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Abstract. Social interactions influence people’s opinions. In some situations, these interactions eventually
yield a consensus opinion; in others, they can lead to opinion fragmentation and the formation of
different opinion groups in the form of “echo chambers”. Consider a social network of individuals
with continuous-valued scalar opinions, and suppose that they can change their opinions when they
interact with each other. In many models of the opinion dynamics of individuals in a network, it
is common for opinion updates to depend on the mean opinion of interacting individuals. As an
alternative, which may be more realistic in some situations, we study an opinion model with an
opinion-update rule that depends on the weighted median of the opinions of interacting individuals.
Through numerical simulations of our median-update opinion model, we investigate how the final
opinion distribution depends on network structure. For configuration-model networks, we derive
a mean-field approximation of the asymptotic dynamics of the opinion distribution when there are
infinitely many individuals. We numerically investigate its accuracy for short-time opinion dynamics
on various networks.
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1. Introduction. The opinions of people play important roles in society [1, 7], and the
influence that people exert on each other through their social interactions affects these opin-
ions [5, 25]. However, it is difficult to determine the global opinion landscape that arises from
such interactions. In the study of opinion dynamics, researchers investigate how empirically
observed phenomena like polarization (the formation of two distinct opinion clusters), frag-
mentation (the formation of three or more distinct opinion clusters), and radicalization can
emerge from individual-level social mechanisms (such as cognitive dissonance) [40, 45].

The concept of cognitive dissonance from social psychology gives some insight into opin-
ion dynamics [15]. According to the notion of cognitive dissonance, individuals experience
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psychological stress (so-called “cognitive dissonance”) when they disagree with each other
and individuals change their opinions to relieve such stress [16]. Researchers have used this
notion to explain a variety of observations about social influence and shifts of political opinions
[4, 33].

When studying large groups of interacting individuals, it is infeasible to directly mea-
sure small-scale social “forces” (such as the opinion-shifting effects of cognitive dissonance)
that they exert on each other. Instead, researchers typically investigate how individual-level
mechanisms, which one can model using opinion-update rules, produce observed large-scale
phenomena (such as polarization) [19].

There are numerous models of opinion dynamics [40, 45, 51]. In opinion models, a typical
assumption is that individuals use simple heuristics when navigating complex social domains.
Individuals that are connected to each other through a social tie in a network can influence
each other when they interact. Traditionally, one models a network as a time-independent
graph, which consists of agents and pairwise (i.e., dyadic) social ties between them [39].
However, opinion dynamics have also been studied on more general network structures, such
as temporal networks (which allow social ties to change with time) [13, 46] and hypergraphs
(which incorporate polyadic social ties) [22, 23].

1.1. Opinion models with continuous-valued opinions. In the present paper, we suppose
that individuals have continuous-valued opinions. (It is also common to study models, such
as voter models [43], with discrete-valued opinions.) For simplicity, we suppose that opinions
are real-valued scalars, but one can also let opinions take values in higher-dimensional spaces.
An example situation in which continuous-valued opinions seem appropriate is the choice of
the best distribution of state funds to divide between crime prevention and law enforcement, a
complex issue that allows opinions that lie somewhere between the two extremes of exclusively
funding crime prevention or exclusively funding law enforcement.

There is a wealth of prior research on opinion models with continuous-valued opinions
[40, 45]. These studies include examinations of whether or not the individuals in a network
eventually reach a consensus opinion [30, 44], the time to reach a steady state [38, 53], public
versus private opinions [27], phase transitions between regimes of qualitatively different behav-
iors [3, 14, 29], and many other phenomena. In many opinion models with continuous-valued
opinions, the opinion-update rule depends on the mean of the opinions of interacting individ-
uals [45]. In such models, interacting individuals consider a weighted mean of their current
opinions, and they then update their opinions if their opinion and the weighted-mean opin-
ion are sufficiently close to each other. Well-known opinion models with mean-based opinion
updates include DeGroot consensus models [11, 24] and bounded-confidence models [6].

1.2. Median-based models of opinion dynamics. Mei et al. [35, 36] recently introduced
an opinion model that draws inspiration from cognitive-dissonance theory. The individuals in
their model update their opinions based on median opinions, and they thereby are able to min-
imize their experienced dissonance. In their model, Mei et al. supposed that individuals inter-
act with each other in a weighted and directed network. The nodes of the network represent in-
dividual agents, which have continuous-valued scalar opinions and update their opinions asyn-
chronously. At each discrete time, a uniformly random individual (i.e., a node) experiences
some amount of cognitive dissonance and updates its opinion to a new opinion to minimize it.
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This cognitive dissonance is a weighted sum of cognitive-dissonance components from each of
that node’s neighbors. The influence weights in this sum are proportional to the network’s
edge weights, and the cognitive-dissonance contribution to a node from one of its neighbors is
equal to the absolute value of the difference between the node’s opinion and that neighbor’s
opinion. Using game-theoretic arguments, Mei et al. [36] showed that minimizing the experi-
enced cognitive dissonance entails individuals shifting their opinions to weighted medians of
their neighbors’ opinions when they update their opinions.

Mei et al. [35] also introduced several variants of their median-based model. These
variants include synchronously updating weighted-median models both with self-appraisal
(which they called “inertia”) and without self-appraisal. When self-appraisal is present, in-
dividuals consider both their own current opinions and other individuals’ current opinions in
their opinion updates. Using data from an online experiment [49], Mei et al. found that a
synchronous-update weighted-median model with self-appraisal was more accurate at explain-
ing opinion shifts under social influence than a corresponding weighted-mean model. There-
fore, a weighted-median opinion-update mechanism is sometimes more appropriate than a
weighted-mean update mechanism when modeling opinion dynamics. Aside from their efforts
at empirically validating weighted-median mechanisms, Mei et al. [35] did not further study
synchronous-update weighted-median models (either with or without self-appraisal). There-
fore, in the present paper, we refer to the asynchronously updating weighted-median opinion
model without self-appraisal as “Mei et al.’s weighted-median opinion model”.

Mei et al.’s weighted-median opinion model is a fascinating alternative to opinion models,
such as DeGroot models and bounded-confidence models, with update rules that depend on
the mean opinions of neighboring nodes [6]. Subsequent research has included investigations
of a weighted-median opinion model with continuous time [21], a weighted-median model
on unweighted networks [28], median-based opinion models with content recommendations
[26], and a weighted-median model with synchronous opinion updates and nodes that are
predespositioned to specific opinions [52].

Mei et al.’s weighted-median opinion model has several useful and interesting features,
but it also has some potential shortcomings. One peculiar feature of their model is that the
individuals in a network do not compromise. Instead, when they update their opinions, they
simply assimilate to their surroundings and replace their opinion with a weighted median of
their neighbors’ opinions. Allowing nodes to compromise between their own opinions and
their neighbors’ opinions can improve the accuracy of weighted-median opinion models [35].
For some scenarios, one can also argue that it is undesirable that only a single individual
updates their opinion in one time step. To study group interactions, it may be desirable to
use a model that allows multiple individuals to simultaneously update their opinions.

In the present paper, we analyze a synchronously updating analogue of the weighted-
median opinion model of Mei et al. [35, 36]. It is important to study this analogue because one
can obtain very different dynamics with asynchronous and synchronous opinion updates [9].
Additionally, using synchronous opinion updates can simplify eventual empirical validations
of median-update opinion models because one can measure human choices (which reflect their
underlying opinions) synchronously at discrete times. It is difficult to empirically validate
opinion models [32], and accordingly it is important to study opinion models with synchronous
node updates. We also incorporate self-appraisal, as this allows the nodes of a network
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both to assimilate the opinions of their neighbors (as in the model of Mei et al.) and to
compromise with their neighbors. Social psychologists emphasize the importance of self-
appraisal to opinion evolution in humans [47], and accordingly it has been incorporated in
many opinion models, such as DeGroot models [11, 24|, Friedkin—Johnson models [18], and
others [40, 45].

We investigate the following two questions:

1. How does the final opinion distribution, which describes long-time scenarios and ap-
proximates a “limit opinion distribution” (which is defined in the infinite-time limit
when it exists), depend on network structure and the initial opinion distribution?

2. Can we effectively describe the short-time dynamics of our model using a mean-field
approximation?

1.3. Organization of the paper. Our paper proceeds as follows. In Section 2.1, we review
a few definitions from network science. In Section 2.2, we define our weighted-median model
of opinion dynamics. In Section 3, we examine the final opinion distributions of our model
for a variety of networks. In Section 4, we derive a mean-field approximation of our weighted-
median opinion model and then examine its accuracy. Finally, in Section 5, we conclude
and discuss our findings. In Appendix A, we investigate how the final opinion distribution
depends on the parameters of our opinion-update rule and on network structure. In Appendix
B, we give details about the derivation of our mean-field approximation and examine finite-size

effects.

2. A weighted-median model of opinion dynamics. We consider a weighted-median opin-
ion model with synchronous opinion updating. We represent each individual as a node of a
weighted and directed graph, which encodes the relationships between individuals. In our
opinion model, we suppose that all of these relationships (which are encoded by the edges of
a graph) are mutual.

2.1. Some elementary definitions about networks. We now review some relevant defi-
nitions and terminology about networks. See [39] for more details.

