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optimization problems, and they often are intractable computationally. One exam-
ple is the minimum-cut (i.e., “min-cut”) problem, which arises in applications such
as community detection [53, 68] and image segmentation [58, 62, 63, 71, 72] and is
related to the maximum-flow (i.e., “max-flow”) problem on networks [25,34,73].

The classical min-cut problem entails partitioning the set of nodes of a graph into
two subsets, S and Sc, while minimizing the number of edges that one “cuts” to
separate S and Sc. The min-cut problem involves minimizing a graph-cut functional ,
which is a special case of a graph Dirichlet energy [50] (see Remark 4.3). As the size
of available data increases, increasingly large graphs (with millions of nodes or more)
occur in applications. Analyzing large graphs is computationally expensive. For an
n-node graph (i.e., a graph of “size” n), the min-cut problem involves optimizing
over 2n possible indicator functions, which each correspond to a possible partition
{S, Sc}. This computational cost is a major obstacle in many applications.

One approach to simplify computations in the min-cut problem is to use the graph
Ginzburg–Landau (GL) functional. The GL functional is a relaxation of a graph-cut
functional that is defined on [−1, 1]-valued functions instead of on {−1, 1}-valued
functions. The Γ-convergence of the graph GL functional to the graph TV functional
(equivalently, to the graph-cut functional), which was proved in [66], justifies the use
of the graph GL functional as a relaxation of the graph TV functional (i.e., graph-
cut functional). However, although the graph GL functional is easier to minimize
than the graph-cut functional, the minimization process still relies on approximate
algorithms [7, 19,51,61,67].

In the present paper, we further relax the graph-GL minimization problem to a
continuum setting using a large-graph limit. That is, we evaluate the limiting mini-
mization problem on functions that map ((0, 1)) → [−1, 1] rather than on functions
that map {1, . . . , n} → [−1, 1]. We use the idea of a graphon [45], which generalizes
a graph’s adjacency matrix (which is a linear operator that acts on vectors in Rn)
to a linear operator that acts on functions in Lq((0, 1)). This viewpoint allows us
to treat problems that involve large graphs as functional-analytic problems.

Lovász’s original formulation of graphons [45] defined them as functions in
L∞((0, 1)2) that arise as limits of dense sequences of graphs1 (i.e., sequences of
graphs whose number of edges scales as Θ(n2) in the number n of nodes, which en-
tails that the number of edges is bounded above by c1n

2 and bounded below by c2n
2

for some positive constants c1 and c2). Sequences of growing graphs in many appli-
cations and real-world situations are sparse [53], but applications of L∞ graphons
typically involve only mean-field models [5,21]. To tackle this issue, researchers have
defined Lp graphons, which arise as limits of sparse sequences of graphs [8,11] (i.e.,
sequences of graphs whose number of edges increases as o(n2), which entails that
the number of edges grows at a rate that is strictly less than n2). One obtains Lp

graphons, which are associated with operators on Lq((0, 1)2), by normalizing graphs
by their edge density. Researchers have also used traditional L∞ graphons as limit
objects of “very sparse” sequences of graphs [8, 9] (i.e., sequences of graphs with

1Density is a property of a sequence of graphs, rather than a property of a graph itself, because
the definition of density is based on the rate at which the number of edges increases in comparison
to the number of nodes.
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bounded degree or bounded mean degree as n → ∞). See Section 3.2 for further
discussion of sparse graphons.

To consider the convergence of graph GL functionals in the graphon limit, we
use a central tool in variational calculus that is known as Γ-convergence. When the
domain of the underlying function space is compact, the Γ-convergence of a sequence
{Fn} of functionals Fn to a limiting functional F guarantees that the minimizers of
Fn converge to the minimizer of F [15].

The original GL theory is a physical model for phase transitions in supercon-
ductors [23, 29]. The GL functional, which is sometimes called the Allen–Cahn
functional or the Modica–Mortola functional in some applications [2, 28,52], is

(1.1) GLϵ(u) = ϵ

∫
Ω
|∇u|2 dx+

1

ϵ

∫
Ω
Φ(u(x)) dx , u ∈ H1(Ω) ,

where Ω ⊂ Rd is a bounded and connected set, Φ is a double-well potential, and

H1(Ω) =W 1,2(Ω) = {f ∈ L2(Ω) :
(
‖f‖22 + ‖∇f‖22

)1/2
<∞} is a Sobolev space [33].

As ϵ → 0, the functional GLϵ Γ-converges to the TV functional (i.e., perimeter
functional) [18]

(1.2) TV(u) =

∫
Ω
|∇u| dx .

We take inspiration from van Gennip and Bertozzi [66], who defined the graph GL
functional, which is a discrete version of GLϵ for functions u on graphs. See Section
4.3 for the definitions of the graph GL functional and other graph functionals. Van
Gennip and Bertozzi proved Γ-convergence of the graph GL functional for a sequence
of growing square-lattice graphs. They derived both a large-graph (i.e., n → ∞)
limit and a sharp-interface (i.e., ϵ → 0) limit of this functional. As n → ∞, the
square-lattice graph with grid size 1/n converges to the region (0, 1)2 ⊂ R2.

One can view each graph in a sequence of growing square-lattice graphs as a mesh
approximation of the unit square. In the present paper, we generalize van Gennip
and Bertozzi’s results to general sequences of growing graphs that converge to a
graphon as n→ ∞. This convergence is guaranteed because the set of Lp graphons
is (under mild conditions) compact with respect to the cut metric [12, Theorem
2.8].

We refer to the limit of sequences of graph GL functionals as a graphon GL
functional. We show that the graphon GL functional Γ-converges to a nonlocal TV
functional as ϵ→ 0.

In Figure 1, we illustrate two different sequential Γ-limits of the graph GL func-
tional (4.6). One of the sequential limits is an n → ∞ and then ϵ → 0 limit; the
other is an ϵ → 0 and then n → ∞ limit. In Sections 4.3 and 4.5, we define the
associated limiting functionals. Limit (1) was proven in [66, Theorem 3.1], and limit
(2) follows from [16, Theorem 12]. To prove limit (3), we use an approach that is
similar to the proof of [16, Theorem 12]. We significantly generalize [66, Theorem
5.2] in the sense that our graph limits are valid for general sequences of growing
graphs, rather than only for a growing sequence of square-lattice graphs. Limit (4)

resembles the classical Modica–Mortola limit [52] (which states that GLϵ
Γ−→ TV),

but it uses graphon versions of GL and TV functionals. We prove limit (4) for
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graphons W ∈ L∞((0, 1)2), which arise from dense sequences of graphs. Limit (4)
is not defined for more general Lp graphons.

Figure 1. Four Γ-convergences of the graph GL functional with
different orderings of the n→ ∞ and ϵ→ 0 limits. The arrows indi-
cate Γ-convergence. For definitions of the functionals, see Section 4.

Our results extend the study of graph GL functionals and graph TV functionals
to graphon limits. We refer to these limiting functionals as “graphon GL func-
tionals” and “graphon TV functionals”, respectively. We show that the graph GL-
minimization and graph TV-minimization problems are consistent with the limiting
graphon GL-minimization and graphon TV-minimization problems in the sense of
Γ-convergence. That is, the minimizers of the functionals converge to the minimiz-

ers of the limiting functionals. We also show that the classical limit GLϵ
Γ−→ TV

holds for graphons (i.e., GLWϵ
Γ−→ TVW ).

Our paper proceeds as follows. In Section 2, we discuss a few key results from
related work. In Section 3, we review graphons and formalize the notion of a
large-graph limit. In Section 4, we review the GL and TV functionals on graphs
and graphons. We also collect some results about Young measures, discuss our
function spaces, and define the relevant types of convergence. In Section 5, we
prove the sequential Γ-limit with ϵ → 0 and then n → ∞. In Section 6, we prove
the sequential Γ-limit with n → ∞ and then ϵ → 0. In Section 7, we determine
GL minimizers for a few example families of graphons. Finally, in Section 8, we
summarize our results and discuss future research directions.

2. Related work

Our work is inspired by van Gennip and Bertozzi [66], who examined the same
four limits as in Figure 1 and also the simultaneous limit ϵ → 0, n → ∞. They
proved their n → ∞ limits specifically for sequences of growing square-lattice
graphs. We restate their version of limit (1), which holds for all graphs, and we ex-
tend their versions of the limits (2)–(4) to a nonlocal graph-limit scenario in which
the limiting GL and TV functionals are the graphon GL and TV functionals (4.14)
and (4.16), respectively. Limits (2)–(4) hold for general sequences of graphs. As we
discuss in Section 4.5, the limiting graphon functionals are nonlocal.

We adapt ideas from Braides et al. [16], who used Young measures to show that
the graph-cut functional (which we define later in equation (3.4)) Γ-converges to the
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graphon-cut functional. We also use Young measures, which are generalizations of
functions on graphs that assign a distribution of possible states (rather than a single
fixed value) to each node of a graph. Young measures, which we define and discuss
in Section 4.4, play a central role in our paper. Our methods and results are related
more closely to the results of [16] than to those of [66]. A key difference from [16]
arises from the fact that the domain of the graph-cut functional consists of finite-
range functions, whereas the domains of the graph and graphon GL functionals
consist of continuous-range functions.

Garćıa Trillos and Slepčev [38] also studied a local limit and, analogously to limit
(2), obtained Γ-convergence of the perimeter functional for the n → ∞ limit of
point clouds. The convergence of their graph functions, which are defined on point
clouds, occurs in a metric space (which is called the TLp space) that is character-
ized by optimal-transport maps. The TLp space also has been employed to obtain
results for other large-graph limits of point clouds (see, e.g., [1, 36, 37, 39]). A key
difference between our paper and research on TLp limits is that we do not require
the limiting functional to be a local quantity, such as Euclidean perimeter or the
usual Dirichlet energy. Instead, our limiting functionals are nonlocal limits with in-
teraction potentials that are given by graphons. These functionals are “relaxations”
in the sense that one can recover local functionals from them as special cases for
certain graphons that have singularities on the line y = x.

The original theory of graphons [45] is concerned with dense sequences of graphs,
and Braides et al. [16] also required the graphs in such sequences to be dense.
However, most real-world graphs are sparse [8, 53], so this density requirement is a
major limitation of much research on graphons. Thankfully, the theory of graphons
has been extended to sparse sequences of graphs [11, 12], and our analysis allows
sparse sequences of graphs that converge to Lp graphons. See Section 3.2 for more
detail.

One recovers different types of TV functionals when taking the ϵ → 0 limit of
the classical GL, graph GL, and graphon GL functionals. In particular, we obtain a
nonlocal, continuous TV functional in the ϵ→ 0 limit of the graphon GL functional.
Nonlocal TV functionals have been useful in a variety of applications, especially in
image processing [3, 4, 20, 31, 32, 40, 41, 43, 44]. They also are of theoretical interest
because they generalize the notion of perimeter from objects (e.g., ones in R2)
with geometric regularity, on which one can compute gradients of functions, to less
regular objects (such as objects in metric spaces) [47]. Fractional GL functionals are
one well-studied type of nonlocal functional [57,60,64]. One broad class of fractional
GL functionals consists of graphons of the form W (x, y) = 1

|x−y|1+2s , with s ∈ (0, 1).

3. Graphons, norms, and convergence

A “graphon”, which is a portmanteau of “graph” and “function”, is a bounded,
measurable, and symmetric function W : Ω2 → R, where Ω ⊂ Rd is a connected
and bounded domain. The set of graphons is W = {W : Ω2 → R}. Throughout
this paper, we take Ω = (0, 1). The closed interval [0, 1] is typically used in the
graphon literature, whereas the open interval (0, 1) is typically used in functional
analysis to avoid complications that relate to isolated points. In the present paper,
it makes no difference because we always integrate W . We use the open interval to
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be consistent with the conventions of functional analysis, which provides the main
technical machinery in our paper.

We consider graphs that are weighted, undirected, and simple (i.e., there are no
self-edges or multi-edges). LetWn denote a graph with the node set [n] = {1, . . . , n}.
The graph Wn has an associated adjacency matrix A(n) with entries A

(n)
ij . We

also associate the graph Wn with a function Wn that takes the constant value

A
(n)
ij on the interval product Ii × Ij , where

(3.1) Ii = [(i− 1)/n, i/n) for i ∈ {2, . . . , n} and I1 = (0, 1/n) .

The relationship between the adjacency matrix and the graphon is thus

(3.2) Wn(x, y) =
{
A

(n)
ij for (x, y) ∈ Ii × Ij , i, j ∈ [n]

}
.

We have thereby associated a graph with a step function by associating the ith
node with the interval Ii and associating each edge (i, j) with the interval product
Ii × Ij . In this way, one can identify each graph Wn with a graphon, which we will
also denote by Wn (see Remark 3.3). We refer to a graphon that corresponds to a
graph as a step graphon.

In Figure 2, we show an example graph and its corresponding adjacency matrix
and step graphon. By convention, the axes of the graphon begin at the upper left.

Figure 2. An example of a graph, its associated adjacency matrix,
and its corresponding step graphon.

