Sobolev, for f € H?,
Ilfllsc < |Ifllz1/2- Using this, we compute for v € H',

I v || g S T v |2+ ([T w2 |
S luallscllvellz + llull sz l[ve 2
S Nullzz vl
Similarly, for v € H?,
I vz e S Nuea¥sll2 + [|ualzsll2 + T ulges |2
< ugall2llvalloo + uallool|vaell2 + ||H+u%||2
S Nl 2ol g

Combining these concludes the desired result for all p € {0,1,2}. O

We now aim to prove that our iteration scheme is valid, for which we establish
the following Lemma.

Lemma 2.3. Let u € C([-T,T); HY) with some T > 0, p € {0,1,2} and wy €
HY(R), f e LY([-T,T); HY). Then there exists a unique w € C([-T,T); HY) such
that

(2) Wy = iWep + 2ulltaw, + f,  w(0) = wy
Furthermore,

T w 2
(3) P e (T PR [ P

for some constant C > 0.
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To prove this Lemma, we must employ ”standard energy methods” to perturb
the problem slightly, solve it in the perturbed case, and then extend this solution
to our desired case. To that end, for € > 0, we introduce the perturbed equation

(4) w§ = iws, +2u(l —ed?) "M aws + f, w®(0) = wo.

Note that here, (1 —d2)~! is the Fourier multiplier (1 + e£2)~!. We first prove a
well-posedness result for equation 4| on the time interval [-T,T).

Lemma 2.4. Fize > 0. Letu € C([-T,T); HY) with someT >0, p € {0,1,2} and
wo € HY(R), f € L*([-T,T); HY). Then there exists a unique w® € C([-T,T); HY)
such that [ holds. Furthermore,

T 2
(5) s zzeprr S €€ 7 O (gl o+ | 11 )
for some constant C > 0 independent of €.

Proof. We argue via contraction mapping. We will construct a local solution for
small time depending on the size of the initial data and then extend to [T, T] via
uniform bounds.

Let F¢ denote the non-linearity,

Ff(v) = 2u(1 — €02 ',
As usual, we seek a strong solution of the form

w(t) = e Pwy — i / 9D (P (u () + f) .
0

We claim that F© : HY — HY. To see this, we first calculate that for f,g € Hi,

G / ol Fn = &)l[an)ldn

<lnf(m—&l=llgll (Holder’s)

< (Il =& Fm =l +€l7112) gl
<@+ 17l llgl

Density then extends this bound to f € Li. Applying this to F* for v € Li, we
find that

1P @2 < Jlull2 / (14263 Vax i (6)* de

< 2 2 1 2/ 1 L 2 d.
< lollulielold | () ae

S e 2l llull s loll3 < e lullfe ol

~

for sufficiently small € as desired.
Similarly, for v € HZ,

10: 2 ()2 S &7 Hluslloclfull [0z + &4 lfulloo sl o]l + 71

[[ulloc llwll 1 [|vall2
< Aol

Combining this with the L2 bound, we find that [|[F=(v)|z < e V4wl % |0 ae-

Similarly, for v € H2,

1072 (0)ll2 < lltaall2ll(1 = €072) T T Tvg[loo + [[tialoo |02 (1 — £02) ™ T g |2
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+ |l 107(1 — £87) T I Tivg 2
S eV ullllvllz + lullFallolla + JullZe o]
S e ullFge 1ol 2

Therefore || Fe || o me S e /4 |ull%, as desired.
With this, we construct our contraction. Define

B ={ve CH(-T.T)xR) : [vlrers < 2ol + | flrym }
for T to be chosen later and ® : B — B such that

D(v) = e wg + / elt=9)A (F*(v(s)) + f)ds.
0

To see that ® : B — B is well-defined, we first show that ®(v) € CHY . We
note that ®(v) € L% by construction and recall that t — e'®wq is Cy(R, H?).
Furthermore, for ¢t > 7, Strichartz yields

(=) nsn],

Combining these facts, we find that ®(v) € CyHE. To conclude that ® : B — B,
we compute via Strichartz estimates that for v € B,

12|z S llwolle + £l Lymz + 1 F°(0() |z

S llwollz + 1l Lyaz + ™A Tl o rp 0l Lo mrz-

SNl ez (rgxr) + et — T)Hu”%tong vl Loo mrp-

Choosing T sufficiently small then implies ® : B — B is well-defined. To now show
that ® is a contraction, we note that @ is affine and so Strichartz implies

1@ (0) = @(@)ll2 S &= *Tlluloollull e I = Tl Lo 2
Again choosing T sufficiently small concludes that @ is a contraction on B. This
implies that there exists a unique solution w® to El on [-T,T).

