ﬁ

Logishies

- nbreduchon: Matt, epal, office hours, rescarch
rote: T am not He  HW o grocer

o heds upt Tl be gone for 3 dwwsions bl of a
conboence i Frane. Thee will ke a sub.
(For W8ah, gou moy have an exdve leche for one )
dodoy proofs, shop me T mss detls

Froot wirbuchons

0senes of logeal  shkmends | thal oo a shudred 15

Aruefbdse ased o delimhons  gvd  theorems.

‘informally,  conumee your redes

Aloays use seabnces  and always  set up  your problem,

Generol process

© st up problon

@ unrevel definitions.

@ derhdy corclusion

W 777 e cxalve,  dry o comed sdup fo conclusion.



ded Mkﬂ“’ NS even ‘.Q 3 an mkges ko sibeon= 2K
(we_ assume. bosic kmw’ed(jt of R (dosure, /-, 51 2ek)

.

- then statoments

A 0 even, Hhen 42 s even

prost: Suppose n s even. Then J ksl n=2k.
Then  n+2: 2k+d = 2(keN . Thesefore M2 s even
becouse hvlez o (Oved preof) 0
P N 0T s even, then s even.

poof: 1t suffices fo shao  Hhat  (conbraposrhue)

Fons net even [(odd), then n® s nof even (cdd)),
suppse. that pis odd. TW 3 kel st n=2kil
Then nr= (2knY 2 Z(RTCKYV 4 e odd and henee,
ok guen 0 (eentoPosthue)
thm: | s not even
proot:  Supse for the sake of corbradiction Hiat 1 s even.
Then 3 keZ sk 122k Thon k=2
But B¢ Z o e hove a confradichon %

Thottoe Le nt even (wnbmdidhon)



Hamt ¥ o0eZ, 3 on even bel si.oacb.

Cpeot Jd d aez. (o hee s arbivony,

If 070, then 207G  and 2% 1S even.

Th 0<0  then | -2o%a and -3a=2(-g) s even O
dedumme F the blloong are fruelfolse.
dam: Jon ever beZ st Vo GeZ, acb  FALLE
| m?_@dlﬂmf ' even beZ, I o0el st. avb

preof - Lk T kel guen | Tn L5 b ol brieZs | o

com: f 0sb s even then  a and boore even  EALSE

Q- whot docs b mean for His do be fule 7
A3 abeZ sk aorb s opof even and  arbis even,
pwot (coonbr-example) |15 ot even, but 1312 2 0s even

olwoys  posde an expliert counter-example o disprove.  comethig

(speebiaaly F-then shodements)

clawnt WF 6oseven Hhen O KeT sboasUk. FALSE

— T

proof s Ceombor-example) A s even

Supppe b | IR sbme Me 2. Fhin k=0

Howerer a4 Thechore 22Uk, . . . . . . . . Q



Megahon

J
o lot of our prof dedwiges redy on findig dhe
Mespkon of & slakment, e the logial oppostk.
ovtwrbvely,what mokes the origual - dedemend  false 7
_exomples -
vot (Pad Q)

ot (P oer @Y

ot (W, POYY
nek (3 x sk PO

ot (i P ten Q)

e ules stacks Consdee
kg F (PGY and QOON | then  CR(x) o SO



Cexbro.
def: oan mbger m s odd § m= Akl bor some g ko
s f 0 s e then voas not edd o

pwf Conbradiehon).  Suppose  on Hhe contrany that

s ewen | ad odd. Then 3 gkeZ st
0= 241 = 2k Rearanging, we . fad
=2k
Sorease of wotohan, led o=k €Z Thea 1=1a,

Cose. P 04O

T

W€ 6O then 122040 | which s o contradickon. |

Cose 22 a=0

W®0=0 then 12220 which s acnbradichon.

cose 3. 0z Tha 122072 whih k& a. wnbrodichan. O




Revewo: Fields

ef (ReY sk ol aiEEeE | FEST s

0. closure: Y abeF, arb, obeF

1 commudabinty: YabeF ail = bro,  ob=bo
2 ossovobiuty ¥ abeeF, o+ (bred = (@abNre
0 (beh) = (ab\e.
3 derbdes:  F OeF ol anO=0 V. aef
J VA0 EF b (oza YV gef

