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In models of opinion dynamics, agents interact with each other and can change their opinions as a result
of those interactions. One type of opinion model is a bounded-confidence model (BCM), in which opinions
take continuous values and interacting agents compromise their opinions with each other if their opinions are
sufficiently similar. In studies of BCMs, researchers typically assume that interactions between agents occur at
deterministic times. This assumption neglects an inherent element of randomness in social interactions, and it
is desirable to account for it. In this paper, we study BCMs on networks and allow agents to interact at random
times. To incorporate random-time interactions, we use renewal processes to determine social-interaction event
times, which can follow arbitrary interevent-time distributions (ITDs). We establish connections between these
random-time-interaction BCMs and deterministic-time-interaction BCMs. We analyze the quantitative impact of
ITDs on the transient dynamics of BCMs and derive approximate governing equations for the time-dependent ex-
pectations of the BCM dynamics. We find that BCMs with Markovian ITDs have consistent statistical properties
(in particular, they have the same expected time-dependent opinions) when the ITDs have the same mean but that
the statistical properties of BCMs with non-Markovian ITDs depend on the type of ITD even when the ITDs have
the same mean. We numerically examine the transient and steady-state dynamics of our BCMs with various ITDs
on different networks, and we compare their expected order-parameter values and expected convergence times.
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I. INTRODUCTION

On social-media platforms, individuals engage in regular
and frequent exchanges of opinions, and people’s views and
how those views change play a pivotal role in shaping so-
cietal discourse [1]. The study of opinion dynamics—which
involves the intersection of the social and behavioral sci-
ences, mathematics, complex systems, and other areas—has
emerged as a vibrant research area that aims to determine
the mechanisms that govern the formation, evolution, and
dissemination of opinions in human (and animal) societies
[2-8]. Atits core, the study of opinion dynamics concerns how
beliefs, attitudes, and perceptions evolve with time through
agreement, compromise, persuasion, imitation, and conflict.
Studying such dynamics is crucial to understanding both (1)
the emergence of consensus, polarization, and fragmentation
and (2) the resilience of diverse opinions in societies, espe-
cially in the modern ecosystem of increasingly interconnected
and digital communication environments [9—11].

Researchers have studied many types of opinion models
[2-4]. In opinion models, agents adjust their opinions based
on their interactions with other agents. Their opinions can
update either in discrete time or in continuous time. In opinion
models with discrete-time updates, time progresses through a
sequence of discrete steps. Examples of discrete-time opinion
models include voter models [12], DeGroot consensus mod-
els [13], and bounded-confidence models (BCMs) [14,15].

2470-0045/2026/113(3)/034305(10)

034305-1

Opinion models with discrete-time updates are straightfor-
ward to implement in code for numerical simulations, and one
can readily incorporate various features (such as parameter
adaptivity [16]) into such models. In opinion models with
continuous-time interactions, agents continuously adjust their
opinions at rates that are influenced by factors such as whether
they have friendly or hostile relationships with their neigh-
bors [17] and the difference between their opinions and the
opinions of their neighbors [18,19]. Another prominent type
of model with continuous-time interactions is density-based
opinion models [20], which consider the collective evolution
of opinions in a large population and often are described by
integro-differential equations.

Several researchers have highlighted the importance of
incorporating randomness into opinion models to accurately
capture the probabilistic nature of human interactions [21,22].
One can incorporate randomness in the structure of social
and communication ties between agents by using random net-
works, such as configuration models, stochastic block models
(SBMs), and their generalizations [23]. Additionally, one
can use tie-decay networks [24] (which distinguish between
communication interactions and underlying social ties) and
activity-driven networks [25] (which also incorporate ran-
domness in the interactions between agents) to incorporate
randomness in communication. Another way to include ran-
domness in a model is to incorporate noise and employ a
stochastic differential equation to describe opinion evolution
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[26,27]. One can also incorporate probabilistic components
into the decision-making process of agents during opinion up-
dates [14,28,29] either by choosing a random pair of agents to
interact at each time step [14] or by allowing agents to choose
probabilistically between multiple opinion-update rules [29].
See Ref. [30] for a quantitative study of how randomness in
the structure of specific network models [including Erd&s—
Rényi (ER) graphs and Barabdsi—Albert graphs] influences
steady-state features, phase transitions, consensus formation,
and finite-size effects in the Hegselmann—Krause (HK) BCM.