We now extend w® to [—T,T]. We note that the choice of T' depended only on &,
universal constants, || f||z1gz and [[wollme. Therefore, to extend w® to [T, 77, it
suffices to show that the H? norm is bounded under the flow of ] and so it suffices
to show To do so, we calculate

d, . e
el (1) 3 = Re(w®, iug, + F*(w) + f(2)) s
< @)l

Consider only the final term. Noting that u(1 — e9?)~'1I*% is self-adjoint and
(1 —e02)~! is bounded, we find that

Re(w®, F&(w))s = —2Re(uy (1 — 0?) "I aw®, w®)s — 2 Re(u(l — d?) T apw®, w)y
— Re(F*(w®),w")s
2Re(w®, FE(wf))s = —2Re(uy (1 — €0?) ' aw®, w®)s — 2Re(u(l — ed?) ' T apw®, w),
| Refw?, F=(w))al S lullde w3

Wl in + | Re(w®, F¥(w)) ro].

Using this result, we compute

| Re(w®, F*(w)) | = [Re(0pw®, 0p F= (wF))o| = | Re(F wg, wg)o| < lJullfllwsll -
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Similarly,
| Re(w®, F*(w)) 2| ~ | Re(wg, Fws) | + [ Re(wiy, uae (1 — €05) T I aws )|
+ | Re(ws,, u(1 — d?) T tgpws )|
[ Refus, g (1 — 202) T it )|
< lullzre [w -

Combining these results, we find that | Re(w®, F&(w®)) gv| < ||ul|%2 [|w® | ge. There-
fore

d, ., ) _ . .
— N Ol < I Ollazllw e + lullFellw 1
dt
which concludes the Lemma via Gronwall’s inequality. U

We now take the limit as € — 0 in L? for fixed u,wy. To do so, we show that
w® is uniformly Cauchy in e via a Gronwall argument. Note that [|w®[[pecpz S 1
uniformly in €. Then by definition,

g

d
a”wE —w|3 =2Re (w® — w",i(w® — w")ae + 2u (1 —07) " aw; — (1 —nd7) "THaw])),

=4Re (w® —w",u ((1—ed2) 'MTaw; — (1 — naﬁ)_lﬂ+ﬂw;’)>2

=4Re(w® —w' u (e —md; I aws — u(l — nd?) "I a(w® — w”)
T (1=e07)(1 = no3) ’ ’ /s
(e —m)o2

:4Re<w5—w",u Itaws — F" (ws—w")>

(T —=2)(1-122)

< le = nllw® = w"|| g2 llwe |2 ull3 + lJull32lw® — w3

2

S le = nl + [lw® —w"|3.

Since T' > 0 is finite, Gronwall’s inequality then concludes that w® is uniformly
Cauchy in e.
Therefore, for fixed wg,u there exists some w € C ([T, T); L?) such that w® —

w € L°L2. Moreover, since w® is uniformly bounded in HZ, Fatou’s lemma implies
that w € Ly°HE. To show that w is a strong solution of 2} we then show that w
satisfies the Duhamel formula. Let @w(t) denote the Duhamel formula for By
definition of w® and Strichartz estimates,

t
/ AR (W —w)ds| +

0 2

< lw = w ez + TP = w)| ez + Tellull T, | e 2

t 2
eit=9)A 2U&H+ﬂwmd5
0 1— 0?2

x

lew(t) — @(®)ll, < flw — w1z + ‘

2

—1/4|

S llw —wllpers + T ullfe lw — w®l| ez + Tellullfe w2

Therefore the Duhamel formula holds for w. Since w € L H? for p € {0,1,2},
the Duhamel formula implies that w € C([-T,T]; HE) and so w is a solution to
Uniqueness then follows from a standard contraction argument, thus proving
Lemma 23]