The simplest type of network is a graph G = (V, E), where V is a set of nodes and FE
is a set of edges. In a directed graph, each edge has a direction. The directed edge (i,7)
emanates from a source node ¢ and terminates at a target node j. We use this convention for
edge directions because we are thinking of situations like node i following node j on social
media. Because we assume that all edges are mutual, a graph includes the edge (i,7) if and
only if it also includes the edge (j,4). To consider a weighted graph, we assign a positive real
value to each edge of G. Such an edge weight, which can be different for the edge from ¢ to
j than for the edge from j to ¢, can encode features such as a social-connection strength or
a communication frequency. The weight of the edge (7,7) encodes the amount of influence of
node j on node i. If nodes ¢ and j are connected by an edge e, then the nodes are “adjacent”
to each other and are neighbors in the graph G. The edge e is “incident” to nodes i and
j. If e emanates from i to j, then j is an “out-neighbor” of i. The out-degree (respectively,
in-degree) of a node is equal to the number of edges that emanate from (respectively, end at)
that node.

An “undirected walk” on a directed network is a sequence of nodes in which there is an
edge (in any direction) between consecutive nodes in the sequence. Two nodes i and j are
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“weakly connected” if there is an undirected walk between them. A “largest weakly-connected
component” of a directed network is a maximal subset of nodes, along with their associated
edges, in which all of the nodes are pairwise weakly connected. If that component is an entire
network, we say that the network is “weakly connected”.

Each weighted, directed network G has an associated “influence matrix” W € [0, 1]V [11].
When there is a directed edge from node ¢ to node j, the matrix entry W;; € [0,1] gives its
weight. Therefore, W;; encodes the amount of influence of node j on node ¢. If there is no
edge from 7 to j, then W;; = 0. We suppose that W is row-stochastic, so the entries of each
of its rows sum to 1. This implies that all nodes have nonzero out-degrees, so each node in G
is influenced by at least one other node. When it is convenient, we use N = |V| to denote the
number of nodes.

2.2. Synchronous weighted-median opinion updates. Each node i € V has a time-
dependent opinion z;(t) € [0,1] at time ¢ € Ng = {0,1,2,...}. The opinion state z(t) € [0, 1]V
consists of the opinions z;(t) of all i € V. Given an initial state x(0), opinions update according
to the map

(2.1) zi(t+1)=(1—s)x;(t) + sMed;(z(t); W), ieV,

where s € (0,1) is the amount of self-appraisal and Med;(x(t); W) denotes the weighted median
of the opinion states z(t) with respect to the weights W;1, Wia, Wis, ..., W;n. More precisely,
Med;(z(t); W) =z* € R for z* that satisfies

1 1
(2.2) . Z Wij < 5 and ‘ Z Wij < 5 .

If multiple values of z* satisfy (2.2), we let Med,;(x(t); W) be the value that is closest to z;(t).
If two values of Med;(z(t); W) are equally close to z;(t), we select the smaller of those two
values. This notion of a weighted median differs from the more common arithmetic median,
which equals the mean of the values that satisfy (2.2). The above weighted median yields a
unique value for Med;(z(t); W) (after applying our tie-breaking procedure, if necessary) [35].

We refer to (2.1) as our opinion-update rule and refer collectively to (2.1, 2.2) as our
weighted-median opinion model. See Figure 1 for an illustration of how a single node updates
its opinion with the opinion-update rule (2.1) for a given influence matrix W.

Because W is row-stochastic (by assumption), all nodes have nonzero out-degrees. There-
fore, there are no isolated nodes and all nodes have a least one neighbor with an opinion that
satisfies the inequalities in (2.2). Additionally, we consider only weakly connected networks.
If a network is not weakly connected, then one can separately investigate the dynamics of the
weighted-median opinion model on each network component. For simplicity, we assume that
all nodes have the same self-appraisal value.

3. Final opinion distributions of numerical simulations of our weighted-median opinion
model. Given a network G and an initial opinion state x(0), it is difficult to analytically
determine the opinion distribution as time ¢t — oo (i.e., the limit opinion distribution) of the
weighted-median opinion model (2.1, 2.2). Therefore, to examine the time evolution of opinion
distributions and the ensuing approximations (the so-called “final opinion distributions”) of
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Figure 1. An illustration of the weighted-median opinion-update rule (2.1). (a) An example of an influence
matriz and (b) its corresponding weighted and directed network. (c¢) Node 1 updates its opinion by adopting
the weighted-median opinion of its neighboring nodes. Because the update rule (2.1) is synchronous, all nodes
simultaneously update their opinions in this way at each discrete time t. [Panels (a) and (b) are inspired by
Figure 1 of [35].]

limit opinion distributions, we simulate the weighted-median opinion model on a variety of
different networks and for a variety of different initial opinion distributions.

The results of our simulations suggest that there are at least two distinct types of limit
opinion distributions that can occur in our weighted-median opinion model: (1) a regime
in which most opinion values cluster around a single value (and which may correspond to a
consensus state) and (2) a regime in which the opinion values spread across opinion space.

3.1. Simulation specifications. We do not know if a limit opinion distribution exists
for all networks G and all initial opinion states x(0). Even when we know that a limit
opinion distribution exists, it may take infinitely long to reach it. Therefore, in practice, we
examine approximate limit opinion distributions in our numerical simulations. We refer to
these distributions as “final opinion distributions”. To obtain the final opinion distributions,
we use a convergence criterion. We interpret the weighted-median opinion model (2.1, 2.2) as
having reached its final opinion distribution at time ¢ if

1 () —zi(t+1 ,
(3.1) rgg;dﬂf() zi(t+1)]<e

with & = 4.44 x 10716 for the examined synthetic networks and ¢ = 1075 for the examined
real-world networks. In all of our numerical experiments, the condition (3.1) is satisfied in
fewer than 10% time steps.

For each network and each initial opinion distribution, we sample the initial opinion of each
node randomly from the distribution. We then update the node opinions at each discrete time
using the update rule (2.1) until we satisfy the convergence criterion (3.1). After convergence,
we round all opinions to the 14th decimal place for our simulations on synthetic networks
and to the 4th decimal place for our simulations on real-world networks. We then count the
number of distinct opinions.
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Table 1
The deterministic synthetic networks on which we study our weighted-median opinion model (2.1, 2.2).

Network Definition Example

For an integer N > 3, the N-node cycle network has the node set
Cycle {vjlj€{1,...,N}}, directed edges (vj,vj+1) and (vj41,v;) for /}

je{l,...,N —1}, and directed edges (vn,v1) and (vi,vn).

For an even integer N > 6, let {v; [j € {1,...,5}} and )__,
Pri {uj [ €{1,...,5}} be the node sets of two cycles. The N-node prism /&\‘
rism ./‘

network is the union of the two cycles with the edges (vj;,u;) and
(uj,v;) for je{1,..., 5}

For integer k, the square lattice with side length k is the network with
S It node set {(z,y)|z,y € Z with 0 <z,y <k} and edges ((z1,v1), (x2,¥2))
quare lattice | .4 ((w2,y2), (x1,y1)) for |[(z2 — z1,y2 — y1)|l2 = 1. (The square-lattice i i i

network with side length k has N = (k + 1)? nodes.)

3.2. Network structures. To develop some understanding of the effects of network struc-
ture and the initial opinion distribution on the final opinion distribution, we study our
weighted-median opinion model on a variety of networks with a variety of initial opinion
distributions.

We first consider three deterministic synthetic networks: directed versions of cycle net-
works, prism networks, and square-lattice networks. In Table 1, we define and give examples
of these networks.

We then generate synthetic networks using directed analogues of two well-known random-
graph models [39]: the Barabési-Albert (BA) preferential-attachment model [2] and the
Watts—Strogatz (WS) small-world model [50].

To construct an N-node BA network, we start with a star network with m nodes. This
initial network has 1 central node and m—1 peripheral nodes, with an undirected edge between
the central node and each peripheral node; there are no edges between peripheral nodes. We
grow the network by repeatedly adding a single node and connecting it with an undirected
edge to k other nodes, with connection probabilities from linear preferential attachment (i.e.,
according to the BA mechanism). We add nodes until there are N nodes in the network. We
then replace all undirected edges by two directed edges, with one edge in each direction. We
generate a single BA network with m =10, k=7, and N = 2500.

Our WS network has N nodes, which we place in a cycle. We start with undirected edges
between each node and its b nearest neighbors. We then rewire edges in the following manner.
For each edge (i,7), we select one of its indent nodes uniformly at random. Suppose without
loss of generality that we select node i. With probability p, we replace the edge (i,j) with
an undirected edge (i,k) to a uniformly random node k € V\{i}. We treat any resulting
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multi-edges as single edges. We then replace all undirected edges by two directed edges, with
one edge in each direction. We generate a single WS network with b=6 and p=0.1.

We also consider real-world networks of Facebook “friendships” [48] and Twitter (which
is now called “X”) “followerships” [20]. The Facebook networks are undirected, so we replace
each edge in them with two directed edges, with one edge in each direction.

The synthetic networks that we examine each have N = 2500 nodes and consist of a single
weakly-connected component. The opinion-update rule (2.1) requires each edge to have a
weight. Because we have no prior information about weights for any of the networks, we
assume that each source node 7 is influenced equally by each of its out-neighbors and hence
set the weight of each directed edge to 1 divided by the out-degree of its source node.