Y omverses Y 030, 3 w0,0TeF sl o ca) =0

5 distrbubve  FabiceF, o)z abrac



e are He Foloong  helds? T8 so, prove
T4 ot dentily come propechies  Hot - dall.
RGN xRy el +and - defned component-wise -

e (e +Ced) = (orcibrd) (o) Cad) = (acibdy .

ronlenge: guen o fedd F,odefine FLG do ke pdymomals
FUd = Poeraxsran: nv0, aieFd

Oele + and -+ 0 the usuel woy



ecwase  supmse Hot F e o field wl bmikdy many elemends.
QU USE  Suppase ot F '3 f'a: .
© pove tat 3 pro sl

(EHESETIN
Tn porbialar, T o swaled pros sk lrlei1io

@ prove W o prme



EMMMEE Added (joint) OH Tues 12-1 m 432975,
‘Logiskies: | Shl m%:m preof wrrbng [ shruchure
ity | kil Ve 5 E e

‘ereaset Lek V= (0,000 and 2 R (wl usuol structure)

Pefve @ vV =V by ReV = W
—

Dedme, @ FxV=>V by aol=

Prove Hhd Vs o veclor <pace ouer .



N2 (assoqahody of @i\ i

30D e By iy il 12 R

(RIVNBW = WD = N - abws = B (Vo).

\J3 (ado\anue. j({m‘l-r‘ly\

e clam Hot e oddie derbdy of V16 T
Lt I Rev., Thn TOR= W=&

As tis helds G all Tev, T s the adddive denidy
o /)

VU (addtve nverses)

e dam  that Y WeV, -0 =

Let 3 REV Then U@ W= WX 2 T, wheh s
the addifive  dents J«/ n V. Theelor, ¥V ReV, F 0= Vu

sl Betw-T

VS Ctbglakus diskit)

Lt 3 WeV. Then  [1OW= W =T o deswed.

Ve (ossec. o} O

Let 3 obeF, Wev, Thea by detniton,

20 (bod) = 0o W = OoF = A% = (GAOT

0 esired.



VT (distrbududyd

Let 3 aek, BT eV, Then by dehmbion |

aBOV) = a0 W= LYY = B
= WO = (a0R) ® (007
os desired.

kel D abe® ReV o Then by definkion

A > . .
(00O = 0@ - eub
= e U = (0eU)O(en)
as  desired .

s complefes our proot Hhot Vs o wechor spce over F O



. ng_ﬂ.!‘_ Trﬂﬂa{afmq41m5_
wtbon: T: Vw0 ie e 4 preserves the hnear  structuee

ot VW

exwase:  gwen V= (00wl the shuddun Fom  earlies,

defwe  TiVoR by TR = gl

Frove ot T s lnear

def: somorphiem - Tiy=w sk T s byechue
(surgehve and mechioe; mverhibled .

exvuse T above s an | 1somorphism




Q. Tn the defimbon of verkble, we rguine botn
TT = v ad.  TTT - dw
A these both neessory 7
A we wank T, T sl TN = Ay kot T4 D

dar lese, infomoden wel T

B ST UnwW s soqpehir Hhen S s suggechoe

poobs Led Foweld Bl STos sugeetve,  F aelh sid
STu=w. Then  S(Tu)=w.
Ble TueV, Hus wples ot ¥ weld 3 yev =l
Svrw adse S e soeetve D
cod 9T USW s sonpehve then T s suggechoe

counts-example: Lot Uiz $03, V= R wl

To:0 od SO Vel The STO-O, so

ST s supechive bt ueld s Tu=O #1so T s et g



Subspoces

whuihon - o sabspace 13 g vector space  meide  another

Vechor space wl e same  sheucture (4,8, FY
exvose s (diS)prove  whether the folloong are  subspaces

v Defve (/v xay=O )
W v )t xayiz=0} C R

s

Oes, Has s o subspoce.

proot s T suffies fo shoo the  followig.

