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Energy transport properties in heterogeneous materials have attracted scientiﬁc interest for
more than half of a century, and they continue to offer fundamental and rich questions. One
of the outstanding challenges is to extend Anderson theory for uncorrelated and fully
disordered lattices in condensed-matter systems to physical settings in which additional
effects compete with disorder. Here we present the ﬁrst systematic experimental study of
energy transport and localization properties in simultaneously disordered and nonlinear
granular crystals. In line with prior theoretical studies, we observe in our experiments that
disorder and nonlinearity—which individually favor energy localization—can effectively cancel
each other out, resulting in the destruction of wave localization. We also show that the
combined effect of disorder and nonlinearity can enable manipulation of energy transport
speed in granular crystals. Speciﬁcally, we experimentally demonstrate superdiffusive
transport. Furthermore, our numerical computations suggest that subdiffusive transport
should be attainable by controlling the strength of the system’s external precompression
force.
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P

. W. Anderson's 1958 paper1 on wave dynamics in disordered systems is one of the landmarks of 20th-century
physics, and studies of Anderson localization and related
phenomena continue to yield fascinating surprises2. Over the past
decade, there have been amazing experimental advances, in ﬁelds
such as ultracold atomic physics and nonlinear optics, toward the
direct observation of spatial localization and transport in
disordered systems3–5. There has been simultaneous progress
toward achieving a theoretical understanding of the interplay
between disorder and weak nonlinearity6. However, there has
been much less exploration of disorder in strongly nonlinear
systems, and many fundamental questions remain open.
Speciﬁcally, under what conditions is transport subdiffusive or
superdiffusive? More generally, how does strong nonlinearity
affect localization? Much of the progress has arisen from
studies of models with on-site nonlinearities, such as discrete
nonlinear Schrödinger and Klein–Gordon models, where the
interplay between disorder and nonlinearity yields subdiffusive
transport6–8. However, recent progress has hinted at a
fundamentally different phenomenology in lattices with inter-site
interactions (e.g., well-known settings such as chains of
Fermi–Pasta–Ulam–Tsingou (FPUT) type9,10). In particular, it
has been shown numerically that superdiffusive behavior is
possible in these systems11–13. An intriguing feature in all of the
above situations is that disorder (which is traditionally viewed as
leading to localization) and nonlinearity (which can cause localization in the form of phenomena such as discrete breathers14)
can somehow cancel out each other’s tendency toward localization, leading to transport.
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Fig. 1 Schematic of our experimental setup. The inset shows details of the
boundary condition in front of a granular chain
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Results
Experimental setup and data. We describe our experimental
setup in Fig. 1. The granular chain consists of 32 spherical particles (see Supplementary Table 1 and Supplementary Note 1). To
introduce disorder in a granular crystal, we use various combinations of aluminum and tungsten-carbide particles, which have
starkly different densities and elastic moduli (see the Methods
section for details). The right end of the chain is constrained by a
steel plate with a hole in the center; through this hole, a spherical
impactor released from a ramp hits and excites the ﬁrst particle of
the chain. The left end of the chain is blocked by a large sliding
mass, which applies a static precompression F0 to the chain via a
linear spring. We measure the dynamics of the chain by recording
each particle’s velocity as a function of time using a laser Doppler
vibrometer (LDV)22.
We control the strength of the system’s nonlinearity by
applying three different amounts of precompression: 50, 10, and
0 N, which range from almost linear to strongly nonlinear
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In this study, we experimentally and numerically investigate
energy transport in one-dimensional disordered granular crystals
(i.e., granular chains) in a wide variety of regimes, extending from
almost linear to strongly nonlinear ones. Granular crystals composed of spherical particles are a popular vehicle for investigating
various nonlinear wave features15–18. When in contact, two
particles interact with each other nonlinearly via a Hertzian
interaction19: the force–displacement relation in the contact
interaction is governed by a 3/2 power law under compression
and zero force under tension. In this class of models, one can tune
the effective system nonlinearity very precisely by varying the
ratio of excitation amplitude to static precompression18. We
consider a system excited at a granular chain’s boundary to
investigate how the mechanical energy injected by the external
excitation is transported along the chain under the combined
inﬂuence of nonlinearity and disorder. In our analysis, we use
established diagnostics such as the inverse participation ratio
(IPR) and the second moment (m2) of the energy6. Earlier
works have used such quantities to characterize transport in
homogeneous, tapered, and diatomic granular chains20, as well as
in disordered granular chains11,12. A very recent study examined
the relation between chaos and transport properties in granular
chains21.
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Fig. 2 Wave propagation in homogeneous and disordered chains. Spatiotemporal distributions of particle velocities in (a–c) a homogeneous chain and (d–f)
a disordered chain with static precompressions of (a, d) 0 N, (b, e) 10 N, and (c, f) 50 N
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Fig. 3 Experimental observation of Anderson-like localization. Normalized
kinetic-energy proﬁle, averaged between 1.5 and 3.5 ms, for different
amounts of precompression. In the inset, we show the kinetic energy on a
logarithmic scale when the static precompression is 50 N. The dashed line
shows the slope associated with e−0.54i, where i denotes particle number