3.3. Initial opinion distributions in our simulations. To investigate how the final opinion
distribution depends on the initial opinion distribution, we consider several different initial
distributions. Following Mei et al. [35], we build these initial opinion distributions using a
beta distribution. Let Beta(a, 3) denote the probability distribution with density function

F(Oé + /8) xafl
INCHING)

where a >0, >0, and T is the Gamma function [41]. We consider the following five initial
opinion distributions.
1. Uniform distribution: we independently sample the initial opinion of each node uni-
formly at random from the interval [0,1].
2. Unimodal distribution: we independently sample the initial opinion of each node from
the Beta distribution Beta(2,2).
3. Skewed unimodal distribution: we independently sample the initial opinion of each
node from the Beta(2,7) distribution.
4. Bimodal distribution: for each node, we sample X from the Beta(2,10) distribution;
we then take the initial opinion of that node to be X with probability 1/2 and 1 — X
with probability 1/2.
5. Trimodal distribution: for each node, we sample X from the Beta(2,17) distribution
and sample Y from the Beta(12,12) distribution; we then take the initial opinion of
that node to be X, 1 — X, and Y with probabilities 0.33, 0.33, and 0.34, respectively.

(3.2) Beta(a, 3) = (1—z)°7 1,

3.4. Effect of self-appraisal on the final opinion distribution. In our numerical simula-
tions, we do not observe any clear dependence of the final opinion distribution on the self-
appraisal s. Therefore, we report simulation results only for s =0.7 in the main manuscript.
In Appendix A.1, we compare the final opinion distributions for several values of self-appraisal
on a variety of networks.

3.5. Final opinion distributions in our simulations. We now present the results of our
simulations of our weighted-median opinion model (2.1, 2.2) on synthetic networks (see Section
3.5.1), Facebook friendship networks (see Section 3.5.2), and Twitter followership networks
(see Section 3.5.3).

We investigate two features of the final opinion distributions: (1) the distribution of
opinions and (2) how nodes are organized into “opinion clusters”, which are sets of pairwise
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Figure 2. Final opinion distributions of our weighted-median opinion model (2.1, 2.2) with self-appraisal
s =0.7 for various initial opinion distributions on a cycle network with 2500 nodes. Each histogram corresponds
to a single final opinion distribution that starts from the indicated initial opinion distribution. We obtain similar
final opinion distributions for other values of self-appraisal.

weakly connected nodes that share the same opinion. For each combination of network and
initial opinion distribution, we perform a single simulation until our convergence criterion is
satisfied. We track the number of opinion clusters and the mean, variance, and kurtosis of the
opinion-cluster sizes. We summarize our observations in Section 3.5.4, and we give associated
summary statistics in Tables 2—-11 in Appendix A.2.

3.5.1. Synthetic networks. We now consider the final opinion distributions that we obtain
by simulating our weighted-median opinion model on synthetic networks. In these simulations,
we set the self-appraisal to s = 0.7. We now summarize our findings about the size distri-
butions of final opinion clusters, and we give associated summary statistics in Tables 2-6 in
Appendix A.2.

We first examine the final opinion distributions of our weighted-median opinion model
with the uniform, unimodal, skewed, bimodal, and trimodal initial opinion distributions (see
Section 3.3) for several synthetic networks. For each combination of network and initial
opinion distribution, we perform a single simulation until our convergence criterion is satisfied.
We then examine the resulting final opinion distribution. We illustrate the effects of these
initial distributions in Figure 2 with histograms of the ensuing final opinion distributions for
simulations on the cycle network.

For the cycle, the prism, and the square-lattice network, we obtain similar final mean
opinion-cluster sizes for the different initial opinion distributions. They are much smaller than
the network size and range from 2.48 to 3.21 across our simulations on the three networks.
However, the kurtoses of the opinion-cluster sizes for the square-lattice network, which range
from 26.59 to 55.15 in our simulations, are notably larger than those for the cycle and prism
networks, for which the observed kurtoses range from 0.90 to 3.29.

For our WS network, we observe that the number of final opinion clusters, the means of the
distributions of the opinion-cluster sizes, and the variances of the cluster-size distributions are
similar for all examined initial opinion distributions. The opinion-cluster-size kurtoses, which
range from 5.70 x 103 to 1.52 x 10%, for our WS network are much larger than the kurtoses for
the prism, grid, and cycle networks. The large kurtoses imply that the sets of opinion-cluster
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sizes have many outliers, extreme outliers, or both. The opinions of these outliers must be
larger than the mean opinion because the mean opinion-cluster size, which ranges from 6.02
to 6.67, is much smaller than the network size. Therefore, the large kurtoses indicate that the
final opinion distributions in our WS network have larger opinion clusters than those in the
prism, cycle, and square-lattice networks.

For our BA network, the final opinion-cluster-size kurtoses, which range from 2.17 x 10!
to 3.54 x 10'!, are even larger than those for our WS network. Additionally, the variances
of the opinion-cluster sizes are much larger for our BA network than for our WS network.
For our WS network, the largest observed variance of the opinion-cluster size is 27.12, but
our BA network has variances that range from 6.62 x 10* to 8.90 x 10*. The large kurtoses
indicate that the final opinion distribution in our BA network has opinion clusters that are
much larger than the mean opinion-cluster size.

In our simulations, the opinions in the final opinion distributions include opinion values
throughout the opinion space for the prism, square-lattice, cycle, and WS networks. However,
for our BA network, for each initial opinion distribution, a small interval of the opinion space
contains all of the opinions in the final opinion distribution. The length of this interval is about
0.015, so the associated final opinion distribution has support on less than 2% of opinion space.
We conclude from our simulations that the final opinion distributions of our weighted-median
opinion model are fundamentally different for our BA network than they are for the other
synthetic networks.

3.5.2. Facebook friendship networks. We now examine the final opinion distributions
of our weighted-median opinion model with the uniform, skewed, unimodal, bimodal, and
trimodal initial opinion distributions (see Section 3.3) on three Facebook friendship networks
[48]. In these networks, each node is an individual in one university in the United States
and each edge is a Facebook “friendship” between two individuals. Because we define our
weighted-median opinion model on directed networks, we replace each undirected edge with
two directed edges, with one edge in each direction. The weight of each directed edge is 1
divided by the out-degree of the source node. We use networks from Caltech (which has 762
nodes), Bowdoin (which has 2250 nodes), and Georgetown (which has 9388 nodes). For each
combination of network and initial opinion distribution, we perform one simulation of our
weighted-median opinion model (2.1, 2.2) until our convergence criterion is satisfied. We then
examine the resulting final opinion distribution. We summarize our findings about the size
distributions of the final opinion clusters in this subsection, and we give associated summary
statistics in Tables 7-9 in Appendix A.2.

We observe similar distributions of the final opinion-cluster sizes in the three Facebook
friendship networks. The mean opinion-cluster sizes in each of these networks range from 2.55
to 13.14, which are much smaller than the network sizes. The kurtoses of the opinion-cluster
sizes are notably large. For instance, the kurtosis for the Georgetown network ranges from
3.83 x 10® to 2.20 x 10°. These large kurtoses suggest that the opinion-cluster-size distribution
is heavy-tailed. The variances of the opinion-cluster sizes in the Facebook friendship networks
are smaller than those in our BA network. Therefore, the Facebook networks have a smaller
spread than our BA network in the opinion-cluster sizes around the mean.

For each of the Facebook friendship networks and for all initial opinion distributions, a
small number of large final opinion clusters include most of the nodes. Additionally, in the
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final opinion distributions, a small region of opinion space encompasses all of the opinions in
these clusters. We made the same qualitative observation for our BA network, which also has
large final opinion clusters with opinions in a small region of opinion space.

We also observe that approximately 10% of the nodes of the Facebook friendship networks
are in small opinion clusters of the final opinion distribution. The opinion values of these small
opinion clusters are distributed roughly uniformly in opinion space. More generally, we observe
an opinion-cluster-size trend in the Facebook friendship networks that we do not observe in
any of our synthetic networks. This trend is characterized by the combination of (1) a few
large opinion clusters with similar opinion values across such clusters and (2) many small
opinion clusters with opinion values that differ widely across such clusters.

3.5.3. Twitter followership networks. We now examine the final opinion distributions
of our weighted-median opinion model on two Twitter followership networks [20]. In these
two networks, each node is a Twitter account that tweeted about a particular topic and a
directed edge represents a follower relationship between two accounts. The source account of
an edge follows the edge’s target account. These two networks involve discussions of the topics
Obamacare' and abortion. The Obamacare network has 8006 nodes, and the abortion network
has 6114 nodes. The weight of an edge is 1 divided by the out-degree of its source node. For
each combination of Twitter followership network and initial opinion distribution, we perform
one simulation of our weighted-median opinion model (2.1, 2.2) until our convergence criterion
is satisfied. We then examine the resulting final opinion distribution. We summarize our
findings about the size distributions of the final opinion clusters in this subsection, and we
give associated summary statistics in Tables 10 and 11 in Appendix A.2.

We obtain very different final opinion distributions in the Twitter followership networks
than in our synthetic networks. In our simulations on both Twitter followership networks, we
observe similar size distributions of the final opinion clusters for all initial opinion distributions.
The mean final opinion-cluster sizes are much smaller than the network sizes, and the kurtoses
are large. Therefore, as we observed for the final opinion distributions in the BA network
and Facebook friendship networks, the final opinion distributions in the Twitter followership
networks have heavy-tailed cluster-size distributions and the opinions in the large opinion
clusters are in a small region of opinion space. As in the Facebook networks, we also observe
that a small fraction of the nodes are in small opinion clusters, which have opinion values that
are distributed roughly uniformly in opinion space.

