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ABSTRACT OF THE DISSERTATION

Inference and Size Localization
of Mesoscale Structures

in Temporal Networks

by

Theodore Yushin Faust
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2025

Professor Mason A. Porter, Chair

In studies of networks, researchers often examine the evolution of mesoscale struc-
tures, structures that involve groups of nodes that are larger than a single node but
smaller than an overall network. A prominent approach to studying such structures
is statistical inference. In the present thesis, we use statistical-inference methods
to detect two such mesoscale structures, community structure and core—periphery
structure, in time-dependent networks (i.e., “temporal networks”). We represent
temporal networks as multilayer networks, with each layer encoding a time step,
and we devise statistical-inference methods that avoid common biases in such meth-
ods against generating communities or other groups with large or small numbers of
nodes. We show that our methods are able to accurately identify mesoscale struc-

ture in cases of interest. Additionally, we show that using our generative model
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is beneficial for analyzing the community structure of networks with large or small
communities. It leads to better accuracy than methods that contain biases against
generating groups with large or small numbers of nodes. We also generalize hierar-
chical core—periphery structure, which is a type of core-periphery structure in which
nodes can be members of multiple groups simultaneously, to temporal networks.
We use a statistical-inference approach to identify such core—periphery structure in

real-world temporal networks.
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CHAPTER 1

Introduction

In this thesis, we develop statistical-inference methods to identify mesoscale struc-

tures in temporal networks.

The study of networks, which consist of nodes (representing agents or other en-
tities) and edges between nodes (which encode interactions or relationships between
objects), has become commonplace [56]. A common research topic in network science
is the study of “mesoscale structures”, which involve groups of nodes that are larger
than a single node but smaller than an overall network [56]. For example, it is very
common when analyzing networks to seek to identify communities — which are sets
of nodes that are densely connected to each other but sparsely connected to other
sets of nodes — in networks [20,/56,/69]. The study of mesoscale structures has led
to a greater understanding of a variety of complex systems in many fields, such as

sociology [26,60,83}84], biology [10], and economics [8),76,85].

In many applications — such as in the study of social networks [60,83], economic
networks [§], citation networks [38], and biological networks |10] — it is important
to consider networks whose structures can change with time. One can represent such
data as a temporal network, in which the nodes and/or the edges between them
are time-dependent [30-32]. A temporal network is a sequence of networks in which

each network encodes the relationships between entities during one time point or



time period.

The study of mesoscale structures in temporal networks has led to insights into a
wealth of applications, including causal inference in social networks [59], identifica-
tion of epidemic sources [39], role detection in bicycle-sharing networks [9], and anal-
ysis of migration networks [13]. Our work focuses on the use of statistical-inference
methods [23,/67,/79,88,89] to identify mesoscale structures in temporal networks.
Such methods offer many benefits, including convergence guarantees and mitigation
of overfitting issues [66]. In this thesis, we devise a statistical-inference method that
identifies community structure in temporal networks and avoids certain assumptions
that negatively impact other statistical-inference approaches. We show that, in cases
of interest, our method outperforms existing methods that make such assumptions.
We also devise a novel approach for the identification of core—periphery structure in

temporal networks.

1.1 Organization

The thesis proceeds as follows.

In Chapter [2| we give background information on mesoscale structures, temporal

networks, and statistical-inference methods on networks.

In Chapter [3] we introduce the notation for temporal networks that we use

throughout the thesis.

In Chapter [4] we discuss our community-detection method for temporal networks.
We show that our method avoids the common biases in such methods against gen-

erating communities with large or small numbers of nodes. We also show that our



method is beneficial for analyzing the community structure of networks with such

communities, as it leads to better accuracy than methods that include these biases.

In Chapter [5 we discuss our hierarchical core-periphery identification method
for temporal networks. We prove that our Markov-chain Monte Carlo (MCMC)
method samples from the exact posterior distribution in the limit as the number of
nodes of a network goes to infinity. We then use our method to study two real-world
temporal networks and demonstrate that it can identify time-dependent hierarchical

core—periphery structure in those data sets.

Finally, in Chapter [0 we present our overall conclusions and discuss future di-

rections.

In Appendix [A] we provide a table of commonly-used notation. In Appendix
we derive computable expressions for various probability distributions. We need

these expressions to implement the examined statistical-inference approaches.



CHAPTER 2

Background

2.1 Network Science and Mesoscale Structures

The use of networks to encode the behavior of complex systems, which involve rela-
tional and interactional behaviors, has become commonplace [56]. A network consists
of nodes and edges. Nodes represent entities or other objects in a system, while edges
between two nodes encode pairwise ties or interactions between the objects. As an
example, consider a social network in which the edges represent people and two nodes
are connected by an edge if they are friends with each other. The notion of a network
is very versatile, and the study of networks has led to advances in a wide variety of

fields, including sociology [80], biology [64], epidemiology [11], and other areas.

In network science, it is common to study “mesoscale structures”, which involve
groups of nodes that are larger than a single node but smaller than an overall net-
work [56]. Two common mesoscale structures, which we consider in this thesis, are

community structure |[56] and core—periphery structure 71].

When studying community structure, one supposes that a network consists of
“communities” of nodes that are connected densely to each other but connected
sparsely to other sets of nodes [20}/56}69]. Communities in real-world networks

can represent important structures in their associated systems. For example, in a



social network, the identification of communities allows one to algorithmically detect
groups of friends [3]. Investigations of community structure have led to insights into
the study of social networks [60,83], economic networks [8], citation networks [3§],

biological networks [10], and other applications.

When detecting core—periphery structure, one supposes that a network consists of
a set of densely-connected core nodes and sparsely-connected peripheral nodes. Core
nodes can be either densely connected to peripheral nodes or sparsely connected to
them [71]. Similarly to community structure, core-periphery structure can represent
important structures in a complex system [7,71]. For example, in a trade network in
which nodes represent countries and edges encode trade flows, the identification of
core—periphery structure allows one to differentiate countries’ involvement in world
trade systems [5,42]. Studies of core—periphery structure have also led to insights into
the study of social networks [26}84], academic networks [16,86], economic networks

[76,85], and many other systems.

2.2 Temporal and Multilayer Networks

In many situations — including in the analysis of the spread of diseases through face-
to-face contacts |21], transportation systems [53], legislation cosponsorships [46}55],
and other applications — it is important to consider relationships and/or interactions
that change with time. One can represent such data as a temporal network, in which
the entities and/or the ties between them can change with time [30-32]. A temporal
network is a sequence of networks in which each network encodes the relationships

between entities during one time point or time period.

It is also common in network science to consider multilayer networks, which con-



sist of layers (which are each networks) along with edges that connect nodes in
different layers [40]. Multilayer networks are able to encode a variety of structures.
Notably for our work, one can use multilayer networks to encode temporal networks
by considering the network structure at each time point to be a layer [40]. Through-
out this thesis, we use this multilayer formulation of temporal networks, as it is
convenient and it allows the possibility of generalizing our work to broader varieties

of multilayer networks.

2.3 Statistical Inference on Networks

In this thesis, we are concerned with the identification of community structure and
core—periphery structure in temporal networks. To identify such structures, we use
a statistical-inference approach [66,/67,(79,/88]. In an inferential approach, one uses
a generative model to algorithmically detect a desired type of structure. We employ
a Bayesian approach to sample from a posterior distribution and obtain a network’s
community structure [65]. There are statistical-inference approaches to detect many
types of mesoscale structures in networks [68,81,[89], and there are a particularly
large number of such methods for community structure [20,66]. Although statistical-
inference approaches have a tendency to be somewhat computationally costly, they
also have several favorable properties, such as results that guarantee convergence and

a better ability to avoid overfitting than other approaches [66].

In statistical inference, it is desirable to employ generative models that are based
on realistic assumptions [66]. A generative model that relies on unrealistic assump-
tions can have a detrimental impact on the accurate detection of community struc-

ture, core—periphery structure, and any other structure in networks. However, it



is not always straightforward to avoid unrealistic assumptions, and many genera-
tive models that appear to make reasonable choices include such assumptions. One
example of a problematic assumption that is present in many generative models for
community structure involves the probability distribution of the number of nodes in a
community. We highlight an example in the context of temporal networks. It is com-
mon for generative models of temporal community structure to use a discrete-time
Markov process to assign nodes to communities [1,25,/50,[88]. However, due to the
choices that are made in many such models, the community-size distributions become
increasingly localized over time. Therefore, at later times of a temporal network, the
probability of generating a small or large community is much smaller than the prob-
ability of generating a community of moderate size. Real-world temporal networks
can have communities of many sizes [61], including ones that are small or large, so
it is desirable that generative models of networks are able to successfully infer such
communities. To mitigate this issue, in Chapter [4, we introduce a novel community-
evolution approach that yields community-size distributions with substantially less
localization than in the above models. Our approach thereby leads to more accurate
community identification than in these types of approaches in networks with small

or large communities.

The importance of avoiding unrealistic assumptions extends beyond community
structure. Indeed, in Chapter 5, we demonstrate that generative models that are
based on discrete-time Markov processes cause our inference approach to consistently
underestimate the number of groups in identification of core—periphery structure. To
mitigate this issue, we use a modified version of our community-evolution approach
from Chapter {4 to evolve the core-periphery assignments in our generative model.

This approach mitigates the underestimation of the number of groups and improves



core—periphery identification in temporal networks.



CHAPTER 3

Notation

In this section, we introduce notation for both single-layer (i.e., “monolayer”) net-
works and temporal networks, which we represent as multilayer networks in which
each layer corresponds to one time step [40]. In Appendix [A] we provide a table of

the commonly-used notation in the thesis.

We first discuss our notation for monolayer networks. For simplicity, we consider
unweighted and undirected networks without self-edges or multi-edges. A monolayer
network is a graph G = (V, F), which consists of a set V' = {1,...,n} of nodes (i.e.,
vertices) and a set £ C V' x V of edges. We denote an undirected edge by (i, j). We
represent a monolayer network GG using an adjacency matrix A € {0,1}"*" where
A;; = 1 if nodes ¢ and j are connected directly by an edge (i.e., they are adjacent)

and A;; = 0 otherwise. We consider only undirected and unweighted graphs.

We represent a temporal network as a multilayer network in which each layer en-
codes the adjacencies between nodes at its associated time step. We model a temporal
network as a sequence of network layers (i.e., times) ¢ € {1,...,L}. At each time
¢e{l,..., L}, we suppose that all nodes i € {1,...,n} are present. We refer to an
instantiation of a node in a given layer as a node-layer (i,¢) € {1,...,n} x{1,...,L}.
AL

with A € {0,1}™*" for each layer £. We assume that the networks are unweighted

We again use an adjacency representation, so we have a sequence (A, ...

Y Y



and undirected, so Agf) = 1 if node-layers (i,¢) and (j,¢) are adjacent and Agf) =0
if they are not adjacent. For notational convenience, we let A denote the sequence
(AM ) AW, Technically, this is an abuse of notation because we already used A
to refer to a single adjacency matrix for a monolayer network, but we always clearly
state whether we are considering a monolayer network or a multilayer network. As
general terminology, we refer to A as an adjacency structure. For convenience (and
despite the additional associated abuse of notation), we also sometimes refer to A as

a “network”.

10



CHAPTER 4

Detection of Community Structure in Temporal

Networks

4.1 Introduction

As we discussed in Section [2.1] in network analysis, it is common to study “commu-
nities” of nodes that are connected densely to each other but connected sparsely to
sets of nodes [20,56}/69]. Investigations of community structure in networks have led
to insights in the study of social networks [60,/83], economic networks [8], citation

networks [38], biological networks [10], and many others.

As we stated in Section [2.2] it is important in many situations to consider rela-
tionships and/or interactions that change with time. One can represent such data
as a temporal network; in such a network, the entities and/or the ties between them
can change with time [30-32]. A temporal network is a sequence of networks in
which each network encodes the relationships between entities at one time point or
time period. A variety of approaches have been developed to algorithmically detect
communities in temporal networks [72]. These approaches include statistical infer-
ence [67,/79,[88|, optimization of various objective functions [2,/51}54], non-negative

matrix and tensor factorization 17,24} 74], information-theoretic methods (such as

11



those that minimize description length) [67,75,(78], local methods [34]137,/47], and

other applications.

In the present chapter, we study community detection in temporal networks using
statistical inference [66]. As we discussed in Section [2.3] in an inferential approach,
one uses a generative model to algorithmically detect a desired type of network struc-
ture. There are statistical-inference approaches to detect many types of mesoscale
structures in networks [68,[81,/89], and there are a particularly large number of such
methods for community structure [20,66]. Investigations of community structure
using statistical inference have led to insights into a wealth of applications, includ-
ing causal inference in social networks [59], identification of epidemic sources [39),
role detection in bicycle-sharing networks [9], and international migration [13]. The
statistical-inference methods that we consider use a Bayesian approach to sample

from a posterior distribution and obtain a network’s community structure [65].

As we discussed in Section [2.3] it is desirable to base the generative models that
one employs to statistically infer community structure on realistic assumptions [66].
A generative model that relies on unrealistic assumptions can have a detrimental
impact on the accurate detection of communities in networks. However, it is not
always straightforward to avoid unrealistic assumptions, and many generative models
that appear to make reasonable choices include such assumptions. One example of
a problematic assumption involves the probability distribution of the number of
nodes in a community. It is common for generative models for temporal community
structure to use a discrete-time Markov process to assign communities [1,25,/50,8§].
However, due to the choices in many such models, the community-size distributions
become increasingly localized over time. To demonstrate this behavior, we consider

the Markov-process models of Yang et al. [88] and Bazzi et al. [1]. We show that

12



the community-size distributions for these models become increasingly localized over
time. Therefore, at later times of a temporal network, the probability of generating
a small or large community is much smaller than the probability of generating a
community of moderate size. Real-world temporal networks can have communities of
many sizes [61], including ones that are small or large, so it is desirable that generative

models of networks are able to successfully infer small and large communities.

To mitigate the issue of generative models producing networks that are biased
against small and large communities, we introduce a novel community-evolution ap-
proach that yields community-size distributions with substantially less localization
than those from Markov-process models. Our approach generates the community
assignments of a network at a given time using the community assignments of all
nodes at the previous time, rather than updating each node separately at each time.
For a multilayer representation of a temporal network [40], when evolving the com-
munity assignments from one layer to the next (i.e., from one time to the next), we
generate the number of nodes with community assignments that change between lay-
ers, instead of generating the community assignments of each node separately. This
choice arises from the idea of “exchangeability” [6]. In our context, it signifies that
we should not distinguish between nodes with the same community assignment. We
demonstrate that statistical-inference methods that use our generative model per-
form more accurately than the Yang et al. [88] and Bazzi et al. |1} Markov-process

models in networks with small or large communities.

This chapter proceeds as follows. In Section 4.2 we introduce the Markov-
process methods and our statistical-inference approach in more detail. In Section
[4.3) we demonstrate empirically that our approach leads to significantly less-localized

community-size distributions than the Markov-process models. In Section {4.4] we
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demonstrate that our approach identifies communities more accurately than those
models in synthetic networks with small or large communities. In Section [4.5] we
conclude and discuss future directions. In Appendix B} we derive computable expres-
sions for various probability distributions. We need these expressions to implement

the examined statistical-inference approaches.

4.2 Statistical-Inference Methods for Community Detection

In this section, we discuss statistical-inference methods for community detection. In

Section 4.2.1}, we discuss how the methods that we consider use a generative model

to infer community structure in networks. In Sections 4.2.2] and |4.2.3] we introduce

the generative models that we will consider, with a particular focus on each method’s

probability distribution for community assignments.

4.2.1 Statistical Inference

In a statistical-inference method for community detection, one chooses a generative
model for networks with community structure [66]. To do this, one creates a gener-
ates random adjacency structure A, which is an adjacency matrix for a monolayer
network and is a sequence of adjacency matrices for a temporal network, accord-
ing to some probability distribution P(A). We choose the probability distribution
P(A) so that the randomly-generated networks have community structure. Let k

denote the number of communities in a network. Given k, a generative model first

generates a vector g € {1,...,k}" (if we seek a monolayer network) or a matrix
g € {1,...,k}™L (if we seek a temporal network) of community assignments. Let
g: € {1,...,k} denote the community assignment of node i of a monolayer network,
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and let g0 € {1,...,k} denote the community assignment of node-layer (i, /) of a

temporal network. The vector

90 = (9.0 - 9np) (4.1)

encodes the community assignment of each node-layer in layer ¢ of a temporal net-

work.