Temporal stochasticity is another form of randomness that
is relevant to opinion models, but it is often overlooked. Ex-
isting opinion models typically treat time as deterministic and
neglect the temporal stochasticity that is inherent in social
interactions. In the present paper, we model social interactions
using renewal processes [31]. A renewal process consists of
a sequence of random events, and the time between con-
secutive events follows a desired interevent-time distribution
(ITD). By employing renewal processes, we are able to study
non-Markovian dynamical processes, which arise frequently
in human dynamics, including in financial markets [32], the
spread of infectious diseases [33], e-mail traffic [34], and
opinion dynamics [35]. For concreteness, we frame our dis-
cussion in the context of BCMs [36,37]. We consider both HK
models (in which agents update their opinions synchronously)
and Deffuant—Weisbuch (DW) models (in which agents up-
date their opinions asynchronously). BCMs have been studied
extensively by physicists, mathematicians, and others. For
results about consensus formation, convergence, and opinion
clustering in BCMs, see Refs. [38,39] for HK models and
[40—42] for DW models. We discuss two approaches to inte-
grate temporal stochasticity into BCMs, and we investigate the
effects of such stochasticity on the convergence of opinions,
the formation of opinion clusters, and the transient dynamics
of opinions. We establish connections between our opinion
models and traditional BCMs, and we approximate the ex-
pected dynamics in non-Markovian settings using BCMs with
interactions at deterministic times.

Our paper proceeds as follows. In Sec. II, we discuss
single-process BCMs, in which a single renewal process dic-
tates the interaction times of all agents. We explore these
BCMs with both synchronous and asynchronous update rules
by examining properties such as expected dynamics and con-
vergence for different ITDs. In Sec. III, we discuss multiple-
process BCMs, where independent renewal processes govern
the interaction times between each pair of agents. We derive
the expected dynamics of Markovian BCMs in this frame-
work, and we use a Gillespie algorithm to efficiently simulate
event times in non-Markovian BCMs. In Sec. IV, we con-
clude and discuss future directions. Our code is available at
Ref. [43].

II. SINGLE-PROCESS BCMs
A. Random-time interactions

Consider an unweighted and directed network (i.e., graph)
G = (V,E),whereV ={1,2, ..., N} is the set of nodes (i.e.,
agents) and E = {e;;} is the set of edges (i.e., social ties
between agents). The directed edge e;; starts at agent j and

ends at agent i. Each agent i has a scalar continuous-valued
opinion x;(t). When e;; = 1, agent j can potentially influence
agent i’s opinion. In a traditional BCM [14,15,37], time is de-
terministic and takes discrete values, with social interactions
and opinion updates occurring in intervals of duration Az. For
convenience, researchers often set At = 1.

Let R(¢) be a renewal process, which is a stochastic process
that models a sequence of events that occur randomly in time
[31]. Let T = {to, t1, t, . . .} be the sequence of event times in
the renewal process R(t). We set 7o = 0 as the starting time
of the renewal process. The time increments (i.e., interevent
times) t4+1 — t; constitute a sequence of independent and
identically distributed (IID) random variables with finite ex-
pected values. Because #;,1 > #; for all k, the time increments
are positive. Let ¥/ (¢) denote the probability density function
(PDF) of the IID random variables #;,1 — #;. It is common
to refer to this PDF as an interevent-time distribution (ITD)
[44,45]. In this section, we suppose that a single renewal
process determines the interaction times between the agents
in a network.

B. Synchronous and asynchronous opinion-update rules

The HK model [15,46] is a discrete-time BCM with a
synchronous opinion-update rule. That is, all agents update
their opinions simultaneously. Let'

Nit) ={i}U{j:e;; € E and |xj(t) —x;()| <c} (1)

be the set of neighbors of agent i (including i itself) with which
it interacts at time z. The parameter c is the confidence bound.
At each discrete time step, the opinion of each agent i updates
via the rule

2 jeni Xi(t)
V@)

We extend the HK BCM to allow interactions at random
times on directed graphs. Agents update their opinions syn-
chronously when an event occurs in the renewal process R(¢).
The opinion-update rule is thus

Zje/\/,-(z,)xj(t—)
Vi@l

where r_ = lim._.o[t — €] (with € > 0) denotes the time that
is instantaneously before time . Therefore, x;(z_) is the opin-
ion of agent j right before it updates its opinion at time 7.
Unless an event occurs at time ¢ € 7, the opinions of all
agents stay the same. The BCM with opinion-update rule (3)
is a single-process BCM with synchronous updates. When the
ITD v is the Dirac delta distribution [i.e., ¥ () = §(t — At)],
the update rule (3) reduces to the update rule (2) in the classi-
cal HK BCM [15].

Deffuant et al. [14] introduced a discrete-time BCM with
an asynchronous opinion-update rule. At each discrete time
step, one selects a pair of agents uniformly at random and

xi(t + At) = t €{0, At,2At,...}. (2)

xi(1) = teT={nn,..}, @

Tn Refs. [15,46], the set of neighbors of each agent i is N;(t) =
{iYU{j:e;; € E and |x;i(t) — x;(t)| < c}. To be consistent with the
strict inequality in the classical DW BCM [14], we instead use a strict
inequality.
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updates their opinions to the mean of their opinions (or, more
generally, to opinions that are closer to the mean) if their
opinion difference is smaller than a confidence bound c. This
model, which is the DW BCM, was proposed in the context of
undirected graphs. We extend the DW BCM to a directed DW
BCM. In this directed DW model, at time step #, one selects
an edge ¢;; uniformly at random and updates the opinion of
agent i with the rule’

1l (0) + x:(0)]
x;(t)

The opinions of all other agents stay the same. The time ¢
takes values from the set {0, Ar, 2At, ...}. Unlike in the
traditional DW model [14], we update the opinion of only
agent i rather than updating the opinions of both agent i
and agent j. Unidirectional interactions and influence occur
in many social and biological systems [48,49]. For example,
individuals may update their opinions by reading other indi-
viduals’ social-media posts without commenting or otherwise
signaling their engagement with those posts.