With these lemmas, we now prove Proposition [2.1}

Proof of Proposition[2.1. Suppose that [ug|lzz < R. By Lemma [2 with f
2uFTT T uFuk, we construct by iteration u* € C([-T,T); H%(R)) with u°(t,z) =
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ug(x) for T to be chosen later. We aim to show that (u*) is bounded in H? and
uniformly convergent in Li. By

k2
P e

k|3
lewollzr2 + 2T w3 ) -
A discrete bootstrap argument yields ||u”|| regz S 1uniformly in k for T sufficiently
small.
We now show that (u*) is uniformly Cauchy in L L2. To do so, it suffices to
show that [|[uf*? — u¥|[ o2 converges geometrically. We observe that

(WPt — Py, = i(uF T — uF) g + 2uFTT Uk (WP — k),
+2 (ukHJrJ - 2uk71H+uk*1) ub + 2uF T uFuk — 2uF TR tyh L

Since |[uF|peer2 < 1 uniformly in k, it follows that the final two terms are in
LiL2([-T,T] x R). Equation [3| with p = 2 then implies that
||uk+1—uk\|L;>cLz < 1207 HZ (ukH'WTk - 2uk_1H+uk*1) uf + 2uF Tk uk — 20k 1 H ,

o L1
Applying the triangle inequality repeatedly pulling out many factors of ||u/||pe <
|u?]| oo 2 S 1, we find that

’
[ Uk”Lchg STeCT ub — Uk_1||L§°L5

. Choosing T sufficienty small then implies that [|u**! — u¥|| e 12 converges geo-
metrically to 0. Then u* converges uniformly in L{°L? to some u € C([-T,T]; L?)
which solves |1 and hence Fatou’s lemma then implies that u(t) € H_%_
for all t € [-T,T].

To establish uniqueness, we consider two different sequences u*,@* each with
initial data ug. Minor adjustments to the Cauchy argument above implies that
[|ufF — @*|| e 2 — 0 and so u is unique.

By the Duhamel formula, we can then conclude via a standard argument that

we C([-T,T); HY) as desired. O

k

3. GLoBAL WELL-POSEDNESS

We do not recreate the proof either of the Lax pair or the hierarchy of conser-
vation laws. Instead, we recall that has the Lax pair

(6) L,=D—ull*u B, = —id? + 2ud,I1"a.

We note that this is not the operator B,, that [I] uses, but is an equivalent one that
is more natural for [CM-DNLS] since it satisfies u; = B,u. With these operators,
we have the following result from [I],

Proposition 3.1 (Lax Equation). If u € C([0,T]; H2) solves[CM-DNLS, then it
holds
d

dt

Moreover, we have the usual hierarchy of conservation laws

L, = [Buy, Lu].
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Proposition 3.2 (Hierarchy of Conservation Laws). Let u € C([0,T]; Hﬁ/z) be a
solution of[CM — DNLS]| for some n € N. Then the quantities
I = (LFu,u)  withk=0,...,n

are conserved, where (-,-) denotes the usual pairing of H;"/z and Hi/z.

We also recall the following lemma from [I],

Lemma 3.3. Foru € L? and f € Hi/g, we have Ituf € L2 with

_ 1
I3 < 5wl (DS, £
With these, we can establish Theorem for sub-critical mass.

Proof of Theorem[I.1. We recall that in the proof of local well-posedness, T' de-
pended solely on ||up|| gz and universal constants. Therefore, to extend our local
solutions globally, it suffices to show a-priori bounds on the H2 norms. To do so,
we utilize the hierarchy of conservation laws.

Suppose that ug € H} with |lug||3 < 2. Then by lemma

_ uoll3
[ (w)] = [(Du, u) = [T T3] > [lull /e = 2 lullae-

Therefore |[ul|, . ;12 $ 1 uniformly in ¢.
CH,

To show a similar bound for H?, we first show bounds for H!, H3/2 by expanding
I, I3 and bounding lower order terms. Doing the same for H? yields an a-priori
bound and hence Theorem [[.1] O
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