
Course Announcement

Hardy Fields

Math 223M, Winter Quarter 2020

MWF 1–1:50 pm, MS 7608

Instructor. Matthias Aschenbrenner (matthias@math.ucla.edu)

Office hours. by appointment; MS 5614.

Description. Hardy fields have their origin in the 19th century, with du Bois-Reymond’s
“orders of infinity”. Later, G. H. Hardy made sense of du Bois-Reymond’s original ideas,
and focused on logarithmic-exponential functions (LE-functions, for short): these are the
real-valued functions in one variable defined on neighborhoods of +∞ that are obtained
from constants and the identity function by algebraic operations, exponentiation and taking
logarithms. The asymptotic behavior of non-oscillating real-valued solutions of algebraic

differential equations can often be described in terms of LE-functions. For example, x
√
2,

exp(x2), or x/ log(1 + x2) all describe LE-functions. Hardy proved that the germs at +∞
of LE-functions make up an ordered differential field: every LE-function, ultimately, has
constant sign, is differentiable, and its derivative is again an LE-function. Bourbaki then
took this result as the defining feature of a Hardy field : an ordered differential field of germs
of real-valued differentiable functions defined on neighborhoods of +∞ on the real line.

The modern theory of Hardy fields was mostly developed by Rosenlicht and Boshernitzan.
Recently, Hardy fields have gained prominence in model theory and its applications to real
analytic geometry and dynamical systems, via o-minimal structures on the real field. They
have also found applications in ergodic theory and computer algebra.

In this course, after an introduction to the basics of Hardy fields, I plan to prove the classical
extension theorems for Hardy fields, followed by a self-contained proof of Miller’s growth
dichotomy theorem for o-minimal structures. In the remainder of the quarter I will explore
the elementary theory of maximal Hardy fields.

Prerequisites. Some basic knowledge of first-order logic, model theory, analysis, and ab-
stract algebra should be sufficient. If in doubt about your background, ask me.
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