We generalize the directed DW BCM (4) by allowing in-
teractions at random times. At time ¢t € T, where T is the set
of event times of a renewal process R(t), we select an edge e;;
uniformly at random and update the opinion of agent i with
the rule

xi(t) = {%[xj(f—) + x;(t-)]

if [x;(t) —x;@)| <c¢
otherwise .

Xl 4 AF) = { @)

if () —x;(t-)| < ¢
otherwise .

52 ©)
The opinions of all other agents stay the same. Additionally,
unless an event occurs at time ¢ € 7, the opinions of all
agents stay the same. The BCM with opinion-update rule (5)
is a single-process BCM with asynchronous updates. When
the ITD v is the Dirac delta distribution, the update rule (5)
reduces to the update rule (4) in the directed DW BCM.

In the random-time BCMs with synchronous (3) and asyn-
chronous (5) opinion updates, the agent opinions converge
almost surely (i.e., with probability 1) to isolated opinion
clusters (i.e., maximal sets of agents with the same opinion
value) that differ by at least the confidence bound c. This is a
direct consequence of Lorenz’s stability theorem [40].

C. Exact and approximate dynamics of the expected opinions

Let x(t) = (x1(t), ..., xy(t)) € R" be the time-dependent
opinion vector in the opinion-update rule, which is given by
(3) or (5). The randomness in x(z) arises from the interac-
tion times, the selection of edges in the asynchronous-update
model (5), and potentially random initial opinions. These
three sources of randomness are independent of each other. In
the rest of this section, we fix the initial opinion vector xy and
investigate how the other two sources of randomness influence

’In the traditional DW model [14], one chooses a random edge
and potentially updates the opinions of its two attached nodes. By
contrast, in the present paper, we choose a random edge and then
potentially update the opinion of only one node. A third option,
which was employed in Ref. [47], is to first choose a random node,
then randomly choose one of its neighboring nodes to interact with
it, and then potentially update the opinions of both nodes.

the dynamics of the expected opinions. We also examine how
the ITD influences the dynamics of the expected opinions in
single-process BCMs with the synchronous update rule (3)
and the asynchronous update rule (5).

Let ui(¢) denote the probability that the renewal process
R(t) has k events in the time interval [0, ¢]. With the ITD v,
we have up(t) =1 — fé Y(t)dr. If k + 1 events occur in the
time interval [0, ¢], then k events occur in the time interval
[0, — 7] and 1 event occurs in the time interval (r — t, t] for
some T € [0, t]. Therefore, the probability u (¢) satisfies

uk+1(t)=/ w(t —t)Y(r)yder, k=0. (6)
0

For any function f : RY — R, let E[f] denote the expecta-
tion of f(x). Armed with this notation, we write

E[f1(0) = E[f(x())]. )

We take this expectation with respect to all sources of ran-
domness except for the initial opinions. Let x[k] denote the
opinion vector after k updates, and let E¢[f] be the expected
value of f(x[k]). The event times are independent of opinion
updates, so

ELf10) = D Ealf o). ®)
k=0

The probability u,(¢) is determined solely by the ITD v; it is
independent of the update rules (3) and (5). The expectation
E[f] is independent of both the ITD i and the renewal
process R(t); it is determined solely by the update rules (3)
and (5). Using the expression (8), we disassociate the expected
opinion dynamics from the temporal stochasticity that arises
from random-time interactions. By introducing a cutoff for k&
in Eq. (8), we obtain an approximate formula to compute the
expected dynamics of our BCMs with random-time interac-
tions.

We compute the probability u;(¢) either directly using (6)
or by employing the Laplace transform of u;(¢) to circum-
vent calculating a convolution. See Refs. [35,44] for how to
derive the Laplace transform of the probability u (¢). The syn-
chronous single-process BCM has a deterministic update rule
(3). Therefore, Ei[f] = f(x[k]) and we obtain E;[f] in (8)
with a single simulation of the deterministic-time HK BCM
(2). That is, we simulate “one realization” of the deterministic-
time HK BCM (2). For the asynchronous single-process BCM
(5), it is often challenging to evaluate E;[f] due to the ran-
domness in selecting node pairs for potential opinion updates.
This randomness can yield different opinion trajectories for
any ITD (even for the Dirac delta ITD). Therefore, we need
to simulate multiple realizations of the deterministic-time di-
rected DW BCM (4) to approximate the expectation E;[f].