One can view any graphon W : (0, 1)2 → R as a large-graph limit by thinking of
(0, 1) as a set with infinitely-many nodes and taking W (x, y) to be the weight of the
edge between nodes x ∈ (0, 1) and y ∈ (0, 1). One can use graphons to represent
both (1) families of graphs (by using a graphon as a probability distribution to
generate graphs) and (2) limits of sequences of growing graphs. We employ the
latter interpretation of graphons.

3.1. Cut norm and cut convergence. The graphon-cut norm, which is also
known as the “cut norm” and is closely related to the graph-cut functional, speci-
fies the topology of the space of graphons. Accordingly, both graphs and graphons
converge to graphons with respect to cut norm. We introduce the graph-cut func-
tional (which is sometimes called simply a “cut functional”) before introducing the
cut norm.
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Definition 3.1 (graph cut). For a partition {S, Sc} of the nodes [n] of a graph

with adjacency matrix A(n), the graph cut is the functional

(3.3) Cut(S, Sc) =
∑

i∈S, j∈Sc

A
(n)
ij .

Equivalently, we express the graph-cut functional in terms of a graph function u
that takes values in the set {−1, 1} by using the expression

(3.4) Cut(u) =
1

8

n∑
i,j=1

A
(n)
ij |ui − uj |2 with u : [n] → {−1, 1} .

We define the cut norm ‖ · ‖□ on the space of graphons. The cut norm is closely
related to the graph-cut functional, and it induces a metric that ensures that W is a
compact metric space [46]. Therefore, any bounded sequence {Wn}∞n=1 of graphons
has a subsequence {Wn′} such that ‖Wn′ −W‖□ → 0.

Definition 3.2. The cut norm of a graphon W is

(3.5) ‖W‖□ = sup
S⊆(0,1)

∫
S×Sc

W (x, y) dx dy .

Definition 3.2 highlights the similarity between the cut norm and the graph-cut
functional. When a graphon is a step graphon Wn (see equation (3.2)), the cut
norm (3.5) becomes the finite sum

‖Wn‖□ =
1

n2
sup
S⊆[n]

∑
i∈S, j∈Sc

A
(n)
ij ,

which is the maximum graph cut, normalized by 1/n2, over all partitions {S, Sc} of
the nodes of Wn. There are other equivalent definitions of the cut norm (3.5) [42].
A particularly useful one for the present paper is

(3.6) ‖W‖□ = sup
ϕ,ψ∈L∞((0,1);[−1,1])

∫ 1

0

∫ 1

0
W (x, y)ϕ(x)ψ(y) dx dy ,

where

(3.7) L∞((0, 1); [−1, 1]) = {f : (0, 1) → [−1, 1]} .
By normalizing ϕ ∈ L∞((0, 1)) to ϕ/‖ϕ‖∞ ∈ L∞((0, 1); [−1, 1]), we obtain the
equivalent definition

(3.8) ‖W‖□ = sup
ϕ,ψ∈L∞((0,1))

1

‖ϕ‖∞
1

‖ψ‖∞

∫ 1

0

∫ 1

0
ϕ(x)ψ(y)W (x, y) dx dy .

Remark 3.3. One can identify any weighted graph with a step function that maps
(0, 1)2 → R, and vice versa. We use the notation Wn for both objects. In concert
with the fact that step functions are dense in Lp, one can approximate any graphon
arbitrarily closely in cut norm by a graph. See [14, Section 3.3], [42, Remark 4.6],
and [46].

Remark 3.4. We use the notation “
□−→” to denote convergence in cut norm. Ac-

cordingly, Wn
□−→W signifies that ‖Wn −W‖□ → 0.
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Remark 3.5. The cut norm is equivalent to the operator norm of the kernel oper-
ator that is induced by the graphon TW (f) =

∫
ΩW (x, y)f(y) dy, which is a linear

operator TW : L∞((0, 1)) → L1((0, 1)). (The norms ‖ · ‖A and ‖ · ‖B are equivalent
when c1‖ · ‖A ≤ ‖ · ‖B ≤ c2‖ · ‖A for some constants c1 and c2.) Additionally, people
sometimes use the terms “graphon” and “kernel” interchangeably [42].

Remark 3.6. It is known that ‖W‖□ ≤ ‖W‖1, where ‖ · ‖1 is the L1(Ω2,R) norm,
for any graphon W [42]. Additionally, for any step graphon with n steps, ‖Wn‖1 ≤√
2n‖Wn‖□ [45, Equation 8.15]. Consequently, for each step graphon, the L1 norm

and cut norm are equivalent for finite n. However, this is not true when n→ ∞.

3.2. Lp graphons. The classical graphons that we have discussed thus far are
known as “L∞ graphons”. They are functions in the space

(3.9) L∞((0, 1)2) = {W : ‖W‖∞ := ess supx,y∈(0,1)2 |W (x, y)| <∞} ,

where the essential supremum ess sup equals the supremum up to a measure-0 set.
The set of L∞ graphons [45] was built for dense sequences of graphs, which are

sequences of graphs whose numbers of edges scale with the number n of nodes as
Θ(n2) (i.e., they scale asymptotically in proportion to n2). Any sequence of graphs
with o(n2) (i.e., asymptotically strictly less than cn2 for some constant c > 0) edges
converges to the zero graphon W ≡ 0 because the edge set is a set of measure 0 in
the n→ ∞ limit. One can see this because the Riemann sum∫ 1

0

∫ 1

0
Wn(x, y) dx dy =

1

n2

n∑
i,j=1

A
(n)
ij

is nonzero in the n→ ∞ limit only if the number of nonzero terms in the adjacency

matrix A(n) = {A(n)
ij }ni,j=1 is Θ(n2).

It is common to use W to denote the set of L∞ graphons and to use W0 ⊂ W
to denote the set of graphons that take values in [0, 1]. However, one can identify
any W ∈ W with its normalized version W/‖W‖∞ ∈ W0. Therefore, we refer to
both W and W0 as L∞ graphons to contrast them with Lp graphons, which we will
define shortly.

Although most real-world graphs are sparse, they also often have some nodes
with degrees that one expects to grow linearly with n [53]. For example, perhaps
the total number of edges of a graph scales as Ω(n) (and perhaps the graph has a
heavy-tailed degree distribution). If we use the relationship (3.2) to define sequences
of step graphons that correspond to sparse graphs, we obtain limiting graphons that
are nonzero only on sets of measure 0. (This occurs because the number of edges is
of order n, rather than of order n2.) To extend the theory of graphons to such sparse
sequences of graphs, Borgs et al. [11,12] introduced Lp graphons (see [12, Definition
2.7]), which allow graphon theory to encompass a much wider variety of sparse-graph
sequences.

The set of Lp graphons extends the set of L∞ graphons to the space

(3.10) Lp((0, 1)2) =

{
W : ‖W‖p :=

(∫ 1

0

∫ 1

0
|W (x, y)|p dx dy

) 1
p

<∞

}
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for p ≥ 1. See [12, Theorem 2.8] for a characterization of the sequences of graphons
that converge to an Lp graphon. In the present paper, we view graphons as functions
in Lp((0, 1)2) for p ∈ [1,∞], so we assume any necessary properties on step graphons
that allow them to be Lp functions.

When Ω is a bounded domain, Lp(Ω) ⊂ Lq(Ω) for p > q ≥ 1. Therefore, the
set of L∞ graphons, which includes all dense graphs, is contained in the set of Lp

graphons. Similarly, every Lp graphon is also an L1 graphon. In the proofs of limits
(2) and (3) (see Sections 5.2 and 6.1, respectively), we assume that Wn and W are
in L1((0, 1)2). In the proof of limit (4) (see Section 6.3), we assume that Wn and
W are in L∞((0, 1)2).

4. Functions and functionals on graphs and graphons

Because graphons are functions, it is natural to study them using ideas from func-
tional analysis. Relevant notions include convergence, compactness, functionals on
graphs and graphons, and Γ-convergence of those functionals. It is also appropriate
to analyze the function spaces on which the functionals act.

We consider GL functionals and TV functionals, which act on “graph functions”
(i.e., functions on graphs) and “graphon functions” (i.e., functions on graphons),
respectively. Both the GL and TV functionals have classical, graph, and graphon
versions. We defined the classical GL functional in (1.1) and the classical TV
functional in (1.2). The graph GL and TV functionals are discrete and were defined
in [6] and [63], respectively. We discuss them in Section 4.3. In Section 4.5, we define
graph GL and TV functionals, which are continuous and involve Young measures.

The classical GL functional (1.1) is defined on the Sobolev space W 1,2((0, 1)),
which is the space of functions in L2((0, 1)) with first derivatives that are also in
L2((0, 1)) [33, Chapter 5]. The classical TV functional (1.2) is defined onW 1,1((0, 1)),
which is defined analogously toW 1,2((0, 1)) but uses the space L1((0, 1)). We extend
the domains of both functionals to L∞((0, 1)) by imposing the value +∞ whenever
they otherwise would be undefined.

4.1. Function spaces. We consider two types of function spaces: (1) spaces in
which graphons live (i.e., function spaces of graphons) and (2) spaces of functions
that are defined on graphons (i.e., function spaces of functions on graphons). As
we discussed in Section 3.2, graphons are always Lp functions for p ∈ [1,∞]. The
functions on graphons that we consider are always functions in L∞((0, 1)).

The space of functions on n-node graphs is

(4.1) Vn = {û : [n] → R} .

Each function û ∈ Vn has an associated step function u : (0, 1) → R. Let u(x) = û(i)
for x ∈ Ii for the intervals Ii that we defined in (3.1). This identification embeds
Vn into the space L∞((0, 1)) of bounded functions. Henceforth, we identify both û
and u as u. We also consider the subset

(4.2) Vnb = {u : [n] → R , ui ∈ {±1} for all i}

of Vn that consists of binary graph functions.
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4.2. Γ-convergence. The notion of Γ-convergence of functionals is useful in op-
timization and the calculus of variations [15, 66]. In concert with a certain com-
pactness property (which we will specify shortly), the Γ-convergence of a sequence
of functionals guarantees the convergence of corresponding minimizers of the func-
tionals.

Definition 4.1. Let X be a metric space, and consider a sequence of functionals
Fn : X → R ∪ {±∞} for n ∈ {1, 2, . . .}. We say that Fn Γ-converges to F : X →
R ∪ {±∞}, which we denote by Fn

Γ−→ F , with respect to un → u if

(i) lim infn→∞ Fn(un) ≥ F (u) for every sequence {un} such that un → u;
(ii) there exists a sequence {un}∞n=1 such that lim supn→∞ Fn(un) ≤ F (u).

Remark 4.2. The definition of Γ-convergence of functionals requires a choice of
norm for the convergence un → u. Therefore, Γ-convergence occurs with respect to
the convergence un → u. Additionally, throughout this paper, we abuse notation
and use n both for indices and for the number of nodes in a graph.

If it is also true that any sequence {un}∞n=1 for which {Fn(un)}∞n=1 is uniformly
bounded has a convergent subsequence {unk

}, then the corresponding minimizers of
Fn converge to the minimizer(s) of F . This criterion, which we call the “compactness
property”, is sometimes called the “equicoerciveness property” [66].

It is useful to be purposeful when choosing the metric under which un converges
to u. When the convergence metric is stronger (where convergence in a stronger
metric implies convergence in a weaker metric), it is easier to prove the lim inf
inequality (i.e., the inequality in (i)) for Γ-convergence but harder to construct
subsequences for the lim sup inequality (the inequality in (ii)) and compactness.
Conversely, when the convergence metric is weaker, it is harder to prove the lim inf
inequality but easier to construct a subsequence for the lim sup inequality. In the
present paper, we prove Γ-convergence results with respect to narrow convergence
of Young measures (see Definition 4.7).

4.3. Graph functions and functionals. Recall the classical GL functional (1.1),
which is defined on functions u : (0, 1) → R by

(4.3) GLϵ(u) = ϵ

∫ 1

0
|∇u|2 dx+

1

ϵ

∫ 1

0
Φ(u(x)) dx ,

where Φ is a double-well potential that has zeros at s = ±1. The double-well
potential Φ can take a general form (see [66, assumptions (W1)–(W4)]), but we use
the standard choice

(4.4) Φ(s) = (s2 − 1)2 .