3.5.4. Summary of our observations. We group the final opinion distributions of the
examined networks into two rough groups: (1) the BA network, the Facebook friendship net-
works, and the Twitter followerwship networks; and (2) the cycle network, the prism network,
the square-lattice network, and the WS network. The networks in the first group have a small
number of large final opinion clusters with similar opinion values that constitute a set of dom-
inant (or hegemonic) opinions, whereas the networks in the second group do not have large
final opinion clusters. Taken together, our numerical results suggest that our weighted-median

'The Affordable Care Act (see https://en.wikipedia.org/wiki/Affordable_Care_Act), which is known collo-
quially as Obamacare, is a controversial United States law that was enacted in 2010 during the presidential
administration of Barack Obama. The law was the subject of intense online debate (including on Twitter).
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opinion model can yield at least two different qualitative types of limit opinion distributions.
One regime has a dominant opinion, and the other regime does not.

4. Mean-field approximation of our model and its short-time dynamics. We now derive
a mean-field approximation of our weighted-median opinion model and study our model’s
short-time dynamics.

4.1. Our mean-field approximation. We suppose that a set of time-dependent probability
distributions govern the probability densities of the node opinions at each time step, and we
derive difference equations for the time evolution of these densities. Our derivation is inspired
by the mean-field approximation of the Deffuant—Weisbuch model in [14].

We are deriving a degree-based mean-field approximation [42], so we assume that the
opinions of all degree-k nodes are statistically identical. Therefore, the opinions of all degree-
k nodes follow a degree-specific opinion distribution P (z,t). We assume that these opinions
evolve on a network that is generated by a configuration model with a prescribed degree
distribution [17]. We also assume that the network is “annealed”; therefore, at each time
step, we rewire the edges of the configuration-model network while preserving the in-degree
and out-degree of each node [12]. In this subsection, we give an intuitive explanation of
the equations in the mean-field approximation. In Appendix B.1, we give the details of our
derivation of this approximation.

Consider the degree distribution {¢;}. For each I € N={1,2,...}, let ¢; be the probability
that a uniform randomly selected node has degree [. Let v € V be a uniformly random degree-
k node at time t € Ng = {0,1,...}. By assumption, node v’s opinion follows the distribution
Py(x,t). To update it, we calculate the weighted median of the opinions of its k neighbors
using (2.2). Because we are considering annealed networks, the opinion distribution of each
of these neighboring nodes follows the same distribution asymptotically as the network size
(i.e., the number of nodes) tends to infinity. Let ¢(x,t) denote the opinion distribution of a
neighbor of node v at time ¢, and let ®(z,t) be the cumulative density function of ¢(z,t).
Employing the annealing assumption, we write

Qb(l'at) = Zwlpl(xat) )
l

where 7 is the probability that a uniformly random neighbor of v has degree [ as the network
size tends to infinity. The opinion distribution ¢(x,t) is independent of the degree k.

In the limit of infinitely many nodes, the opinions of node v’s neighbors are k£ independent
samples from the distribution ¢(z,t). To find the distribution of the weighted median of these
k opinions, we use the theory of “order statistics” [10] and determine that the weighted-median
neighbor opinion follows the distribution

Ww,ﬂ@(mﬁm (1-®(2,1))™, k=2m+1 (i.e., odd k)
O (z,t) =
(2m)! _— '
mgb(w,t)(@(m,t) (1—-®(x,t))" “c(x,t), k=2m (ie., even k),

where ¢(z,t) is a probability distribution that accounts for the possibility there are two can-
didates for the weighted-median neighbor opinion when v has an even number of neighbors.
See the end of Appendix B.1.2 for further details about ¢(x,1t).
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To update its opinion, node v adjusts its opinion toward the weighted median of the
opinions of its neighbors. The self-appraisal s controls the magnitude of this opinion shift.
Because we only know the distributions of opinions (rather than, e.g., the precise opinion
of each node), this opinion shift corresponds to updating the opinion distribution Py (z,t) of
degree-k nodes using the equation

1 -1
(1) At =1 [ o (TEEE ) Ry,
5 Jyelo.1] 5
The above procedure holds for any “degree class” k (i.e., for all nodes with degree k for
each value of k). From the opinion distribution of each degree class, we obtain the global
opinion distribution

(4.2) P(z,t)=>_ qpPi(x,t).
k

The system (4.1, 4.2) is a mean-field approximation of the weighted-median opinion model
(2.1, 2.2).

4.2. Specifications for testing the accuracy of our mean-field approximation (4.1, 4.2).
We do not know how to analytically solve (4.1, 4.2). For a given network and a given initial
opinion distribution, we want to investigate how well the mean-field approximation (4.1, 4.2)
describes the evolution of our weighted-median opinion model (2.1, 2.2). Therefore, we solve
(4.1, 4.2) numerically and compare our solutions to empirically estimated opinion densities
from direct numerical simulations of (2.1, 2.2).

To solve the mean-field approximation numerically, we discretize the opinion space into
1025 equally spaced values and perform first-order interpolation to evaluate 8 between these
values. We obtain numerical solutions of the same accuracy when we instead discretize the
opinion space into 2050 values. For each network, we calculate the degree distribution g
using the network’s empirical degree distribution. To ensure the numerical stability of our
solutions, we lump all degree classes with degrees 1000 or more into a single degree class. For
further details about this lumping scheme, see Appendix B.4.

We investigate the time evolution of the accuracy of the mean-field approximation (4.1, 4.2)
for all of our networks. We restrict our analysis to short time scales. Our mean-field approx-
imation is accurate for short-time dynamics, but we observe empirically that its accuracy
deteriorates rapidly with time.

The mean-field approximation does not account for the direction of edges, so we disregard
edge directions when we compute the degree distribution {gx}. We consider three deterministic
synthetic networks (complete networks, cycle networks, and prism networks), the BA and WS
random-graph models (see Section 3.2 for our choices of parameter values), and networks that
we generate using a configuration model [17, 39] with nodes of two degree classes, with degrees
k1 =11 and ke = 101 and associated probabilities qx, = 0.9 and g, = 0.1. These configuration-
model networks are examples of (k1, ke)-regular random graphs [37]. For each of the three
random-graph models, we construct 100 networks with 2500 nodes each. We also study three
Facebook friendship networks and two Twitter followership networks (see Section 3.2).

The accuracy of our mean-field approximation (4.1, 4.2) deteriorates rapidly with time.
Two important sources of error stem from assumptions in our derivations of the approximation.
First, we derive the approximation in the N — oo asymptotic regime. Second, we assume that
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the dynamics occur on an annealed network [12]. In Appendix B.2, we examine how these
assumptions affect the accuracy of our mean-field approximation.

4.3. Accuracy of the mean-field approximation (4.1, 4.2). We explore the accuracy of
the mean-field approximation (4.1, 4.2) by comparing numerical solutions of it with empirically
estimated opinion densities from direct numerical simulations of the short-time dynamics of
our weighted-median opinion model. As we will discuss shortly, the accuracy of the mean-
field approximation deteriorates with time in a nontrivial way that depends on both the self-
appraisal value and network structure. Accordingly, our mean-field approximation is most
useful for short-time dynamics.

We perform a variety of numerical experiments. For our simulations of our weighted-
median opinion model (2.1, 2.2) on all networks, we sample the initial opinions of the nodes
uniformly at random. For the synthetic networks and the Bowdoin Facebook friendship net-
work, we estimate the opinion distributions by averaging the opinion distributions from 100
independent simulations with different sets of initial node opinions. Each simulation that
uses a random-graph model employs a different network that we construct using that model.
Because of the large network sizes of the Georgetown Facebook network and both Twitter
followership networks, we estimate the opinion distributions using 25 independent simulations
with different sets of initial node opinions. For the Caltech Facebook network, we use 300
independent simulations with different sets of initial node opinions.

In Figure 3, we plot the natural logarithm of the root-mean-square error (RMSE) between
our mean-field approximation (4.1, 4.2) and our weighted-median opinion model (2.1, 2.2).

_K
-~ .
2- P _.---V gelf-appraisal
4 7~
ET—J\ / _,-’V 8§=0.1
wn- 7 T
= 7.y /s $=03
2
g O- g',f 8$=0.5
\a/ /s ,”’A /- 8=0.7
—_— /" /,A’ v
e AT ®- $=0.9
—2- S aT
B -
0 1 2 3 4 5
time

Figure 3. The natural logarithm of the root-mean-square error (RMSE) between our mean-field approzima-
tion (4.1, 4.2) and our weighted-median opinion model (2.1, 2.2) for a variety of self-appraisal values s as
a function of discrete time t for (ki,k2)-regular configuration-model networks with nodes of degrees k1 = 11
and k2 =101 with associated probabilities qi, = 0.9 and qr, =0.1. At first, the mean-field approzimation accu-
rately describes the evolution of the opinion distribution, but the accuracy deteriorates rapidly, especially when
s is not small.
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Figure 4. Time evolution of the empirical opinion distribution of our weighted-median opinion model (2.1,
2.2) and the mean-field approzimation (4.1, 4.2) for self-appraisal values of (left) s=0.1 and (right) s=0.9 on
configuration-model networks from (top) time t =0 to (bottom) time t =5. The (ki,kz2)-regular configuration-
model networks have nodes with degrees k1 = 11 and ko = 101 with associated probabilities qi, = 0.9 and
Gk, = 0.1. For s =0.1, the mean-field approzimation gives a reasonable but imperfect approximation of direct
numerical simulations of our weighted-median opinion model. However, for s = 0.9, the mean-field approxi-
mation eventually evolves toward a Dirac delta function, whereas the empirical opinion distribution from our
weighted-median opinion model does not.