To quantify the amount of consensus in a simulation of a
single-process BCM, we calculate the order parameter

1
o) = 7 I P )
eij€E
where 1g denotes the indicator function on the set S. In prac-
tice, we relax the condition 1,,—,; by instead using 1,y <to1

(where tol is a tolerance parameter) to hasten the conver-
gence of simulations. For a complete graph, when Q = 1, all
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FIG. 1. In (a)—(c), we show empirical means of the order param-
eter Q [see (9)] from (a) 10, (b) 100, and (c) 1000 simulations of
the synchronous single-process BCM (3) on a 100-node complete
graph. For each simulation, we draw the initial opinions from the
uniform distribution on [0,1]. The confidence bound is ¢ = 0.5, and
the tolerance parameter is tol = 1072, In (d), we plot the empirical
means of Q(x) from (c) for different ITDs and their approximations
using (8) with the cutoff k = 15.

agents have the same opinion and the system is in its most
ordered state; conversely, when Q = 1/N (where N is the
number of agents), each agent has a different opinion, so the
system is in its least ordered state.

In Fig. 1, we compute the mean of the order parameter Q(x)
for the synchronous single-process BCM (3) for different
ITDs and approximate the associated expected order parame-
ters using (8) with the cutoff k = 15. We distinguish between
empirical means (-) and expectations E[-] of quantities. We
consider renewal processes R(t) with ITDs

Ybirac(t) = 8(t — 1), (10a)
Vexponential (1) = iew(—t/u), (10b)
Vgamma (1) = % exp(=2t/p), (10c)
Vaniform (1) = 1j0,2,11(¢) - (10d)

All ITDs have the same mean value p. As we increase the
number of simulations, we observe that the time-dependent
order parameters become smoother for the continuous ITDs
(i.e., the exponential, Gamma, and uniform ITDs) and that
the trajectories of the approximate expected order parameters
closely match the trajectories of the empirical means of the
order parameters for all ITDs.

III. MULTTIPLE-PROCESS BCMs

The single-process BCMs in Sec. II assume that a single
renewal process governs the times of the interactions between
agents. In reality, however, individuals exchange opinions at
various times, so one cannot expect the interactions between
agents to be governed by a single renewal process. Therefore,

we consider multiple independent renewal processes R;; for
i,j€{l,...,N}. The events in R;; trigger potential opinion
updates of agent i and determine when it interacts with each
agent j.

A. Interactions that are induced by multiple renewal processes

Let R;; be a renewal process that generates a sequence
Tij = {to,t1, 12, ...} of event times with initial time #, = 0.
We suppose that all renewal processes R;; are independent of
each other and have the same ITD . The renewal process R;;
determines the times that agent i interacts with agent j and is
potentially influenced by agent j. At time ¢ € 7;;, we update
the opinion x; of node i using the update rule?

1
s = [+

The opinions of all other agents stay the same. If multiple
events that involve the same agent i occur simultaneously at
time 7, then we update its opinion x; to

D iR Xit-)
i) ’

if |x(t2) —x;(t0)] < ¢
otherwise .

(11)

xi(1) = (12)

where
Ni@t) =iy U{j e Nit) : 1 € Ty} (13)

is arestricted neighbor set [which differs from the neighbor set
()] that includes all neighboring nodes of i that (1) interact
with node i at time ¢ and (2) have an opinion that differs
from the opinion x; by less than the confidence bound c. The
model (11) is a multiple-process BCM. When the ITD v is
continuous, the events of two renewal processes occur simul-
taneously with O probability, so opinion updates in (11) are
asynchronous almost surely (i.e., with probability 1). When
the ITD is ¥ (¢) = 8(t — At) (i.e., the Dirac delta distribu-
tion), the events of different processes occur simultaneously
at times t € {At,2At, ...}, and we obtain the synchronous
single-process BCM (3) in Sec. IIB. We can extend the
multiple-process BCM (11) to a heterogeneous scenario in
which each renewal process R;; has a different ITD ;. In
such a model, opinion updates can occur as a hybrid of syn-
chronous and asynchronous updates.

For the single-process BCMs (3) and (5), the steady-state
behaviors are statistically the same as in the baseline BCMs
(2) and (4), respectively, as the random interevent times do not
affect the order of agent interactions. By contrast, in multiple-
process BCMs, multiple renewal processes determine both the
event times and the order of agent interactions. Therefore,
the steady-state behaviors are now statistically different from
those in the baseline BCMs.