The graph version GLWn
ϵ of the GL functional is analogous to GLϵ. It acts on

u ∈ Vn, which we treat as piecewise-constant functions u ∈ L∞((0, 1)). We replace
the gradient term |∇u|2 by a finite-difference term that is weighted by the adjacency
matrix, and we replace the double-well integral by a finite sum. (See [66, Section
2.2] for further discussion of graph analogues of calculus operators.) For u ∈ Vn,
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we thus obtain

GLWn
ϵ (u) =

1

n2

n∑
i,j=1

A
(n)
ij |ui − uj |2 +

1

ϵn

n∑
i=1

Φ(ui)(4.5)

=

∫ 1

0

∫ 1

0
Wn(x, y)|u(x)− u(y)|2 dx dy + 1

ϵ

∫ 1

0
Φ(u(x)) dx ,(4.6)

where (4.5) uses the adjacency matrix and (4.6) uses the definition (3.2) of the step
graphonWn. Similarly, the graph TV functional replaces the term |∇u| in (1.2) with
a finite difference. It is finite only for binary functions. The graph TV functional is

TVWn(u) =

{∑n
i,j=1A

(n)
ij |ui − uj | if u ∈ Vnb

+∞ if u ∈ Vn \ Vnb
(4.7)

=

{∫ 1
0

∫ 1
0 Wn(x, y)|u(x)− u(y)| dx dy if u ∈ Vnb

+∞ if u ∈ Vn \ Vnb .
(4.8)

The Dirichlet energy

(4.9) D(u) =

∫ 1

0
|∇u(x)|2 dx

has a similar form as the graph-cut functional, but it acts on W 1,2((0, 1)) func-
tions. The Sobolev embedding of W 1,2((0, 1)) into L∞((0, 1)) allows us to de-
fine the Dirichlet energy D on all L∞((0, 1)) functions by setting D(u) = +∞
for u ∈ L∞((0, 1)) \W 1,2((0, 1)). The graph Dirichlet energy

(4.10) DWn(u) =

{∫ 1
0

∫ 1
0 Wn(x, y)|u(x)− u(y)|2 dx dy if u ∈ Vn

+∞ if u ∈ L∞((0, 1)) \ Vn

acts on graph functions and replaces the gradient term in (4.9) with a finite differ-
ence.

Remark 4.3. The graph Dirichlet energy is a generalization of the graph-cut func-
tional (3.4). If we restrict graph functions to the range {−1, 1}, then the graph
Dirichlet energy (4.10) is equal to the graph-cut functional (3.4) (i.e., DWn(u) =
Cut(u) for all graph functions u).

4.4. Young measures and weak-* convergence of functions. In our study
of Γ-convergence, we need to use Young measures [24], which extend the feasible
set of the GL-minimization and TV-minimization problems to a space of measures.

In general, the study of the convergence of functionals such as
∫ 1
0 f(v(x)) dx (for

a given continuous and bounded functional f) that act on v ∈ L∞((0, 1)) presents
a significant challenge. Because L∞((0, 1)) is not a compact space, a sequence2

{vn} ∈ L∞((0, 1)) may not have a limit in L∞((0, 1)). Therefore, a sequence
{fn(vn)} may not have a limit f(v) in which v is a limit of vn. Our functionals

(GLWϵ , GLWn
ϵ , and so on) act on L∞((0, 1)) and have the form

∫ 1
0 f(v(x)) dx. To

2In this sentence and many other times in the present paper, we abuse the notation “∈” to
signify that each element of a sequence (rather than the sequence as a single object) is an element
of a set.
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overcome this challenge, we extend these functionals to act on Young measures
(rather than on L∞ functions). Intuitively, our use of Young measures accommo-
dates the rapidly oscillating minima of the graphon GL functionals. The minima
can oscillate arbitrarily rapidly, and Young measures provide an effective limit of
such oscillating functions when they are acted on by continuous bounded functions
in the integrals. In Section 7, we further discuss the need for Young measures.

It is useful to review some definitions and properties that were presented in [16].

Definition 4.4 (Young measure). A Young measure ν on (0, 1) × R is a family
{νx}x∈(0,1) of probability measures, which are parametrized by x ∈ (0, 1), such that
the map

(4.11) x 7→
∫
R
f(λ) dνx(λ)

is a Lebesgue-measurable function for every function f ∈ Cb(R), where we use the
notation Cb to signify continuous and bounded functions.

Intuitively, νx is a “slice” of the Young measure ν at the value x. One can think
of νx as analogous to the value of a function u(x). (The value of a function at the
point x is the “slice” of the function at x.) However, instead of assigning a value (as
a function u does) to each point (i.e., node) x to designate the “state” of x, a Young
measure ν assigns a probability distribution νx to the point x. For Young measures
on graphons, one can interpret the distribution νx as incorporating uncertainty into
the state of node x.

Let Y((0, 1),R) denote the set of all Young measures on (0, 1)×R. With the next
definition, we see how Y((0, 1),R) extends the set of L∞((0, 1)) functions.

Definition 4.5 (Young measure corresponding to a measurable function). A Young
measure corresponding to a Lebesgue-measurable function u : (0, 1) → R is the
family of delta measures

(4.12) {νx}x∈(0,1) = {δu(x)}x∈(0,1) .

We refer to such measures as δ-Young measures. Because graph functions are special
cases of L∞ functions, one can similarly define δ-Young measures that correspond
to graph functions.

For Young measures of the form (4.12), the map (4.11) is the evaluation map x 7→
f(u(x)). This evaluation map is Lebesgue-measurable, as required for Definition 4.4,
because of the Lebesgue-measurability of u and the continuity of f .

We now define the weak-* topology (which is also known as the “weak-star topol-
ogy” and the “ultraweak topology”) on the space L∞.

Definition 4.6 (Weak-* topology on the space L∞((0, 1))). A sequence {vn} ∈
L∞((0, 1)) converges in the weak-* topology to v ∈ L∞((0, 1)) if

lim
n→∞

∫ 1

0
vn(x)g(x) dx =

∫ 1

0
v(x)g(x) dx

for any g ∈ L1((0, 1)). We write that vn
⋆
⇀ v in L∞((0, 1)).
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Definition 4.7 (Narrow convergence of Young measures). A sequence {νn} ∈
Y((0, 1),R) converges narrowly to ν ∈ Y((0, 1),R) if the right-hand side of the
map (4.11) converges in the weak-* topology in L∞((0, 1)) for all continuous and
bounded functions f ∈ Cb(R). That is, for all x ∈ (0, 1), we have

(4.13)

∫
R
f(λ) dνnx (λ)

⋆
⇀

∫
R
f(λ) dνx(λ) .

Lemma 4.8 (Narrow convergence of product Young measures [16, Lemma 8]). Let
{νn} be a sequence of Young measures that converges narrowly to ν ∈ Y((0, 1),R).
It is then guaranteed that the sequence {νn ⊗ νn} of product measures on (0, 1)2×R2

converges narrowly to ν ⊗ ν ∈ Y((0, 1)2,R2). That is, d(νn ⊗ νn)(x,y)(λ, µ) =
dνnx (λ) dν

n
y (µ) and∫∫
R2

f(λ, µ) d(νn ⊗ νn)(x,y)(λ, µ)
⋆
⇀

∫∫
R2

f(λ, µ) d(ν ⊗ ν)(x,y)(λ, µ)

for all f ∈ Cb(R2), where d(ν ⊗ ν)(x,y)(λ, µ) = dνx(λ) dνy(µ).

The following lemma states the key compactness property of Y((0, 1),R) that
justifies the use of Young measures in our Γ-convergence results that involve graphon
limits.

Lemma 4.9 (Prohorov’s Theorem [16, Theorem 9]). Let {un}∞n=1 be a bounded
sequence in L1((0, 1)), and let {νn}∞n=1 denote the sequence of corresponding Young
measures (see equation (4.12)). There then exists a subsequence {unk

}∞k=1 and a
Young measure ν such that νnk converges narrowly to ν as k → ∞.

4.5. Graphon functions and functionals. We define the graphon GL functional

GLWϵ (ν) =

∫ 1

0

∫ 1

0
W (x, y)

∫
R2

|λ− µ|2 dνx(λ) dνy(µ) dx dy(4.14)

+
1

ϵ

∫ 1

0

∫
R
Φ(λ) dνx(λ) dx .

The first term of (4.14) is the graphon Dirichlet energy

(4.15) DW (ν) =

∫ 1

0

∫ 1

0
W (x, y)

∫
R2

|λ− µ|2 dνx(λ) dνy(µ) dx dy ,

which is the graphon analogue of the graph Dirichlet energy (4.10). For graphs Wn,
we also use (4.15), which is more general than the graph Dirichlet energy (4.10).
Equation (4.15) reduces to (4.10) when ν is a Young measure that corresponds to
a measurable function u.

The inner integral
∫
R2 |λ − µ|2 dνx(λ) dνy(µ) is an expectation of |λ − µ|2 with

respect to the probability measures νx and νy. This is a probabilistic analogue of
the term |u(x)−u(y)|2 in the graph GL functional (4.6). When the Young measures
are νx = δu(x) and νy = δu(y), we recover |u(x)− u(y)|2.

The graphon TV functional, which also acts on ν ∈ Y((0, 1),R), is analogous to
the graph TV functional, just as the graphon GL functional is analogous to the
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graph GL functional. The graphon TV functional is
(4.16)

TVW (ν)=

{
2
∫ 1
0

∫ 1
0 W (x, y)

∫
R2 |λ− µ| dνx(λ) dνy(µ) dx dy if ν ∈ Yb

+∞ if ν ∈ Y((0, 1),R) \ Yb ,

where Yb denotes the set of Young measures ν with support on {−1, 1} (i.e., the
union of the supports of {νx}x∈(0,1) is {−1, 1}).

5. Sequential limit: ϵ then n (i.e., GLWn
ϵ

Γ−→ TVWn Γ−→ TVW )

In this section, we discuss limits (1) and (2) from Figure 1. Limit (1) was already
proven by van Gennip and Bertozzi [66, Theorem 3.1], and we state their associated
results for completeness. Limit (2) was proven for sequences of growing square-
lattice graphs in [66, Theorem 4.3] and for sequences of point clouds in [39]. We
prove limit (2) for general sequences of weighted, undirected, and simple graphs.
Our proof closely follows the proof of the main theorem of Braides et al. [16].

5.1. Limit (1): GLWn
ϵ

Γ−→ TVWn. We state two key results from [66] that pertain

to limit (1). The cruxes of these results are that (1) GLWn Γ−→ TVWn and that
(2) the functionals GLWn and TVWn are defined on a compact set of graph func-
tions. Consequently, the minimizers of GLWn converge to the minimizers of TVWn .
Propositions 5.1 and 5.2 hold for all undirected and weighted graphs Wn.

Proposition 5.1 (Γ-convergence [66, Theorem 3.1]). The graph GL functional (4.6)
Γ-converges to the graph TV functional (4.8) as ϵ → 0 with respect to un → u in
Vn. That is,

(5.1) GLWn
ϵ

Γ−→ TVWn .

In concert with Proposition 5.1, the following compactness property of the set
V of functions guarantees that the minimizers of the Γ-converging functionals also
converge.

Proposition 5.2 (Compactness [66, Theorem 3.2]). Let {ϵn}∞n=1 ∈ R+ be a se-
quence with ϵn → 0 as n → ∞, and let {un}∞n=1 ∈ Vn be a sequence of graph

functions for which there exists a constant C > 0 such that GLWn
ϵn (un) < C for all

n ∈ {1, . . . ,∞}. There then exists a subsequence {un′}∞n′=1 ⊆ {un}∞n=1 and binary
graph function u∞ ∈ Vnb such that un′ → u∞ as n′ → ∞.

5.2. Limit (2): TVWn Γ−→ TVW . We prove limit (2) as a corollary of [16, Theorem

12], which states that In
Γ−→ I as Wn

□−→W , where

In(ν) =

∫ 1

0

∫ 1

0
Wn(x, y)

∫
R2

f(λ, µ) dνx(λ) dνy(µ) dx dy ,(5.2)

I(ν) =

∫ 1

0

∫ 1

0
W (x, y)

∫
R2

f(λ, µ) dνx(λ) dνy(µ) dx dy .(5.3)

Limit (2) follows directly by using the integrand f(s, t) = |s− t| instead of f(s, t) =
|s− t|2, which is the integrand that was used in [16, Theorem 12].
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Theorem 5.3 ([16, Theorem 12]). Let the functions f ∈ Cb((0, 1)2) be bounded and
continuous, and let u ∈ L∞((0, 1)) and ν ∈ Y((0, 1),R). Finally, let {Wn}∞n=1 be a

dense sequence of graphs, with Wn
□−→W ∈ W0. We then have that

(5.4) In
Γ−→ I as n→ ∞

with respect to the narrow convergence of measures in Y((0, 1),R).

Corollary 5.4. With the choice f(s, t) = |s− t|, we have

(5.5) TVWn Γ−→ TVW as n→ ∞

with respect to narrow convergence of νn to ν in Y((0, 1),R).

Proposition 5.5 (Compactness). Let Wn
□−→ W , and let {un}∞n=1 ∈ Vn be a

sequence of graph functions such that TVWn(un) < M for all n ∈ {1, . . . ,∞} and
some constant M > 0. There then exists a convergence subsequence {un′} such
that the sequence {δun′ (x)}x∈(0,1) of corresponding δ-Young measures converges to a
limiting Young measure ν.

Proof. Because the sequence {un} consists of graph functions, it is bounded in
L1((0, 1)). We then apply Lemma 4.9 (i.e., Prohorov’s Theorem) to obtain the
desired result. □

6. Sequential limit: n then ϵ (i.e., GLWn
ϵ

Γ−→ GLWϵ
Γ−→ TVW )

In this section, we prove two novel limits. Our main result is limit (3), which
extends [16, Theorem 12]. We prove limit (4) only for L∞ graphons, and we discuss
a scaling issue for Lp graphons.