W s ronemply s Ble, ©0+0: 0 ad 0:0+070,

(8)e b Then "W i on-emply.

osure under uéa}br odchdion

Let 3 (eyieY, (enbeY ew),

Then  xry = xayi2= arb= arbic <O

This imphes  (rod + (b = (xaod + (b 2 (24 = O
ond o L Gy (ol e W

closwe. under  sealar mulhphcaton

Lt 3 aelR, v (xy2 N ew:
Then - oxry) = alxtysz\ =0,
and 50 Ox*0y 7 Ox40y+02=0.  Thuetore

(_}\J_f ((}‘Kj&yr(:l%\ e L AS C{{Eﬂ‘fﬁl‘



w= C/x\  )
R y>_ - xyeR (¢ R

Q an gou make W ko o vechr spee vl alkadive

opuahons 7
Q- Gwen  sabsprees W WO, s

WUV o subspace 7 Proe or find a

couter- example .

CGon gou find o condifion on UV which

ensores that UV s o subspace 7



i

o NSAE oriekly explom linwrindepenclence.

odvertist proot -wordig  wockshop.
1SAH = Byoen's lemma on  Th.
CYISER
Logishes: T rommend  heavly Hhot you collaborake on

homework, shrt as eafly as possible, ad ask ot of
queshons, | The professor/mstuctor and T can provide o lof
ot help

comdbom L s nedt week

NBAH only: Zom's Lemma |

deb (parkal order) on o et S s o welatonshp L

behween  some elements s

© relleaes VseS,  ses
@ ahioymmety: f atb ad bLo Hen o:b.
Q@ honsthuty: i oth ad btc Hen  atc




examples: R wl vsuol orderng £

Cogwen ooset S, He power sl 2 s
2%= (A AeS3
we dehne o parhol order on 2% wl

A® b Ac®.
on W= 10223 defre atb f alb
- revese divishiliy s oxb WE 0 bla

o B(RARY = RABS Defme Flg L f £ONEGED W



det - (doally ordued) we  say Hhat (Si£) s dohlly

orded F Y abeS,  atb o beo

€Yomples

Rowl £ e doklly ordued
n 2%l C ey, 7903, 10013, f0.1,23,..3

s dohlly odered,  thowgh 2% s ot

deb (upper bowrd) 1 S poset,  TeS
S an uppr bend of TF YV teT, Les.
_ampes

o 25 N2 s en uppe bond of

5o, fou1d, 50,23, 3
n W wl e dusblly, 215 an up bowd
of 25,683 but wot of §2,304,..3,

mo 3(R-R), PORY has wo upps bound.



def  (maxwnal clment)  poset  (S.£)

s o marmal element of S f

: 9_3:(0,% plgs

o (22e), S s a maxmal elamedt
Mmoo 12,203 wl rerse dasibldy,
He prmes at ol mayymal | elements

wm 3(R-RY, e s o maxmal elunet

Zomls Lemma:

gwen 0 poset S, kb every  doklly odeed TeS
as an . upper bound, dhen S has a waxwmal <lement

trwol example: Z,:92,3, 3wl cevese. dwrsiblidy.

sps TCZo s blaly odred Jet = be  the smolkst

(nomol seme) elomett of T Ble T s obally |
ordeed, W AeT, sloor tls. Bl stt,
£ otls Hen t=s. o Theclre s s a4 uppe bond of T

Bu  Foms lemms, Ly has o maywnl elemet



M(iﬁf‘ ( in\dcpmclwc.c
:G\ Se..‘\' 0? VCC:\'WS > \5:, lli:"lﬁa;*"ly: ck(’.‘oc,nc;lm*f ije
3 a, 00, vt all o, ad v, uneS dishet st

Otk G =0

st o wekss S 3 ey dpedent €
L N S
cunpks

oo that (1), (1), (B are wearly sncependent

©opove thaf o xFen, ¢ e x o), W20 010

Core lnaarly dependent i P(RY



N

CUSAH spn(S) T semeeens

spn(S) s e smallest subspace confaming S|

W6A:  spa(S) = Law. - tanh - 7L, vieS, ae F3

il i 6@%@\? i i%f)?