Using the generative model, we generate an adjacency structure A with an “ex-
pected” community structure g. We expect nodes (respectively, node-layers) with
the same community assignment to be more likely to be adjacent to each other
than to nodes (respectively, node-layers) with different community assignments. One
commonly-employed generative model to generate a monolayer network A given a
community assignment g is a stochastic block model (SBM) [56,/65]. In the simplest
type of SBM, given a matrix ¢ € [0, 1]*** we place an edge between nodes i and
j independently with probability 1, for each pair {i,j} of distinct nodes. If the
diagonal elements v, are larger than the off-diagonal elements 1,s (with r # s), we
expect that nodes with the same community assignments are connected more densely
than nodes with different community assignments. In other words, we expect that

A has community structure that is specified by g.

To make our above intuition precise, let P(A|g) denote the probability distribu-
tion that we obtain a network (i.e., an adjacency structure) A given the community
structure g. Let P(g) denote the probability distribution of the community assign-
ments. This distribution describes the probability of a given community structure ¢
independent of the observed adjacency structure A. The primary foci of the present
chapter are the assumptions about this distribution and the effect of these assump-

tions on the performance of statistical-inference methods for community detection.
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In particular, we focus on assumptions about the probability distribution of the num-
ber of nodes in a community (i.e., the size of a community). Such size assumptions
also affect the behavior and performance of statistical-inference methods that infer
a discrete group assignment for each node-layer. This includes the identification
of both community structure and other mesoscale structures (e.g., core—periphery
structure) in temporal networks. In Chapter , we discuss the effects of similar size
assumptions on the behavior of statistical-inference algorithms for core—periphery

detection.

The generative model for a random network A with community structure g is
P(A,g) = P(Alg)P(g). (4.2)

Because we fix the number k of communities, one can think of k as an input of the
examined methods. We assume a fixed k throughout the entire statistical-inference

process, so we omit k£ from the notation for each probability distribution.

We consider statistical-inference methods that use a Bayesian approach to infer
the community structure g of a network A (which is either monolayer or tempo-
ral). Given P(A|g) and P(g), the posterior distribution for the inferred community

structure g given the observed network A is

P(AlPlo)

P(glA) = P(4)

(4.3)

There are a variety of approaches to sample from P(g|A) [22,88]. In Section
we briefly discuss the specific sampling approaches that we use in our comparisons of
various statistical-inference methods. However, our focus is the effect of the choice
of generative model on the results of statistical inference, so we do not include a

detailed discussion of the benefits and drawbacks of different sampling approaches.
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For comparisons of such sampling approaches, see [63] and [49] for a general compar-
ison and see [22] for a discussion of the application of various methods of statistical

inference of community structure.

There are also a variety of generative models P(A|g) that generate a network
A with “expected” community structure g. (See [22] for a review of such models.)
However, because our primary concerns are (1) the de facto assumptions about the
community assignments that arise from different choices of community-assignment
probability distributions P(g) and (2) the effects of these assumptions on statistical-
inference results, we also limit our discussion to the generative models P(A|g) that

we use in our comparisons.

4.2.2 Community-Assignment Probability Distributions for Monolayer
Networks

As we discussed in Section [£.2.1] our primary goals are to examine (1) the choices of
community-assignment probability distributions P(g) in various generative models
of community structure in temporal networks and (2) the influence of these choices
on the results of their corresponding statistical-inference approaches for community
detection. We now discuss each of the choices of P(g) in detail. In Sections
and [£.2.2.2] we first consider generative models of monolayer networks, as the ex-
amined generative models of temporal networks are extensions of these models. In
this discussion, we focus on properties of P(g) that affect the performance of the
corresponding statistical-inference methods. In Section [4.3] we support these claims

using numerical computations.
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4.2.2.1 Uniform Distributions on Community Assignments

The first class of community-assignment probability distributions P(g) are uniform

distributions on community assignments, for which

1
P(g) = — 4.4
o) =1 (4.4
for all community assignments g € {1,...,k}". Equivalently, such a model gener-

ates a community assignment g by generating each node’s community assignment g;

independently at random from a uniform distribution on {1,..., k}.

It is common to use a uniform distribution on community assignments (see,
e.g., [2528]). However, Polanco and Newman [68] noted that this distribution choice
assumes implicitly that the distributions of the sizes of communities are highly local-
ized (and specifically that the probability of generating a community structure with
large or small communities is very small), which typically is an unrealistic assumption

in practice.

4.2.2.2 Nodewise Community Assignments

Another type of single-layer community-assignment probability distribution is “node-
wise” community assignments [88]. Employing a nodewise approach allows one to
sample the community assignments of each node from a distribution that is not uni-
form. One inputs a parameter vector = € [0, 1]* with entries that sum to 1. For
each node 7, one independently sets its community assignment g; to a value r with

probability m,.. We denote this procedure by

gi|m ~ . (4.5)
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Equivalently, the probability distribution of g is

P(g|lr) = HW”"(Q (4.6)

where n,(g) is the number of nodes i with g; = r. That is, n,(g) is the size of

community r.

To remove the dependence on 7 in (4.6)), we sample 7 from the Dirichlet distri-
bution with parameters 7y, ...,7;. That is, 7 ~ Dir(vq,...,7;), so

k

P(r) = - “% 4.7
() H— rlj[ (4.7)

where I'(+) is the Gamma function. In the present thesis, we always choose (71, ..., V&)
(1,...,1), which entails that the prior distribution for 7 is a uniform distribution on
{(vl, o)t fo:l v = 1} N [0, 1]*. For notational convenience, let A*~! denote

the set
{vl,..., ]Zvr—l} [0, 1]*. (4.8)

The choice (71, ...,7) = (1,...,1) in the distribution is equivalent to taking
a uniform distribution on community sizes [57]. In this uniform distribution, one first
chooses the sizes nq,...,n; of communities 1,..., %k uniformly at random from the
set of ordered pairs of k£ non-negative integers that sum to m. One then chooses
the community assignment ¢ uniformly at random from the set of all community

assignments with n, nodes in community r (for r € {1,...,k}).

Although this class of community-assignment probability distributions is perhaps
less intuitive than using uniform distributions on community assignments, we show
in Section that it greatly mitigates localization issues in community-size distri-

butions.
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4.2.3 Community-Assignment Probability Distributions for Temporal Net-

works

We now build on our discussion of choices of community-assignment probability
distributions P(g) in generative models of monolayer networks (see Section 4.2.2)) to

examine these choices in temporal networks.

In the present discussion of P(g), we omit closed-form expressions for some choices
of P(g) because deriving them is cumbersome. For those probability distributions,
we instead provide a procedure to sample from P(g). In Appendix , we include
derivations of the closed-form expressions of P(g) that are required to sample from the
posterior distributions P(g|A). In Section we discuss these sampling methods

in detail.

4.2.3.1 Uniform Distributions on Community Assignments

As with monolayer networks (see Section [4.2.2.1]), one can employ a uniform distri-
bution on community assignments in the study of temporal networks. In contrast to
the monolayer setting, because a uniform distribution avoids correlation between the
community assignments in different layers (which is generally desirable), Researchers

avoid this choice for inference applications.

Analogously to (4.4), we have

1
P(g) = Tl (4.9)
for all community assignments g € {1,...,k}"L. As with monolayer networks, it

is equivalent to generate a community assignment g by generating the community

assignment g(; ¢) of each node-layer independently at random from a uniform distri-
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bution on {1,..., k}.

As with monolayer networks, this community-assignment probability distribution
implicitly makes the unrealistic assumption that the community-size distributions are

highly localized.

4.2.3.2 Discrete-Time Markov-Process Models

Another class of community-assignment probability distributions use a discrete-time

Markov process to generate community assignments [1},2550,/88].

One uses a nodewise approach (see Section 4.2.2.2)) to generate the community
assignments for the first layer of a temporal network. That is, to sample the com-

munity assignment g; 1y, one follows the procedure

7~ Dir(y),
g(i,l) | ™ o~ T, (410)
where we recall that v = (1,...,1). In this thesis, when we provide a sequence of sam-

ples from probability distributions (i.e., a “sampling procedure”), such as in ,
we perform the sampling in sequence from top to bottom. For the second and sub-
sequent layers, one generates the community assignments of each node-layer using a
process that depends only on the community assignment of the same node in the pre-
vious layer. To do this, one inputs a “transition kernel” K = (K®, ... K@) where
each K is a matrix whose rows sum to 1, and “laziness parameters” o, € [0,1].
The /th laziness parameter «y is the probability that one copies the community as-
signment from that of the previous layer when generating the community assignment

for a node in layer ¢. For notational convenience, we write o = (g, ..., ay).
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One then generates g(; ¢ according to the conditional distribution
sr

P(96.0) =7 96,1 = 8,0, K) = oy bps + (1 — Q@)K(Z) (4.11)

where 0;; is the Kronecker delta. Sampling the community assignments g; o according

to the conditional distributions (4.11)) is equivalent to using
{900 }s o, K ~ Markov({ael + (1 — ) K9}),

where Markov({K¥}) denotes a discrete-time Markov process with transition kernels

{K®}. We thus can write

m ~ Dir(v),
g(’L,l) | ﬂ- ~ 7T )
{960}ty | 0, K ~ Markov({ae] + (1 — o) KO}). (4.12)

To complete the specification of the model, we need to provide priors on the
laziness parameters « and the transition kernel K. As we discussed in Section |4.1
many common choices of priors on o and K lead to community-size distributions
that become increasingly localized over time. In the present chapter, we consider

two representative choices of priors for these parameters.

The first choice of priors is from the method of Yang et al. [88]. In this method,
the laziness parameters a are (0,0,...,0). To choose the transition kernel K, one
first assumes that K® = K for each layer ¢ € {2,...,L}. One then imposes an
independent Dirichlet prior with parameters (fs,, ..., its,) on each row of K. That
is,

K, ~ Dir(ps.) , (4.13)
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where K,, = (Kq,...,Kq) and fige = (ts1, ..., ftsr). In the present chapter, we
assume that pg = (1,...,1) for each s € {1,... k}.

The second choice of priors is from the method of Bazzi et al. [1]. In this method,
one chooses each entry «, of a uniformly at random from [0,1]. To choose the
transition kernel K, one takes each probability vector K. s(f) to be the same for all
s € {1,...,k}. That is, Kgf) = k. One then imposes an independent Dirichlet
prior with parameters (¥ = (ugg), e ,,u,(f)) on k) for each layer £ € {2,...,L}. In

summary, one takes

ay ~ Unif(0,1),
PION Dir(;ﬂ)) ’

KO =50,

where K9 = (Kéf),...,Ks(i)). In the present chapter, we assume that p¥) =
(1,...,1) for each layer £ € {2,..., L}.

The Yang et al. [88] and Bazzi et al. [1] Markov-process approaches both have
community-size distributions with less localization than those for a uniform distribu-
tion on community assignments (see Section . However, in both approaches,
the single-layer community-size distributions are more localized for later layers than
for earlier layers, which leads to moderate localization in the community-size distri-
butions of a temporal network (see Section . Because many Markov-process
approaches (e.g., [35,/50]) have similar choices of prior distributions to the Yang et
al. [88] and Bazzi et al. [1] approaches, we also expect increasing localization over

time in other Markov-process models.
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4.2.3.3 Exchangeability-Based Approach

As we discussed in Section the employed methods for a discrete-time Markov-
process approach to community assignment yield increasingly localized single-layer
community-size distributions for later layers, and they thus in turn yield more local-
ized community-size distributions in a temporal network. To mitigate this undesir-
able feature, we introduce a novel approach for community evolution. As we will see
in Section[4.3.3] localization of the single-layer community-size distributions increases
less over time in this approach than in discrete-time Markov-process approaches.
Consequently, the overall community-size distribution of our novel approach is much

less localized than those of the discrete-time Markov-process approaches.

The intuition behind our approach is the notion of exchangeability [6], which
in our context entails that community assignments in a given layer of a temporal
network do not distinguish between nodes that were not distinguished by their com-
munity assignments in previous layers. With exchangeability, one obtains a uniform
distribution on community assignments in monolayer networks (see Section 4.2.2.2]).
Before generating the community assignments of each node, there is nothing to distin-
guish the nodes from one another. Because nodes are indistinguishable, the only way
to distinguish between different nodes i is to assign them to communities with differ-
ent sizes n,. Therefore, we first generate the community sizes uniformly at random,
and we then choose a random labeling of the nodes by selecting the community as-
signment ¢ uniformly at random from the set of all community assignments with the
desired community sizes. This is precisely the procedure that we described in Section
to generate community assignments with a uniform distribution on commu-

nity sizes. Additionally, recall that this method has less localized community-size
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distributions than a uniform distribution on community assignments (see Sections

14.2.2.1) and [4.3.3]), motivating our choice to consider exchangeability.

We now use the concept of exchangeability in temporal networks to motivate our
statistical-inference approach. As with the discrete-time Markov-process approaches
in Section [£.2.3.2] we generate the community assignments one layer at a time.
Because the nodes in the first layer are indistinguishable before one determines their

community assignments, we use a nodewise approach for the first layer. Therefore,

as before (see (4.10))), we write

m o~ Dir(y),
gunlm ~ m, (4.14)
where v = (1,...,1). For each layer ¢ > 2, we then treat nodes as indistinguishable if

they are in the same community in layer ¢ — 1. This clearly does not need to be true
in practice (because two nodes can certainly have the same community assignment
in layer ¢ — 1 but different community assignments in a layer ¢/ < ¢ — 1), but this
simplification allows us to formulate a computationally tractable approach. When
generating the community assignments for layer ¢, we partition the set of nodes into
k sets, where the rth set (with r € {1,...,k}) consists of the nodes in community r
in layer ¢ — 1. We treat the nodes in each set as indistinguishable from each other.
In a similar fashion as our procedure to generate community assignments in the first
layer, for each set, our community-assignment procedure consists of first choosing
the community sizes and then randomly labeling the nodes in the set by selecting
the community assignments uniformly at random from the set of all community

assignments with the desired community sizes.

To make the above approach scientifically rigorous, we begin by introducing no-
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tation for weak compositions. A weak composition of a positive integer n with k
parts is an ordered sequence (nq,...,nx) of non-negative integers that satisfies the
constraint fo:l n, = n. We use C* to denote the set of all weak compositions of n

with k parts, and we write Unif(C¥) for the uniform distribution on C~.

Given a weak composition ¢ = (cy,...,c;) € C¥and aset G = {1,...,n} of nodes,
let G(c) denote the set of all community assignments g = (g1,...,9,) € {1,...,k}9
such that

‘{gizr\ie{l,...,k}ﬂ =c,
for all r € {1,...,k}. We write Unif(G(c)) to refer to the uniform distribution on
g(c).

Using this notation, we can now describe our approach for community evolution in
detail. In particular, we provide the process to generate the community assignments
g in layer ¢ given the community assignments g1y in layer £ — 1. Let n,(g) =
H{gi=7r]i€{1,...,k}} be the number of times that r appears in g, let n(g) =

(n1(g),...,nx(g)), and let

G ={ief{l,...,n} | gup="r} (4.15)

be the rth community in gy). It follows from the definition (4.15) that |Q§£)| =

1 (9(e))-

As we discussed previously, we consider each set Qﬁg) separately and choose the
community sizes when restricted to each individual set. For notational convenience,
we write ¢ = (¢, ... ,c%g), where ¢\ is the number of nodes in community 7 in
layer £ — 1 that are in community s in layer . In contrast to monolayer networks,

we desire that temporal networks bias community assignments toward remaining

unchanged between layers, as we want our generative model to generate communities
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whose memberships remain somewhat stable over time. To do this, we bias the
number ¥ of nodes that stay in community r toward the value n,(g¢—1)), which is
the size of community r in layer £ — 1, by sampling it from a geometric distribution.

Specifically, let Geom(n, p) be the distribution with probability mass function

n—m 1— p
P(m) =p Tt (4.16)
where m € {0,1,...,n}. We sample 9 from Geom(n,(g(—1)), Pre) and impose inde-

pendent uniform priors over [0, 1] on p,, for each r € {1,...,k} and £ € {1,...,L}.
Let Cff)_r = (ci?, ce cgﬁ_l, cfﬁ IET cfi)) denote the vector ¢\’ with the rth compo-
nent removed. We do not want our method to be biased for or against any commu-

nity other than community r, so we sample c%),r uniformly at random from all weak

compositions of n,(ge-1)) — e into k — 1 parts. Given cg), we sample g, , from a

uniform distribution on GV (c{”). Finally, we concatenate g,e{l,... K}

(e-1)
over r € {1,...,k} to obtain the community assignments gy € {1,...,k}" in layer
¢. To make our notation compact, we write gy = @’::1 g, In summary, for our
approach, given the layer-(¢ — 1) communities g1y, we generate the layer-¢ com-

munities g, by first sampling g/, for each r € {1,...,k} according to the following

procedure:

Drit ~ Unif(0,1),

c,(f) |Pr,e ~ Geom(nr(g(é—l))7pr,€)7

cg)_r | 9 ~ Unif (Ckl ) :

e (g(o—1y)—c'

g e ~ Unif(G¢(cl) (4.17)

where we recall that v = (1,...,1). We then set g = @le g0
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4.3 Localization of Community-Size Distributions

We now numerically compute community-size distributions for each of the generative

models in Sections and 4.2.3] We obtain the following results:

e Monolayer-network generative models:

— The community-size distribution of a uniform distribution on community
assignments (see Section [4.2.2.1)) is highly localized.