We illustrate the statistical difference between the steady
states from different ITDs using a three-node network. Con-
sider a network with node set V = {1, 2, 3} and edge set
E = {es), ex3}. Suppose that the initial agent opinions are
x1(0) = 0, x,(0) = 0.5, and x3(0) = 1 and that the confidence
bound is ¢ = 0.6. Due to our unidirectional setting, only
agent 2 can update its opinions from its interactions. If agent

3This is the same update rule as (5), which we repeat for clarity.
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2 interacts first with agent 1, the opinion vector becomes
(0,0.25, 1) after one interaction and we eventually obtain the
steady state (x},x3,x3) = (0,0, 1). If agent 2 interacts first
with agent 3, the opinion vector becomes (0, 0.75, 1) after
one interaction and we eventually obtain the steady state
(x7,x5,x3) = (0, 1, 1). Therefore, the system’s steady state
is determined entirely by whether agent 2 interacts first with
agent 1 or agent 3.

We consider two different ITDs for the edges e;; and ep;3.
In the first scenario, both edges follow the same ITD, which
has a mean of 1. Therefore, agent 2 interacts with agent 1 or
agent 3 with equal probability. We thus obtain the steady state

(0,0, 1) with probability 0.5

* ok ok
(], x5, X3) = {(O, 1, 1) with probability 0.5 . (14)

In the second scenario, the edge e;; follows the uniform ITD
on [0.5, 1.5] and the edge e,3 follows the ITD

Yoa(t) = 28(t — 1) + 28(t — 2), (15)

which is a sum of two Dirac delta distributions. Therefore,
when the interevent time of e,3 is 1/3, agent 2 interacts with
agent 3 before it interacts with agent 1 because the interevent
time of ep; is at least 1/2, which is larger than 1/3. With
probability 3/5, agent 2 interacts with agent 3 first and thereby
yields the steady state x* = (0, 1, 1). When the interevent time
of ep3 is 2, agent 2 interacts with agent 3 after it interacts
with agent 1 because the interevent time of e, is at most
3/2, which is smaller than 2. With probability 2/5, agent 2
interacts with agent 1 first and thereby yields the steady state
x* = (0, 0, 1). We thus obtain the steady state

(0,0, 1) with probability 2/5

(7, X2, 43) = {(0, 1,1) with probability 3/5. (16)

In both scenarios, the ITDs of all edges have the same
mean (which is equal to 1). However, the two scenarios yield
different steady-state statistics. This discrepancy arises be-
cause the order of edge events (and hence the sequence of
pairwise interactions) determines the overall dynamics and
is not statistically equivalent for different ITDs even when
they have identical means. Accordingly, in multiple-process
BCMs (and unlike in single-process BCMs), the randomness
in interaction times affects steady-state behavior. In Secs. III B
and III C, we examine how the ITD type and parameters affect
the dynamics of multiple-process BCMs on various networks.

B. Dynamics of Markovian multiple-process BCMs

We now discuss the dynamics of some Markovian
multiple-process BCMs.

When the ITD is a Dirac delta distribution, both the
single-process BCM (3) and the multiple-process BCM (11)
become discrete-time Markovian processes. In this situation,
both models yield the traditional HK BCM (2). In the rest of
this subsection, we consider Markovian BCMs, which have
exponential ITDs. To help highlight their dynamics, we also
compare them to BCMs with a Dirac delta ITD.

When the ITD 1/ (¢) is exponential, the renewal processes
R;; are Poisson point processes. We write ¥ () = Ae ™,
where X is the rate parameter of the process. The sum (i.e.,
“superposition”) of |E| Poisson point processes is a Poisson
point process P(t) with rate parameter A = A|E|. In this case,
the multiple-process BCM is the same as the asynchronous
single-process BCM (5) with an exponential ITD with rate pa-
rameter A. We show that the opinion model that is induced by
the exponential ITD is Markovian, and we relate the dynamics
of the expected opinions to a continuous-time HK BCM [18].

Let P(t) be the superposition of all |E| Poisson point pro-
cesses R;; (where E is the set of edges of a network), and let Z
denote the total number of events in the time interval [z, ¢ + T)
for P(t). We have

0 with probability eA*
7z=11 with probability At e A7 (17)
k
>2  with probability Y oo, BfemAT.

When Z = 0, no events occur in the time interval [f,¢ + T),
so this situation does not contribute to opinion updates. When
Z =1, one event occurs in the time interval [¢, ¢ + 7). This
event is generated by the process R;; with probability 1/|E]. In
this event, agent i adjusts its opinion to x;(t) + A; ;(t), where

A i(t) = %llx;(z)—x/(t)kc[xj(t) —x;i(1)]. (18)

Let y;(t) = E[x;(¢)] be the expectation of x;(¢) with respect
to the point-process superposition P(¢). The expected opinion
vi(t 4+ T) satisfies

AT AR ()] + OGD),

Yt + ) =y + Y |
}

{j:eijeE

(19)

where the (O(t?) correction arises from the contribution for

Z > 2. We use the relation A = A|E| and take the limit 7 — 0
to obtain

. A
i) = 5 {jueZE:E}E{ﬂxj(l)_xj(m“[xj(t) —xi(O1}, (20)

where i € {1, ..., N}. The system (20) is not closed. We make
the bold approximation