6.1. Limit (3): GLWn
ϵ

Γ−→ GLWϵ . There are three key steps in our proof of limit
(3).

We first show that the GL-minimization problem is well-posed in the space
L∞((0, 1); [−1, 1]). That is, we show that argminL∞((0,1))GLWϵ ⊂ L∞((0, 1); [−1, 1]).
It then suffices to consider functions u, un ∈ L∞((0, 1); [−1, 1]).

We then show that the graph Dirichlet energy Γ-converges to the graphon Dirich-
let energy. Our proof includes ideas from the proof of [16, Lemma 11] for the Γ-
convergence of graph-cut functionals, which are similar to Dirichlet energies, except
that their domains consist of functions with finite-cardinality codomains.

Finally, we show that adding a double-well potential does not affect the Γ-
convergence. Because each GL functional is a sum of a Dirichlet energy and a
double-well potential, this fact yields Γ-convergence of the GL functionals.

6.1.1. Well-posedness of GLWϵ in L∞((0, 1); [−1, 1]). We show that the function u
is bounded in magnitude by M = 1. Let uM be the truncation

(6.1) uM (x) =


M if u(x) > M

u(x) if |u(x)| ≤M

−M if u(x) < −M .
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We show that GLWϵ (u) ≥ GLWϵ (uM ) for any M > 1 when W is any graphon. This
implies that the minimizer of GLWϵ is in L∞((0, 1); [−1, 1]).

We separately show the well-posedness in L∞((0, 1); [−1, 1]) of the Dirichlet en-
ergy and the double-well potential. The double-well potential Φ(s) = (s2 − 1)2

increases as s > 1 increases and decreases as s < −1 decreases, so

(6.2)

∫ 1

0
Φ(u) ≥

∫ 1

0
Φ(uM )

for M > 1. For the Dirichlet energy, let

(6.3) SM = {x : u(x) ≥M}

be the set of points x ∈ (0, 1) where uM and u differ. To simplify our notation in
this discussion, let

g(x, y) = |u(x)− u(y)|2 ,
gM (x, y) = |uM (x)− uM (y)|2 .

We want to show that

DW (u)−DW (uM ) =

∫ 1

0

∫ 1

0
W (x, y)

(
g(x, y)− gM (x, y)

)
dx dy

=

(∫
SM

∫
Sc
M

+

∫
Sc
M

∫
SM

+

∫
SM

∫
SM

)
W (x, y)

(
g(x, y)− gM (x, y)

)
dx dy

is nonnegative. The integrals over SM × ScM and ScM × SM are equal because the
integrand is symmetric. Both of these integrals are equal to∫

SM

∫
Sc
M

W (x, y)
(
|u(x)− u(y)|2 − |M − u(y)|2

)
dx dy .

Note that |u(x) − u(y)|2 − |M − u(y)|2 ≥ 0 because the function f(s) = |s − c|2
increases as s increases for s > c. Consequently, the integral over SM × ScM (and
hence also the integral over ScM × SM ) is nonnegative. The integral over SM × SM
is ∫

SM

∫
SM

W (x, y)(g(x, y)− gM (x, y)) dx dy

=

∫
SM

∫
SM

W (x, y)
(
|u(x)− u(y)|2 − |M −M |2

)
dx dy

=

∫
SM

∫
SM

W (x, y)|u(x)− u(y)|2 dx dy ≥ 0 ,

where we use the nonnegativity of the integrand in the last step to obtain nonneg-
ativity of the integral.

We conclude that
∫ 1
0 Φ(u(x)) dx ≥

∫ 1
0 Φ(uM (x)) dx andDW (u(x)) ≥ DW (uM (x)).

Consequently, GLWϵ (u(x)) ≥ GLWϵ (uM (x)). Because M > 1 is arbitrary, it follows
that the GL minimizer takes values in [−1, 1].
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6.1.2. Proof of limit (3). The proof of limit (3) requires two key steps. First, we
state and prove Theorem 6.3, which establishes Γ-convergence of the graph Dirichlet
energy to the graphon Dirichlet energy in the large-graph limit. Second, we show
that Γ-convergence holds even after adding a double-well potential to the graph
and graphon Dirichlet energies. We thereby obtain Γ-convergence of the graph GL
functional to the graphon GL functional in the large-graph limit.

Theorem 6.3, which guarantees Γ-convergence of the graph Dirichlet energy (4.10)
to the graphon Dirichlet energy (4.15), resembles [16, Theorem 12], but it extends
it in two important ways. First, it extends the domain from finite-codomain un
to un ∈ L∞((0, 1)). Second, it extends graphons from W ∈ L∞((0, 1)2) to W ∈
Lp((0, 1)2).

Lemma 6.1 provides the foundation for the proof of Theorem 6.3, which we use
to prove limit (3) (see Corollary 6.6).

Lemma 6.1. Let Wn ∈ Lp((0, 1)2) for p ≥ 1, and suppose that Wn
□−→ W . Let

f ∈ Cb(R2) be a continuous and bounded function, and define the functional In :
Y((0, 1),R) → [0,∞) as

In(ν
n) =

∫ 1

0

∫ 1

0
Wn(x, y)

∫
R2

f(λ, µ) dνnx (λ) dν
n
y (µ) dx dy .

Let {un}∞n=1 ∈ Vn be a sequence of graph functions such that supn ‖un‖∞ < ∞.
It is then the case that the sequence {νnx}x∈(0,1) = {δun(x)}x∈(0,1) ∈ Y((0, 1),R) of
corresponding Young measures is precompact (i.e., its closure is compact) in the
narrow topology. Moreover, any subsequence {νnk

x } of {νnx} with a corresponding
limit point ν satisfies

(6.4) In(ν
nk) → I(ν)

pointwise, where the functional I : Y((0, 1),R) → [0,∞) is

I(ν) =

∫ 1

0

∫ 1

0
W (x, y)

∫
R2

f(λ, µ) dνx(λ) dνy(µ) dx dy .

Proof. To prove this result, we use the triangle inequality to break |In(νn) − I(ν)|
into two parts. One part converges to 0 due to the weak convergence of gn to g,

and the other part converges to 0 due to the cut convergence Wn
□−→W .

By Prohorov’s Theorem (see Lemma 4.9), any sequence {νn} of δ-Young measures
that corresponds to a sequence {un} ∈ L∞((0, 1)) has a subsequence {νnk} that
converges narrowly to a Young measure ν. For the remainder of our paper, we
simplify our notation by using {νn} to denote the subsequence {νnk}. We denote
the innermost integrals of the functionals by

gn(x, y) =

∫
R2

f(λ, µ) dνnx (λ) dν
n
y (µ) = f(un(x), un(y)) ,

g(x, y) =

∫
R2

f(λ, µ) dνx(λ) dνy(µ) .
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We write In(ν
n)=

∫
(0,1)2 Wn(x, y)gn(x, y) dx dy and I(ν)=

∫
(0,1)2 W (x, y)g(x, y) dx dy.

The triangle inequality gives

|In(νn)− I(ν)| =
∣∣∣∣∫ 1

0

∫ 1

0
(Wngn −Wg) dx dy

∣∣∣∣
≤
∣∣∣∣∫ 1

0

∫ 1

0
(Wn −W )gn dx dy

∣∣∣∣+ ∣∣∣∣∫ 1

0

∫ 1

0
W (gn − g) dx dy

∣∣∣∣
≡ (I) + (II) .

We show that (II) → 0 using weak convergence of gn to g. The narrow conver-
gence of νn to ν implies that gn converges in the weak-* topology to g in L∞((0, 1)2)
by Lemma 4.8. That is,∫

R2

f(µ, λ) dνnx (µ) dν
n
y (λ)

⋆
⇀

∫
R2

f(µ, λ) dνx(µ) dνy(λ) in L∞((0, 1)2,R) .

Furthermore, W ∈ Lp((0, 1)2) ⊆ L1((0, 1)2) for p ≥ 1, so the definition of weak
convergence in L∞ implies that (II) → 0.

We now show that (I) → 0 because Wn
□−→ W . To do this, we approximate

gn by polynomials to obtain a sum of terms that resembles the definition of cut
convergence. This yields an expression that has the same form as the right-hand
side of equation (3.8).

Let {Pk}∞k=1 : R2 → R be a sequence of polynomial functions such that

|f(a, b)− Pk(a, b)| → 0 as k → ∞ uniformly on [−1, 1]2 .

Such a polynomial exists because the set of polynomials is dense in L∞([−1, 1]).
Using the triangle inequality, we obtain

(I) ≤
∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))

(
f(un(x), un(y))− Pk(un(x), un(y))

)
dy dx

∣∣∣∣
+

∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))Pk(un(x), un(y)) dy dx

∣∣∣∣
≤ sup

(a,b)∈[−1,1]2
|f(a, b)− Pk(a, b)|

(
‖Wn‖L1((0,1)2) + ‖W‖L1((0,1)2)

)
+

∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))Pk(un(x), un(y)) dy dx

∣∣∣∣
≤ C sup

(a,b)∈[−1,1]2
|f(a, b)− Pk(a, b)|

+

∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))Pk(un(x), un(y)) dy dx

∣∣∣∣
for some constant C because both the graphon W and the sequence {Wn} are
bounded in L1((0, 1)2).
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For any polynomial Pk(a, b) =
∑k

i,j=1 αija
ibj , we use the boundedness of ‖un‖∞

(specifically, we use ‖un‖∞ ≤ 1, which we showed in Section 6.1.1) to obtain∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))Pk(un(x), un(y)) dx dy

∣∣∣∣
=

∣∣∣∣∣∣
∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))

k∑
i,j=1

αiju
i
n(x)u

j
n(y) dx dy

∣∣∣∣∣∣
=

∣∣∣∣∣∣
k∑

i,j=1

αij

∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))uin(x)u

j
n(y) dx dy

∣∣∣∣∣∣
≤ kmax

i,j

{
αij ·

∣∣∣∣∫ 1

0

∫ 1

0
(Wn(x, y)−W (x, y))uin(x)u

j
n(y) dx dy

∣∣∣∣}
≤ C(Pk)‖Wn −W‖□

for some constant C(Pk).
In summary,

(I) ≤ C

(
sup

(a,b)∈[−1,1]2
|f(a, b)− Pk(a, b)|+ ‖Wn −W‖□

)
,

where the constant C is independent of n. Choosing k sufficiently large and then
letting n→ ∞ implies that (I) → 0. □

Corollary 6.2. Let Wn
□−→ W , and let {un}∞n=1 ∈ Vn be a sequence of graph

functions such that supn ‖un‖∞ < ∞. We then have that the sequence {νnx} ⊂
Y((0, 1),R) of corresponding Young measures is precompact in the narrow topology.
Moreover, any subsequence {νnx} and any limit point ν satisfy

(6.5) DWn(νn) → DW (ν)

pointwise, where DWn and DW are defined in (4.10) and (4.15), respectively.

Proof. Choose f(s, t) = |s− t|2 in Theorem 6.1. □
Corollary 6.2 extends [16, Lemma 11] by allowing ν to be any Young measure

and allowing each νn = {δun(x)}x∈(0,1) to be any δ-Young measure that corresponds
to some function un ∈ L∞((0, 1)). In [16, Lemma 11], νn must have support on a
finite set of values, where the number of values is independent of n. The closure of
the set of such Young measures is a strict subset of Y((0, 1),R). On the contrary,
we allow νn to be any δ-Young measure. As we note below in the proof of Theorem
6.3, the closure of the set of δ-Young measures in Y((0, 1),R) is the set Y((0, 1),R).
See [65, Proposition 8] for a proof of this fact.

Theorem 6.3. Under the same assumptions as in Corollary 6.2, we have

(6.6) DWn Γ−→ DW ,

where we take Γ-convergence with respect to narrow convergence of Young measures.

Proof. To prove Γ-convergence, it suffices to prove the following two statements.
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(i) For every sequence {νn}∞n=1 that converges narrowly to ν, we have D(ν) ≤
lim infn→∞DWn(νn).

(ii) There exists a sequence {νn}∞n=1 that converges narrowly to ν with D(ν) ≥
lim supn→∞DWn(νn).

Statement (i) follows from Corollary 6.2 because pointwise convergence holds
for all sequences {νn} that converge narrowly to ν. To prove statement (ii), it
suffices to show that there exists a sequence {νn} = {δun(x)} that converges narrowly
to some ν for any ν ∈ Y((0, 1)). Once we obtain this sequence, Corollary 6.2
yields inequality (ii). The existence of such a sequence is called the Fundamental
Theorem of Young Measures, and it follows from the denseness (with respect to
narrow convergence) of Young measures that correspond to measurable functions
in the set of all Young measures [65, Proposition 8]. □
Remark 6.4. Our proof of statement (ii) is more direct than the analogous proof
by Braides et al. [16, Theorem 12], who constructed νn carefully from a sequence
of finite-valued functions un.