— The community-size distribution of nodewise community assignments (see
Section [4.2.2.2)) is much less localized than the community-size distribu-

tion of a uniform distribution on community assignments.
e Temporal-network generative models:

— The community-size distribution of a uniform distribution on community

assignments (see Section [4.2.3.1)) is highly localized.

— The community-size distributions of the Yang et al. [88] and Bazzi et
al. [1] discrete-time Markov-process approaches (see Section are
much less localized than that of a uniform distribution on community as-
signments. However, for both the Yang et al. and Bazzi et al. approaches,,
the single-layer community-size distributions of later layers are more lo-

calized than those of earlier layers.

— In our approach (see Section {4.2.3.3)), the localization of the single-layer
community-size distributions increases much more slowly than it does for

the Yang et al. |88] and Bazzi et al. [1] approaches. Consequently, the
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overall community-size distribution is much less localized than those of

the Yang et al. and Bazzi et al. approaches.

In Section [4.3.1], we discuss the methodology that we use to verify these claims. In
Section [4.3.2] we verify the above claims for monolayer-network generative models.
In Section 4.3.3, we verify the above claims for temporal-network generative models.
Finally, in Section [4.3.4] we present a conjecture for the behavior of the single-layer
community-size distributions in our approach (see Section in the limit of

infinitely many layers.

4.3.1 Methodology

To compute the community-size distributions for each of the generative models in

Sections 4.2.2| and 4.2.3| we begin by using them to generate M = 10° instantiations

of community assignments g.

For monolayer networks, we report the “empirical distribution” (i.e., histogram)
of the size of community 1. We let ¢™ be the mth community-assignment instan-
tiation, and we plot the observed frequencies P; for each i € {0,...,n}, where P; is

defined by the map
M
, 1
i Pi= o mzl Oy (g - (4.18)

By symmetry, we choose the community label “1” without loss of generality. In

Figure 4.1, we show an example of such a histogram.
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Figure 4.1: An example of the community-size frequency histogram for a monolayer
network. The horizontal axis indicates the number of nodes in the network with
community assignment 1, and the vertical axis indicates the observed frequency of

community assignments with that number of nodes in community 1.

For temporal networks, we first count the number of node-layers (i,f) in layer
¢ that are in community 1, for each layer ¢ € {1,...,L}. We also count the total
number of node-layers that are in community 1 across a whole network. For each
layer ¢, we then generate a histogram for each layer of the observed frequencies P;

for each i € {0,...,n}, where P, is defined by the map

| 1 &
i Pi= oo mZ:l(Sm (). (4.19)

in that layer. We also generate a histogram of the observed frequencies P; for each

i €{0,...,n}, where P; is defined by the map

M
, 1
i Pi= oo > B (g . (4.20)

m=1
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for the overall network. In Figure[4.2] we show an example of such a set of histograms.
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(a) Community-size histograms for each layer
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(b) Community-size histograms for the overall net-

work

Figure 4.2: An example of the community-size histograms for a temporal network
with 5 layers. In both panels (a) and (b), the horizontal axis indicates the number
of node-layers with community assignment 1, and the vertical axis indicates the
observed frequency of community assignments with that number of node-layers in
community 1. For the histograms in (a), we consider only the node-layers in the
indicated layer when counting the number of nodes in community 1. In the histogram
in (b), we consider all of the node-layers in the network when counting the number

of nodes in community 1.

31



In addition to using histograms to qualitatively compare the amount of localiza-
tion of community-size distributions between different generative models, we calcu-
late the inverse participation ratio (IPR) [43] to quantify the amount of localization
in each community-size distribution. The IPR of a community-size distribution is

the squared L?-norm of the distribution. That is,

IPR =) _P?, (4.21)
1=0

where P; is one of (4.18)), (4.19)), or (4.20]), depending on which type of community-

size distribution we are considering. Larger values of the IPR indicate more localized

1

1 1
n+1

] and is attained when P, =

distributions. The minimum value of the IPR is

for each 7. The maximum value of the IPR is 1 and is attained when P; = 1 for some

jand P, =0 for all ¢ # j.

In the following subsections, we examine the community-size histograms and cal-
culate their IPRs to quantify and compare the amount of localization in the examined

generative models for community detection.

4.3.2 Community-Size Distributions of Generative Models of Monolayer

Networks

We consider two community-assignment probability distributions for monolayer net-
works: a uniform distribution on community assignments (see Section and
nodewise community assignments (see Section . Using the approach in Sec-
tion [£.3.1] we generate a community-size histogram for each of the two community-
assignment probability distributions. We set the number of nodes to n = 50 and
generate two community-size histograms for each of the two community-assignment

probability distributions. One distribution has £ = 2 communities, and the other
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has k = 5 communities. We show the resulting community-size histograms for k = 2
in Figure [4.3| and the histograms for £ = 5 in Figure We compute the IPR for
the community-size distribution of each example and compile our results in Table
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Figure 4.3: Community-size histograms for monolayer networks for k¥ = 2 commu-
nities for (a) a uniform distribution on community assignments and (b) nodewise

community assignments.
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Figure 4.4: Community-size histograms for monolayer networks for k¥ = 5 commu-
nities for (a) a uniform distribution on community assignments and (b) nodewise

community assignments.
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Method IPR for k=2 | IPR for k=5

Uniform distribution on community assignments | 0.0796 0.0998

Nodewise community assignments 0.0196 0.0436

Table 4.1: Values of the inverse participation ratio (IPR) for single-layer community-

size distributions.

We begin our analysis of our results by restating our claims (see Sections

and for monolayer networks:

e The community-size distribution for a uniform distribution on community as-

signments (see Section [4.2.2.1)) is highly localized.

e The community-size distribution for nodewise community assignments (see Sec-

tion 4.2.2.2)) is much less localized than that for a uniform distribution on
community assignments (see Section 4.2.2.1]).

In Figures and [£.4] we see that both claims appear to hold for both k = 2
communities and k = 5 communities. The histograms for a uniform distribution on
community assignments appear to be highly localized, whereas the histograms for

nodewise community assignments are far less localized.

These qualitative observations are confirmed by the IPRs of the community-
size distributions in Table For example, for £ = 2, the IPR for the uniform
distribution on community assignments is 0.0796, which is much larger than the IPR
value of 0.0196 for nodewise community assignments. Recall that larger IPR values

indicate more localization of a distribution. Therefore, for £ = 2, the community-
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size distribution for nodewise community assignments is much less localized than the
community-size distribution for a uniform distribution on community assignments.

We observe the same behavior for £ = 5.

4.3.3 Community-Size Distributions of Generative Models of Temporal

Networks

We consider the following community-assignment probability distributions for tempo-
ral networks: a uniform distribution on community assignments (see Section,
the Yang et al. [88] and Bazzi et al. [1] discrete-time Markov-process approaches (see
Section , and our exchangeability-based approach (see Section . As
with monolayer networks, we use the approach in Section to generate a set of
community-size histograms (one for each layer and one for the overall network) for
each of the four generative models. We again set the number of nodes to n = 50 and
again consider £k = 2 and k£ = 5 communities. We show the histogram for each layer
for k = 2 in Figure 4.5 the histogram for the overall network for k£ = 2 in Figure
the histogram for each layer for k = 5 in Figure 4.7, and the histogram for the over-
all network for £ = 5 in Figure 4.8l We compute the IPR for the community-size
distribution for each example, and we compile the IPR values for each layer in Table

[1.2] and the IPR values for the overall network in Table (4.3l

36



0.1
0.05

0.1
0.05

0.1
0.05

Observed Frequency

0.1
0.05

Layer 1
,,,,,,,,, --lllllllllll--__,,,,,,,
0 10 15 20 25 30 35 40 45 50
Layer 2
,,,,,,,,, --llllllllllll-__,,,,,,
0 5 10 15 20 25 30 35 40 45 50
Layer 3
___-lllllllllllll--__

0 5 10 15 20 25 30 35 40 45 50
0 5 10 s K3 40 45 50
Layer 5

,,,,,,,,,, -I.IIIIIIIII.I--_-,,,,A
0 5 10 20 25 30 40 45 50

Size of Community 1

(a) Uniform distribution on community assign-

ments

0.04
0.02
]

0.04
0.02

o

0.04
0.02

o

0.04
0.02

Observed Frequency

o

0.04
0.02
0

Figure 4.5: Community-size histograms for each layer of a temporal network for k = 2
communities for (a) a uniform distribution on community assignments, (b) the Yang

et al. approach [88], (c) the Bazzi et al. approach [1], and (d) our exchangeability-

Layer 1
NENRRNNARRANNRNN RN NRRNRANNARNNNENRNNERREEER
0 5 10 15 20 25 30 35 40 45 50

Layer 2
T LT LT LT LT T T -
0 5 10 15 20 25 30 35 40 45 50

Layer 3

"L LT TTEEe—
0 5 10 15 20 25 30 35 40 45 50
Layer 4
e 1| [[[[][[]]TLTTTTTT S——
0 5 10 15 20 25 30 35 40 45 50
Layer 5
Qs T 1L LU LTI ——
0 5 10 15 20 25 30 35 40 45 50

Size of Community 1

(c) Bazzi et al. approach

based approach.

37

Observed Frequency

Observed Frequency

Layer 1
004
o NNNNNNNNRRNRNNARRRERANARRRRRNNNARRE NN RAARRRREAARR
0 10 15 20 25 30 35 40 45 50
0.04 Layer2
gt LT [T LT T —
0 5 10 15 20 25 30 35 40 45 50

0.04 Layer 3

o

o0 ----lllllllllll“I“IIIIIIIIII“I"““llllllln---
0 5 10 15 20 25 30 35 40 45 50
Layer 4

0.04
0.02

~=nnnnnnnnRREREN L[ [ [T TTTT—
0 5 10 15 20 25 30 35 40 45 50
0.04 Layer 5

RS T LTI —
0 5 10 15 20 25 30 35 40 45 50

o

o

Size of Community 1

(b) Yang et al. approach

004 Layer1
002
o 1IN IERNERNNERNRRNNRRNRRNARNRRR RN RRRRRRRER
0 5 10 15 20 25 30 35 40 45 50
004 Layer2
002
o NNNNRNRRNRRNNRRNRRN RN NN RN RN RRRRRNARNETY
0 5 10 15 20 25 30 35 40 45 50
004 Layer3
002
o ANNNRNRRNNRRNRNNRRRERNERNNRNN RN RN RRNERNEE [11]]
) 5 10 15 20 25 30 35 40 45 50
004 Layer 4
002
o INRRNENRRNARRRNN RN RN NN RN RRRA NN [11]]
0 10 15 20 25 30 35 40 50
Layer 5

0.04

0.02
o ANNNRNRRNRRNERRNRRNRRN RN RN RN RN AR RN RNRRNE
o 5 10 15 20 25 30 35 40 45 50
Size of Community 1

(d) Our approach



> >
o [$)
j=4 C 0007
O o004 ()
3 3
g g oo
w 0.03 L 0.005
B 3
g S
2 o ]
Q O 0003
(] o
.
00 50 100 150 200 250 100 150
Community Size Community Size
(a) Uniform distribution on community assign- (b) Yang et al. approach
ments
ocn s
0.008 0.008
3 )
C 0007 0007
[ ()
3 3
g 0.006 g 0.006
w 0.005 w 0.005
B B
oo S 0o
Q Q
1%} (7]
0 o000 0 0003
(] (]
. o
00 100 150 uU 50 100 150 200 250
Community Size Community Size
(c) Bazzi et al. approach (d) Our approach
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network for

k = 5 communities for (a) a uniform distribution on community assignments, (b)

the Yang et al. approach, (c) the Bazzi et al. approach, and (d) our exchangeability-

based approach.
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Method Layer IPR for k=2 | IPR for k=5
Layer 1 | 0.0795 0.0997
Layer 2 | 0.0794 0.0998
Uniform distribution on community assignments | Layer 3 | 0.0798 0.0997
Layer 4 | 0.0795 0.0997
Layer 5 | 0.0797 0.0998
Layer 1 | 0.0196 0.0436
Layer 2 | 0.0220 0.0545
Yang et al. [8§] Layer 3 | 0.0232 0.0595
Layer 4 | 0.0225 0.0597
Layer 5 | 0.0226 0.0597
Layer 1 | 0.0196 0.0435
Layer 2 | 0.0220 0.0448
Bazzi et al. [1] Layer 3 | 0.0239 0.0471
Layer 4 | 0.0247 0.0481
Layer 5 | 0.0250 0.0485
Layer 1 | 0.0196 0.0435
Layer 2 | 0.0196 0.0437
Our exchangeability-based approach Layer 3 | 0.0196 0.0440
Layer 4 | 0.0196 0.0442
Layer 5 | 0.0196 0.0443

Table 4.2: TPR values of the community-size distribution of each layer for each

examined generative model for community assignments in temporal networks.

41



Method IPR for k=2 | IPR for k=5
Uniform distribution on community assignments | 0.0357 0.0446
Yang et al. [8§] 0.0057 0.0153
Bazzi et al. [1] 0.0066 0.0122
Our exchangeability-based approach 0.0041 0.0095

Table 4.3: IPR values of the community-size distribution of the overall network for

each examined generative model of community assignments in temporal networks.

For convenience, we restate our previous claims (see the introduction of Section

about temporal networks:

e The community-size distribution of a uniform distribution on community as-

signments (see Section [4.2.3.1)) is highly localized.

e The community-size distributions of the Yang et al. [88] and Bazzi et al. |1]
discrete-time Markov-process approaches (see Section are much less
localized than that of a uniform distribution on community assignments. How-
ever, for both the Yang et al. and Bazzi et al. approaches, the single-layer
community-size distributions of later layers are more localized than those of

earlier layers.

e In our approach (see Section[4.2.3.3)), the localization of the single-layer community-
size distributions increases much more slowly than it does for the Yang et al. [8§]
and Bazzi et al. |1] approaches. Consequently, the overall community-size dis-
tribution is much less localized than those of the Yang et al. and Bazzi et al.

approaches.
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In Figures [4.5] [4.6] [4.7, and [4.8] we see that all of these claims appear to hold for
both & = 2 communities and £ = 5 communities. In the example in Figure 4.6 we
see for k = 2 that the overall community-size histogram is much more localized for
a uniform distribution on community assignments than for the three other methods.
We also observe that the community-size histogram for the overall network appears
to be less localized in our approach than in those of the Yang et al. [88] or Bazzi et

al. [1] approaches.

Our qualitative observations are also confirmed by the IPR values in Tables
and[4.3] For example, for k& = 2, the IPR of the overall community-size distribution is
0.0357 for a uniform distribution on community assignments, 0.0057 for the Yang et
al. method, 0.0066 for the Bazzi et al. method, and 0.0041 for our exchangeability-
based approach, confirming that the overall community-size distribution is much
more localized for a uniform distribution on community assignments than for the
three other methods and that the community-size distribution for our approach is
less localized those of the Yang et al. and Bazzi et al. approaches. Additionally, for
k = 2, the IPRs of the single-layer community-size distributions for the Yang et al.
approach increase from 0.0196 in layer 1 to 0.0226 in layer 5, illustrating that the

single-layer community-size distributions become more localized over time.

4.3.4 Asymptotic Behavior of Our Exchangeability-Based Approach

Recall from Section that our exchangeability-based approach generates the

layer-¢ communities g, given the layer-(¢ — 1) communities g1y by sampling g/,
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according to the procedure given in (4.17). Namely, we take

m ~ Dir(y),
9(i,1)|7T ~ T,
Drt ~ Unif(0,1),

9| pry ~ Geom(n,(gu—1)), Pre) »

¢, |9 ~ Unif (c’f-l ) ,

nr(9e—1) )=l

gl | e ~ Unif(G(c]")),

where we recall that v = (1,...,1). We then set gy = @le g, We previ-
ously showed empirically (see Section [4.3.3)) that the localization of the single-layer
community-size distributions increases much more slowly for this approach than it

does for the Yang et al. [88] and Bazzi et al. |1] approaches.