EA{L ) —x; ()1 <c [ @) — X1} = Liyu)—y;001<e Ly (@) — i (@)] (21)

and insert (21) into (20) to obtain a closed set of equations. We thereby obtain

. A
WO =2 Y Ty =], (22)

{jieij€E}
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FIG. 2. Empirical means of the time-dependent opinions x;(¢) in
asynchronous single-process BCMs (5) with Dirac delta (S-Dirac)
and exponential (S-Exp) ITDs and the multiple-process BCM (11)
with an exponential (M-Exp) ITD for (a) 1, (b) 100, (c) 1000, and
(d) 2000 simulations. All simulations have the same initial opinions,
which we draw uniformly at random from [0,1]. We generate one
directed 25-node G(N, p) ER graph with connection probability p =
0.5, and we run all simulations on this ER graph. The confidence
bound is ¢ = 0.4.

which is a continuous-time HK BCM [18] with A = 2 and
¢ = 1. The approximation (21) is the special form of the
approximation E[g(r)] ~ g(E[r]) when g(r) = 1, ..r and
r = x; — x;. For a general random variable r, the expectation
E[g(r)] does not equal g(E[r]). These two quantities are equal
in two noteworthy special cases: (1) when g is linear; and (2)
when r follows a Dirac delta distribution. In our numerical
simulations, we observe discrepancies between (20) and (22).

The expected dynamics (20) is related to the asynchronous
single-process BCM (5) when the ITD is the Dirac delta dis-
tribution ¥ (t) = §(t — At) and At = 1/(A|E]|). In this case,
agents interact with each other and potentially update their
opinions at times ¢ € {At, 2At, ...}. We employ a linear inter-
polation of the opinions x;(¢) on each time interval [kAz, (k +
1)At) using the opinions at the two interval end points. The
expected opinions satisfy

. A
yit) = > Z E{1}kan<cjitkAL)} (23)

{j:eij€E}

for times t € [kAt, (k + 1)At), where rj;j(kAt) = x;(kAt) —
x;(kAt). Equation (23) gives the expected dynamics of the
single-process BCM (5) with a Dirac delta ITD, and it is
also a discrete-time version of the expected dynamics (20)
for single-process (5) and multiple-process (11) BCMs with
exponential ITDs.* We observe numerically that (20) and
(23) yield the same dynamics when we approximate the

4See Ref. [50] for a discussion of continuous-time and discrete-
time approximations of Markovian dynamics.

ALGORITHM 1. Gillespie algorithm to simulate m independent
renewal processes.

1: Initialize t, = O forall @ € {1, ..., m}, where f, records the time
that has elapsed since the most recent event in the oth renewal
process.?

2: Draw a value u uniformly at random from [0,1] and determine the
time increment At by solving

o \fa A
oo () =[] PE20 o, 24

where 1, is the ITD of the oth renewal process and
W, (t) = [ ¥u(v)dr is the survival function.

3: Randomly select a process f§ that generates an event with
probability

Aplty + A1)

M= S St A0 @5
where
_ V@)
Ao(t) = T.0) (26)

is the instantaneous rate of the ath process.

4: Set t3 = 0 and update ¢, to t, + At fora # B.

5: Repeat steps 2—4 (or terminate the algorithm if a stopping
criterion is satisfied).

#This meaning of #, is different from our prior use of the notation #,
which we used to denote the kth event time of a process.

expectations using the empirical means of the time-dependent
opinions.

In Fig. 2, we show mean time-dependent opinions of three
Markovian models: the asynchronous single-process BCM (5)
with the Dirac delta ITD () = 6(t — 1/(A|E])) (which
we denote by “S-Dirac”), the asynchronous single-process
BCM (5) with the exponential ITD yr(t) = A|E| exp(—A|E|t)
(which we denote by “S-Exp”), and the multiple-process
BCM (11) with the exponential ITD (r) = Aexp(—At)
(which we denote by “M-Exp”). Each realization of these
processes can have distinct opinion-update times, so we use
a piecewise-linear interpolation of the opinions at discrete up-
date times for each realization and then compute the mean of
the interpolated opinion trajectories on the entire time domain.
We then compute the mean opinion dynamics by averaging the
interpolated dynamics across multiple simulations of the same
model.

In our simulations, we observe the same expected dyna-
mics in all of our Markovian BCMs, which have either a
single-process Dirac delta ITD, a single-process exponential
ITD, or a multiple-process ITD in which all edges have the
same ITD (i.e., a homogeneous multiple-process ITD). Im-
portantly, our observation that these three Markovian ITDs
lead to the same expected opinion dynamics is independent
of the network size N and the confidence bound c. For our
simulations in Fig. 2, we use a small network (which has 25
nodes) due to the slow convergence of the dynamics to their
expected values and the significant increase in computation
time as we increase network size.
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FIG. 3. Empirical means of the order parameter Q [see (9)] versus time for single-process BCMs (5) with Dirac delta (S-Dirac) and