We observe that the RMSE increases with time and that it increases faster for larger values
of self-appraisal.

To investigate why the RMSE error increases faster for larger values of self-appraisal, we
examine the sample mean P(x,t) of the opinion densities from our weighted-median opinion
model (2.1, 2.2) and the numerical solution P(x, ) of our mean-field approximation (4.1, 4.2)
for self-appraisal values of s =0.1 and s = 0.9 (see Figure 4). For s =0.9, the empirical dis-
tribution and mean-field approximation eventually diverge from each other. The mean-field
approximation evolves toward a Dirac delta function, whereas the empirical opinion distri-
bution retains some spread in the opinion values. For s = 0.1, the mean-field approximation
eventually underestimates the opinion spread, but this occurs much less severely than for
5=0.9.

In Figure 5, we plot the natural logarithm of the RMSE between our mean-field approxima-
tion (4.1, 4.2) and our weighted-median opinion model (2.1, 2.2) for a variety of self-appraisal
values s for the cycle network. In contrast to the RMSE for the configuration-model networks,
the RMSE for the cycle network does not increase faster for larger values of self-appraisal.
Instead, of the examined values of s, the RMSE is the largest for s = 0.5 and smallest for
s=0.1 and s =0.9. After time ¢t = 3, the RMSE increases at a similar rate for all examined
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Figure 5. The natural logarithm of the root-mean-square error (RMSE) between the mean-field approxi-
mation (4.1, 4.2) and our weighted-median opinion model (2.1, 2.2) for cycle networks. The accuracy of the
mean-field approximation depends nonmonotonically on the self-appraisal s.

values of s. The RMSE behavior for the WS networks is similar to that for the cycle network.
These are the only two of the examined network types for which the maximum observed
RMSE occurs at self-appraisal values other than s =0.9.

In Figure 6, we plot the natural logarithm of the RMSE between our mean-field approxima-
tion (4.1, 4.2) and our weighted-median opinion model (2.1, 2.2) for a variety of self-appraisal
values s for the Obamacare Twitter followership network. For s > 0.3, the RMSE stays al-
most the same after one time step before increasing noticeably, with faster increases for larger
values of s. For s = 0.1, the RMSE increases substantially in the first time step and sub-
sequently increases slowly. Based on our simulations, we conclude that there is a transition
in s between these two qualitatively different behaviors. We observe similar patterns in the
RMSE for all three Facebook friendship networks and for both Twitter followership networks.
To examine whether the transition is abrupt or smooth in nature, in Appendix B.3, we inves-
tigate the transitional behavior of the RMSE between s =0.1 and s = 0.3 for the Georgetown
Facebook friendship network. Based on these computations, the transition appears to be
smooth.

From our results, it is difficult to draw major conclusions about the connection between
network structure and the accuracy of our mean-field approximation (4.1, 4.2). In our nu-
merical experiments, we observe that our mean-field approximation is more accurate for the
cycle network, the square-lattice network, and the prism network than for the BA network,
the Facebook friendship networks, and the Twitter followership networks. It is possible that
the large-degree nodes in the last three types of networks amplify the deterioration with time
of the accuracy of our mean-field approximation.
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Figure 6. The natural logarithm of the RMSE between our mean-field approzimation (4.1, 4.2) and our
weighted-median opinion model for the Obamacare Twitter followership network. For small self-appraisal values
s, the RMSE initially increases notably and subsequently increases slightly. By contrast, for larger self-appraisal
values, the RMSE is initially almost constant and subsequently increases sharply. We observe a similar pattern
for our other real-world social networks.

5. Conclusions and discussion. We formulated and studied a synchronously updating
analogue of the asynchronously updating weighted-median opinion model of Mei et al. [35].
To understand the long-time dynamics of our weighted-median opinion model, we numerically
simulated it on a variety of networks and explored the resulting final opinion distributions
and final opinion-cluster-size distributions. We also derived a mean-field approximation of the
evolution of opinion densities, and we examined the short-time accuracy of this approximation.

In our numerical computations, we demonstrated that the amount of self-appraisal has lit-
tle effect on our model’s final opinion distribution (although it does affect trajectories through
opinion space), which is influenced much more significantly by network structure. For example,
in the examined Facebook friendship networks, Twitter followership networks, and Barabasi—
Albert network, we obtained large opinion clusters and observed that the opinion values of
these large clusters are close to each other in opinion space, whereas the opinion values of small
opinion clusters are spread throughout opinion space. By contrast, we did not observe large
opinion clusters in the final opinion distributions in the cycle network, the prism network,
the square-lattice network, and the Watts—Strogatz network. Instead, in these final opinion
distributions, there are many small opinion clusters with opinion values that are scattered
throughout opinion space.

Our numerical observations suggest that our weighted-median opinion model may have at
least two regimes in its final opinion distributions. One of these regimes has a single dominant
opinion (and may correspond to a consensus state), and the other does not. Because we only
performed a single simulation for each combination of network and initial opinion distribu-
tion, we do not have sufficient statistical power to hypothesize which conditions yield these
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regimes. It is worthwhile to conduct further simulation-based and mathematically rigorous
investigations to determine the conditions that yield such qualitatively different behaviors in
limit opinion distributions for different types of networks.

In our paper, we also derived and numerically investigated a mean-field approximation of
our weighted-median opinion model. We demonstrated numerically that our mean-field ap-
proximation loses accuracy very rapidly for the examined networks. However, as we observed
in our numerical computations, the accuracy of this approximation deteriorates with time
at a rate that depends on both the self-appraisal value and network structure. For most of
the networks that we considered, our mean-field approximation remains accurate for longer
times for small self-appraisal values. We hypothesize that the inaccuracy of our mean-field
approximation beyond short times may stem from our assumption that the opinions of the
neighbors of each node are representative of the global opinion distribution in a network. As
nodes update their opinions, subnetworks of nodes with similar opinions emerge, in violation
of this homogeneity assumption. It is worth investigating this hypothesis.

It is important to analyze the convergence properties of our synchronously updating
weighted-median opinion model. We do not know if it is guaranteed to converge to a limit
opinion distribution. There are known convergence criteria for bounded-confidence opinion
models [31], Mei et al.’s asynchronously updating weighted-median opinion model [36], and
other synchronously updating weighted-median opinion models [52]. However, these existing
results do not apply directly to our model because they rely either on the opinion-update rule
being a contraction mapping on opinion space or on the opinion space consisting of a finite
number of states. Neither of these situations holds in our weighted-median opinion model.
Additionally, in our weighted-median opinion model, we assumed that self-appraisal is con-
stant with time and that it is homogeneous across all individuals. One can relax both of these
assumptions in a way that is reminiscent of the DeGroot—Friedkin model [24]. Moreover, our
mean-field approximation does not account for asymmetric relationships, and it is desirable
to develop approximations that allow one to investigate such situations. One can also study
how media and other sources of information affect node opinions [8] and extend our model to
cover multidimensional and interrelated opinions [34].

Our work sheds light on opinion dynamics with weighted-median mechanisms of opinion
updates [21, 28, 35, 36, 52]. Opinion models with opinion updates that are based on medians
offer an interesting complement to the much more common mean-based models, and it is
worthwhile to explore them further. It is particularly relevant to evaluate which real-world
opinion-evolution settings are better described by median-based opinion updates and which
ones are better described by mean-based opinion updates.

Appendix A. Final opinion distributions of our weighted-median model (2.1, 2.2).

A.1l. Effect of self-appraisal on the final opinion distribution. In Figures 7-9, we show
the final opinion distributions of our weighted-median opinion model (2.1, 2.2) on a square-
lattice network, the WS network, and the Georgetown Facebook friendship network for several
self-appraisal values and several different initial opinion distributions (see Section 3.3). The
synthetic networks each have 2500 nodes, and the Georgetown network has 9388 nodes. We
observe that the final opinion distributions are qualitatively similar for the different self-
appraisal values.
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Figure 7. Final opinion distributions of our weighted-median opinion model (2.1, 2.2) for a square-lattice
network for several initial opinion distributions and self-appraisal values. FEach column has the same initial
opinion distribution, and each row has the same self-appraisal value. The final opinion distributions in each
column are qualitatively similar to each other, so it seems that the self-appraisal value has little effect on the
final opinion distribution in the square-lattice network.

A.2. Summary statistics for the opinion-cluster sizes of the final opinion distributions.
In Tables 2-11, we give summary statistics for the opinion-cluster sizes of the final opinion
distributions of our weighted-median opinion model (2.1, 2.2) for the networks in Section 3.2.