We now discuss a conjecture about the behavior of the single-layer community-size
distributions of a similar community-assignment probability distribution in the limit
of infinitely many layers. The community-assignment probability distribution that
we consider generates the layer-¢ communities g given the layer-(¢—1) communities

g(e—1y by sampling g/ , according to the following procedure:

™ ~ Dir(y),
gy | ™~
91p  ~ Geom(n,(gu-n),p),
R G )
nr(gge—1))—crr

gl e ~ Unif(Ge (). (1.22)
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where v = (1,...,1) and p € (0,1) is a specified parameter. The procedure
is the same as the procedure except that we choose p,, = p instead sampling
pre independently from a uniform distribution on (0,1). We conjecture the fol-
lowing result about the single-layer community-size distributions of the community-

assignment probability distribution that generates communities according to the pro-

cedure (4.22)):

Conjecture 1. As the layer { — oo, the single-layer community-size distributions

ti
o ZSfy (1 o szrl)(l _ pn7i+1)
D j—o(L=p/ (1 —pritt)’

P, — (4.23)

where P; is defined in (4.19)).

To demonstrate that Conjecture [1] is plausible, we generate M = 10° instantia-
tions of community assignments using the community-assignment probability distri-
bution that samples according to . We set the number L of layers to be 50, the
number n of nodes to 50, the number £ of communities to 2, and the parameter p to
0.6. In Figure 4.9] we plot the empirical distribution P; of the size of community 1

in layer 50 and the conjectured distribution from (4.23)).
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network with £ = 2 groups for a community-assignment probability distribution that
samples using the procedure (4.22)) (blue) and the conjectured distribution from

[@23) (red).

In Figure [4.9, we see that the conjectured distribution is almost the same as
the empirical distribution P; for each community size i, which suggests that Conjec-
ture [I] is plausible. If we are able to prove Conjecture [I} it would further support
the claim that our exchangeability-based approach has less-localized community-size
distributions than Markov-process models (such as the Bazzi et al. and Yang et
al. methods), because the conjectured distribution in is almost uniform
for community sizes i away from the boundary (i.e., very close to 0 or very close to

the number n of nodes in the network).
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4.3.5 Summary

Our numerical computations confirm our claims that the choice of generative model
for community assignments has a significant effect on the localization of community-
size distributions. We observed that a uniform distribution on community assign-
ments yields substantially more localized community-size distributions than the other
examined methods for temporal community structure. We also observed that the
single-layer community-size distributions of the discrete-time Markov-process ap-
proaches become more localized over time, whereas the localization of the single-
layer community-size distributions increases much more slowly with time for our
exchangeability-based approach. Accordingly, in temporal networks, we conclude
that our exchangeability-based approach has less localized overall community-size

distributions than discrete-time Markov-process models do.

4.4 Comparison of Community-Detection Performance of

Statistical-Inference Approaches

As we mentioned in Section [4.I] we expect that statistical-inference methods that
employ generative models with more-localized community-size distributions will have
poorer performance in networks with large or small communities than methods with
less-localized community-size distributions. In this section, we demonstrate that this

is indeed the case.
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4.4.1 Posterior-Sampling Approaches

We first describe the algorithms that we use to sample from the posterior distribu-
tions P(g|A) for each choice of community-assignment probability distribution P(g).
Recall from equation (4.2]) that the generative models of networks with community

structure that we consider take the form

P(A,g) = P(Alg)P(g),

where P(A|g) is the probability of generating a network with adjacency structure A
given community assignments ¢ and the term P(g) is the probability of the commu-
nity assignment g. We seek to examine the impact of localization of a community-size
distribution of a community-assignment generative model P(g), so we vary only the
choice of P(g) in the examined methods. All examined methods use the same P(A|g).

We consider independent SBMs in each layer, so
: 40 oy _T ) A (0 -4
_ 14 Y Vi ij
Alg’ H P |g(€)’w ) - H H (wg(i,ag(j,m> (1 o wQ(i,Z)Q(j,E)) ?
=1 (=11<i<j<n
(4.24)

where w® € [0,1)5*F (for each £ € {1,...,L}) is a matrix whose entries w'? control

the probability of edges between nodes in communities r and s in layer £. We set the

prior distributions for each W' to be independent uniform distributions on [0, 1] for

cach r and s such that 1 < r < s < k. We set w'e = wd) if r > s (i.e., we force w®
to be symmetric). Integrating]| P(A|g, w) with respect to the probability measure

that is induced by P(w) yields the posterior distribution

L mrs : g“es) - m(f))'
P(Alg) = H 1T 1) (4.25)
1<r<s<k rs :

1See [68| for the computation of similar integrals.
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where

0 ._
t1(”s) T Z (59(i,2>v’“59<j,4>78> ’

1<i,5<n;i#£j
0 ._ )
m.,y = Aij 59(1,2)7T59(j75)’s
1<i,5<n; i#j
for r # s and
1
0 . =
ty, = 5 59(@',@))7"590,@)”"’
1<i,j<n;i#j
1
0 ._ 1 )
my, = 2 Az’j 5g<i,e>:r(59<j,e>v” ’
1<i,j<n;i#j

That is, for r # s, the quantity tq(é) is the number of pairs of distinct node-layers
(,¢) and (j,¢) for which (7, ¢) is in community r and (j,¢) is in community s. Simi-
larly, m'Y is the number of such pairs that are connected directly by an edge. The

expressions for £\ and m{" have an additional factor of 1 /2 to avoid double-counting,.

We consider three choices of P(g): a uniform distribution on community assign-
ments (see Section , the discrete-time Markov-process approach of Bazzi et
al. [1] (see Section [4.2.3.2), and our exchangeability-based approach (see Section
4.2.3.3). None of these three probability distributions include additional parame-
ters beyond the number k& (which we fix) of communities. Recall that each of the

examined generative models has the form
P(A, g) = P(A|g)P(g). (4.26)

As we discussed in Section [4.2.1] given a network with adjacency structure A, we
perform statistical inference using a generative model to determine the community

assignment g. We sample from the posterior distribution P(g|A), which we recall
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from has the form
P(A|g)P(9)
P(A)

However, due to the relatively complicated nature of the expressions for P(A|g) and

P(glA) = (4.27)

P(g), directly sampling from the posterior distribution is not tractable. Therefore,
we use Gibbs sampling [63] to approximately sample from the posterior distribution
P(g|A). In one iteration of Gibbs sampling, we loop over each node-layer (i,¢) and
sample g ¢ from

where g is the set of current community assignments aside from g ¢). In our Gibbs-
sampling procedure, we begin by sampling from the posterior (4.28)) to generate
9a1,1), 9(1,2)s - - - » 9(1,) in that order. We then continue sampling in the same fashion

for each node i € {2,...,n} in order.

In practice, we sample from the distribution P(g(; |7, A) by computing

P(A7 9. =T, g)
Zf::l P(A7 g(i,f) =S, g)

where P(A, gue = 1,G) is P(A, g) evaluated for the specified adjacency structure A

P(9G.0 =79, A) =

(4.29)

and for a community assignment ¢ that includes all current community assignments

aside from g(; ¢), which we take to be r.

Unfortunately, applying this naive Gibbs-sampling approach often does not lead
to correct community identifications in temporal networks. The reason is that the
posterior distribution P(g|A), which we approximate via Gibbs sampling, has many
local maxima that cause the Gibbs-sampling algorithm to often become stuck at
suboptimal maxima. In Figure [4.10 we illustrate common patterns that we observe

at such suboptimal maxima.
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Figure 4.10: Heat maps of (a) an example of actual community structure and (b)
an illustration of the permuted community structure that we observe commonly at
local maxima of P(g|A) in a 100-node network with 5 layers. Each rectangle in
a heat map corresponds to one node-layer (i,¢). Dark blue rectangles signify the
community assignment g = 1, and light blue rectangles signify the community

assignment g ¢ = 2.
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In this example, the inferred community structure for each layer is accurate (as
either community can be assigned the label “1”), but the overall community structure
is not accurate. To mitigate this issue, we augment the Gibbs-sampling procedure
with multi-node moves. With probability p, instead of sampling g ¢ according to
the Gibbs-sampling procedure that we discussed above, we choose r,s € {1,...,k}
and ¢ € {1,..., L} uniformly at random and propose a move that permutes two
community labels r and s for all layers at or beyond layer £. The proposed community

assignment ¢* satisfies

.
S, gl Z ¢ and g(z’,f’) =7
gzki,é’) = 7'7 gl Z g and g(i,f’) = S
gy, otherwise.
\

With Metropolis—Hastings acceptance probability
P(g"A) }
minq 1, ———= % (4.30)
{ P(g]4)
we accept the move and change the current community assignment to the proposed
community assignment g*. Otherwise, we reject the move and keep the previous com-
munity assignment g. In either case, we then proceed with the previously-discussed

Gibbs-sampling procedure. If we do not accept the move, then we do not change the

community assignment. By (4.26) and (4.27)), the acceptance probability (4.30) is

equivalent to
. P(A, g*) }
min< 1, ———= 5 .
{ P(A,9)

In Section 4.4.3, we demonstrate that using these multi-node moves significantly im-
proves the performance of both the Bazzi et al. [1] approach and our exchangeability-

based approach.
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We now discuss in detail how we compute P(A, g) for a uniform distribution on
community assignments, the Bazzi et al. [1] approach, and our exchangeability-based
approach. It suffices to discuss how we compute P(g) for each of our three choices,

as

P(A,g) = P(Alg)P(g)

from (4.26]) and P(A|g) is specified in (4.25)) as
(f) (f))|

L
A]g H H rs‘ rs — Mrs -’

irieee (B 1)

which is relatively simple to compute. To compute P(g), it is sufficient to compute
an expression that is directly proportional to it because (4.29) remains unchanged

when all terms are multiplied by the same constant.

We begin by discussing the case of a uniform distribution on community assign-

ments (see Section |4.2.2.1]). From (4.9), we have

1

That is, for this case, we do not need to consider P(g) when computing P(A4, g).

We now consider the Bazzi et al. discrete-time Markov-process approach (see

Section 4.2.3.2)). In Appendix , we derive the expression

€)|g€ 1 // H v 0 96.09G,e-1) T (1 _045) ) dp(a, (f))’
0,1]xAn—1

(4.31)

where p is the product measure of a uniform measure on [0, 1] and a uniform measure
on AF1 N[0, 1]%. Recall from (&8) that A*' = {(vy,...,0)| o0, v = 1} N[0, 1%,

There does not exist a simple closed form for the integral (4.31]), so we approximate it
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using Monte-Carlo integration with 1000 sample points. For community assignments
g and ¢’ that differ only in the community assignment of the node-layer (k, /), we

have
P(g(m)|9(m-1)) = P(fm)|9im—1))
for any m & {¢,¢+ 1}. In Appendix we derive

P(9) = P(g)) [ [ P90 lge-1) - (4.32)

From (4.32)), varying the community assignment of node-layer (k,¢) with all other

community assignments fixed yields

(

P(901))P(92)l901)) , (=1

P(9) o< § P(giesn)l90)Pgolge—), 2<€<L—1

\P(Q(L)|9(L_1)) , (=1L
which reduces the number of times that one needs to use Monte-Carlo integration to

compute the integral (4.31)) from L — 1 to at most 2.

Finally, we discuss our exchangeability-based approach (see Section [4.2.3.2)). In
Appendix [B.2] we derive

k
1
| | _ O
P(9w)|ge-1)) ( (9ee—1))—cS +h— 2) (nr(g(e,u)) X J("T(g(f—1)> Crranr(g(é—l))) ,

n’"(g(l 1)) C'%) Cr,15-Crk

(4.33)

where
1
B |
J(k1, k) —/0 e dx .
To minimize computational cost we precompute

1
(ks he) _/D e L
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for all k; and ko such that 0 < k; < ko < m using the procedure in Section
This precomputation allows us to avoid needing to repeatedly recompute J(ky, k2)
when computing E| For g and ¢’ that differ only in the community assignment
of node-layer (k,¢), recall that

P(90m)|9(m-1)) = P(9m)|9(m—1)) (4.34)

for any m & {¢,¢ + 1}. In Appendix we derive

L
P(g H P(gwlge—1)) (4.35)
=2

Therefore, if we vary the community assignment of node-layer (k, ¢) and fix all other

community assignments, we obtain

;

P(91))P(9e2)l9(1)) (=1
P(9) o 4 P(giesn)lg))P9olge-1), 2<¢<L—1 (4.36)
P(gw)lgc-1)) (=1L

which reduces the number of times that we need to compute (4.33) from L —1 to at

most 2.

To help ensure that any observed differences in performance are not due to our

choice of generative model P(A|g) or our choice of posterior-sampling algorithm, we

2If n is sufficiently large, the integral J(ki,k2) can become very small, which causes finite-
precision issues and thereby leads to inaccurate results when computing J(k1, k2) using (B.14). To
mitigate this problem, we use the approximation

J(k1+ 1, ko)

~1
J(k1, k)

for large k1 and k. In particular, for fixed ko, we set the computed values of J(k1, ko) to exp(—16)
for all ky > k7, where k] is the smallest k7 such that J(k], k2) < exp(—16).
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also compare the performance of the three methods to the performance of another
method that uses both a different generative model P(A|g) and a different approach to
approximately sample from the posterior P(g|A). For this comparison, we consider

the method of Yang et al. [88]. As with the other three approaches (see (4.24))),

P(Alg,w) consists of an independent SBM for each layer (see (4.24])). Namely,

© oy _T © A 0 1A
_ J4 4 . V4 K Vi ij
P(Alg,w) = H P(A |g(5),w )= H H (wg(i,ag(j,m> (1 o wQ(i,Z)Q(j,Z)) :

L
=1 (=11<i<j<n
However, the Yang et al. approach uses a different prior distribution P(w) than the
one in the other three approaches. First, the Yang et al. approach assumes that
Wrg 1= wf«}g) =...= wﬁé) (i.e., the SBM parameters do not change between layers)

and that w,s = w,,. Second, Yang et al. used
Wrs ™~ Beta(a’rsa 67’8)

for all » > s, where o, and 3, are user-provided parameters. In our implementation

of their approach, we let s = 8,5 = 1 for all » > s, which implies that
wys ~ Uniform(0, 1)

for all » > s. As we previously discussed Yang et al.’s approach for sampling from
the community-evolution probability distribution P(g|lw) in Section [4.2.3.2) we do

not discuss it again here.

To sample from the posterior distribution P(g|A), Yang et al. [88] used Gibbs
sampling with simulated annealing. This choice differs from our Gibbs-sampling

approach because it uses the target distributions

exp{log P(g|A)/Tn}
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where T,, is the mth temperature, which is a parameter that impacts the sensi-
tivity of the sampler to the distribution, and log denotes the base-e logarithm.
When T, is large, the sampler is sensitive to coarser variations; when 7;,, is small,
the sampler is sensitive to finer variations. In our implementation, we use the
temperature sequence {1,0.9,0.8,0.7,0.6,0.5,0.4,0.3,0.2,0.1} that was employed by
Yang et al. [88]. For each temperature T,,, we perform N,, Gibbs-sampling itera-
tions. We also use the iteration-number sequence {20, 10, 10, 10, 10, 10, 10,5, 5,5}
of Yang et al. Our implementations of these methods are available at https:

//github.com/tfaust0196/TemporalCommunityComparison.

4.4.2 Setup of our Comparison

To compare the behavior of the four approaches on networks with different com-
munity sizes, we generate several networks with known community structure and
different community sizes. We begin by considering £ = 2 communities in tem-
poral networks with n = 100 nodes and L = 5 layers. We then choose the pa-
rameters w € [0, 1]*** (which encode the strength of the community structure) and
q € {0,...,100} (which is the size of community 1). We use the parameter ¢ to
assign the seeded community structure g as follows. For each layer ¢ € {1,..., L},
we set g = 1 for nodes ¢ € {1,...,¢ 4+ 7} and g4 = 2 for all other nodes.
The quantity 7 = (71,...,7) is a vector of “offsets” for each layer that we use to
avoid having the same seeded community structure for each layer. In Figure 4.11
we show examples of the seeded community structure for ¢ = 50 and ¢ = 90, with

7 = (0,—5,—10,—5,0) in each case. We use g to generate the networks A® via
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independent SBMs with parameters

for each layer ¢ € {1,...,L}.