exponential (S-Exp) ITDs and for multiple-process BCMs (11) with exponential (M-Exp), gamma (M-Gam), and uniform (M-Uni) ITDs on
(a, g) a complete graph, (b, h) directed G(V, p) ER graphs with p = 0.4, (c, i) directed G(N, p) ER graphs with p = 0.1, (d) symmetric and
directed Chung—Lu graphs, and (e) directed SBM graphs with two communities. In (f), we show a magnification of (e). All ITDs have mean
© = 0.01, and all graphs have N = 50 nodes. The confidence bound is ¢ = 0.5 in panels (a)—(f) and is ¢ = 0.3 in panels (g)—(1). We compute
the mean of Q using 3000 BCM simulations. We draw the initial opinions uniformly at random from [0,1] for each simulation, and we generate

a new random graph for each simulation that involves a random-graph model.

C. Gillespie algorithm for non-Markovian
multiple-process BCMs

It is computationally challenging to simulate a large num-
ber of processes in a multiple-process BCM (11) with |E]|
independent and concurrent renewal processes. It is pro-
hibitively complex to simulate these processes separately,
organize their events chronologically, and execute opinion
updates. To mitigate this computational burden, we use a
Gillespie algorithm [51], which allows us to generate indepen-
dent stochastic processes efficiently and statistically correctly.

The traditional Gillespie algorithm [52] is for indepen-
dent Poisson processes, whose ITDs are exponential. Boguiia
et al. [53] extended the Gillespie algorithm to simulate the
events of multiple independent renewal processes. Their non-
Markovian Gillespie algorithm draws a time increment Af
for the time to the next event from the superposition of m
renewal processes and determines the process that produces
that event with a probability that depends on the elapsed time
(i.e., the current interevent time) of each renewal process. This
non-Markovian Gillespie algorithm, which we state in Algo-

rithm 1, generates a statistically correct sequence of event
times. One can terminate the algorithm after a specified num-
ber of events or when the time reaches a specified value. When
all renewal processes are Poisson processes, the instantaneous
rate A, (¢) [see (26) in Algorithm 1] reduces to a constant A,
which is the rate of the wth Poisson point process. That is, in
this situation, this non-Markovian Gillespie algorithm reduces
to the traditional Gillespie algorithm.

We use the non-Markovian Gillespie algorithm in Algo-
rithm 1 to simulate the multiple-process BCM (11) on four
distinct types of graphs (with N = 50 nodes): (1) a com-
plete graph; (2) directed analogues of G(N, p) Erd6s—Rényi
(ER) random graphs in which each edge exists with inde-
pendent and homogeneous probability p; (3) symmetric and
directed Chung—Lu graphs (in which we start with undirected
graphs and treat each undirected edge as two directed edges)
[54], which are similar to configuration-model networks and
are parametrized by sequences of expected degrees [55],
which we choose to be {10/ In(k)};—>,.. n+1; and (4) directed
stochastic-block-model (SBM) graphs with two communities,
intracommunity probabilities pas = pgg = 0.2, and inter-
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FIG. 4. Normalized histograms of the convergence times of several of the simulations in Fig. 3. The vertical lines indicate the mean
convergence times of the BCMs on (a) a complete graph, (b) directed G(N, p) ER graphs with p = 0.4, (c) directed G(V, p) ER graphs with
p = 0.1, (d) symmetric and directed Chung—Lu graphs, and (e) directed SBM graphs with two communities. In panels (d) and (e), which show
results for graphs with prominently heterogeneous degree distributions, the variances of the convergence times are larger than those in panels

(2)—(c).

community probabilities pag = pga = 0.02. We explore how
randomness, which arises through the ITDs and specific
structures in the random-graph models, influences the order
parameter Q [see (9)] and convergence time in both single-
process and multiple-process BCMs. For the single-process
BCMs, we use Dirac delta and exponential ITDs with mean
1|E|. Because the mean is the same, all simulations have the
same expected number of events. For the multiple-process
BCMs (11), we consider exponential, gamma, and uniform
ITDs with mean .

In Fig. 3, we plot the mean of the order parameter QO
[see Eq. (9)] from 3000 simulations of each scenario. We
generate a new random graph for each simulation that
involves a random-graph model. The three Markovian
models—the single-process BCM with the Dirac delta ITD,
the single-process BCM with the exponential ITD, and the
multiple-process BCM with the exponential ITD—yield
almost identical mean time-dependent order parameters Q,
which agrees with the results in Fig. 2. We use piecewise-
linear interpolation to construct E[QP™(x(¢))] in the model
with the Dirac delta ITD. Because of this construction,
E[QP™(x(¢))] is a piecewise-linear approximation of the
value E[Q®*P(x(¢))] that we obtain from the model with the
exponential ITD. As At — 0, we anticipate that the expected
dynamics of both models converge to the same dynamics. In
our simulations, we use At = 0.01. Multiple-process BCMs
with gamma and uniform ITDs yield different mean dynamics
of the time-dependent order parameter Q, and the convergence
rates depend both on the ITDs and on network structure.