: &xamp‘(’_s

smﬂ((\ \( \\

5paﬂ (( o\; ( 0\,: (f:::- \\ S)""“(‘D\ 9"%’2:\



exerase: Sps xespn(s), Then éfmh(sﬁf?%%\ = span(s).

| P@D{ %cj defimbon 619@(5\ PN f—"b*b"apqm mﬂ*ﬂﬁﬂ!rg
S ad . Thedkre, spn(Susx3)c span(sN |
Qo by defuhon,  span(Susxd) s o =sulospoce
conbanry S T spn(sNe g}mﬂbu?ﬁ\
s ks b el
exuase: leb Vo be a vedor space over R,

Then - viwo are liearly wdkpendent. 3 viw, vow ere
~ Wearly maw: iclé/\’ri- '

oot : He s on He howmenork for N15A. Oo]:s

P

Q: does tus hold orr any ded F7 O
A v Coneda Fyl Then (o), (0 ac In i
ECACALON) @fﬁé rot.

Qb S s lweady wd and Tois mady wd.
s SoT hnady w7

A Ko Conader, 5973 and T=12V1



Q. led Scv. Supme  thed ¥ TSS, T s,
ey bt T> S sonly. nod 7

Nesont gou need. o et gl veetors at once.

'—-l—l—-'l"'.'

Q- spn(SUT) = spanlS) U span(T) 7



o 125
| L%ﬁ.hg:,s:

(ISAHY  mdkrm  homorron

° Do THE PRACTICE MICTERMS under o e pressune




.EY:UC.:VE-C .SQprsé_ T: \/.’“?O\-) A [lﬂtif‘.

oY Suppose S spans V. Does T(S)= 2Tv: veS3 span 10?
30 ok, whot g 0 VSR conddion on T o ensre ths?

ener: o, Lonsder V= {63, W R Then & spans

NV but | T(p): @ es mst span R

T e supechue 15 ncessary/uffcent.

poct: W pove T spans 1 B T s sugechoe.

ST st W T Ve T 6 e
] T T T s e G TR
hin Tlasieio 00N E 0 This T gt
(fosl i ol igibe | 1t 13 0

| e "3 YeV skl Tusws Bl 5NV,

13 ol ane o v vieS S Lol o

Thea | w= oyt anTug e span (T,

Se | Span(TNED, i ponia” spun(TEW=00 ~ g

s s en P 'pmt:!"{ff, mdtomw,

noke: T excluded the case Sed bom the aboe proof

for - Convenience: Brefly verly thes.



b) Suppose . R ospans W, Does TH(R): Tv TVERD span V7

T ok wohat s o sufficiend s mecessary cordidion on T
answert Moo Comsder V=R W= R R=93, 1= 0O
Then T RY= g and  span (8N # R,
Ogan,. T bemq sujechue 15 necessary and. sufficrent.

P o ¥ it el
exeawe s Lot Ma(RY = § al nxn matoicesd :"*-’:‘ e usual

addihion and  scalar mulhipleakon.
Leb Sz T AeMas A-AS Yo TAetn: AT=-AT
frove that  Ma= Sewn.

it cecall te tnck wied for evenledd Sunchons

oot W see. OeSnK, TX A€SOK then
A= AT=-A ad o 2RO Bl A consists of
ral enbney, s mples | ACD. - Thea - SaK=tod.
To . show  Maz S+, wok  that W AeM,

A(AAN eS| and  B(A-ATNe R

The deals o lert do oo



xample Lok T veddor spaes Viwd. Lot TS e L(viod

wl 1540 ad wmT amS = {3 Poe §T,83 s

:S'ﬁ&“:ﬁl/] ﬂ’\m; aft, Wumy Qfﬂ-}mjr md’[flocL Qgr ng, pqu&W?

| Suﬂooaq on e COH*L#“&V}/ Hot S,T ac In. dqﬁ)
TLM wloG, 3 ¢ sk =T
Ble T+O, 3 y40sb Tydo. W@m: Sy=clv
Ble $40, 40,  Thea Sy #0 ad  SvemTawmnS
omple - Dedme T 00 (M) 5 ARN oy p = »p'+ P, :#'

Pove tat T s an isomorphum.
kT goduck ol wll Thelp
heleh Unepeiky > | sheigitlotard] Should ol bt

s welldefined  (that F cbetn't increase degree
o prove womophism,  gou can | consuct  Hie mvese