Appendix B. Derivation, accuracy, and numerical approximations of the mean-field
approximation (4.1, 4.2). In this appendix, we derive the mean-field approximation (4.1, 4.2),
present the specifications of our tests of its accuracy, investigate inaccuracies from finite-
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Figure 8. Final opinion distributions of our weighted-median opinion model (2.1, 2.2) for our WS network
for several initial opinion distributions and self-appraisal values. FEach column has the same initial opinion
distribution, and each row has the same self-appraisal value. The final opinion distributions in each column are
qualitatively similar to each other, so it seems that the self-appraisal value has little effect on the final opinion
distribution in our WS network.

size effects and annealing-assumption effects, and discuss some properties of (and issues in)
numerical solutions of (4.1).

B.1. Derivation of the mean-field approximation (4.1, 4.2). We develop a degree-based
mean-field approximation of our weighted-median opinion model (2.1, 2.2) for configuration-
model networks with a prescribed degree distribution [17]. A degree-k node has an associated
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Figure 9. Final opinion distributions of our weighted-median opinion model (2.1, 2.2) for the Georgetown
Facebook friendship network for several initial opinion distributions and self-appraisal values. FEach column
has the same initial opinion distribution, and each row has the same self-appraisal value. The final opinion
distributions in each column are qualitatively similar to each other, so it seems that the self-appraisal value has
little effect on the final opinion distribution in the Georgetown Facebook friendship network.

opinion distribution Pj(z,t) at time t. With our mean-field assumptions, which are inspired
by the ones in [14], we derive a coupled system of difference equations for the time evolution
of Pk (.%', t).

In our derivation, we make two key assumptions. First, we make an annealed-network
assumption by rewiring the edges of the configuration-model network at each time step while
fixing the network’s degree sequence [12]. Therefore, the network at each time step is one
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Table 2
Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the 2500-node cycle network for several initial opinion distributions. For
each initial opinion distribution, we perform a single simulation until the convergence criterion (3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal

Number of opinion clusters 1019 986 999 992 988

Mean size 2.51 2.48 2.54 2.53 2.54

Variance of the size 0.45 0.53 0.50 0.54 0.53

Kurtosis of the size 0.90 1.09 1.05 1.16 1.09
Table 3

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the 2500-node prism network for several initial opinion distributions. For
each initial opinion distribution, we perform a single simulation until the convergence criterion (3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal

Number of opinion clusters 925 941 946 917 919

Mean size 2.70 2.66 2.64 2.72 2.72

Variance of the size 0.98 1.00 0.97 1.08 1.05

Kurtosis of the size 2.12 2.78 2.43 3.29 2.39
Table 4

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the 2500-node square-lattice network for several initial opinion distributions.
For each initial opinion distribution, we perform a single simulation until the convergence criterion (3.1) is
satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal

Number of opinion clusters 783 785 779 800 792

Mean size 3.19 3.18 3.21 3.13 3.16

Variance of the size 2.49 2.44 2.48 1.91 2.44

Kurtosis of the size 55.15 46.74 45.03 26.59 52.92
Table 5

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the 2500-node WS network for several initial opinion distributions. For
each initial opinion distribution, we perform a single simulation until the convergence criterion (3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal
Number of opinion clusters 395 393 378 375 415

Mean size 6.32 6.36 6.61 6.67 6.02
Variance of the size 25.57 24.95 27.12 24.73 20.57
Kurtosis of the size 1.32x 10 1.52x 10" 1.21x10* 5.70x10°  1.14 x 10*

instantiation of our configuration-model ensemble. Second, we disregard the edge weights and
edge directions. Therefore, we use adjacency matrices instead of influence matrices.

Because we ignore edge weights and directions, at any time t € Ng = {0, 1,...}, the network
G = (V,E) (which we assume does not have any isolated nodes) has an associated unweighted
and symmetric adjacency matrix A, so A;; =1 if (i,j) € E and A;; =0 otherwise.
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Table 6
Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s =0.7 on the 2500-node BA network for several initial opinion distributions. For each
initial opinion distribution, we perform a single simulation until the convergence criterion (3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal

Number of opinion clusters | 43 40 57 41 47

Mean size 58.14 62.50 43.86 60.98 53.19

Variance of the size 8.09 x 10 8.88x10* 6.32x10* 857x10*  8.90 x 10*

Kurtosis of the size 2.63 x 10t 293 x 101 2.17 x 10'  2.81 x 10**  3.54 x 10!
Table 7

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the Caltech Facebook friendship network for several initial opinion distri-
butions. For each initial opinion distribution, we perform a single simulation until the convergence criterion
(3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal

Number of opinion clusters 90 58 210 266 78

Mean size 8.47 13.14 3.63 2.86 9.77

Variance of the size 3685.45 5117.64 29.05 11.05 3612.15

Kurtosis of the size 1.19x 10° 1.44x10°  3.15x 10"  2048.04 9.11 x 10%
Table 8

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s =0.7 on the Bowdoin Facebook friendship network for several initial opinion distri-
butions. For each initial opinion distribution, we perform a single simulation until the convergence criterion
(3.1) is satisfied.

Statistic Uniform Unimodal  Skewed Bimodal Trimodal

Number of opinion clusters | 289 1417 248 332 1185

Mean size 7.79 1.59 9.57 6.78 1.90

Variance of the size 6684.79 2.35 7694.07 1253.13 79.14

Kurtosis of the size 1.27 x 10'°  235.37 1.29 x 10'° 2,55 x 10" 5.40 x 10°
Table 9

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the Georgetown Facebook friendship network for several initial opinion dis-
tributions. For each initial opinion distribution, we perform a single simulation until the convergence criterion
(3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal
Number of opinion clusters | 2516 3686 3629 5303 4151
Mean size 3.73 2.55 2.59 1.77 2.26
Variance of the size 1365.86 201.77 101.26 287.42 497.17
Kurtosis of the size 2.20 x 10°  6.24x 108 1.43x10° 3.83x10%  6.07 x 108

Disregarding edge weights necessitates defining an unweighted analogue of the weighted-
median opinion model (2.1, 2.2). Let A be a symmetric adjacency matrix, n(i) denote the
number of neighbors of node 4, the scalar z;(t) € [0,1] denote the opinion of node i € V' at
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Table 10
Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s =0.7 on the Obamacare Twitter followership network for several initial opinion dis-
tributions. For each initial opinion distribution, we perform a single simulation until the convergence criterion
(3.1) is satisfied.

Statistic Uniform Unimodal  Skewed Bimodal Trimodal

Number of opinion clusters | 1417 4414 3472 1539 2508

Mean size 5.65 2.81 2.31 5.20 3.19

Variance of the size 1.29 x 10* 3.11 53.02 3191.15 199.22

Kurtosis of the size 1.73 x 10" 516.61 1.81 x 10" 4.90 x 10'°  2.52 x 10®
Table 11

Summary statistics for the opinion clusters of the final opinion distributions of our weighted-median opinion
model with self-appraisal s = 0.7 on the abortion Twitter followership network for several initial opinion distri-
butions. For each initial opinion distribution, we perform a single simulation until the convergence criterion
(3.1) is satisfied.

Statistic Uniform Unimodal Skewed Bimodal Trimodal
Number of opinion clusters | 1123 1007 1044 1025 1077
Mean size 5.44 6.07 5.86 5.96 5.68
Variance of the size 5594.65 1.09 x 10° 9837.41 1.26 x 10* 9939.84
Kurtosis of the size 2.06 x 10'%  8.95 x 10'®  8.40 x 10**  1.44 x 10**  8.56 x 10*°

time t € Ny, and the state z(t) = (x1(t),z2(t),...,zn(t)) denote the vector of the N = |V/|
node opinions. Given an initial state 2(0), our median opinion model is the map

(B.1) zi(t+1)=(1—s)z;(t) + sMed;(x(t); A), i€V,
where s € (0,1) is the amount of self-appraisal and Med,;(x(t); A) denotes the median of the
opinion states z(t) with respect to the adjacency-matrix entries A;1, A2, Ais, ..., A;n. More
precisely, Med;(z(t); A) =z* € R for z* that satisfies
1 .
(B.2) | > A< ;i) and | > A< 5(0).
{jrz;<ar} {jrz;>a"}

If multiple values of 2* satisfy (B.2), we let Med;(z(t); A) be the value that is closest to z;(t).
If two values of Med;(z(t); A) are equally close to z;(t), we select the smaller of those two
values.

If G has multiple components, then node opinions evolve independently on each compo-
nent. Therefore, we assume for convenience that G is connected. One can view the weighted-
median opinion model (2.1, 2.2) of the main manuscript as a generalization of the median

opinion model (B.1, B.2) because one can also consider weighted edges in the earlier model.
Let g denote the probability that a node that we select uniformly at random from the

set V has degree k. By assumption, there are no isolated nodes, so gg =0. Let D denote the
set of distinct node degrees. For each k, let Py(z,t) denote the distribution of the opinions
of degree-k nodes at time t. The probability that a degree-k node’s opinion is in the interval
[z,7 + Az) at time t € Ny is thus Py (z,t)Ax + O((Az)?).
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We derive a system of coupled finite-difference equations for the evolution of the densities
Py(x,t) for k € D. For large N and small Az > 0, the expected number of degree-k nodes
with opinions in the interval [x,x 4+ Ax) is Nqi Py (z,t)Ax at time t. The expected change of
this number from time ¢ to time ¢ + 1 is

(B.3) NqpPi(z,t+1)Ax — Nqp Py (z,t)Ax.