Proposition 6.5 guarantees that a sequence of double-well potentials on graph
functions converges to a double-well potential on a Young measure. In Corollary

6.6, we use this result in concert with Theorem 6.3 to show that GLWn
ϵ

Γ−→ GLWϵ .

Proposition 6.5. Let {un} ∈ L∞((0, 1)) be a sequence of functions that are con-
stant on the intervals Ii for i ∈ [n], and let Φ : R → R be continuous and bounded.
Let ν be the Young measure that is the narrow limit of the sequence {νn} of Young
measures of the form νnx = δun(x). It then follows that

(6.7)

∫ 1

0
Φ(un(x)) dx→

∫ 1

0

∫
R
Φ(λ) dν(λ) dx

pointwise.

Proof. The limit ν exists by Lemma 4.9 (i.e., Prohorov’s Theorem). By the defini-
tion of narrow convergence, the narrow convergence of νn to ν implies that

(6.8) Φ(un(x)) =

∫
R
Φ(λ) dνnx (λ)

⋆
⇀

∫
R
Φ(λ) dνx(λ) in L∞((0, 1)) .

For any test function ψ(x) ∈ L1((0, 1)), the definition of weak-∗ convergence im-

plies that the sequence of integrals
∫ 1
0 Φ(un(x))ψ(x) dx =

∫ 1
0

∫
RΦ(λ) dνnx (λ)ψ(x) dx

converges to
∫ 1
0

∫
RΦ(λ)dνx(λ)ψ(x) dx as n → ∞. Using the test function ψ ≡ 1

yields the desired result.
□

The Γ-convergence of the graph GL functional (4.6) to the graphon limit as
n → ∞ follows from the Γ-convergence of the graph Dirichlet energy (4.10) (see
Theorem 6.3) and the pointwise convergence of the double-well potential (by Propo-
sition 6.5). We state this convergence result formally in the next corollary.

Corollary 6.6. Under the same assumptions as in Corollary 6.2, we have

(6.9) GLWn
ϵ

Γ−→ GLWϵ

as n→ ∞ with respect to narrow convergence of Young measures.
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Proof. Let GLWn
ϵ = Fn + Gn and GLWϵ = F + G, where Fn and F denote the

graph and graphon Dirichlet energies, respectively, and Gn and G correspond to
the graph and graphon double-well energies, respectively. Given the Γ-convergence

(see Theorem 6.3) of the graph Dirichlet energy (4.10) (that is, Fn
Γ−→ F ) and

the fact that Gn → G (i.e., the pointwise convergence of the double-well potential
that follows from Proposition 6.5), we invoke the fact that Γ-convergence still holds
under a continuous perturbation (see [15, Remark 2.2]). Consequently, we obtain

Fn +Gn
Γ−→ F +G with respect to narrow convergence of Young measures. □

6.2. The issue of ϵ-scaling. A key property of the classical GL functional (1.1)
is its Γ-convergence to the TV functional in the ϵ→ 0 limit [52]. Consider

(6.10) GLϵ(u) = ϵ

∫ 1

0
|∇u|2 dx+

1

ϵ

∫ 1

0
Φ(u(x)) dx ,

which is equation (1.1) (but we show it again for convenience). As ϵ shrinks, the
double-well term becomes larger due to its prefactor 1/ϵ. This larger contribu-
tion from the double-well term encourages narrower regions for u to jump between
−1 and 1. However, steeper jumps of u contribute more to the Dirichlet energy∫ 1
0 |∇u|2 dx. As the interface size ϵ shrinks to 0, the contribution from each jump
grows to ∞. The prefactors that ensure that the Dirichlet energy and double-well
potential remain O(1) as ϵ → 0 are ϵ and 1/ϵ, respectively. One can see the asso-
ciated scaling limits by substituting x 7→ x/ϵ into the classical GL functional (1.1).
Compare (6.10) to the graph GL functional

(6.11) GLWn
ϵ =

∫ 1

0

∫ 1

0
Wn(x, y)|u(x)− u(y)|2 dx dy + 1

ϵ

∫ 1

0
Φ(u(x)) dx ,

which is equation (4.6). The graph GL functional (6.11) does not require the prefac-
tor ϵ in the graph Dirichlet energy because a graph inherently has no infinitesimal
spatial limit. Each jump of u from −1 to 1 (and vice versa) contributes a finite
amount to the graph Dirichlet energy, so both terms of the graph GL functional
remain O(1) even when ϵ→ 0. As with the classical GL functional, the double-well
potential is a penalty term that enforces u to be binary.

It is natural to ask how one should scale the graphon GL functional GLWϵ , which
is similar to (6.11) in the sense that one computes differences of u (rather than
derivatives of u). Note that W (x, y)|u(x) − u(y)|2 = 4W (x, y) when u(x) = 1 and
u(y) = −1 (or vice versa). Because 4W (x, y) is finite when W ∈ L∞((0, 1)2), one
does not need an ϵ prefactor for L∞ graphons.

If the graphon Dirichlet energy (4.15) is unbounded, as is the case for Lp graphons,
the scaling rate in ϵ depends on the choice ofW . The reason for this is that it is nec-
essary to scale the unbounded graphon Dirichlet energy DW at an appropriate rate
to ensure that both the Dirichlet energy and the double-well potential remain O(1).
The more singular W is, the faster one needs to scale down the graphon Dirich-
let energy (and vice versa). Formalizing the relationship between the singularity
strength of W and the ϵ-scaling is an interesting topic for future work.
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6.3. Limit (4): GLWϵ
Γ−→ TV W as ϵ → 0 for W ∈ L∞. We prove a version of

the classical limit GLϵ
Γ−→ TV for graphon GL and graphon TV functionals. We

consider only L∞ graphons because it is difficult to determine the correct ϵ-scaling
for general Lp graphons.

Theorem 6.7. Suppose that W ∈ L∞((0, 1)2). As ϵ→ ∞, we then have

(6.12) GLWϵ
Γ−→ TVW

with respect to narrow convergence of Young measures.

To prove Theorem 6.7, we follow a strategy that resembles the proof of [66,
Theorem 3.1]. Suppose that a sequence {νn} ∈ Y((0, 1),R) of Young measures
converges narrowly to ν ∈ Y((0, 1),R). Lemma 6.8 shows that the double-well
potential Γ-converges either to 0 or to ∞ as νn → ν narrowly.

Lemma 6.8. Let Φ : R → R be a continuous and bounded potential function.
Consider the functionals Eϵ and E0 on Y((0, 1),R) that are given by

(6.13) Eϵ(ν) =


1

ϵ

∫ 1

0

∫
R
Φ(λ) dνx(λ) dx if ν ∈ Yb

+∞ otherwise

and

(6.14) E0(ν) =

{
0 if ν ∈ Yb

+∞ otherwise ,

where we recall that Yb denotes the set of Young measures ν with support on {−1, 1}.
As ϵ→ 0, we have

(6.15) Eϵ
Γ−→ E0

with respect to narrow convergence of Young measures.

Proof of Lemma 6.8. Consider sequences {ϵn}∞n=1 and {νn}∞n=1 such that ϵn → 0
and νn → ν narrowly for some ν ∈ Y((0, 1),R). We verify the lim inf inequality (i)
and the lim sup inequality (ii) of Definition 4.1.

For ν ∈ Yb, we have E0(ν) = 0. Therefore, the lim inf inequality E0(ν) ≤
lim infn→∞Eϵn(ν

n) holds because Eϵn is nonnegative. For ν ∈ Y((0, 1),R) \ Yb,
we will show that νn 6∈ Yb for sufficiently large n. To do this, we prove the con-
trapositive statement. Suppose that νn ∈ Yb for arbitrarily large n. The limiting
Young measure ν then cannot have support on any point y ∈ R \ {−1, 1}. Consider
a continuous and bounded function f with support on a small interval around the
point y that does not include the points 1 or −1. The narrow convergence of νn to

ν implies that
∫
R f(λ)dν

n
x (λ)

⋆
⇀
∫
R f(λ) dνx(λ). However,

∫
R f(λ) dνx(λ) ≥ 0 for all

x and
∫
R f(λ)dν

n
x (λ) = 0 for all x. Therefore, for ν ∈ Y((0, 1),R) \ Yb, there must

be some x such that νnx has support in R \ {−1, 1}. Therefore,
∫
RΦ(λ) dνnx (λ) > 0

for that x, so the lim inf inequality holds. Consequently,

(6.16) lim inf
n→∞

Eϵn(ν
n) ≥

∫ 1

0
lim inf
n→∞

1

ϵn

∫
R
Φ(λ) dνnx (λ) dx = ∞ = E0(ν) .
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The first inequality holds by Fatou’s Lemma. The first equality holds because
ϵn → 0 and the integrand is uniformly bounded away from 0. The second equality
holds because νn 6∈ Yb. We now verify the lim sup inequality lim supn→∞Eϵn(ν

n) ≤
E0(ν). Suppose that ν ∈ Yb. We choose νn = ν for all n, so E0(ν) = 0 =
lim supn→∞Eϵn(ν

n). With ν ∈ Y((0, 1),R) \ Yb, it follows that E0(ν) = ∞ and
thus that the lim sup inequality lim supn→∞En(ν

n) ≤ E0(ν) holds for any sequence
{νn} that converges narrowly to ν. □

We now prove Theorem 6.7.

Proof of Theorem 6.7. To prove the desired result, we use the fact that Γ-convergence
persists under a continuous perturbation. Note that GLWϵ (ν) = DW (ν) + Eϵ(ν),
where DW is the graphon Dirichlet energy (4.15) and Eϵ is the double-well potential
(6.13). The key ingredients in our proof are the guarantee that the double-well po-
tential Γ-converges (by Lemma 6.8) and the fact that the Dirichlet energy (4.15) is
continuous in ν. The Dirichlet energy is continuous because νn converges narrowly
to ν, which implies (by Definition (4.7)) for W ∈ L1 that∫ 1

0

∫ 1

0
W (x, y)

∫
R2

|λ− µ|2 dνnx (λ) dνny (µ) dx dy

→
∫ 1

0

∫ 1

0
W (x, y)

∫
R2

|λ− µ|2 dνx(λ) dνy(µ) dx dy

pointwise. Therefore,

GLWϵ = DW +
1

ϵ

∫ 1

0

∫
R
Φ(λ) dνx(λ) dx

is a continuous perturbation of the double-well potential. Because Γ-convergence is
stable under continuous perturbations, equation (6.15) implies that

(6.17) GLWϵ
Γ−→ DW +

{
0 if ν ∈ Yb

+∞ otherwise

as ϵ→ 0.
The right-hand side of (6.17) is equal to TVW (ν). We quickly verify this state-

ment. If ν ∈ Y((0, 1),R) \ Yb, then both the Γ-limit in (6.17) and TVW (ν) are ∞.
If ν ∈ Yb, then λ and µ can only take the values ±1. Therefore, λ and µ can only
have support in {±1}, so |λ− µ|2 equals either 2|λ− µ| or 0. □

7. GL minimizers for several examples

It is informative to determine the GL minimizers for some families of graphons.
We characterize the minimizers of several graph GL functionals, and we illustrate
the resulting Young measure in the graphon limit. Taking the ϵ → 0 limit of a GL
minimizer then allows us to infer the associated TV minimizer.

For more general situations than our simple examples, it is difficult to obtain
analytical characterizations of graph and graphon GL minimizers. One can seek
more general Young-measure minimizers using numerical approximations; see [22,
54] for possible approaches. We leave such endeavors to future work.
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The Young measure νx = δ1 for all x (i.e., the constant function u(x) = 1) is a
trivial minimizer of the graphon GL functional (4.14) for all graphons W . Similarly,
νx = δ−1 is also a minimizer for all W . These are minimizers because the double-
well potential Φ(s) is 0 for s = ±1 and the Dirichlet energy term is 0 for constant
functions. The constant function u ≡ 1 (which corresponds to the Young measure
νx ≡ δ1) is also a trivial minimizer of the graph GL functional (4.6).

The trivial minimizer is the only minimizer of the GL functional because the GL
functional is nonnegative and equals 0 only for the trivial minimizer. To make the
minimization problem nontrivial, we use a mean-value constraint. For the graphon
GL-minimization problem, we thus impose the mean value

(7.1)

∫ 1

0

∫
R
λ dνx(λ) dx = c

for a specified constant c ∈ (−1, 1). The analogous constraint for the graph GL-
minimization problem is

(7.2)
1

n

n∑
i=1

ui = c .

This constraint entails that the graph function u has a mean value of c. The
double-well potential Φ forces u to take values near +1 and −1, and the mean-value
constraint prevents u from settling at only one of the values +1 or −1. Conse-
quently, u exhibits a phase separation, where the values +1 and −1 correspond to
two different “phases” [28]. We consider c ∈ (−1, 1) in Section 7.1 and consider
c = 0 in Section 7.2.

Throughout this section, we denote graph functions by u (rather than by un, as
we did previously). Additionally, we denote both functions and Young measures on
graphons by ν.