Seeded Community Assignments

Node

1 2 3 4 5

Layer
(a) ¢ =50

Seeded Community Assignments

Node

1 2 3 4 5
Layer

(b) ¢ =90

Figure 4.11: Heat maps of the seeded community structure that we use to generate
the adjacency structure A for (a) community-1 size ¢ = 50 and (b) community-1 size
g = 90. Each rectangle in a heat map corresponds to one node-layer (i,¢). Dark
blue rectangles signify the community assignment g(; ») = 1, and light blue rectangles

signify the community assignment g(; o) = 2.
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In our experiments, we consider ¢ € {50,60,70,80,90}. For each choice of g,
we run 500 instantiations of each approach and record the inferred community as-
signments ¢’ of each instantiation of each approach. To quantitatively measure the
performance of each approach, we compute normalized mutual information (NMI)
NMI(¢'; g) [14], which is a commonly employed similarity measure for analyzing the
performance of a classification, between the inferred community structure ¢’ and the

seeded community structure g for each instantiation and approach. The formula for

the NMI is
Io(d'5 9)
NMI(g'; 9) = , (4.37)
lo(g:9) + Lo(g; ')

where

(99")
[0(9/' g) —nlL Z p(gg’) log _brs
! s (99,9 |’

1<r,s<k br"Ds
1 n L
(99") — —_ ,
Prs” " = nlL Z Z 59(i,[)$69<i,f>75 ?
i=1 (=1
1 n L
P =D g
i=1 (=1

The NMI quantifies the similarity between the inferred community structure ¢’ and
the seeded community structure g. The maximum NMI value of 1 occurs when ¢’

and g coincide up to a permutation of the community labels.

4.4.3 Results

We begin by comparing the performances of the Bazzi et al. [1] approach and our
exchangeability-based approach with and without multi-node moves (see Section
4.4.1). We set the probability of a multi-node move to 3 x 1073, In Figure 4.12} we

plot the mean of NMI(¢’; g) over each of the posterior samples ¢’ for community-1

29



sizes q € {50, 60, 70,80, 90}.

We obtain larger mean NMI values for both the Bazzi et al. approach and our
exchangeability-based approach when we use multi-node moves, indicating that they
are less likely to become stuck at local extrema (of the type in Figure than
when we do not include multi-node moves. We use hypothesis testing to make this
observation statistically rigorous. The distributions of the NMI values are not normal
distributions, so we compute the p-values for a one-sided Mann—Whitney U test [15]
for each layer ¢, community-1 size ¢, and community-structure strength w. For both
approaches, we see that the p-values are significant for all values of ¢ except ¢ = 50.
Therefore, we conclude that employing multi-node moves improves the performance

of both our exchangeability-based approach and the Bazzi et al. approach.
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Figure 4.12: The mean NMI for our exchangeability-based approach and the Bazzi et
al. approach with and without multi-node moves for several values of the community-

1 size q.

q=501|qg=060 qg="70 q = 80 qg =90

w=0.28 | 0.56 0.017 0.45 9.1 x107° 0.96

w=0.25] 0.12 0.063 | 9.4x107%]3.3x107%| 3.4 x1077

Table 4.4: The p-values for our comparison of our exchangeability-based approach

with and without multi-node moves.
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q =950 q = 60 qg="70 q =80 q =90
w=10.25 0.015 6.5x107* | 3.3x107%| 3.1 x 10716 7.8 x 107°
w=02824x10"3 0.40 8.9 x 1072 | 5.9 x 107 | 2.5000 x 1076

Table 4.5: The p-values for our comparison of the Bazzi et al. [1] approach with and

without multi-node moves.

We also compare the performance of the four approaches — a uniform distribu-
tion on community assignments, the Yang et al. [88] and Bazzi et al. [1] discrete-time

Markov-process approaches, and our exchangeability-based approaches — when we

incorporate multi-mode moves. We again consider community-1 sizes

q € {50,60,70,80,90} and plot the overall-network NMI for each of the four ap-

proaches in Figure 4.13}

62




1.2

— Our approach
c - - Bazzi et al. approach
o 1 Yang et al. approach
=
g —-- Uniform distribution
= 08
@]
[t
£
T 06F
3
=
=]
= 04
e}
(0]
N
© 02
€
—
]
Z or
02 | I I I I |
40 50 60 70 80 90 100

Size of Community 1

Figure 4.13: The mean NMI for each of the four examined approaches for generating

community assignments for various choices of 1-community sizes q.

Our exchangeability-based approach performs worse than the Bazzi et al. ap-
proach for community-1 sizes of ¢ = 50 and ¢ = 60. However, our approach out-
performs the Bazzi et al. approach for ¢ = 70, ¢ = 80, and ¢ = 90. Our approach
outperforms the Yang et al. approach for all values of ¢. Using Mann—Whitney U
tests, we see that these results are significant (with p-value p < 0.01) for all but one
value of ¢ (this value is ¢ = 80 for the Yang et al. method) when our exchangeability-

based approach performs better than the other methods.

In Figures and [4.13] the mean NMIs for each method are smaller for community-
1 size ¢ = 90 than for ¢ = 80. We believe that this is an artifact of our choice to

use NMI to measure the similarity between the inferred community structure and
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the seeded community structureﬂ When we use the number of correct community
assignments to measure such similarity, we find that the mean numbers of correct
community assignments for community-1 sizes ¢ = 80 and ¢ = 90 are almost identical

for each method.

4.5 Conclusions and Discussion

When applying statistical inference to community detection, it is important impor-
tant to use a generative model that is based on realistic assumptions [66]. One such
assumption is that the generative model is not biased against communities with large
or small numbers of nodes. In this chapter, we showed that many statistical-inference
models that generate community assignments via either a uniform distribution on-
community assignments or discrete-time Markov processes are biased against gener-
ating communities with large or small numbers of nodes. We then formulated a gen-
erative model with an exchangeability-based community-assignment approach that
mitigates this bias. We observed in tests on synthetic networks with small and large
community sizes that our generative model outperforms existing generative models at
statistical inference. We focused in this chapter on analyzing the effect of group-size
biases in the setting of community structure. Similar group-size assumptions also
arise in statistical-inference methods for identifying other mesoscale structures. For
example, in Chapter [5, we show that using discrete-time Markov-process models for
detecting core—periphery structure causes associated statistical-inference methods to

underestimate the number of groups in networks.

3For a detailed discussion of biases in NMI, see [36].
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There are many viable ways to build on our work. First, we considered the per-
formance of a small number of representative approaches, and it is certainly worth-

while to also study other methods (e.g., [35]) with similar community-assignment

probability distributions to those in Sections [4.2.3.1] and [4.2.3.2] Second, in our
exchangeability-based approach (see Section [4.2.3.3)), we assumed that the commu-

nity assignments for a given layer depend only on those in the previous layer. Relax-
ing this assumption and allowing community assignments to depend on additional
previous layers may lead to improved community-detection performance. Third, it is
beneficial to derive bounds on the amount of localization of the community-size dis-
tributions for both our approach and other approaches. In contrast to the situation
for monolayer networks, where community-size distributions tend to have a relatively
simple form, there often is not a simple closed-form expression for the single-layer
community-size distributions in temporal networks. Consequently, we used numer-
ical simulations to examine these community-size distributions instead of obtaining
analytical results (such as Conjecture [1) about the single-layer community-size dis-
tributions in the limit of infinitely many layers. Deriving such analytical results can
provide important insights into the behavior of community-assignment approaches,
which in turn can lead to the development of better-performing and more efficient

methods.
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CHAPTER 5

Detection of Hierarchical Core—Periphery

Structure in Temporal Networks

5.1 Introduction

As we discussed in Section [2.1] it is common in network analysis to study various
types of mesoscale structures [56]. In this chapter, we examine core—periphery struc-
ture, in which well-connected nodes (so-called “core” nodes) are connected densely to
each other and potentially densely connected to other nodes (so-called “peripheral”
nodes), which are connected sparsely to other nodes [12,(71,[87]. Core—periphery
structure has been studied in many time-independent networks in the past few
decades, leading to insights into topics such as social networks [26,84], academic net-
works [16],86], economic networks [76,85], transportation networks [45], and many
other areas. In many situations — including in the analysis of the spread of dis-
eases through face-to-face contacts [21], transportation systems [53], and legislation
cosponsorships [46,55] — it is important to consider relationships and /or interactions
that change with time. In such situations, one can study a temporal network [30-32].
In a temporal network, the entities in the network and/or the ties between them can
change with time. As we discussed in Section [2.2] one can study such a temporal

network using a multilayer-network representation [40]. Many approaches have been
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developed to study community structure in time-dependent networks [23}/68, 71,89
(as we mentioned in Section [4.1)), but there are only a few studies of core—periphery
structure in multilayer networks. For example, Bergermann et al. used spectral
methods to identify core—periphery structure in multilayer networks [4,5], Nie et
al. used a rich-club approach to identify core—periphery structure in multiplex net-
works [58], and Hashemi and Behrouz generalized the concept of k-cores to multiplex

networks [27].

In the present chapter, we study a hierarchical notion of core—periphery structure
in temporal networks (which we represent as multilayer networks). We generalize the
hierarchical core—periphery structure of Polanco and Newman [68] from ordinary net-
works (i.e., graphs) to temporal networks. This notion of hierarchical core-periphery
structure encompasses a rich variety of possible mesoscale structures, including ones
that are not nested. In a nested (i.e., onion-like) core—periphery structure [23|, each
node of a network is part of exactly one group, with higher-numbered groups signi-
fying nodes that are deeper into a core. In such a setting, the probability that there
is an edge between two nodes depends on the lower of the two group assignments of
those nodes. By contrast, in the hierarchical core-periphery structure in [68], each
node of a network can be in several groups simultaneously. One determines the edge
probability between two nodes using the highest-numbered group that includes both
nodes. This hierarchical formulation allows the generation of networks with nested
structure, tree-like structure (where any two groups must either be disjoint or have
one be a strict subset of the other), and general non-nested mesoscale structures

(where the group assignments of nodes do not have to be nested in any Way)E]

IFor illustrations of the types of structures that one can generate using this hierarchical core—
periphery structure, see Figure 1 of [68].
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To identify hierarchical core—periphery structure in temporal networks, we use
statistical inference. This makes our approach more computationally costly than
spectral methods to detect core—periphery structure, but it also yields several im-
portant benefits [66]. For example, the use of statistical inference guarantees that
posterior-sampling methods yield samples precisely from the specified posterior dis-
tribution in the limit as the number of nodes of a network goes to infinity. Indeed, in
this chapter, we prove in this limit that the stable distribution of a slightly-modified
version of the Markov-chain Monte Carlo (MCMC) approach that we use for sta-
tistical inference is the same as the desired posterior distribution. Additionally, in
contrast to many other approaches, such as non-inferential optimization approaches,
statistical-inference methods avoid identifying mesoscale structures in completely
random networks, which (by construction) arise from models without any mesoscale

structure [66).

After we discuss our approach and give reasons for various choices that we make,
we use it to study two real-world temporal networks. These two example networks
are a network of ties between terrorist organizations in the Indian states of Jammu
and Kashmir [77] and a network of co-appearances in the Luke Gospel [29]. For each

example, we show that the identified core—periphery structure is plausible.

This chapter proceeds as follows. In Section [5.2] we present the details of the
generative model that we use for statistical inference of hierarchical core—periphery
structure. In Section [5.3] we present the MCMC approach that we use to identify
such structure. In Section[5.4] we discuss the consequences of the choice of generative
model on the performance of our MCMC approach. In Section [5.5, we use our
statistical-inference approach to identify hierarchical core—periphery structure in two

real-world temporal networks. In Section [5.6, we conclude and discuss several future
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directions.

5.2 A Hierarchical Generative Model for Core—Periphery

Structure in Temporal Networks

As in [68], we think of core—periphery structure as a hierarchy with groups of nodes
that do not need to be nested. We allow each node-layer to be a member of each of
k groups, which we label with the indices 0,1,...,k — 1. In our hierarchical core—
periphery setting, the probability of an edge between two nodes is determined by
the highest-numbered group that includes both nodes [68]. By contrast, in a nested
core—periphery setting 23], researchers typically require each node of a network to
be a member of exactly one group with indices in 0,1,...,k — 1. In the nested core—
periphery setting, the probability that there is an edge between two nodes depends

on the lower of the two group assignments of the nodes.

To ensure that the hierarchical structure has a “base level”, we assume (as in [68])
that every node is in group 0. We define a set of indicator variables (i) where
Yo =1 if node-layer (i, /) is in group r and Yiie =0 otherwise.

To generate a temporal network A given group assignments g, we use the model in
[68] independently for each layer. For each pair of node-layers (i, ¢), (4,¢) in the same
layer, we place an edge between them independently with probability w}(f()(i,é),( iy €
[0, 1], where h((i,£),(7,¢)) is the highest common group that includes both nodes

(i.e., the largest r such that Yoy = Y0 = 1). Applying the argument in equations
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(1)—(3) from Section II of [68], we then have

—_

L k—
0 ©_, (0
P(Alw,k,g) = TTTT [ (1 = w7

{=1r=

where

4
9= > Senn.Go)

1<i<j<n

is the number of node-layer pairs (i, ), (j,¢) in layer ¢ that have highest common

group 7 and

o @)
m1(n) — Z Azj 57‘,h((i,f),(j,f))

1<i<j<n

is the number of such pairs that are adjacent to each other.

To avoid a dependence on the parameters wﬁg), we follow the approach in [68]. For

all 7 and ¢, we assume that there is a uniform prior P(wy)) = 1. The computations
in equation (4) of [68] show that marginalizing according to these choices of prior
distributions yields

L k-1
P(Alk, g) =
eHll}) (9 4+ 1)

OO — m®))

(5.1)

We break the discussion of our model into two parts. In Section[5.2.1], we consider
a variant of our model in which we fix the number k of groups. In Section [5.2.2] we
remove this assumption and introduce our main model, in which the number k of

groups is unspecified.

5.2.1 Fixed Number of Groups

Suppose that we fix the number £ of groups. To perform Bayesian inference on a tem-

poral network A to yield a posterior distribution P(g|A), we need a prior distribution
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P(g|k) for the group assignments of nodes. There are many possible choices, such as
a uniform distribution over group assignments (i.e., P(g|k) o 1) for such a prior dis-
tribution. However, we showed in Section in the context of community structure
that many common choices for this prior distribution, such as a uniform distribution
and generating g via a discrete-time Markov process, make it prohibitively unlikely
to obtain large or small groups, which typically is an undesirable situation. This, in

turn, impacts the accuracy of statistical inference of small and large groups.

To mitigate the group-size bias, we determine group assignments using a simi-
lar approach to the exchangeability-based community-evolution approach in Section
[4.2.3.3] We start by selecting the group sizes for the first layer uniformly at ran-
dom. Given these group sizes, we choose the group assignments of nodes uniformly
at random from all group assignments with the chosen group sizes. In other words,
we choose the group assignments g1y of the nodes in the first layer according to the

probability distribution

iy = T P (0 = mtefy)

(n+1)! ’ (52)

where nl(gz’l)) is the number of nodes in layer 1 that have group-r indicator variables

of 1.

To generate each layer beyond the first one, we use the group assignments from
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the previous layer to generate those in the next layer via the probability distribution

1

P(g(rz) |9&—1)) = H

=0 | [ ns(g(y

1
(£) . —
% Drs ens (9(2—1))_57';33 pr75T7e 1 delS ’
385 ns(g(g_l))—f—l _1 385
) 0 DPris,e

(5.3)

(0 18 the set of indicator variables of group r for all nodes in layer ¢, the

where ¢
quantity ns(g&fl)) is the number of nodes in layer ¢ — 1 that have group-r indicator
variables of s, the quantity c%gs is the number of nodes i such that Yiiv—1) = S and

Yiie) = S and where each p,., is the parameter of an independent geometric distri-

bution Geom(p,s¢) (see equation 4.16). For notational convenience, we define

1
1
J(k;l,k:Q):/ A o
0

ghatl — 1

as in (B.14)). Using this notation, we can write ((5.3)) as

1

P(g&)]g&_l)) = H - X J(”s(ﬂ&—l)) - C%ly”s(ﬂ&-l))) . (5.4)
s=0 ”s(g&—n)
cihs
Finally, we set L
P(glk) = P(g)) [T TTPislgie)) - (5.5)
=2 r=1

2For a full discussion of the approach that we use to generate g&) from 9&71)’ see Section [4.2.3.3

and Appendix
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and we thereby obtain the prior distribution P(g|k). Using the notation

L k-1

F(glk) = [TTIPsinlgic) - (5.6)
(=2 r=1
we write as
P(glk) = P(gq|k)F(glk). (5.7)
By Bayes’ rule,
P(Alg, k)P(g|k
Plala. k) = T S (5.9

Because we have expressions for P(A|g, k) and P(g|k) (and because P(A|k) o< 1), we
can use ([5.8)) to sample from the posterior distribution P(g|A, k).