K
d
ST .(;Piﬂ Y.
TP T

el 3o ey b 1 el defned
Mllonabiely,  shows mechve and suechor

Tws e sheaghHormend using  Tes (xp).



exampk. Sps. xespan(s). Ten epan(Suin) = span(s) .

wamgle: Hoe He follwng slakuments o dvd o oot -exawple
o Dvwose hwear ndependence, mplies  lweac independence.
O fuwd s mearly dipendeat ¥ vawel, fen Los
el e\

—

T: U~V

e S VW,
o ST 0w s mpective Hhen T s mectie

o STUW s sugechve Hen T s sogechoe
e SIVAW, T WY T ST dw, then

TS Wdw



: é’.x-‘-ro\ ml-ucsjng /c.ffla[lcﬁn:r] P"'“HCMS
N Does Hhee exst o vedkor spae \) w|  subspace

WEV st v=w?

2)  How obout Vo=l AWV, V:Uew

ond  VEAZTW 7

3) Comsds PED (FOLAY wl He usuol gperarans

It we allow  pyromal mulfiplieaton, an PEN be o 4eld?




eI
o mdkoms ae obrost  goded. Expect them  worthn o day.

Codnale  repesentation

Gen o basis Vi ua ot Vo we Keas that
Y veV 3 ki st VERV e
b Hus,when v Ve are fised,all nformaton abast
veV s encoded 0 e coeflicent L K

7z .

Gven 0 bose Bz (vii va), wx define e coodumalt
prsebaton [V of  veV  as

_ oy
Lo - < |

Kﬂ)




exomple

B= (L bk, ek A3 s a bass of

X
~~
KD .
-

fd [ Rrxe 33 g

-7
o [2ex33]g = |
5

Ccompuke [pOIRm general
o fabeed ]

2,dy3 = |{b-c4d
. Losbracx®dx 315. jd |
ld .

bosed on gour obere tormilt, oo that (e 1 an merephon

proofs  As dmPr = dem RE = teoos it suffices Yo show that
U2 s ugchue, Suppose I

PF‘. 0, +bixr G403 o - Oarbax v Cax®r dax® € Py (IR)
st (ple:lende. | T
dizds, 7du= Casda, Di-ird, = bps Caach, -bitciodiz Ga-batCadz
Solng thie, we bd pep D



............................



Meben. Beprentshon
Supose ve have Vo wl buss Bl

ad W ) bags Te (o

Guen () T2 VAW, e an repesert Tl
[T1g = | [T \ [\

& wmabrix Qs

As e will see,  evorybhing worke  asexpeckd ) Hhese mabrices.

exomples

d'ﬁq“e‘: p (@\ ’r’ P ('R\ C-OMP lt, lka .wmnjrfm r‘(pftscn{&{'w”_

especk i*oi the wswol - boces

—ploN |
Cdefve . E: B B by a0y Eiﬂ_

Compuk. e modrx repredaton ) capedt do the usal  boces



CGonsds - TR(RY = M (RY: ply [P 'P‘l"\‘_l'
L@'_I_ . "B: (.l' o }C.z).f . T‘l ;—.: ((:3%\‘ (g‘;’\:(?g\ ,.CS?.\\. |



517125}

. Logshes: mdlums have been redoraed. T impressed!.
“Honors Only - Quohent Spaces o
eaalls guen o st X ond an eualoce selaton -

Cwe defne e egoalence clas o xeX as

_—

X= Ayt yex3d
ond  the  goohent space X/ oas
X[ = T ) xeX3

 Todoy we . discuss  debnng, tunchons o XA ovd

Quobient veckor spaces. (W3 and (L4 1 WIS oks) |



13 - defng Dunchons on o goshent space
s 0 fwckon FASE s o el LB b
each ach So. Yoeh 31 feNe®

Leds e koo b do ths on K/

ddinhont we say that i X/e W oas welldelimed € s

adually a funcher. Thet s, £ a=D Hen £(@)- £

Guen o funcken £ XY,k e petucal o ask
3 v asccakd fncen T om0 e R(E) 2 F0).
We can do s, so logg as T repecks e shucture

os above.