7.1. The constant graphon. The constant graphon is the large-graph limit of
the complete graph (for which W ≡ 1), Erdős–Rényi (ER) graphs (for which W ≡
p ∈ (0, 1)) [45, Section 10.1], and some growing preferential-attachment graphs
(including Barabási–Albert (BA) graphs, for which W ≡ p ∈ (0, 1)) [45, Example
11.44 and Proposition 11.45].

Consider the graph GL functional (4.6) on the n-node complete graph, and let

A
(n)
ij = p for all i and j. We thus have

GLWn
ϵ (u) =

1

n2

n∑
i,j=1

p(ui − uj)
2 +

1

ϵn

n∑
i=1

Φ(ui)

=
p

n2

2n
n∑
i=1

u2i − 2
n∑

i,j=1

uiuj

+
1

ϵn

n∑
i=1

(u4i − 2u2i + 1)

=
1

ϵn

n∑
i=1

(
u4i − (2− 2ϵp)u2i

)
− 2p

n2

(
n∑
i=1

ui

)2

+
1

ϵ

=
1

ϵn

n∑
i=1

(u2i − (1− ϵp))2 − 2p

n2

(
n∑
i=1

ui

)2

− 1

ϵ
(1− ϵp)2 +

1

ϵ
.(7.3)
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Fix ϵ < 1. By removing constant terms, we see that minimizing (7.3) subject to
the mean-value constraint (7.2) is equivalent to minimizing the energy

(7.4) En(v) :=

n∑
i=1

(
v2i − 1

)2
,

where

(7.5) vi =
ui√
1− ϵp

.

With the change of variables (7.5), the mean-value constraint (7.2) becomes

(7.6)
1

n

n∑
i=1

vi =
c√

1− ϵp
.

Minimizing (7.4) subject to the mean-value constraint (7.6) leads to the Euler–
Lagrange equations

(7.7) v3i − vi = τ and
1

n

n∑
i=1

vi =
c√

1− ϵp
,

where τ is a Lagrange multiplier that is associated with the mean-value constraint.

Proposition 7.1 (Characterization of GL minimizers for the complete graph with
constant edge weight). Let Wn ≡ p, and suppose that |c| <

√
1− ϵp for sufficiently

small ϵ. The minimizers of GLWn
ϵ under the mean-value constraint (7.2) are func-

tions u with at most three different values in their codomains. These values are in
the set {z±,n}, where z±,n = ±

√
1− ϵp+O(1/

√
n), except for at most one node on

which u takes a value that is O(1/
√
n).

As n → ∞ and ϵ → 0, the values {±
√
1− ϵp + O(1/

√
n)} of the minimizers

approach {±1}. The minimizers are not unique because the energy (7.4) and the
constraint (7.6) (and hence also (7.2)) are invariant with respect to permutations
of the subscripts.

We now prove Proposition 7.1.

Proof. With the change of variables (7.5), it suffices to describes minimizers v of
the energy (7.4).

We first show that the energy functional (7.4) for a minimizer v is bounded above
by 1. Consider a candidate minimizer ṽ with ṽi ∈ {±1} for all i ∈ [n] that takes
the value +1 on n

2 (1 + c√
1−ϵp) of the nodes and the value −1 on n

2 (1 − c√
1−ϵp) of

the nodes. If these numbers of positive and negative values are not integers, we
round the numbers; the two numbers sum to n, so one rounds up and one rounds
down. (It does not matter which one rounds up and which one rounds down.)
There may be one node j that does not have an assigned value. On node j, the
candidate minimizer ṽ takes whichever value allows it to satisfy the mean-value
constraint (7.6). Namely, ṽj =

nc√
1−ϵp − round( nc√

1−ϵp), where “round” maps a real

number to the nearest integer and 0.5 rounds up. Because |ṽj | < 1, the energy is
En(ṽ) ≤ 1 for this choice of ṽ. For a minimizer v, we have En(v) ≤ En(ṽ) ≤ 1.

We now show that the candidate minimizer is an actual minimizer. By equation
(7.4), the energy bound En(v) ≤ 1 implies that there must be some node j such
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that |v2j − 1| ≤ 1/
√
n. Because |τ | = |v2j − 1||vj | ≤ (1/

√
n)(1 + 1/

√
n)1/2, we have

|τ | = O(1/
√
n). For large n, the cubic polynomial g(x) = x3 − x is a monotone

function around its three simple roots and the derivatives at the roots are constants
that are bounded away from 0 uniformly with respect to n. Therefore, whenever
|g(vi)| = |v2i − 1||vi| = |τ | ≤ (1/

√
n)(1 + 1/

√
n)1/2, the Inverse Function Theorem

guarantees that either |v2i − 1| = O(1/
√
n) or |vi| = O(1/

√
n). The contribution to

En of any vi that satisfies |v2i − 1| = O(1/
√
n) is O(1/

√
n), and the contribution to

En of any vi that satisfies |vi| = O(
√
1/n) is at least (1−O(1/n))2. Therefore, with

the bound En(v) ≤ 1, we see that there is at most one node i with |vi| = O(1/
√
n)

for sufficiently large n. Every other value of v must be a root of g(x) = τ and
satisfies |v2i − 1| = O(1/

√
n). Therefore, vi → ±1 as n→ ∞. □

The minimizer v of (7.4) that we constructed has a discontinuous profile, as it
has jumps between the values +

√
1− ϵp and −

√
1− ϵp. See the related discussion

in [30]. Furthermore, as n→ ∞, the limit v of the sequence of minimizers takes the
values ±1 almost everywhere as ϵ→ 0, so (by the change of variables (7.5)) u takes
values ±

√
1− ϵp almost everywhere.

We now examine where the optimal u takes the values ±
√
1− ϵp. In doing so,

we illustrate the properties of the GL minimizer in the graphon limit. Because

GLWn
ϵ

Γ−→ GLWϵ as Wn
□−→ W , we know (see Section 6.1) that characterizing

the GL minimizers for the constant graph gives insight into GL minimizers for the
constant graphon. We show that the (arbitrarily many) oscillations between the
two values +

√
1− ϵp and −

√
1− ϵp do not affect the optimality of u. The following

discussion also helps explain why graphon functionals act on Young measures. We
consider two different Young measures that minimize (7.4) (and thus minimize the
constant-graphon GL functional) and that satisfy the mean-value constraint (7.1)
but have different amounts of oscillation.

First, consider the Young measure {ν(1)x }x∈(0,1) that is defined by

(7.8) ν(1)x =
1 + c

2
δ√1−ϵp +

1− c

2
δ−

√
1−ϵp .

The Young measure ν(1) is the limit, with respect to narrow convergence in the space
of Young measures, of sequences of increasingly oscillatory functions u that take the
value

√
1− ϵp on a proportion 1+c

2 of the points in [0, 1] and the value −
√
1− ϵp

on a proportion 1−c
2 of the points in [0, 1]. Although ν(1) is not a function, one can

think of it as the limit of increasingly oscillatory functions that satisfy the constraint
(7.1). The graphon GL functional (4.14) evaluated at ν(1) is

(7.9) GLWϵ (ν(1)) = 2(1− ϵp)(1− c)(1 + c)

∫ 1

0

∫ 1

0
W (x, y) dx dy + ϵp2 .

The first term on the right-hand side of (7.9) is the Dirichlet-energy term, and the
second term (i.e., ϵp2) is the double-well term.

Second, consider the Young measure {ν(2)x }x∈(0,1) that is defined by

(7.10) ν(2)x = δu(x) , where u(x) =

{
−
√
1− ϵp , 0 < x < 1−c

2√
1− ϵp , 1−c

2 < x < 1 ,
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which represents a non-oscillatory limit because (1) u has a single transition and
(2) u has a fixed value on each side of the transition. The location of this tran-

sition ensures that ν(2) satisfies the mean-value constraint (7.1). The graphon GL

functional (4.14) evaluated at ν(2) is

(7.11) GLWϵ (ν(2)) = 8(1− ϵp)

∫ 1−c
2

0

∫ 1

1−c
2

W (x, y) dx dy + ϵp2 .

As in equation (7.9), the first term on the right-hand side of (7.11) is the Dirichlet-
energy term and the second term is the double-well term.

To illustrate the effect of oscillations on the value of the graphon GL functional
(4.14) for the constant graphon W ≡ p, we compare the values of GLWϵ (ν(1)) and

GLWϵ (ν(2)). Consider the case W ≡ 1 and suppose that the mean-value constraint
(7.1) holds. Equations (7.11) and (7.9) yield

GLWϵ (ν(1)) = GLWϵ (ν(2)) = 2(1− ϵp)(1− c)(1 + c) + ϵp2 ,

which illustrates that oscillations do not increase the value of the graphon GL for
the constant graphon. This contrasts with what occurs for classical GL functionals,
which are concerned with interfaces and smoothness [28].

The contribution to the constant-graphon GL functional GLWϵ is the same when-
ever νx and νy differ from each other, regardless of how “far” x and y are from
each other. This situation contrasts sharply with classical GL functionals, where
the contribution from variations in the value of u is |∇u(x)|2 (which penalizes local
changes in the value of u near x), rather thanW (x, y)|u(x)−u(y)|2 (which penalizes
nonlocal variations in values).

In the ϵ→ 0 limit, the Young-measure minimizers (7.8) converge to the limiting
Young measure ν = {νx}, which is defined by

(7.12) νx = θδ1 + (1− θ)δ−1

for all x ∈ [0, 1]. Because of the Γ-convergence GLWϵ
Γ−→ TVW (see Section 6.3),

the Young-measure limit (7.12) of the minimizers (7.8) of GLWϵ is a minimizer of
the limiting energy TVW for W ≡ p.

To help with later discussions, we also study the (unrealistic) case of “over-
saturation”, which occurs when the mean-value constraint (7.6) imposes that the
mean value of v is larger than 1 or smaller than −1. Oversaturation occurs when
|c| >

√
1− ϵp. In the following lemma, we characterize the minimizers when

|c| ≥
√
1− ϵp and show that the optimal value of |c| is

√
1− ϵp when there is

oversaturation.

Lemma 7.2 (Non-oversaturation of GL minimizers). When |γ| :=
∣∣∣ c√

1−ϵp

∣∣∣ ≥ 1 in

the mean-value constraint (7.6), the minimizer of (7.4) is the constant function v∗,
which satisfies v∗i = γ for all i ∈ [n]; the minimum energy is En(v

∗) = n(γ2 − 1)2.

Equivalently, the minimizer of the constant-graph GL functional GLWn
ϵ (u) with the

mean-value constraint (7.2) is u∗ (which satisfies u∗i = c for all i ∈ [n]), and the

minimum energy is GLWn
ϵ (u∗) = 1

ϵΦ(c) = 1
ϵ (c

2 − 1)2. Additionally, the energies

En(v
∗) and GLWn

ϵ (u∗) have smaller minima when |c| =
√
1− ϵp than when |c| >√

1− ϵp.
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Proof. Let γ = c√
1−ϵp , and rewrite the mean-value constraint (7.6) as

(7.13)

n∑
i=1

vi = γn .

We begin by showing that the minimizer of En is the constant function. Let h
be the convex hull of f(s) = (s2 − 1)2. Therefore, h = 0 on [−1, 1] and h = f
everywhere else.

Define

Hn(v) :=
n∑
i=1

h(vi) ,

which satisfies Hn(v) ≤ En(v) for any v. Because h is convex, it follows that
(h(x)+h(y))/2 ≤ h ((x+ y)/2). Therefore, if vi 6= vj for any i 6= j, the function Hn

decreases if vi and vj are both replaced by their mean (vi + vj)/2. Consequently,
with the mean-value constraint (7.13), the minimizer of Hn is the constant function
v′ ≡ γ = c√

1−ϵp . Because γ ≥ 1, we have Hn(v
′) = En(v

′), so the entries of the

minimizer of En are vi = γ for all i, which yields

En(v
′) = Hn(v

′) = n
(
γ2 − 1

)2
.

The conclusion about GLWn
ϵ (u) then follows immediately. □

7.2. 2 × 2 stochastic block models (SBMs). Consider the 2 × 2 piecewise-
constant graphon

(7.14) W (x, y) =


w11 if x ∈ S , y ∈ S

w12 if x ∈ S , y ∈ Sc

w21 if x ∈ Sc , y ∈ S

w22 if x ∈ Sc , y ∈ Sc ,

where wkℓ ∈ [0, 1] are edge weights and the intervals S = (0, a) and Sc = [a, 1),
for some a ∈ (0, 1), are “communities” in (0, 1). This graphon is a stochastic block
model (SBM) [53]. Researchers use SBMs as generative models of graphs with
various types of mesoscale network structures, such as assortative or disassortative
block structures [56]. SBMs are a relatively general class of graphs and graphons.
Indeed, the Szemerédi Lemma implies that one can approximate any L∞ graphon
arbitrarily closely in cut norm by an SBM [46, Lemma 3.1].

Figure 3. Three types of 2× 2 piecewise-constant graphons.