To obtain an expression for Py(x,t+ 1) as a function of Py(z,t), we use (B.3) and express
the expected change in the number of degree-k nodes with opinions in the interval [z, z + Az)
from time ¢ to time ¢ 4+ 1 in terms of Py(x,t). The expression for this expected change is
NqiPy(x,t) Az, which we obtain as follows. First, in Appendix B.1.1, we derive the distri-
bution of the opinion of a single neighbor of a degree-k node. We then (in Appendix B.1.2)
derive the distribution of the median opinion of the neighbors of a degree-k node. Using
the latter distribution, we obtain expressions for the mean number of opinions of degree-k
nodes that enter the interval [z,z + Az) at time ¢ + 1 (in Appendix B.1.3) and the mean
number of opinions of degree-k nodes that leave the interval [z,x + Az) at time ¢t + 1 (in
Appendix B.1.4). We combine these expressions and complete the derivation of our mean-field
approximation in Appendix B.1.5.

B.1.1. Opinion distribution of a uniformly random neighbor. We now derive the opinion
distribution of a uniformly random neighbor of a degree-k node. Because the opinions evolve
on a configuration-model network, the probability that a given edge that is incident to a
degree-k node is also incident to a specific degree-l node is 2|Elﬁ As N — oo, the expected
number of degree-l nodes is approximately 2%, where ). pig; is the mean degree.
Therefore, as N — oo, the probability that a givénDedge that is incident to a degree-k node is

also incident to a degree-l node is

lgy
> iep i

We now derive the opinion distribution of a uniformly random neighbor of a node. Because
we determine the edges uniformly at random at each time step, this opinion distribution is
independent of that node’s degree in the limit N — oco. The probability that a uniformly
random neighbor has an opinion in the interval [z,x + Ax) is

P(a5(t) € [, + A) (e = (1,) € B |, j € V)
(B.5) = Z]P’(there is an edge between node i and a degree-l node) P;(x,t)Ax

leD

= Z m P (z,t)Ax
leD
=¢(z,t)Az,
where ¢(z,t) =>,cp mP(x,t) is the opinion distribution of a uniformly random neighbor of
a node in the limit N — oo and D is the set of distinct degrees. Let ®(z,t) = [ ¢(u,t)du
denote the associated cumulative distribution function.

(B.4) =

B.1.2. Distribution of the median opinion of neighboring nodes. Using (B.5), we derive
the distribution of the median opinion of the neighbors of a degree-k node. To do this, we
introduce some notation and results for order statistics.
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Order statistics. Suppose that X7, Xo,..., X,, (where n € N) are independent univariate
random variables with a common continuous probability density function fx and associ-
ated cumulative distribution function Fx. We order these random variables from smallest to
largest. The rth order statistic X(,) describes the rth-smallest value of a quantity and has
the probability density function [10]

n' r— n—r
(B.6) Pxo) @ = Gy =i x (@) (Fx (@) "1 = Fy(a)" "

The conditional distribution of the (r + 1)th order statistic given the rth order statistic is

fx(y) <1 - F(y)>"_r_1
1—Fx($) 1—F(.%') .

Distribution of the median opinion of neighboring nodes. We now derive the distribution
of the median opinion of neighboring nodes in a configuration-model network. Let node i have
degree k. We use separate arguments for odd k and even k.

We first consider odd k. Let k£ =2m + 1. Because the opinions of the neighbors of node
i follow the common distribution ¢(z,t) in the limit N — oo, we view them as independent
and identically distributed random variables. The median opinion Med;(z, A) is the (m+1)th
order statistic. It follows the distribution

2m+1
(B.9) Srmin )= P (o o .8 (1~ B, )"
Let 02p11(x,t) be the distribution of the median neighbor opinion of a node with degree
k=2m+1. We can then write

(B.9) o (a.6) = E T (@) Ba (. 8)" (1~ D))"

We now consider even k. Let k = 2m. The quantity Med;(x(t); A) is either the mth or
(m—+1)th order statistic, depending on which of them is closer to x;(t). Given the definition of
the median in (B.2), we choose Med;(z(t); A) to be the mth order statistic if they are equally
close. Let x(y,), and Z(,,11),, respectively, be the mth and (m + 1)th order statistics of the
opinions of the 2m neighbors of node 7. In the limit N — oo, the neighbor opinions follow a
common distribution ¢(z,t). We derive an expression for the probability

(B.lO) P(Medi({ﬂ(t); A) = x(erl)i) =P ( ‘1‘1 — 1‘(m+1)i‘ < ’(IJZ - x(m)l\) 5

where the opinion z; follows the distribution Pa,,(x,t).

We first suppose that x; < x(,,),. In this case, the probability (B.10) is 0 because the
(m + 1)th order statistic is larger than z(,,),.

We now suppose that z; > z(y,), and let u = z; — z(,,),. Equation (B.10) gives the
probability that the (m + 1)th order statistic is in the interval [x(y,),,Z(m), + 21). Using the
law of total probability [41], we then write

(B.11)

(B.7) f{X<,.+1)|X(T):x} (y)=(n-r)

m+1)

P(Med, (
/ / / DLz many, [20m, } Yo 1) Pi(Ti5) Gy (T ()5 1) Ay AT (i), dai
2 €[0,1] J 2 (m), <zi JYE[T(m),, )

—T(m); +2T;
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where ¢z, |z} 1S the distribution of the (m + 1)th order statistic conditioned on the
mth order statistic and we note that [ (), T(m), + 21) = [T(m),;» —T(m), + 27i). From (B.6)
and (B.7), we see that

o ¢(y) 1- (I)(yat) ml
gb{x(MH) e, }(y’ ) B 1 - (I)(x(m)wt) 1— (I)(x(m)ut) 7

! m—1 m
By, (b1) = mﬂ%@ﬂ (@(b,1)) (1—@(b,1))
for y > b. Therefore,
P(Med; (z(t); )*x(mﬂ

/ / / 6(y,1) ( 1 - ®(y,1) >””
[0,1] J @ (m), < ye[x(m) \—T(m); +2;) 1 - (I)(:L'(m)lat) 1- ¢($(m)13t)

m—1 m
mqﬁ(ﬂf(m)”t) (@(x(m)i,t)) (1 - (I)(x(m)ivt))
X Pom(4,t) dy dz (), da

=y Pmﬂﬁi,t/ (i, ) (P(x(py). 5 T m-l
T ™20 [ 9 (0. 0)

x / ¢(y,t) (1 - ‘I’(y,t))mfl dydx(m)l dmi .
ye[m(m) s~ X (m) +2$»)

We define the notation pa, (t) = P(Med;(x(t); A) = Z(;m+1),), and we express 6, using the
mth and (m + 1)th order statistics of ¢(z,t). With k= 2m, we have

ng(az, t) = (1 - p2m<t))¢l‘(m> (‘T’ t) +p2m(t)¢v’v(m+1) (x7t)

— (L pan0) 0l ) (1= (o))"
P ()2 (i, )™ (1 — B, 1))
T = 1)m! T ’ ’
(2m)!

(B.12) (O (@ (2, 1) (1 - @(z,1)))"

B (m—1)!m!
X ((1 _p2m(t)) (1 - (I)(:Evt)) —I—me(t)(I)(l‘,t)) :

From (B.9) and (B.12), we see that the median neighbor opinion of a degree-k node follows
the distribution

(2m+1)!
m!m/!
(B.I3)  Ok(mt)={ (2m)! m—
mqﬁ(m,t)(@(m,t)(1—<I>(x,t))) !  k—2m,
X ((1 = pam(t)) (1 — ®(z,t)) + pam(t)®(z,1))

Gom+1(2,t) Pamir (2,1)" (1= @(2,1))" , k=2m+1
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where

__ @m)t - m—1
) = 2 gy P20 [ D@00

(B.14) « / 6y 1) (1 — By, )™ " dydbda;
yE€[b,—b+2x;)

In Section 4.1 of the main manuscript, we defined 0 (z,t) for even k using a function
c(z,t) that accounts for the probability that there are two candidates for the weighted-median
neighbor opinion. This function is

(B'15) C(ﬁ,t) = (1 - p?m(t)) (1 - (I)(J:7t)) +p2m(t)q)($’t) :

Inserting this definition of ¢(x,t) into (B.13) yields the definition of fi(x,t) in the main
manuscript.

B.1.3. Mean number of degree-k nodes with opinions that enter the interval [z, x +
Axz) at time t 4 1. Using (B.13), we derive the expected number of nodes whose opinions
are outside the interval [z, 2+ Ax) at time ¢ but inside this interval at time t+1. Let i € V be
a degree-k node and suppose that z;(t) =y ¢ [x,x + Ax). For the opinion of node i to enter
[z,z + Ax), we need

(B.15) < (1—-s)y+sMed;(z(t),A) <z + Az,
which yields

et (s—1)y < Med; (2(t), A) < et (s—1)y 4 Az

B.16
( ) s s s

for s #0.
Because node i has degree k, we know that Med;(z(t); A) follows the distribution 0 (z, )
in the limit N — oco. The probability that (B.15) holds is thus

(B.17) 0 (Wt) %.

The expected number of degree-k nodes that at time ¢ have an opinion in [y,y + dy) but
outside [z,z + Ax) and then at time ¢ + 1 have an opinion in [z,z + Azx) is approximately

(B.18) N%Qk <x (s = 1)y,t> %Pk(y,t)Axdy.