CThat e, f F L sahfies
Yook, N 40

Cthen T XD 2N defined &y TEYAN 15 well-dedied.

e sy that §omdies T oo et F focbos thosh
e quobeat X o '

oot (Frsh somacphen Hhioem G sels)

el £ XV be siqpechee. Defne an egnuakoe velahon

~on X kg vy € BGVRN

Db Tl ¥ by TN s T

| (5(:_,%- ) | ra&ﬂﬁrph'lsm. (b&ﬂc}tﬂﬁ\* |



L4 - The %whmt of & vector space, by o sulzsfx&f'@:

CLlet weV b oo subspice We defme an egonalence relation
Swoon V. by

X=zwy f xeyewd

S E7 T Tl st yexw

What 15 the  egoolence clos of some XeV7

deboton (ot

KW= QB | Jew)

Yheorem - The egunolence class oF X wm Vv s the

D A



We con mow inwshile fhe sfruckie of VW as o veclor space.

Mo let WV over a Geld £ Dedine

VM VW > v By (W (y oY = (Y e,
- Detve - Fxviw 2 vio by a(xaw) = ax el

Then v+ e well-dewwed and. VW 15 o veder space.




. . . . . . . -v‘- . :c/}.
. . .4. ’_‘;+\./ ?.Z. .&- II. : .a. . . . .
'H\ | l& VT e liviéa |

- N - N - N +-M-) -15: :
L. \j! -2’ -iewtrﬂecl | 'o_y_ _{(_‘rﬂ_ /
+- [] [ ] L] = . - "

IWC-“-(J:Q'[I&:‘?E.C,: _anc_i lnear r_pf_ %

fesh somorphism Hhewem  for vedor spaces)
%W ( fivst 1_50@:‘;31’”_5"”_ Neq,

= "'"..:-;\_,\J|C_.,qy}
F T V> 2 lo. ..Su;r'kse,c,,.—[m. /Iqum 1 V/l‘xf.ﬁl
L.e,}r 1 \/"'72 Y .

i:ﬂt‘l lf'Hm_‘Phi_E:.Wl C



N -Horors Shudeats

Fevew: ook epresentutons

gven B- A& \\ asis for R compude

N G 1 I

: gwm' B (58, <5r\<x%:\; (VW Goss for My
find [(éu\]’a .

g B> (), D, (59, (590 )
O A=[u 2] and : Mo M2 dehned by M AM

. S I R B
.C-O"”Ftik-' .J .fL.A]rB .

vy ke hoa we wod 4 ol
[le- [TInvin, Emh :fmts‘xg ke



ostract example

Let VW ke hmk dumensiona| vector spaces aweaem
for T:VoW, poe Jhoses B Cof Vi st [Ty s A'fjm“l
deal dor B (Vi wn) and C o= (el won),
[13% 15 dapnal o Tviz aun .
another dea: T s buedwe then e s easy
bic TV, 2L T s 6 basis of W
bwol wdea: need fo dal w/ Tvz0. Do that find.

poot:  let Vi, v be a bosis of herT

rf .

Comlch. this do o bosis V.. Lva of Vo jeds
Then Tvin,.Tva s o basis of | mT. <
Complele " ¥hs ho a | bosis | wi, v, Toier Tum

of W Then Lokl B (v, un), 5 (o, T,
Then m%: Ke 01 e

NOTE: THIS 1S 3T DIAGONALIZABILITY .



bue [lalse £ 3 BC boses of v ok T 2T,

hen =iy

Blasup whot o CrIR- 347

Hoi-blowup b & 01530 and (T 3

exbn tme: exknding by hnearty  heorem
:(:”:S'Jfr: awﬁ. mﬁM .equj?’fl
Hun,  abstact



B

Logistics
onors - mudbum on Monday
non-honors s mekem e Wednesday
(Bigacsheff | fw Ty
2 s an egenvaie E 3 T48 s TR AT,

thon X s an - egenvetor -
e egepace Ex(™ - TR TEOR - e (3T
B (8 dunVicoo, e egeavolues of T oare prenely the

awos of the dumckneTe pdyomial %y (0N - det (hidy - TY



eomes’  druelble,  dwmV >0

o TV s merkble,  then T ks an eqenvalue

ok TV e et wmedble, then T hos an eenvalue
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