Consider the 2 × 2 piecewise-constant graphons in Figure 3. We show examples
with (A) bipartite structure, (B) community structure, and (C) a more general
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block structure. If one views an SBM as a generative model, the entries wkℓ encode
the probability that there is an edge between a node in community k ∈ {1, 2} and a
node in community ℓ ∈ {1, 2}. However, we view the entries wkℓ as fixed values in a
block-diagonal adjacency matrix in which adjacency-matrix entries take the values
of W (x, y) in (7.14).

In the example SBMs in Figure 3, black blocks have the value 1, white blocks
have the value 0, and gray blocks have values in the interval (0, 1). The origin is at
the upper-left corner of each graphon. In an assortative SBM, the intra-community
edge probabilities wkk are larger than the inter-community edge probabilities wkℓ
(with k 6= ℓ). An SBM with planted community structure (see Figure 3(B)) is
an extreme case of an assortative block structure [56]. In a disassortative SBM,
the inter-community edge probabilities wkℓ (with k 6= ℓ) are larger than the intra-
community edge probabiliites wkk, so inter-community edges are more likely than
intra-community edges. (In this case, the term “community” is technically a mis-
nomer, but we use it for simplicity.) An extreme example is a bipartite SBM (see
Figure 3(A)). Finally, Figure 3(C) shows an example of a general 2 × 2 SBM with
two distinct community sizes.

Seeking a GL minimizer for SBMs is different from seeking a constant-graphon
GL minimizer because we do not need a mean-value constraint in the SBM case. For
the constant graphon, we need a mean-value constraint to ensure that minimizers
are not trivial (i.e., not all 1 or all −1), but a bipartite graphon does not possess such
a trivial minimizer. Trivial minimizers are prevented by the block structure that is
encoded in the GL functional, rather than by an explicit constraint. Nontrivial block
structures (e.g., ones that correpond to bipartite structure or community structure)
incentivize a GL minimizer to distribute positive and negative values to different
sets of nodes.

7.2.1. Complete bipartite graphon. In a bipartite graph (see Figure 3(A)), each node
is in one of two sets, S and Sc, with edges only between nodes in different sets.
Consider the complete bipartite graph

(7.15) A
(n)
ij =


0 if i ∈ S , j ∈ S

1 if i ∈ S , j ∈ Sc

1 if i ∈ Sc , j ∈ S

0 if i ∈ Sc , j ∈ Sc .

Suppose that the graph has n nodes. Let a = |S|/n and 1−a = |Sc|/n, so a ∈ (0, 1)
is the proportion of nodes in the set S. The corresponding complete bipartite
graphon is

(7.16) W (x, y) =


0 if (x, y) ∈ (0, a)× (0, a)

1 if (x, y) ∈ (0, a)× [a, 1)

1 if (x, y) ∈ [a, 1)× (0, a)

0 if (x, y) ∈ [a, 1)× [a, 1) .
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We rewrite the GL functional for the bipartite graph as

GLWn
ϵ (u) =

1

n2

∑
i∈S, j∈Sc

(ui − uj)
2 +

1

ϵn

n∑
i=1

Φ(ui)

(7.17)

=
1

n2

∑
i∈S, j∈Sc

u2i +
1

n2

∑
i∈S, j∈Sc

u2j −
2

n2

∑
i∈S, j∈Sc

uiuj +
1

ϵn

n∑
i=1

Φ(ui)

=
1

n2

∑
i∈S

|Sc|u2i +
1

n2

∑
j∈Sc

|S|u2j −
2

n2

∑
i∈S, j∈Sc

uiuj +
1

ϵn

n∑
i=1

Φ(ui)

=
1

ϵn

∑
i∈S

(
u4i − (2− ϵ(1− a))u2i + 1

)
+

1

ϵn

∑
i∈Sc

(
u4i − (2− ϵa)u2i + 1

)
− 2

n2

∑
i∈S

ui
∑
j∈Sc

uj .

By completing the squares in the first two sums, we see that the right-hand side
of (7.17) is equal (up to a constant) to

1

ϵn

∑
i∈S

(
u2i −

(
1− ϵ(1− a)

2

))2

(7.18)

+
1

ϵn

∑
i∈Sc

(
u2i −

(
1− ϵa

2

))2
− 2

n2

∑
i∈S

ui
∑
j∈Sc

uj .

Define α =
∑

i∈S ui, which we combine with equation (7.2) and insert into the last
term of (7.18) to obtain ∑

i∈S
ui
∑
j∈Sc

uj = α(c− α) .

We are treating equation (7.2) as a shorthand notation for the mean value of ui,
rather than as a genuine constraint.

We introduce the rescaling

(7.19) vi =


ui√

1−ϵ(1−a)/2
for i ∈ S

ui√
1−ϵa/2

for i ∈ Sc ,

which is similar to the rescaling (7.5). To simplify notation, we define

(7.20) cS :=
√

1− ϵ(1− a)/2 and cSc :=
√
1− ϵa/2 .

Minimizing (7.17) is then equivalent to minimizing the energy functional

(7.21) En(v) :=
c4S
ϵ

∑
i∈S

(v2i − 1)2 +
c4Sc

ϵ

∑
i∈Sc

(v2i − 1)2 − 2

n
cScScα(c− α) .

With the change of variables (7.19), we then obtain

(7.22) α = cS
∑
i∈S

vi , c− α = cSc

∑
i∈Sc

vi .



GINZBURG–LANDAU FUNCTIONALS IN THE LARGE-GRAPH LIMIT 199

Treating v and α as unknowns, the resulting Euler–Lagrange equations for mini-
mizing En are

(7.23)

4c4S
ϵ

(v3i − vi)− τScS = 0 on S ,

4c4Sc

ϵ
(v3i − vi)− τSccSc = 0 on Sc ,

− 2

n
cScSc α+ τS − τSc = 0 .

The first two equations in (7.23) are for minimizing v on S and on Sc, respectively,
and the third equation is for minimizing α. There is no constraint equation.

Proposition 7.3 (Characterization of the GL minimizers for the complete bipar-
tite graphon). Let Wn be the complete bipartite graph with n nodes (see (7.15)).

The minimizers of GLWn
ϵ are functions u that take the values ui = ±

√
1− ϵa/2 +

O(1/
√
n) for i ∈ Sc and ui = ±

√
1− ϵ(1− a)/2+O(1/

√
n) for i ∈ S, except for at

most a finite number m of nodes, where m is independent of n.

Proof. We use a similar argument as we did for the constant graphon to show that
the values vi of the global minimizer are close to ±1 except for at most m nodes,
where m is independent of n.

We show that the minimum value of En is bounded above by 3/ϵ for all n. To
do this, we define a function ṽ such that

(7.24) En(ṽ) ≤
3

ϵ
.

We need to consider different parities of n, |S|, and |Sc|. We first suppose that n,
|S|, and |Sc| are all even. In this case, En(ṽ) = 0 if ṽ has the same number of 1
values on S as the number of −1 values on Sc. We thus obtain α = 0. Now suppose
that n is even but both |S| and |Sc| are odd. We set ṽi = 0 for one node in S and
one node in Sc, and we let ṽ have the values 1 and −1 on an equal number of entries
in S and Sc. We then again obtain α = 0. For both of these choices of ṽ, we have

(7.25) En(ṽ) ≤
c4S + c4Sc

ϵ
=

2

ϵ
− 1 +

ϵ

4
(1− 2a+ 2a2) ≤ 3

ϵ

for a ∈ (0, 1) and ϵ < 1. In the final case, n is odd, so one of |S| and |Sc| is even
and the other is odd. In this case, one node has ṽi = 0 and the remaining ṽi have
an equal number of 1 and −1 entries in S and an equal number of 1 and −1 entries
in Sc. This again yields α = 0, and En(ṽ) is either c

4
S/ϵ (if |S| is odd) or c4Sc/ϵ (if

|Sc| is odd), which again satisfies the uniform energy bound (7.24).
From the energy bound (7.24), a minimizer v satisfies

(7.26)
c4S
ϵ

∑
i∈S

(v2i − 1)2 +
c4Sc

ϵ

∑
i∈Sc

(v2i − 1)2 ≤ En(v) ≤ En(ṽ) ≤
3

ϵ
.

Therefore, there exist nodes j ∈ S and j′ ∈ Sc such that

(7.27) (v2j − 1)2 ≤ 3

|S|c4S
and (v2j′ − 1)2 ≤ 3

|Sc|c4S
.
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Because |S| = an and |Sc| = (1− a)n, we have

|v2j − 1| ≤ m1√
n

and |v2j′ − 1| ≤ m2√
n
,

where the constants m1 and m2 do not depend on n. The Euler–Lagrange equations
(7.23) hold for all nodes, and they thus hold for nodes j and j′. Therefore,

|τS | ≤
C√
n

and |τSc | ≤ C√
n

for some constant C that does not depend on n. With these bounds on τS and τSc ,
the Euler–Lagrange equations (7.23) yield

v3i − vi = O(1/
√
n)

for all nodes in both S and Sc. Similarly to the proof of Proposition 7.1, for
sufficiently large n, the zeros vi lie within O(k/

√
n) of ±1 and 0. Furthermore, due

to the energy bound (7.26), we see that v can be within O(k/
√
n) of 0 for at most

a finite number of nodes. This number of nodes does not exceed a constant that is
independent of n.

From the change of variables (7.19), the GL minimizer u takes the values ui =

±
√

1− ϵa/2 + O(1/
√
n) for i ∈ Sc and ui = ±

√
1− ϵ(1− a)/2 + O(1/

√
n) for

i ∈ S, except for at most a finite number of nodes i. □
It follows from Proposition 7.3 that the limiting Young measures for the complete

bipartite graphon GL minimizer are

νx = 111U1(x) δ
√

1−ϵa/2 +111S\U1
(x) δ−

√
1−ϵa/2

+111U2(x) δ
√

1−ϵ(1−a)/2 +111Sc\U2
(x) δ−

√
1−ϵ(1−a)/2 ,

where 111Z denotes the indicator function on the set Z and U1 ⊂ S and U2 ⊂ Sc are
any sets of sizes |U1| = |S|/2 and |U2| = |Sc|/2.

As n→ ∞, the energy bound (7.24) also yields a bound on the limiting graphon
energy. This bound on the limiting graphon energy shrinks as n increases. Because
one loses the discrete character of graphs in the continuum limit, it no longer makes
sense to discuss “even” or “odd” |S| and |Sc|.

7.2.2. Community-structure graphon. Graphs with community structure have
densely-connected subgraphs (i.e., communities) that are sparsely connected to each
other. As in a 2 × 2 bipartite SBM, a 2 × 2 community-structure graph involves a
partition {S, Sc} of the set of nodes of a graph into two communities. Edges occur
frequently between nodes in the same community (either S or Sc), and they occur
sparsely between nodes in different communities. We suppose that the communities
are complete, and we refer to this example as the “complete community-structure
graph”. The complete community-structure graph with communities S and Sc has
adjacency-matrix elements

(7.28) A
(n)
ij =


1 if i ∈ S , j ∈ S

0 if i ∈ S , j ∈ Sc

0 if i ∈ Sc , j ∈ S

1 if i ∈ Sc , j ∈ Sc .
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The corresponding complete community-structure graphon is

(7.29) W (x, y) =


1 if (x, y) ∈ (0, a)× (0, a)

0 if (x, y) ∈ (0, a)× [a, 1)

0 if (x, y) ∈ [a, 1)× (0, a)

1 if (x, y) ∈ [a, 1)× [a, 1) .

The GL functional for a complete community-structure graph is

GLWn
ϵ (u) =

1

n2

∑
i∈S, j∈S

(ui − uj)
2 +

1

n2

∑
i∈Sc, j∈Sc

(ui − uj)
2 +

1

ϵn

n∑
i=1

Φ(ui) ,

which, with a similar computation to that for a complete bipartite graph, is equiv-
alent up to a constant to the functional

(7.30) En(v) =
c4S
ϵ

∑
i∈S

(v2i − 1)2 +
c4Sc

ϵ

∑
i∈Sc

(v2i − 1)2 − 2

n
cScScα2 − 2

n
cScSc(c− α)2 ,

where α and c − α are the same (see (7.22)) as for a complete bipartite graphon,
cSvi = ui for i ∈ S and cScvi = ui for i ∈ Sc, and

(7.31) cS =
√
1− ϵa , cSc =

√
1− ϵ(1− a) .

As for a complete bipartite graphon, α does not act as a constraint. Instead, it
provides a concise notation for the quantity α =

∑
i∈S ui. We let c = 0 and have

the mean-value expressions

(7.32) cS
∑
i∈S

vi = α , cSc

∑
i∈Sc

vi = −α .

When |S| = |Sc|, the energy functional (7.30) reduces to

(7.33) En(v) =
2c4S
ϵ

n∑
i=1

(v2i − 1)2 − 4

n
c2Sα

2 .

The first term of the energy (7.33) encourages the values of v to be near ±1. The
second term of (7.33) encourages |α| to be as large as possible. In other words, the
second term encourages the values of vi within a community to either all be very
large or all be very small. Therefore, there is a trade-off between the first and the
second terms. We show in Proposition 7.4 that the optimal balance in this trade-off
has v near ±1 and α = |S|. This implies that vi = +1 for all i ∈ S and vi = −1 for
all i ∈ Sc.