5.2.2 Main Model: Unspecified Number of Groups

In our main model for hierarchical core—periphery structure, we suppose that the
number k of groups is unspecified. For this case, as in [68], we use a Poisson prior

distribution on k£ with mean 1. Namely,

P(k) = . (5.9)
We then have
P(g,k|A) = P(k)P(g|A, k). (5.10)

Using the expression (5.10)), in Section [5.3 we derive our main MCMC algorithm
for sampling from the posterior distribution (5.10) and prove that the stationary
distribution of a slightly-modified version of this algorithm is the same as ((5.10)). In

Section [5.3.1.3] we discuss the required modifications of our main MCMC algorithm.
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5.3 Statistical-Inference Approach

To sample from the posterior distribution (5.10]), we use an MCMC method that is

similar to the ones in [68].

In Sections 5.3.1} [5.3.2) and [5.3.3] we introduce our MCMC method (see Al-

gorithm . To prove that the stable distribution of a slightly-modified version of
Algorithm 4 is the same as the desired posterior distribution , we introduce
versions of Algorithm [4 that do not include certain types of moves and prove in-
termediate results involving their stable distributions. In Section [5.3.4] we consider
Algorithm [6] which is an MCMC algorithm for a fixed number of groups. In Section
5.3.5, we consider Algorithm [7| which is similar to Algorithm [4] but (1) allows the
number of groups to vary and (2) does not allow one class of moves that we consider
in Algorithm [l In Section [5.3.6] we prove that the stable distribution of a slightly-
modified version of Algorithm {4 is the same as the desired posterior distribution

(5.10).

5.3.1 Our Main MCMC Algorithm

We begin by presenting the three types of MCMC moves in Algorithm [4]

5.3.1.1 Standard Moves

The first type of MCMC move, which we call a standard move (see Algorithm ,
is a move that adds a node-layer to a group, removes a node-layer from a group, or
removes an empty group (i.e., a group that has no nodes). In this type of move, we

first uniformly randomly choose a group r and a layer ¢. The specific move that we
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propose is different for the first layer / = 1 and the other layers ¢ > 2.

First consider layer ¢ = 1. With probability 1/2, we propose a move that adds
a node-layer in layer 1 to group r. With probability 1/2, we propose a move that
removes a node-layer in layer 1 from group r. If are choose to add a node-layer to a
group, we select a node-layer (,1) in layer 1 that is not in group r (i.e., 901y = 0)
uniformly at random from the set of all node-layers (i,1) in layer 1 that are not in
group r. If all node-layers in layer 1 are already in group r, then we do nothing.
Analogously, if we choose to remove a node-layer from a group, we select a node-layer
(,1) in layer 1 that is currently in group r (i.e., 9liny = 1) uniformly at random from
the set of all node-layers (i, 1) in layer 1 that are in group r. If no node-layers are in
group r, we reduce the number k of groups by 1 by removing group r and shifting
the labels of all groups above r down by 1. If group r has no node-layers in layer 1

but at least one node-layer in another layer, then we do nothing.

If layer ¢ > 2, we choose a node i uniformly at random. If node-layer (,¢) is in
group r, then we propose a move that removes it from group r. If node-layer (i, /)
is not in group r, then we propose a move that adds it to group r. For ¢ > 2, a

proposed move cannot remove a group.
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Algorithm 1 Proposal of a standard move

1. Choose a layer ¢ uniformly at random from 1,..., L.
2. Choose a group r uniformly at random from 1,... k — 1.
3. fe=1:

(a) With probability 1/2, we choose to add a node-layer in layer 1 to group
r. With probability 1/2, we choose to remove a node-layer in layer 1 from

group 1.
(b) If we choose to add a node-layer in layer 1 to group r:
i. If all node-layers (i,1) in layer 1 are in group r:
A. Do nothing.
ii. Otherwise (i.e., if there is at least one node-layer in layer 1 that is not
in group 7):
A. Choose a node-layer (i,1) that is not in group r uniformly at
random from all node-layers (i, 1) that are not in group 7.

B. Propose a move that adds (i,1) to group r.
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Algorithm 1 Proposal of a standard move (continued)

3. (c) If we choose to remove a node-layer in layer 1 from group 7:
i. If no node-layers (i, ¢) are in group 7:

A. Propose a move that removes group r and shifts the labels of all

groups above r down by 1.
ii. Otherwise, if no node-layers (7, 1) in layer 1 are in group r but group
r has at least one node-layer from another layer:
A. Do nothing.
iii. Otherwise (i.e., if group 7 has at least one node-layer from layer 1):

A. Choose a node-layer (i, 1) from group r uniformly at random from

all node-layers (i,1) in group r.

B. Propose a move that removes (i, 1) from group r.

4. Otherwise (i.e., if £ > 2):

(a) Choose a node i uniformly at random from 1,...,n.
i. If (4,¢) is in group r:
A. Propose a move that removes (i, ¢) from group r.
ii. If (¢,¢) is not in group r:

A. Propose a move that adds (7, ) to group 7.
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5.3.1.2 Group-Addition Moves

Our second type of MCMC move is a group-addition move (see Algorithm . This

type of move increases the number £ of groups by 1.

Algorithm 2 Proposal of a group-addition move

1. Choose a group r uniformly at random from 1,..., k.

2. Propose a move that increases the labels of all groups r and higher by 1, creates

a new empty group with the label r, and increases the value of £ by 1.

5.3.1.3 Multi-Node Moves

Our third type of MCMC move is a multi-node move (see Algorithm [3)). This type
of move changes more than one group assignment at a time. For a layer ¢ and two
subsets G; and G of the groups {1,...,k — 1}, we propose a new group assignment
g’ that satisfies

p
5g277~, ﬁl = é and 5g1’(ijg/) =1

(g/>€z‘,€’) = (5g1’r, gl =/{ and 592,(i,€’) =1 (5'11)
[ 9G.0) > otherwise ,
where
1, reg
dgr =
0, otherwise
and

L, gy =0g, forallre{l,. .. .k—1}
g, i0) =
0, otherwise.
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Algorithm 3 Proposal of a multi-node move

1. Select subsets G; and G, uniformly at random from the groups {1,...,k — 1}.
2. Choose a layer ¢ uniformly at random from 1,..., L.

3. Propose a move with a new group assignment ¢’ using ((5.11).

As we discussed in Section [5.2.2] we need to slightly modify our main MCMC
algorithm (see Algorithm [4f) to attain equality of the stationary distribution and the
desired posterior distribution . Specifically, we need to modify Algorithm
by choosing the layer ¢ uniformly from 2,..., L instead of from 1,..., L. In Section
5.3.6l we prove that the stationary distribution of the modified version of Algorithm
coincides with the desired posterior distribution and discuss why we never-

theless use the unmodified version of Algorithm [ to infer core-periphery structure.

5.3.2 Acceptance Probability

In Sections |5.3.1.1}, [5.3.1.2 and [5.3.1.3] we discussed three types of MCMC moves.

In each step of our MCMC algorithm (see Algorithm , we propose a move of one of
these three types. After proposing a move from g, k to ¢, k', we need to determine
whether to accept or reject the move. Due to the design of our MCMC algorithm,
using the standard Metropolis—Hastings acceptance [70]

: P(Alg', K')P(g'|K")
m{l P(Alg. k)P(g]k) } (5.12)

would cause the stationary distribution of our Markov chain to differ from the desired

posterior distribution (5.10). Therefore, we slightly modify (5.12) and instead use
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the acceptance probability

TN P(Alg'. k) F(g']K)
a(g,k%g,k)—mln{l, P(Alg F)F (glk) } , (5.13)

where we recall that F'(g|k) is given by (/5.6]).

5.3.3 Statement of our Main MCMC Algorithm

Now that we have discussed the three types of MCMC moves (see Sections |5.3.1.1

5.3.1.2) and [5.3.1.3) and the acceptance probability (see Section [5.3.2)) of a move,

we now state Algorithm [4 which gives the MCMC approach that we use to identify

hierarchical core—periphery structure in temporal networks.

Let p € [0, 1] denote the probability that a move is a multi-node move. We use
Algorithm {4{ to sample from the posterior distribution ([5.10]) and identify hierarchical

core—periphery structure.
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Algorithm 4 Main MCMC algorithm

1. Propose a move:

(a) With probability p, propose a multi-node move (see Algorithm [3)).

(b) Otherwise, with probability 1 —
Algorithm .

1
Sh(niT) PrOpose a standard move (see

(¢) Otherwise, propose a group-addition move (see Algorithm [2)).

2. Accept the proposed move from g, k to ¢', k" with the acceptance probability

P(Alg', k") F(g'|K) }
P(Alg, k)F(glk)

a(g,k — ¢, k') := min {1,

3. Otherwise, reject the proposed move.

5.3.4 MCMC Algorithm for a Fixed Number of Groups

As we discussed in the introduction of Section [5.3] we prove that the stationary
distribution of a slightly-modified version of Algorithm {4]is the same as the desired
posterior distribution by proving similar results for intermediate algorithms
that build up to the main result. In this section, we consider a fixed number k of

groups. In this case, we use only standard moves (see Section [5.3.1.1]) in our MCMC

algorithm.

Because we fix k, we slightly modify our algorithm for proposing a standard move
(see Algorithm [I)). In this modified version of the algorithm, if we choose to remove
a node-layer in layer 1 and no node-layers are in group r, we do nothing (instead of

removing group r, as we did before). In Algorithm , we give our modified algorithm

81



for proposing a standard move.

Algorithm 5 Proposal of a standard move when we fix the number of groups

1. Choose a layer ¢ uniformly at random from 1,..., L.
2. Choose a group r uniformly at random from 1,... k — 1.
3. Ife=1:

(a) With probability 1/2, add a node-layer in layer 1 to group r. With prob-
ability 1/2, remove a node-layer in layer 1 from group r.
(b) If we choose to add a node-layer in layer 1 to group r:
i. If all node-layers (i, 1) in layer 1 are in group 7:
A. Do nothing.
ii. Otherwise (i.e., if there is at least one node-layer in layer 1 that is not
in group r):
A. Choose a node-layer (i,1) that is not in group r uniformly at
random from all node-layers (i, 1) that are not in group r.

B. Propose a move that adds (i, 1) to group r.
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Algorithm 5 Proposal of a standard move when we fix the number of groups (con-

tinued)

3. (c) If we choose to remove a node-layer in layer 1 from group 7:
i. If no node-layers (i,1) in layer 1 are in group r:
A. Do nothing.
ii. Otherwise (i.e., if group r has at least one node-layer from layer 1):

A. Choose a node-layer (i, 1) that is in group r uniformly at random

from all node-layers (i, 1) that are in group 7.

B. Propose a move that removes (i, 1) from group r.
4. Otherwise (i.e., if £ > 2):

(a) Choose a node i € {1,...,n}.
i. If (i,¢) is in group 7:
A. Propose a move that removes (i, ¢) from group r.
ii. If (¢,¢) is not in group r:

A. Propose a move that adds (i, ¢) to group r.

Because we fix the number £ of groups, we slightly modify the acceptance prob-

ability (5.13)). The acceptance probability of a move from ¢ to ¢’ for this algorithm

18

a(g = ) :mm{l’ P(Algﬂk)F(g’!k)} '

P(Alg, k)F(gk)
In Algorithm [6] we give this algorithm for sampling from the posterior distribution

63).

(5.14)
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Algorithm 6 MCMC algorithm for the case of a fixed number of groups

1. Propose a move:
(a) Propose a standard move (see Algorithm [f]).

2. Accept the proposed move from ¢ to ¢’ with the acceptance probability

Wﬂ%@ﬂﬂ@}
P(Alg, k)F(glk) |

a(g — ¢') == min {1,

3. Otherwise, reject the proposed move.

We now show that the equilibrium distribution of this MCMC process is the
same as the desired posterior distribution P(g|A, k) that we stated in (5.8]). To show
this, it is sufficient to show that the MCMC process satisfies ergodicity and detailed
balance [70]. To prove ergodicity, we need to show that one can access every state in
the system from every other state using a finite sequence of moves. To prove detailed
balance, we need to show that the mean rate of ¢ — ¢’ moves equals the mean rate

of ¢ — g moves at equilibrium. That is, we need to verify that
P(glA, k)P(g — ¢') = P(¢'| A, k)P(g" = g). (5.15)

In Algorithm [6] ergodicity clearly holds because we can first remove all node-layers
from all groups and then re-add node-layers to attain any desired group assignment

g. We thus only need to prove that the MCMC process satisfies detailed balance.

To prove detailed balance, we need to verify (5.15)). We write P(g — ¢') = n(g —

g )a(g — ¢'), where 7 is the probability of proposing a move and « is the probability
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of accepting it. This implies that equation (5.15)) is equivalent to

P(g'|Ak) _m(g—g)alg—7)
P(glA k) 7(g' = g)alg’ — g)
Because P(g|A, k) = P(Am(’z)‘g)(g'k) = PUlgh) F(f‘“lz Ploa ) by (5.8)) and ( and a(g

¢') = min {1, %} by (5.13]), equation (|5.16) is equivalent to

(5.16)

P(Alg", E)F(g'|k)P(gy|k)  7(g — ¢')P(Alg, k)F(d'|k)
P(Alg, k)F(glk)P(gylk) — w(g' — g)P(Alg, k)F(glk) ’

which in turn is equivalent to

Plgylk)  w(g— g)
Plgwlk)  w(g' = g)

(5.17)

We now show that ([5.17)) holds for a standard move g — ¢’ that adds node-layer

Ol
(i,1) to group r. First, because P(gq)|k) = | - %, we have
%Mk TTW“ )1
P9 k) 1 n{! n—ns))! .

By adding a node-layer in layer 1 to group r, we obtain n’r(l) =n" +1 and n’s(l) =
ngl), which then yields

P(gpylk)  nl" +1
P(9(1)|k') n— n£ )

o 1 1
L k—1"2", 0

Similarly, 7(¢ — ¢) = £ x =~ x £ x —L— Therefore
y, m(g 9) L~ k1727 0, ’

~

wg—g) nV+1  Plgylk)
(g —=9) n-—n® Plgwlk)
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The detailed-balance equation (5.17)) is thus satisfied in this instance.

We now verify (5.17)) for a standard move g — ¢’ that adds node-layer (,¢) to

(1)

group r when ¢ > 2. First, n/'"’ = ntM for all r (because adding a node-layer in layer

¢ > 2 does not affect the group sizes in layer 1). This yields

P(g(1)|%)
(

W
P(g()lk)

From Algorithms [f] and [6], the probability of proposing the move g — ¢’ is

PRNUPE RO B
T == =
y—49 L k-1 n
Similarly, (¢’ — g) = 1 X =5 X %, s0
g —4g) 1 — P(921)’k)
(g — 9) P(glk)

Consequently, the detailed-balance equation (5.17)) is satisfied.

We omit the proofs of (5.17) for the cases where g — ¢’ removes a node-layer
in layer ¢ > 1, as they are extremely similar to the arguments above. Now that
we have verified both ergodicity and detailed balance, we see that the equilibrium

distribution of Algorithm @ is the same as the desired posterior distribution (5.8)).

5.3.5 Intermediate Algorithm for a Variable Number of Groups

We now allow the number k of groups to vary, and we consider an MCMC algorithm
for sampling from the desired posterior distribution . In contrast to our main
algorithm (see Algorithm , this algorithm does not use multi-node moves (see
Section . The number of groups is allowed to vary, so we use our main

algorithms for proposing a standard move (see Algorithm and for proposing a
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group-addition move (see Algorithm. We also again use the acceptance probability

P(Alg', k") F(g'|K) }
P(Alg, k)F(g|k)

a(g,k — ¢, k') = min {1,

that we specified previously in (5.13)). In Algorithm [7} we give our MCMC algorithm
that samples from the desired posterior distribution (5.10|) without using multi-node

moves.

Algorithm 7 MCMC algorithm with no multi-node moves for the case of a variable

number of groups

1. Propose a move:

(a) With probability 1 — propose a standard move (see Algorithm .

1
We(n+1)’

(b) Otherwise, propose a group-addition move (see Algorithm [2)).

2. Accept the proposed move from g, k to ¢, k" with acceptance probability

P(Alg', K )F(g'|K') }
P(Alg, k)F(glk)

alg,k — ¢, k') := min {1,

3. Otherwise, reject the proposed move.

Algorithm [7] is the same as Algorithm [] except that it does not allow multi-node
moves.