S S

The approximate nature of our statement arises because the intervals [z, z+Az) and [y, y+dy)
may overlap. However, this overlap disappears as Az — 0 and dy — 0. Integrating over y, we
see that the mean number of degree-k nodes whose opinions enter [z, + Azx) at time ¢+ 1 is

rx+(s—1 Az
(B.19) qu/ o 0% <(S)y,t> ?Pk(y,t)Aa:dy.
ye K
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B.1.4. Expected number of degree-k nodes with opinions that leave the interval
[z, + Ax) at time t+ 1. We now consider the mean number of degree-k nodes whose
opinion is in [z,z + Ax) at time ¢ but not at time ¢ + 1. We argue as in Appendix B.1.3,
although now our argument is a bit simpler. Because the opinion of a degree-k node follows
the distribution Py(z,t) and the median of its neighbors’ opinions follows the distribution
O (x,t) in the limit N — oo, the probability that z;(t) € [x,x 4+ Ax) and z;(t + 1) ¢ [z, + Ax)
in this limit is

(B.20) (1 —0k(z,t)Az) Py(z,t)Ax.
The mean number of such nodes is thus
(B.21) Ng (1 — 0 (z,t)Az) Pi(x,t)Az.

B.1.5. Expected change in the number of degree-k nodes with opinions in the interval
[z, 4+ Ax) at time ¢t + 1. Combining (B.3), (B.19), and (B.21) yields

(B.22)
NqiPy(z,t+1)Ax — Nqp Py (z,t) Az

—1 A
= NQk/ O (xJF(SS)y,t> %Pk(y,t) dyAz — Nqi (1 — O (2, 1) Ax) Pp(z,t) A,
y€[0,1]

which implies that

z+(s—1)y ;
S )

(B.23) Py(z,t+1)— 1/ O ( ) Py(y,t)dy as Az —0.
y€[0,1]

S

This completes our derivation of the mean-field approximation (4.1, 4.2).

B.2. Finite-size effects and inaccuracies from annealing-assumption effects. In our
derivation of the mean-field approximation (4.1, 4.2), we made two key assumptions: (1) we
supposed that the network size (i.e., number of nodes) N — oo; and (2) we assumed that the
dynamics occur on an “annealed” network [12]. Both of these choices affect the accuracy of
our approximation.

We now examine finite-size effects (i.e., inaccuracies that arise from our N — oo asymptotic
assumption) and annealing-assumption effects (i.e., inaccuracies that arise from the annealed-
network assumption) in our mean-field approximation. Both of these effects occur, but they
seem to diminish quickly with time for most values of self-appraisal. We thus conclude that
both effects are eventually dominated by the effect of self-appraisal on the accuracy of our
mean-field approximation.

To examine finite-size effects, we calculate the root-mean-square error (RMSE) between
numerical solutions of our mean-field approximation (4.1, 4.2) and the means of 100 simu-
lations of our weighted-median opinion model (2.1, 2.2) for different network sizes N. We
choose the initial opinions uniformly at random.
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Figure 10. The natural logarithm of the RMSE between our weighted-median opinion model (2.1, 2.2) and
its mean-field approzimation (4.1, 4.2) for annealed and fized networks that we generate using a (k1,k2)-regular
configuration model with different numbers of nodes. The degrees are k1 =11 and ke = 101, and the associated
probabilities are qi, =0.9 and qx, =0.1. At time t =1, the RMSE is smaller for larger networks for all values
of the self-appraisal s. However, at later times, the network size has less influence. At time t =15, the effect of
self-appraisal dominates both annealing-assumption effects and finite-size effects.

To examine annealing-assumption effects, we calculate means of simulations of our
weighted-median opinion model (2.1, 2.2) on both “fixed” networks (which are time-
independent) and “annealed” networks (which are time-dependent). For both types of net-
works, we start with a (k1, k2)-regular configuration-model network with degrees k1 =11 and
ko = 101 and associated probabilities qx, = 0.9 and g, = 0.1. A fixed network is a network
that never changes with time. By contrast, an annealed network changes with time. At each
discrete time step, we uniformly randomly rewire the edges while preserving the network’s
degree sequence. That is, for each time step, the annealed network is one instantiation of
the selected (ki, k2)-regular configuration-model ensemble. Therefore, the annealed networks
satisfy the annealing assumption in our mean-field approximation (4.1, 4.2), whereas the fixed
networks do not satisfy this assumption.

In Figure 10, we show the RMSEs from these numerical experiments and explore how
they change as time increases from ¢ = 1 to ¢t = 5. At time t = 1 and for all values of
the self-appraisal s, the RMSE is smaller for larger networks for both the annealed and the
fixed networks. Notably, for t = 1, network size seems to affect the RMSE more than the
self-appraisal value. The RMSE has a similar magnitude for both the annealed and fixed
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Figure 11. The natural logarithm of the RMSE between our weighted-median opinion model (2.1, 2.2) and
its mean-field approzimation (4.1, 4.2) for the Bowdoin Facebook friendship network for self-appraisal values
between s =0.1 and s =0.3. The RMSE increases rapidly at earlier times for self-appraisal values near 0.1 than
it does for self-appraisal values near 0.3. There appears to be a smooth transition between these two behaviors.

networks. Therefore, for ¢ = 1, it seems that finite-size effects impact the accuracy of our
mean-field approximation but that there are not any significant annealing-assumption effects.
At time ¢t = 3, finite-size effects still impact the accuracy of the mean-field approximation,
but these effects are smaller than the effects of the self-appraisal value. Additionally, the
annealing-assumption effects are more pronounced for ¢ = 3 than for t = 1. At time ¢t = 5,
the finite-size effects are still noticeable for the annealed networks for s < 0.5, but they are
barely noticeable for the fixed networks. For t =3 and t =5, self-appraisal has a larger impact
than either finite-size effects or annealing-assumption effects on the accuracy of our mean-field
approximation.

B.3. Effect of self-appraisal on the root-mean-square error (RMSE) between our
weighted-median opinion model (2.1, 2.2) and its mean-field approximation (4.1, 4.2).
In Figure 11, we show the dependence of the RMSE between our weighted-median opinion
model (2.1, 2.2) and its mean-field approximation (4.1, 4.2) for the Bowdoin Facebook friend-
ship network using a more finely-grained set of self-appraisal values than the ones that we
used in Section 4.2. For self-appraisal s = 0.1, the RMSE initially increases rapidly and it then
increases slowly for t > 1. For s = 0.3, the RMSE initially increases slowly and it then increases
much more rapidly. By examining self-appraisal values between these extremes, we observe
a seemingly smooth transition between these two behaviors. We observe similar qualitative
features for our other real-world social networks.
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Figure 12. The natural logarithm of the RMSE between our weighted-median opinion model (2.1, 2.2) and
its mean-field approzimation (4.1, 4.2) for the Georgetown Facebook friendship network at timest=1 andt=4
for various lumping degrees and self-appraisal values s. The RMSE is similar for all lumping degrees of at least
500. This is the case for all of the Facebook friendship networks and Twitter followership networks.

B.4. Effect of degree “lumping” on the RMSE between our weighted-median opinion
model (2.1, 2.2) and its mean-field approximation (4.1, 4.2). We observed in Section 4.2
that the maximum value of 05 in our mean-field approximation (4.1, 4.2) increases with the
node degree k. This results in numerical overflow in the evaluation of 6, for sufficiently large
values of k. To deal with this issue, we introduce a “lumping degree” and aggregate all
nodes whose degrees are at least the lumping degree into a single degree class with a common
opinion distribution. The probability that a node is in the lumped degree class is the sum of
the probabilities that it is any of its constituent degree classes.

Using numerical computations, we examine the effect of different lumping degrees on the
mean-field approximation (4.1, 4.2). In Figure 12, we show the RMSE between our weighted-
median opinion model (2.1, 2.2) and its mean-field approximation (4.1, 4.2) for the Georgetown
Facebook network at times t = 1 and t = 4 for different lumping degrees and self-appraisal
values. The behavior of the RMSE depends on the self-appraisal s. At time t = 4, for self-
appraisal s = 0.1, the RMSE initially decreases as we increase the lumping degree. However,
the RMSE initially increases with the lumping degree for larger self-appraisal values.

In Figure 13, we show the RMSE between our weighted-median opinion model (2.1, 2.2)
and its mean-field approximation (4.1, 4.2) for the Georgetown Facebook network at times
t =1 and t =4 for different lumping degrees for self-appraisals s € [0.1,0.3]. There appears to
be a smooth transition between the observed behaviors.

Based on our simulations of our mean-field approximation (4.1, 4.2) on the Facebook
friendship and Twitter followership networks, there also appears to be little effect of increasing
the lumping degree beyond 500. For all of the results in Section 4.3, we use a lumping degree
of 1000.
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Figure 13. The natural logarithm of the RMSE between our weighted-median opinion model (2.1, 2.2) and
its mean-field approzimation (4.1, 4.2) for the Georgetown Facebook friendship network at timest=1 andt=4
for various lumping degrees and self-appraisal values ranging from s = 0.1 (light blue) to s = 0.3 (red). The
RMSE evolves differently for s =0.1 than it does for s =0.3. Att=1, the RMSE depends little on the lumping
degree for s = 0.1, but it decreases for larger lumping degrees for s = 0.3. At t = 4, the RMSE decreases for
larger lumping degrees for s =0.1, but it increases for larger lumping degrees for s =0.3. There appears to be a
smooth transition between these two regimes.
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