In the following proposition, we characterize the GL minimizers for a complete
community-structure graphon with |S| = |Sc|. Let |S| = |Sc| (which implies that
cS = cSc) and α = γ|S|, where we recall that γ = c√

1−ϵp (see Lemma 7.2). The

expressions in (7.32) then entail that γ/cS is the mean value of v on S and that
−γ/cS is the mean value of v on Sc. Therefore, we can rewrite (7.32) as

(7.34)
1

|S|
∑
i∈S

vi =
γ

cS
,

1

|S|
∑
i∈Sc

vi = − γ

cS
.
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Proposition 7.4 (Characterization of the GL minimizers for the complete commu-
nity-structure graphon). Let Wn be the complete community-structure graph, which
has the form (7.29), and also suppose that |S| = |Sc|. The minimizers of GLWn

ϵ are
functions u that, on S, take a constant value that approaches +1 as ϵ ↓ 0 and, on
Sc, take a constant value that approaches −1 as ϵ ↓ 0. Furthermore, the values of
γ that minimize En are equal to ±cS, which approach ±1 as ϵ→ 0.

Proof. We separately consider the two cases |γ/cS | > 1 and |γ/cS | ≤ 1.

First suppose that
∣∣∣ γcS ∣∣∣ > 1. Let h be the convex hull of the double-well potential

f(s) = (s2 − 1)2. Therefore, h = 0 on [−1, 1] and h = f everywhere else. Define

Hn(v) :=
2c4S
ϵ

n∑
i=1

h(vi)−
4

n
c2Sα

2 ,

which is a lower bound of the energy En for all v. Because h is convex, (h(x) +
h(y))/2 ≤ h ((x+ y)/2). Therefore, if vi 6= vj for any i 6= j, the function Hn

decreases if one replaces both vi and vj by their mean (vi + vj)/2. Consequently,
the minimizer v′ of Hn is constant on S and constant on Sc. However, because of
the mean values in (7.34), v′ has different values on S and Sc. The minimizer that
satisfies (7.34) is the function v′ with

(7.35) v′i =

{
+ γ
cS

if i ∈ S

− γ
cS

if i ∈ Sc .

Because |γ/cS | > 1, we have Hn(v
′) = En(v

′). Let γ′ = γ2 and consider the
energy

(7.36) En(v
′) =

nc4S
ϵ

(
γ′

c2S
− 1

)2

− 4

n
c2Sγ

′|S|2

as a function of γ′. We denote this function by g1(γ
′). Its derivative is

d

dγ′
g1(γ

′) =
2c2Sn

ϵ

(
γ′

c2S
− 1

)
− 4

n
c2S |S|2 .(7.37)

Setting the right-hand side of (7.37) to 0 yields the critical point

γ′ = c2S (1 + ϵa) .

Therefore, when |S| = |Sc|, the critical values of γ are

γ ∈
{
±cS

√
1 + ϵ/2

}
=
{
±
√

1− (ϵ/2)2
}
.

The second derivative d2

dγ′2 g1(γ
′) = 4|S|

ϵ > 0 everywhere, so the critical points are

minima of g1. The minimizer (7.35) of Hn is thus

(7.38) v′i =

{
+
√
1 + ϵ/2 if i ∈ S

−
√
1 + ϵ/2 if i ∈ Sc .
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Using the change of variables (7.31), we obtain the GL minimizer u, which is defined
by

(7.39) ui =

{
+
√
1− (ϵ/2)2 if i ∈ S

−
√

1− (ϵ/2)2 if i ∈ Sc .

As ϵ ↓ 0, we have +
√
1− (ϵ/2)2 ↓ 1 and −

√
1− (ϵ/2)2 ↑ −1. That is, the positive

values of u converge downward to 1 and the negative values of u converge upward
to −1. Therefore, even when the mean of v has an absolute value larger than 1, the
optimal u approaches ±1.

Now suppose that |γ/cS | ≤ 1. We construct a candidate minimizer ṽ that satisfies
γ = ±cS , and we show that the energy is larger for |γ/cS | < 1 than for |γ/cS | = 1.
Let ṽi = +1 for all nodes i ∈ S, and let ṽi = −1 for all nodes i ∈ Sc. This yields
γ = cS and an energy of

(7.40) En(ṽ) = − 4

n
c2S |S|2 .

Swapping the signs of ṽ for S and Sc yields γ = −cS and the same energy (7.40).
Now consider v with γ ∈ (0, cS), which implies that |γ/cS | < 1. In this case, the

energy (7.30) is

(7.41) En(v) =
2c4S
ϵ

n∑
i=1

(v2i − 1)2 − 4

n
c2Sγ

2|S|2 .

The second term of (7.41) is larger than En(ṽ) and the first term of (7.41) is
nonnegative, so En(v) ≥ En(ṽ). We can use the same argument for the energy
En(v) for γ ∈ (−cS , 0).

We conclude that γ/cS = ±1 is the optimal mean value of v on S and Sc when
|γ/cS | ≤ 1. Furthermore, the candidate minimizer ṽ is a minimizer for this value
of γ. The GL minimizer u that corresponds to this candidate minimizer ṽ has
components

(7.42) ui =

+ 1√
1−ϵ/2

if i ∈ S

− 1√
1−ϵ/2

if i ∈ Sc .

As ϵ ↓ 0, the values of the GL minimizer u approach ±1.
□

It follows from Proposition 7.4 that the limiting Young measure for the complete
community-structure graphon GL minimizer with |S| = |Sc| is

νx = 111S(x)δ√1−ϵ/2 +111Sc(x)δ−
√

1−ϵ/2 .

The assumption that |S| = |Sc| is a significant simplification and is the reason
that the minimizer in this case is simpler than the minimizer for complete bipartite
graphons.
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8. Conclusions and discussion

We studied large-graph limits of Ginzburg–Landau (GL) functionals by taking a
functional-analytic view of graphs as nonlocal kernels. We defined graphon GL and
total-variation (TV) functionals, and we showed that their minimizers are consistent
with minimizers of associated graph GL and TV functionals. Given a sequence

{Wn} of graphs that converges in cut norm to a limiting graphon W (i.e., Wn
□−→

W ), the sequence of graph GL functionals (4.6) Γ-converges to the graphon GL
functional (4.14), implying that the sequence of minimizers of the GL functionals
that correspond to the graphs Wn converges to a minimizer of the GL functional

that corresponds to the graphonW asWn
□−→W . We also proved that the sequence

of graph TV functionals (4.8) Γ-converges to the graphon TV functional (4.16) as

Wn
□−→ W . Additionally, we showed that the graphon GL and TV functionals

satisfy the classical Γ-limits GLϵ
Γ−→ TV and GLWn

ϵ
Γ−→ TVWn as ϵ → 0. These

Γ-convergence results (see our summary in Figure 1), in concert with compactness
properties, imply that the minimizers of the Γ-converging functionals also converge.

The limiting functionals highlight several fundamental differences between the
graphon GL functional and both the graph GL functional and the classical GL
functional. One difference is that graphon functionals are formulated using Young
measures, rather than using functions. This difference highlights the fact that the
limiting minimizers are Young measures, which can have arbitrary amounts of os-
cillation, that take the same values in the same proportions as the minimizing
functions. Another difference, which is highlighted by our limit (4) (see Section 6.3
for the proof of this limit), is that the ϵ-scaling of the graphon GL functional is
somewhere between the ϵ-scalings of the classical GL functional and the graph GL
functional. The classical GL functional has scalings ϵ and 1/ϵ for the Dirichlet en-
ergy and double-well potential, respectively. By contrast, the graph GL functional
has the scalings 1 and 1/ϵ, respectively. The graphon GL functional has the same
ϵ-scalings as the graph GL functional when the graphon W is bounded. We did not
determine a scaling for more general graphons W ∈ Lp((0, 1)2), but this is worth
examining in future efforts.

Our limit (3), which we proved in Section 6.1, extends results of Braides et
al. [16, Lemma 11 and Theorem 12] in two key ways. First, Braides et al. proved
Γ-convergence of the graph-cut functional (which acts on finite-range functions) as
n → ∞, whereas we proved Γ-convergence of the graph Dirichlet energy, which
extends the graph-cut functional to act on L∞ functions. Second, Braides et al.
worked with dense sequences of graphs that converge to L∞ graphons, whereas we
proved Γ-convergence for more general sequences of graphs that converge to Lp

graphons.
In the present paper, we have been concerned with theoretical ideas, but one can

also examine applications of graphon GL functionals that extend existing applica-
tions of graph GL functionals. In particular, graph GL and TV functionals have
been employed in image processing [3,4,20,31,32,40,41,43,44], and it is worthwhile
to pursue analogous applications of graphon GL and TV functionals. One benefit of
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graphon theory is that graphons provide a way to compare networks that have dif-
ferent sizes and densities [70]. Furthermore, because graphons are a familiar object
in nonlocal analysis, one can use computational techniques from nonlocal analysis
(e.g., see [27]) for applications that involve large graphs.

Another question for future research is how to apply our results in practical
computations. For example, it is important to investigate convergence rates. For
approximately what graph sizes n are the minimizers of a graphon GL functional
close enough to the minimizers of an associated graph GL functional? Furthermore,
minimizing a graph GL functional requires approximation algorithms [7,19,51], and
similar algorithms may be useful for minimizing a graphon GL functional. Seeking
graphon GL minimizers will also involve seeking Young-measure minimizers, and
this in turn will require numerical approximations [22,54].
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[22] C. Carstensen and T. Roub́ıček, Numerical approximation of Young measures in non-convex
variational problems, Numer. Math. 84 (2000), 395–415.

[23] M. Cyrot, Ginzburg–Landau theory for superconductors, Rep. Prog. Phys. 36 (1973), 103–158.
[24] B. Dacorogna, Weak Continuity and Weak Lower Semicontinuity of Non-Linear Functionals.

Springer-Verlag, Heidelberg, Germany, 1982.
[25] G. B. Dantzig and D. R. Fulkerson, 12. On the max-flow min-cut theorem of networks, in:

Linear Inequalities and Related Systems, H. W. Kuhn, A. W. Tucker (eds), Annals of Mathe-
matical Studies, vol. 38, Princeton University Press, Princeton, NJ, USA, 1956, pp. 225–231.

[26] P. Diaconis and S. Janson, Graph limits and exchangeable random graphs, arXiv preprint
arXiv:0712.2749, 2007.

[27] Q. Du, Nonlocal Modeling, Analysis, and Computation, SIAM, Philadelphia, PA, USA, 2019.
[28] Q. Du and X. Feng, The phase field method for geometric moving interfaces and their numerical

approximations, in: Handbook of Numerical Analysis, A. Bonito, R. H. Nochetto (eds), vol.
21. Geometric Partial Differential Equations — Part I, Elsevier, Amsterdam, The Netherlands,
2020, pp. 425–508.

[29] Q. Du, M. D. Gunzburger and J. S. Peterson, Analysis and approximation of the Ginzburg–
Landau model of superconductivity, SIAM Rev. 34 (1992), 54–81.

[30] Q. Du and J. Yang, Asymptotically compatible Fourier spectral approximations of nonlocal
Allen–Cahn equations, SIAM J. Numer. Anal. 54 (2016), 1899–1919.

[31] I. E. Bouchairi, A. Elmoataz and J. Fadili, Nonlocal perimeters and curvature flows on graphs
with applications in image processing and high-dimensional data classification, SIAM J. Imag-
ing Sci. 16 (2023), 368–392.

[32] A. E. Chakik, A. Elmoataz and X. Desquesnes, Mean curvature flow on graphs for image and
manifold restoration and enhancement, Signal Processing 105 (2014), 449–463.

[33] L. C. Evans, Partial Differential Equations, American Mathematical Society, Providence, RI,
USA, second edition, 2022.

[34] L. R. Ford and D. R. Fulkerson, Maximal flow through a network, Canad. J. Math. 8 (1956),
399–404.

[35] S. Gao and P. E. Caines, Graphon control of large-scale networks of linear systems, IEEE
Trans. Automat. Control 65 (2019), 4090–4105.



GINZBURG–LANDAU FUNCTIONALS IN THE LARGE-GRAPH LIMIT 207
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[46] L. Lovász and B. Szegedy, Szemerédi’s Lemma for the analyst, Geom. Funct. Anal. 17 (2007),
252–270.

[47] J. M. Mazón, J. D. Rossi and J. Toledo, Nonlocal perimeter, curvature and minimal surfaces
for measurable sets, J. Anal. Math. 138 (2019), 235–279.

[48] G. S. Medvedev, The nonlinear heat equation on dense graphs and graph limits, SIAM J. Math.
Anal. 46 (2014), 2743–2766.

[49] G. S. Medvedev, Small-world networks of Kuramoto oscillators, Phys. D 266 (2014), 13–22.
[50] E. Merkurjev, E. Bae, A. L. Bertozzi and X.-C. Tai, Global binary optimization on graphs for

classification of high-dimensional data, J. Math. Imaging Vision 52 (2015), 414–435.
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