We now show that the equilibrium distribution of this MCMC process is the same
as the desired posterior distribution P(g, k|A) (see (5.10)). As in the fixed-k case,
ergodicity clearly holds for this MCMC procedure. Therefore, it suffices to prove

detailed balance. However, in contrast to the fixed-k case, detailed balance holds

only in the limit n — oo. Following similar logic to the logic for ((5.15)—(5.17)) for the
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fixed-k case, to prove detailed balance for the variable-k case, we need to show that

Ploty ) _ g,k — ¢ ,F)
P(9a), k) m(g, K — g,k)

(5.18)

First suppose that & = £/, which occurs when ¢, k — ¢, k' is a standard move that
does not change the number of groups. Algorithms [5| and [I] have the same probability
of proposing a specific standard move, so the proposed-move probabilities 7(g, k —
g, K) and 7(¢', k' — ¢,k) in Algorithm [7| are (aside from a factor of 1 — M)
the same as the probabilities 7(g — ¢') and 7(g — ¢’), respectively, in Algorithm
6l Additionally, by the definition of conditional probability, P(g, k) o P(g|k) and
P(¢', k') o« P(¢'|k') with the same proportionality constant. The detailed-balance
result for the fixed-k case then implies that

P(Qﬁ)?k,) _ m(g,k— g K)
P(gay, k)  m(g kK — g,k)’

so the detailed-balance equation ([5.18|) holds for this case.

Now suppose that k' # k. We will show that detailed balance holds when g, k —

(DD
g,k is a group-addition move. Because P(glk) = | % and P(k) =
(k%i)!, we obtain
k n;n<1)! n—n;(l) !
Plgpy k) (k= DI, 55— 1
P k - k—1 ngl)! n—ngl) ! - k 1 ’
(901), k) KT W (n+1)

From Algorithms|l] 2 and[7] the proposal probabilities (g, k — ¢', k') and 7 (¢’, k' —

g, k) are




where the expression for 7(¢’, k" — g, k) follows from the fact that ¢’, k" — ¢, k must

be a standard move that removes a group. Therefore,

(g, k — g k') 1 @(1)

g K =g k) knsD)

Plo'.k) _ 1

PR — R Ve have that

Because

P k) m(g,k—g,K)
P(g.k)  =(g',k — g,k)

as n — 00. Therefore, the detailed-balance equation (5.18]) holds in the limit n — co.

As with the fixed-k case (see Section [5.3.4]), we omit the proof of detailed balance
when g,k — ¢, k' is a standard move that removes a group, as it is extremely similar

to the proof of detailed balance when g,k — ¢, k" is a group-addition move.

5.3.6 Revisiting our Main MCMC Algorithm

Although we proved in Section that the stationary distribution of the MCMC
approach in Algorithm m is the same as the desired posterior distribution
in the limit n — oo, in practice, this approach often does not lead to the correct
identification of core—periphery structure in temporal networks. This occurs because
the posterior distribution P(g|A) from which we sample using this approach has
many local maxima, so the algorithm often becomes stuck at suboptimal maxima.
In Figure 4.1, we illustrate the behavior that we commonly see at such suboptimal

maxima.
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Actual Core-Periphery Structure

Node

1 2 3 4 5
Layer

(a) Actual core—periphery structure

lllustration of Inferred Core-Periphery Structure

Node

1 2 3 4 5
Layer

(b) Hlustration of a local maximum

Figure 5.1: Heat maps of (a) an example of actual core—periphery structure and (b)
an illustration of the permuted group structure that we commonly observe at local
maxima of P(g|A) for a 100-node network with 5 layers. Each rectangle in a heat
map corresponds to one node-layer (i, ¢). The dark blue rectangles signify the value

9(ip) = 1, and the light blue rectangles signify the value g; , = 0.

In this example, we consider a network with 100 nodes and 5 layers. We observe
that the group structure of the local maximum is permuted from the actual core—
periphery structure in some layers. Specifically, for the nodes in layers ¢ = 2 and
¢ = 3, the group assignment ¢ coincides with the group assignment of the actual core—
periphery structure if we swap the values 0 and 1 of the group-assignment indicator

variables g(li,é)‘ If g(lw) is initially equal to 1, then g(li,é) becomes 0 after the swap; if
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9ipy = 0, then g/, ) becomes 1 after the swap.

To mitigate this issue, we incorporate multi-node moves into our main MCMC
algorithm (see Algorithm . In Section we showed that including multi-node
moves in posterior sampling methods for community detection in temporal networks
greatly reduces the frequency at which such methods get stuck at suboptimal local
maxima where the inferred community assignments become permuted from the cor-
rect community assignments in some layers. This observation motivates our choice

to include multi-node moves in our main MCMC algorithm.

We now prove that the stationary distribution of our main algorithm (see Al-
gorithm [4) coincides with the desired posterior distribution (5.10). Recall that Al-
gorithm [ is the same as Algorithm [7] except for the addition of multi-node moves.
Including this additional type of move does not impact the detailed-balance calcu-
lations in Section [5.3.F] (aside from an additional factor of 1 — p in all terms), so it
suffices to show the detailed-balance equation

Ploty ) _ g,k — ¢,
Plgay, k)  w(g K — g,k)

(5.19)

when g,k — ¢, k' and ¢/, k' — g, k are multi-node moves. From Algorithms [3| and

we have
1 1 1
(g, k= g K) = 7 X p X g X gy
1 1
(g K — g, k) = T XPX gt X g

A multi-node move does not change the number of groups, so k' = k. Therefore,
(g, k — ¢, k') =7(g, k' — g,k). Recall that we define ¢’ by equation (5.11) for a

multi-node move g,k — ¢’, k’. From this definition, we see for ¢ € {2,..., L} that g
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and ¢’ have the same group assignments in the first layer, so

Therefore, the detailed-balance equation holds for multi-node moves g, k —
g, K for ¢ € {2,... k}. However, because a multi-node move for ¢ = 1 nearly always
changes the group sizes in layer 1, the detailed-balance equation does not hold
for such a move. If we choose to restrict Algorithm [3]to allow multi-node moves only
in layers £ € {2,...,k} (as we discussed previously in Section[5.3.1.3)), the stationary
distribution of our main algorithm (see Algorithm would be the same as the desired
posterior distribution . However, this choice would cause our MCMC algorithm
to become stuck at local extrema with permuted group assignments in the first layer.
This would significantly decrease the performance of our approach. Therefore, we

do not do this, and we instead allow multi-node moves in all layers.

5.3.7 Computation of Acceptance Probability

We now discuss how we compute the acceptance probability (5.13]). Recall from
(5.13) that we must compute

P(Ald. K\F(d'
a(97k—>g’,k’):mm{1, (Alg', k) (glk)}‘

P(Alg, k) F(g]k)
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It is straightforward to compute P(A|g, k) from (5.1)). To compute F(g|k), recall
from ((5.6)) and (5.4]) that

1
T T 1 T T
P(g(e)fg(eq)) = H 7 e\ x J(”s(g(z—n) - C%gsa”s(g(z_n)) )
s=0 Ny:s
Cv(fgs
where L e
F(glk) = [T TP (909t

(=2 r=1

and

ghetl — 1

1
—1
J(k:l,k;Q):/ L
0

As in Section 4.4.1] to minimize computational cost, we precompute

1
—1
kiky) = [ aM—T
J (K1, ko) /095 il 1

for all k; and ks, such that 0 < k; < ky < n using the procedure in Section
This precomputation allows us to avoid needing to repeatedly recompute J(kq, k2)

when computing 1} We also use analogous arguments to those in equations

(4.34)—(4.36) to avoid directly calculating terms in (5.6 that will cancel out in the
expression ([5.13)) for the acceptance probability a(g,k — ¢',k’). This reduces the

3If n is sufficiently large, the integral J(ki,ks) can become very small, which causes finite-
precision issues and thereby leads to inaccurate results when computing J(k1, ko) using (B.14]). To
mitigate this problem, we use the approximation

J(k1+ 1, ko)

~1
J(k1, k2)

for large k1 and ko. In particular, for fixed ks, we set the computed values of J(k1, k2) to exp(—16)
for all ky > k7, where k] is the smallest k7 such that J(k], k2) < exp(—16).
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number of times that we need to evaluate J(ky, k2). Our implementation of Algorithm

is available at https://github.com/tfaust0196/mhCorePeriphery.

5.4 Discussion of our Group-Assignment Approach

We are equipped to discuss an additional rationale behind our choice of group-
assignment probability distribution P(g|k) now that we have introduced Algorithm
(see Section , which we use to sample from the desired posterior distribution
P(g,k|A) in . Recall from Algorithm 4| and Section that the acceptance
probability a(g,k — ¢', k') is

(5.20)

P(Ald . KNF(d'. k'
aly. b= o/ ) = min {1, FLALIOEG LD L

P(Alg, k)F (g, k)
By (5.2)) and (5.5)), we generate the group assignments for each group independently.

Therefore, if we propose a group-addition move that adds an empty group r, the

acceptance probability becomes
P(9(py =0forallie{l,...,ntand £ € {1,...,L}).

Consequently, if a generative model is biased against groups with few node-layers,
then the acceptance probability (5.20) is very small. This, in turn, causes an associ-

ated statistical-inference method to underestimate the number of groups.

For a monolayer network (i.e., an ordinary graph), one can resolve the above issue

by generating the group sizes uniformly at random. With this choice, the probability

of generating an empty group is n+r1 However, for a temporal network, it is difficult

to choose a generative model that is not biased against groups with few node-layers.

In Section 4.3 we showed that the commonly-used approach (see, e.g., [L25/5088]) of
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evolving group assignments via a discrete-time Markov process (where one bases the
group assignment of a node in a given layer on its group assignment in the previous
layer) leads to an increased bias against small and large groups in later layers. This, in
turn, leads to a strong bias of a generative model against small and large groups in a
network. In our context of hierarchical core-periphery structure, this bias makes the
acceptance probability of a group-addition move prohibitively small, leading

to an underestimation in the number of groups.

Our novel group-assignment approach is much less biased against small and large
groups than such Markov-process approaches. This is the case because our approach
generates the group assignments for a layer based on all of the previous group as-
signments in the previous layer, instead of using a discrete-time Markov process to
evolve the group assignments of each node individually. (See Sections and
for more information.) Therefore, our method is much less likely to underestimate

the number of groups in a network.

This discussion illustrates the practical importance of carefully considering po-
tentially undesirable assumptions of the generative models in statistical-inference
methods. See Chapter {4 for further discussion and examples in the context of com-

munity structure.

5.5 Application to Real-World Networks

In this section, we apply our hierarchical core—periphery detection method to two
real-world networks and discuss the structures that we identify in these networks.
In Section we consider a network of terrorists in the Indian states of Jammu

and Kashmir. In Section |5.5.2] we consider a network of co-appearances in the Luke
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Gospel.

5.5.1 Jammu—Kashmir Terrorist Network

We first apply our method to a network of links between terrorist organizations in
the Indian states of Jammu and Kashmir from 2000 to 2003 [77]. This temporal
network consists of n = 34 nodes (which represent terrorist organizations) and L = 4
layers (which represent years). Applying our hierarchical core—periphery detection
method to this network yields £ = 2 groups and the core-periphery structure in
Figure 5.2 To generate the core—periphery structure in Figure 5.2 we perform 5
runs of 10 steps of our main MCMC algorithm (see Algorithm [4]) with the number
k of groups initialized to 4, the probability p of a multi-node move set to 1072, and
the initial group assignments selected uniformly at random for each run. We then
save the output group assignments every 10* steps. For each node-layer (i, /), we
set the group assignment for (i, ¢) to be the most frequent group assignment among

each of the saved group assignments (across all runs).
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Figure 5.2: The inferred core-periphery structure in the Jammu-Kashmir terrorist
network. The dark blue rectangles signify the value g(ll. n=1 and light blue rectan-
gles signify the value g(li o =0 The horizontal axis indicates years and the vertical

axis indicates terrorist organizations.

To demonstrate that the detected core—periphery structure is reasonable, we plot
heat maps (see Figure of the adjacency matrices A® for each layer ¢. In these
heat maps, we permute the rows and columns so that all node-layers (i,¢) with
g(li,é) = 1 preferentially occur earlier. We also include a dividing line between the
node-layers with g;;, = 1 and the node-layers with g, = 0. In Figure N’ we
show these heat maps, and we can see that the node-layers with g(li’g) =1 (i.e., the
core node-layers) are densely connected to other nodes with g(li’é) = 1 and that the

node-layers with g'. , = 0 (i.e., the peripheral node-layers) are sparsely connected to
(i,0)
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all other node-layers.

. oy o o

(a) Layer 1 (year 2000) (b) Layer 2 (year 2001)
- N —— l—-::é!:.:_ - -
n - - -- -
- - -
— - =
- - -
(c) Layer 3 (year 2002) (d) Layer 4 (year 2003)

Figure 5.3: Permuted adjacency matrices to illustrate the inferred core—periphery
structure in the Jammu-Kashmir terrorist network. We show (a) layer 1 (the year
2000), (b) layer 2 (the year 2001), (c) layer 3 (the year 2002), and (d) layer 4 (the
year 2003).

5.5.2 Literary Co-Appearance Network

We also apply our method to a network of co-appearances in the Luke Gospel .

This temporal network consists of n = 76 nodes (which represent characters) and
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L = 5 layers (which represent non-overlapping ranges of 4 consecutive chapters). We
place an edge between two nodes in a given layer if the two associated characters
encounter each other in those chapters. As in Section , we perform 5 runs of 10°
steps of our main MCMC algorithm (see Algorithm {f) with the number k of groups
initialized to 4, the probability p of a multi-node move set to 1073, and the initial
group assignments selected uniformly at random for each run. We then save the
output group assignments every 10* steps. In contrast to the results from Section
[.5.1] the inferred group assignments differ greatly between runs. Therefore, unlike
for the Jammu—Kashmir terrorist network, we cannot reasonably choose to set the
group assignment for each node-layer (i, £) to be the most frequent group assignment

across all runs.

One of the reasons that different runs yield different group assignments is that
group assignments are permuted between layers in two of the five runs. In Figure

5.4 we illustrate this with an example of such a run.
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Figure 5.4: The inferred core—periphery structure from one run of Algorithm 4] ap-
plied to the Luke Gospel literary co-appearance network. The light blue rectangles
signify the value g(ll.’g) = 1, and the dark blue rectangles signify the value g(li’g) = 0.
The horizontal axis indicates non-overlapping ranges of 4 consecutive chapters and

the vertical axis indicates characters.

Recall from Section that we commonly observe permutations of group as-
signments between layers in local maxima of the MCMC algorithm without multi-
node moves. This suggests that multi-node moves are less effective at avoiding such
extrema for the Luke Gospel literary co-appearance network than for the Jammu—
Kashmir terrorist network. We do not have an explanation for why multi-node moves
are less effective for this example. However, the inferred core—periphery structure for

each of the layers appears to be plausible. When we permute the adjacency matri-
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ces according to the core—periphery structure in Figure (as in Section [5.5.1]), the
densities of the edges between node-layers depend on the groups that the node-layers

are in.

In runs where group assignments are not permuted between layers, we detect
reasonable core—periphery structure. In particular, one of the runs of our core—
periphery detection method on the Luke Gospel literary co-appearance network yields
k = 3 groups and the core—periphery structure in Figure[5.5] Observe that the group

assignments are not permuted between layers (except possibly for the last layer).
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Figure 5.5: The inferred core—periphery structure from one run of Algorithm I;I ap-
plied to the Luke Gospel literary co-appearance network. The light blue rectangles
signify the values g(lu) =0 and g(QM) = 0, the dark blue rectangles signify the values
g(li,z) =1 and g(QM) = 0, the light purple rectangles signify the values g(;,, = 0 and
g?w = 1, and the dark purple rectangles signify the values g(lm) =1 and g(ZM) =1.
The horizontal axis indicates non-overlapping ranges of 4 consecutive chapters and

the vertical axis indicates characters.