Multiple-process BCMs with different non-Markovian
ITDs can have distinct steady states, and their order param-
eters almost never converge to the same value (although they
tend to yield similar values). Moreover, when the confidence
bound is ¢ = 0.5, our simulations (of models with either
Markovian or non-Markovian ITDs) do not always converge

to a consensus, so the order parameter Q does not converge
exactly to 1. Instead, it converges to values less than 1. When
the confidence bound is ¢ = 0.3, we observe polarization and
fragmentation’ in the steady states, with the order parameter
again converging to a value less than 1.

In Fig. 4, we show normalized histograms of the conver-
gence times of several of the simulations in Fig. 3. We treat
a simulation as having converged if the opinion difference
between each pair of adjacent nodes is either (1) at least the
confidence bound ¢ or (2) smaller than 10~3. Based on our
numerical observations, we conclude that both the ITD and
network structure influence convergence time. Additionally,
the convergence-time variance increases dramatically as we
consider more heterogeneous degree distributions.

IV. CONCLUSIONS AND DISCUSSION

Social systems include various elements of randomness,
and it is important to account for such randomness in models
of opinion dynamics. In this paper, we extended traditional
bounded-confidence models (BCMs) of opinion dynamics
by incorporating randomness into agent interaction times.
In our BCMs, opinion updates occur randomly in time as
events of renewal processes. The interevent times are ran-
dom and follow non-Markovian interevent-time distributions
(ITDs). Traditional Hegselmann—Krause (HK) and Deffuant—
Weisbuch (DW) BCMs arise from specific choices of renewal
processes and are thus special cases of our models. We inves-
tigated how ITDs affect the transient dynamics of our BCMs,
and we derived approximate governing equations for the time-
dependent expectations of opinions. We then numerically

SA “polarized” state has two major opinion clusters, and a “frag-
mented” state has three or more major opinion clusters.
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simulated our BCMs on various types of networks to explore
how different network structures impact their dynamics.

In the single-process BCMs (3) and (5), for which a single
renewal process governs the interaction times between agents,
the ITDs only influence the transient opinion dynamics. One
obtains the same steady-state outcome for all ITDs. For a
Dirac delta ITD, we highlighted that the BCM (3) reduces to
a traditional HK BCM [15] and that the BCM (5) reduces to a
directed variant of the classical DW BCM [14]. Additionally,
we derived a relationship (8) between single-process BCMs
[(3) and (5)] and the deterministic-time BCMs [(2) and (4),
respectively] in terms of their expected dynamics. This re-
lationship (8) yields an approximation method to efficiently
compute the expected dynamics of the single-process BCMs.
Using numerical simulations, we demonstrated that our ap-
proximation is accurate for exponential, Gamma, and uniform
ITDs.

We also developed multiple-process BCMs (12), which use
multiple independent renewal processes to determine the in-
teraction times between agents. Multiple-process BCMs with
Dirac delta and exponential ITDs yield Markovian models
that are equivalent to single-process BCMs with appropriately
chosen ITDs and parameters. We derived an approximate
governing equation for the expected opinions in these two
Markovian models, and we showed that one can interpret
the expected dynamics of the BCMs with Dirac delta ITDs
as discrete-time analogues of the expected dynamics of the
BCMs with exponential ITDs. For specific parameter val-
ues, these two models reduce to the continuous-time BCM
in Ref. [18]. To numerically simulate our multiple-process
BCMs efficiently and statistically accurately, we employed
a non-Markovian Gillespie algorithm [53]. In our numerical
computations, we observed that both ITDs and network struc-
ture significantly influence the transient properties—including
both the order parameter (9) and the convergence times—of
the non-Markovian BCMs. We also observed that network
structure has more influence than ITDs on convergence-time
variance and that degree heterogeneities further amplify this
variance.

In the present paper, we examined BCMs on unweighted
graphs and assumed that the ITDs are homogeneous across
all edges. It is worthwhile to incorporate both heterogeneous
edge weights and heterogeneous ITDs. In such extensions,
one can consider deterministic edge weights and use weighted
averages in synchronous opinion updates or employ heteroge-
neous ITDs with parameters that are linked to edge weights.
In most of our numerical simulations, we used confidence-
bound values that typically lead to consensus. To thoroughly
study transitions between consensus steady states and other
outcomes (especially polarization and fragmentation), it is
important to also systematically examine many values of the
confidence bound. It will be particularly interesting to explore
the impact of different ITDs on the transitions between differ-
ent steady states (such as between consensus and polarization)
and on their convergence times. Another interesting research
avenue is to incorporate temporal stochasticity into density-
based BCMs [20,56], which describe the collective behavior
of large populations of agents and traditionally take the form
of integro-differential equations. Naturally, it is also worth ex-
ploring the behavior of BCMs with random-time interactions
on real social networks and with ITDs that one estimates from
empirical data.
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