To demonstrate that the detected core—periphery structure in Figure [5.5| is rea-
sonable, we plot heat maps (see Figure of the adjacency matrices A® for each
layer £. In these heat maps, we permute the rows and columns so that all node-layers
(i,0) with g(lu) =1 and g(QM) = 1 appear earliest, followed by node-layers (i, ¢) with
g(li,g) = 0 and 9(21'7@) = 1, node-layers (i, /) with g(lw = 1 and g(QM) = 0, and finally
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node-layers (i,¢) with g;; , = 0 and g(zm) = 0. We observe that the densities of the
edges between node-layers depend on the groups that the node-layers are in. For
example, in layers 2-4, node-layers with group assignments g/, ,, = 1 and g, ) = 0
tend to be densely connected to node-layers with group assignments g(lz.’z) = 0 and
9(22‘,4) = 0 but sparsely connected to node-layers with group assignments g(lm =1
and 9(21.7@) = 1. However, the validity of the inferred core—periphery structure is less
evident than the inferred core—periphery structure of the Jammu-Kashmir terrorist

network. We hypothesize that this is because the Luke Gospel literary co-appearance

network is less dense than the Jammu—Kashmir terrorist network.
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Figure 5.6: Permuted adjacency matrices to illustrate the inferred core-periphery
structure in the Luke Gospel literary co-appearance network. We show (a) layer 1,

(b) layer 2, (c) layer 3, (d) layer 4, and (e) layer 5.
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5.6 Conclusions and Discussion

We proposed a method to identify hierarchical core—periphery structure in temporal
networks. We applied this method to two real-world networks and obtained reason-

able inferred structures when our MCMC method converged.

By using the group-evolution probability distribution from Section (in-
stead of a group-evolution probability distribution that is based on a discrete-time
Markov process), our Markov-chain Monte Carlo (MCMC) approach for statistical
inference is able to mitigate the underestimation of the number of groups in net-
works in the detection of hierarchical core—periphery structure. Additionally, by
using multi-node moves, we sped up the convergence to the inferred core—periphery

structure.

There are a variety of ways to build on our work. The primary weakness of our
approach is the high computational cost of each iteration in our MCMC approach,
which (despite the use of multi-node moves to reduce the number of iterations to
achieve convergence) makes it prohibitive to apply our method to networks with
many nodes or layers. Therefore, it is important to develop and implement more
computationally efficient methods to identify hierarchical core—periphery structure

in temporal networks and more generally in multilayer networks.

We hypothesized in Section that our method identifies hierarchical core—
periphery structure less accurately for sparse networks than for dense networks. It
is important to examine the peformance of our method on synthetic networks with
different densities to better understand the effect of density on it. Finally, we empha-
size that there have been very few studies of core—periphery structure in temporal

and multilayer networks — a situation that contrasts with the voluminous analysis
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of temporal and multilayer community structure [33.|72] — and such efforts deserve
more attention. We expect that such studies will yield both theoretical and practical

insights.

106



CHAPTER 6

Conclusion

6.1 Summary

One of the fundamental areas of network science is the algorithmic detection of
mesoscale structures, which involve groups of nodes that are larger than a sin-
gle node but smaller than an overall network [56[. There have been a variety
of approaches have been developed to detect mesoscale structures, including opti-
mization of objective functions [2,[51,[54], non-negative matrix and tensor factor-
ization [17,24}74], information-theoretic methods (such as ones that minimize de-
scription length) [67,/75,[78], local methods [34}37,/47], and spectral methods [4,5].
In this thesis, we analyzed techniques for statistical inference of mesoscale struc-
tures [68,[81,/89]. Statistical-inference approaches have a variety of favorable prop-
erties, including convergence guarantees and better abilities than other methods at

avoiding overfitting [66].

When applying statistical inference to network applications, it is important to
use a generative model that is based on realistic assumptions [66]. In this thesis, we
illustrated the effects of unrealistic generative models on the detection of mesoscale
structures, and we developed an approach that mitigates them. We demonstrated

(see Section [4.4.3) that biases against communities with large or small numbers
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of nodes cause methods to infer community structure less accurately in networks
with small or large communities. We also demonstrated (see Section that biases
against groups without any node-layers cause our multilayer core—periphery detection
method to greatly underestimate the number of mesoscale groups in a network. Such
examples illustrate the importance of carefully evaluating the behavior of generative

models.

When performing statistical inference in temporal networks, which change with
time, using multi-node moves can can yield significant improvement in the perfor-
mance of inference methods. For example, in Section 4.4.3, we saw that multi-node
moves greatly improve the performance of Gibbs sampling for several community-
detection approaches. Analyzing the behavior at the local extrema that we obtained
from unmodified Gibbs sampling allowed us to effectively employ multi-node moves.
We were able to understand the behavior at local extrema by applying unmodified
Gibbs sampling to networks with known ground-truth mesoscale structure. We rec-
ommend such an approach when possible, as it is much simpler to identify patterns

in local extrema when they can be compared with a known ground truth.

6.1.1 Future Directions

There are many viable ways to build on our work. For example, one can improve the
running time per iteration of our statistical-inference methods, modify our generative
models to incorporate more previous layers when generating the community or other
group assignments for a given layer, and apply similar statistical-inference methods
to other types of mesoscale structure. We now discuss each of these possible future

directions in more detail.
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First, although multi-node moves improve the convergence behavior of both
our Gibbs-sampling approach for community detection (see Section and our
MCMC approach for core—periphery detection (see Section , the iterations of
each method are computationally costly. Consequently, it is time-consuming to apply
our methods to networks with many nodes or many layers. An improvement in the
running time of such methods — either through more efficient implementations of
our existing algorithms or through the creation of new and more efficient algorithms

— would make it possible to apply our approaches to a wider variety of networks.

Second, our generative models for community structure and core—periphery struc-
ture assume that the group assignments for a given layer depend only on those in the
previous layer. This choice is necessary for our statistical-inference methods to be
computationally tractable. However, such models are somewhat unrealistic. If one is
able to devise tractable generative models that allow more general group evolution,
such that group assignments in a layer depend on more than just the previous layer,

it would likely lead to more realistic inference results.

Third, although this thesis focused on the application of statistical-inference
methods to community detection and core—periphery detection in temporal net-
works, there are many other important types of mesoscale structure for which in-
ference methods have been considered sparingly or not at all. One example of such
a mesoscale structure is a “ranked community”, which is a subset of nodes in a di-
rected network whose edge directions are biased according to some hierarchy [44].
The application of inference methods to identify this and other structures — such
as role structures [73], motifs [52,62], and others — would improve understanding of
these structures and hence yield insights into a variety of complex systems, such as

faculty hiring networks [82], transaction networks [41], and biological networks [48].
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APPENDIX A

Table of Commonly-Used Notation

In this appendix, we give a table (see Table [A.1)) of commonly-used notation. Each
entry of this table includes the notation, an accompanying short definition, and a

location of the full definition.

Table A.1: Table of commonly-used notation.

Notation | Short Definition Chapter, Section,

or Equation

n | Number of nodes in a network Chapter |3

L | Number of layers in a temporal network Chapter [3

1, 7 | Indices of specific nodes Chapter [3

¢ | Index of a specific layer Chapter |3

(1,01), (J,¢2) | Indices of specific node-layers Chapter |3
A | Adjacency structure of a network Chapter |3

A® | Adjacency matrix of layer ¢ in a temporal | Chapter [3

network

k | Number of communities or other groups Section |4_2_]_| and

Section W|

9i,e | Community assignment of node-layer (i,¢) | Section [4.2.1
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Notation | Short Definition Chapter, Section,
or Equation
90i.0) Group-assignment indicator variable of | Section ﬂ
node-layer (i,/¢) and group r
9w | Set of community assignments of all node- | Section 4.2.1
layers in layer ¢
9o Set of group-assignment indicator variables | Section [5.2.1

of all node-layers in layer ¢ and group r

(@ 0), (5,2))

Highest common group of node-layers (i, ¢)

and (j,0)

Section ﬂ

Dir(y) | Dirichlet distribution with parameters v = | Section {4.2.2.2
(V1)
Markov({K®}) | Markov process with transition kernels | Section |4.2.3.2
(K0}
Geom(n,p) | Modified geometric distribution with pa- | Equation (4.16
rameters n and p
CF | Set of weak compositions of n with k parts | Section 4.2.3.3
¢ | Vector of community sizes Section |4.2.3.3
G(c) | Set of all community assignments for which | Section [4.2.3.3
community r has size ¢, for each
re{l,....k}
J(ky, k2) fol ah il da Equation (B.12
A1 {(1}1, )T e, = 1} N [0,1]% Equation ﬁ)
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APPENDIX B

Expressions for the Community-Assignment

Probabilties

In this appendix, we derive closed-form expressions for the community-assignment
probability distributions P(g) for the Bazzi et al. approach [1] (see Section
and our exchangeability-based approach (see Section . We use these expres-
sions in the Gibbs-sampling procedures that we described in Section [4.4.1]

B.1 Closed-Form Expression for P(g) for the Bazzi et al. Ap-

proach

Recall from Section [4.2.3.2| that the Bazzi et al. approach samples community as-
signments ¢ via the discrete-time Markov process (4.12)). This Markov process is

m ~ Dir(v),

g,1) | ™ ~ T,

{g(z‘,Z)}fzg la, K ~ Markov({o[g[ + (1 — ag)K“)}) )
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where v = (1,...,1) and o = (g, ..., ar). In the Bazzi et al. approach,

Qp ~ Un1f(0, 1) ,
O Dir(,u(e)) ’

KO — 0

S* )

where we also assume that pu) = (1,...,1) for each layer £ € {2,...,L}.

Because we generate { gw)}gL:l via a discrete-time Markov process, the community
assignment of a node in a given layer depends only on its community assignment in

the previous layer. Therefore,

L
= P(90) HP ol9e-1)) (B.1)
=2
and
P(glge—r) K.0) =[] P (g(i,f)‘g(i,ﬁ—l)a K, Oé) : (B.2)
=1

To derive a closed-form expression for P(g), it suffices to derive closed-form expres-

sions for P(gq)) and P(g(g)|ge—1))-

Because the procedure

m  ~ Dir(y),

9@i1) ’ﬂ- ~ T,

for sampling gy is identical to the nodewise community-assignment approach for
monolayer networks that we discussed in Section |4.2.2.2] it is equivalent to sample
gqy using a uniform distribution on community sizes. Namely, we first choose the
sizes ni,...,n, of communities 1,..., k uniformly at random from the set

{(n1,...,m)| 320 ns = n} N {0,...,n}* of ordered pairs of k non-negative integer
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elements that sum to n, and we then choose g(;) uniformly at random from the set
of all community assignments with n; nodes in community 4 for all i € {1,...,k}.

Therefore,

I ma(g)! x - x nilga))!
P(g(l)) = <k+n—1) nl )

n

(B.3)
where we recall that n,(g(1)) is the number of times that r appears in g).
To derive a closed-form expression for P(g(|g-1)), we recall from (4.11]) that
P(gie) = rlgae—1) = 5,0, K) = o 8,5 + (1 — ) K.

It thus follows directly from (B.2) that

n

P(gwlge—n. K o) =] <g(i,£)‘g(i,é—l)a K, a)

i=1
n

_ _ (©)

o H (aé 69(%#)79(1',1?—1) + <1 al)Kg(i,Z—l)g(i,E) :
=1

Finally, because
oy ~ Unif(0,1)
PO Dir(,u(e)) ’
KO = w0,

with u® = (1,...,1) for each ¢ € {2,..., L}, we have

n

P9 lg¢-1) = // 11 <Oze Otoeyauen T (1 = ar)rly) D) dpu(ag, k0,
[0,1]x Ak—1 7 .

=1

(B.4)

where we recall from that A*1 = {(vy,...,u)| b, v, = 1} N[0, 1]* and p is
the product measure of a uniform measure on [0, 1] and a uniform measure on A*~*,
(The measure is uniform because ¥ = (1,...,1).) Combining equation (B.4)) with
and (B.3) yields a closed-form expression for P(g).
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B.2 Closed-Form Expression for P(g) for our Exchangeability-
Based Approach

Recall from Section that our exchangeability-based approach samples com-
munity assignments g via the process in (4.14) and (4.17). For each r € {1,... k},

we sample g, , according to the following procedure:

m ~ Dir(y),
g(i,l)|7r ~ T,
Drt ~ Unif(0,1),

9| pry ~ Geom(n,(gu—1)), Pre) »

¢, ~ Unif(ck ! <>) ,

nr(ge—1))—c¢

g | et ~ Unif(GV(c?))

where we recall that v = (1,...,1). We then set gy = @le g, The above
procedure implies that the community assignments in a given layer depend only on

the community assignments in the previous layer. We thus obtain

L
@) [TPwlge-1) (B.5)
=2

which takes the same form as (B.1)). Additionally, because the procedure to sample
gay and the choice of 7 is the same as in the Bazzi et al. [1] approach, we obtain

(using the same logic as in Appendix [B.1)) the expression

P 1 m(ga)! X X ng(g))!
(90)) = G ol :

n

(B.6)

where we recall that n,(g(1)) is the number of times that r appears in g).
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To derive a closed-form expression for P(g(|g—1)), we first note that we obtain
the set g(, of community assignments for layer £ by concatenating g;.,, which is the
set of community assignments for layer ¢ when restricted to nodes in community r
in layer ¢ — 1 for each r € {1,...,k}. Therefore,

P(gwlge—n) =[] Plere) - (B.7)

r=1

Recall that we generate g, , using the procedure

9| pry ~ Geom(n, (g1, Pre) »

cg),r | 9 ~ Unif (Ck_l (Z)) :

N (g(é—l) )—Crrp

g, | c¥ ~ Unif(G V().

r

By the definition (4.16)) of the probability mass function of Geom(n,(g(—1)), Pre), We

have
O -1
0) _ nT(g(Z—l)) Cry p’l‘,f
P(cy/[pre) =D,y T, (B.8)
rl -
Because éflAd‘? ~ Unif (Ck_(l ) (@), a combinatorial argument combined with
Nr{g—1))=Crr

the definition of weak compositions implies that

1

(nr (9¢e-1)) — el +k—2

e (g(e—1))—c?

Plel?) 1) =

(B.9)

Recall that we sample g;7£|c,@ ~ Unif(g(c,(f))). It follows from a combinatorial
argument along with the definition of G (see Section [4.2.3.3|) that

1
(nr(g(lfl))) ’

Cr,1y-5Cr k

P(glci”) = (B.10)

116



where (klnk]) = ”—'] and Zgzl k; = n. Combining (B.8), (B.9), and (B.10

yields

P(g./[pre) = P [p)P(c),|D)P(gl ,|c®)

nr(!](aA))*Cgr) Dre— 1 v 1
— Prye (g1 +1 0) :
e (=) =G =2 (i (ae-)y
’ ne(ge-n)—erd 7/ \entimenk

Because p,, ~ Unif(0, 1), integrating P(g;, ,[p,¢) with respect to the probability mea-

sure induced by P(p,,) yields

1 Y ongen)-  pre—1
P(g..) = x [ podeeniTer u dp
¢ r0 -
T, (nr(g(271>)—c<rl;.)+k—2) (nr(g<£71))) 0 rl n;(g(g_l))Jrl 1
T7
nr(ge—1y)—cl? Cr LyesCrk

(B.11)

While we can directly compute P(g;,) using equation (B.11]), we make the com-

putations more efficient by precomputing the integrals

1 0 —1
nr(g — )70’7‘7‘ p ,€
/ Dy = . dpﬂf'
0 1

nr(gee-1))+1
rl

For notational simplicity, we write

1
e r—1
= e . B.12
J(k‘l,/{?z) /0 T s dx ( )

Combining (B.7), (B.11), and (B.12) then yields

k

1
P B =
(g(g)]g(z 1)) g (nr(g(Z—l))—C%)"‘k_Q) (nr(9(271>))

nr(g(e—1)) =t CrilyeCrik

< J (np(gie-1)) — ¢, ne(ge-1y))

(B.13)

In concert, the relations (B.13]), (B.5]), and yield a closed-form expression for
P(g).

117



B.2.1 Computing J(ki, ko)

To compute (B.13)), we need to compute J(k1, k2) (see (B.12)). Because n,(ge-1)) —
) < nr(g(e—1), we are able to compute (B.13|) by computing J(k1, k2) only when

0 < ky < ks. When 0 < ky < ko, we use a partial-fractions expansion to obtain

1
1
J(kl,kz)z/ R
0

phetl — ]
k2 27i 2
= ZC” [log <1 — 6W> log ( ’“2+1>} , (B.14)
r=1
where A
2mirky
e Fatl
Cr = (B.15)

k 2mir 27is Y
Hs2:1 ot (€k2+1 _ €k2+1>
the symbol i denotes the imaginary unit, and log denotes the complex base-e¢ loga-

rithm with a branch cut on the negative real line. To compute J(ko, ko), we note

that
ko 1 1 ko 1
i r—1 - g T —1 _ _
fi=0 /O 0 \k;=0 0

We thereby obtain

1
—1
koky) = | 2=
J (Ko, k) /095 cRatl _ ] z

ko—1

rz—1
R
k1=0
ko—1

=1-> J(k1 k). (B.16)

k1=0
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