dynamical regimes of the chain. To visualize the propagation of
stress waves in each case, we show spatiotemporal distributions of
the particles’ motions based on the measured velocity. In Fig. 2,
we show experimental measurements of particle velocities for a
homogeneous chain consisting of (top row) aluminum particles
only and (bottom row) a disordered chain composed of
aluminum and tungsten-carbide particles in strongly nonlinear,
weakly nonlinear, and almost linear scenarios (left, middle, and
right, respectively). See Supplementary Fig. 1 and Supplementary
Note 2 for details of how we characterize nonlinearity strength.
In a homogeneous chain, we observe a localized wave packet in
the form of a strongly nonlinear solitary wave in the absence of
precompression (i.e., for F0 = 0 N). When we apply a nonzero
precompression to the chain, we start to observe the generation of
linear oscillatory waves, which propagate behind the supersonic
leading nonlinear wave packet. These ripples arise from
oscillations of the ﬁrst particle after an impact23 and consequently
from the excitation of oscillatory modes. The frequency of these
oscillatory waves increases as the precompression increases
(compare Figs 2b and 2c). This occurs because the contact
stiffness increases as we apply progressively stronger precompression due to the nonlinearity in the contact interactions.
In Figs 2d–f, we show experimental results for wave
propagation in a disordered chain for various precompression
strengths. (See Supplementary Table 1 and Supplementary Note 1
for details of the disordered chain conﬁguration, Supplementary
Fig. 2 and Supplementary Note 1 for our comparison with
simulation results, and Supplementary Fig. 3 and Supplementary
Note 3 for a corresponding frequency analysis.) Comparing our
results for disordered chains with the ones from the homogeneous chain, we ﬁnd that the presence of disorder causes
signiﬁcant scattering of propagating waves in both time and
space. The scattering is most drastic in the absence of
precompression (see Fig. 2d). However, for increasing precompression, the wave packet tends to become more localized in the
front of the chain and the amplitudes of propagating waves
decrease signiﬁcantly as a function of distance (see Fig. 2f). Given
identical excitation conditions, we observe that applying precompression increases the speed of the leading wave packet, as
expected in granular chains due to the dependence of the wave
speed on wave amplitude and chain stiffness (i.e., precompression)15–18.
NATURE COMMUNICATIONS | (2018)9:640

Experimental observation of Anderson-like localization. To
characterize localization near the excitation point in the almost
linear regime (i.e., F0 = 50 N), we compute the kinetic-energy distribution. Given the velocity vi(t) of the ith particle, we compute its
kinetic energy Ki ðtÞ ¼ ð1=2Þmi vi2 ðtÞ, where mi is the particle’s
mass. We then average our results over the different realizations of
disorder to obtain hKi ðtÞi. Initially, the pattern’s amplitude
decreases due to the spreading associated with non-scattered modes.
It then oscillates near the edge of the chain for a long time (up to
3.5 ms). To better visualize the kinetic-energy proﬁle, we compute a
temporal mean between ts = 1.5
R tms and tf = 3.5 ms. We deﬁne the
mean kinetic energy as K i ¼ tfs hKi ðtÞidt=ðtf $ ts Þ, and we then
P
normalize the distribution by letting K i ! K i = Nj¼1 K j (where N
is the number of particles). In Fig. 3, we show normalized mean
kinetic-energy proﬁles for the different precompression strengths.
In our experiments, we observe for F0 = 50 N that the kinetic-energy
distribution seems at ﬁrst to decay at a roughly exponential rate
with particle number: K i /e$0:54i for i ∈ {2,…,10}. (See the inset of
Fig. 3 and Supplementary Note 4 for more details.) Due to this
exponential decay, the kinetic energy is reduced by two orders of
magnitude after about 10 sites from the boundary of the chain. We
also observe localization around the second particle. This particular
location arises from a combination of dissipation effects and the
particular disordered conﬁgurations (from a sub-ensemble in which
the ﬁrst particle is always aluminum) that we examine. For i ∈ {11,
…,15}, we observe excitation of a secondary mode that emerges and
decays in an irregular manner as a function of time (see Fig. 3). For
i ≳ 15, very low-amplitude waves, which are associated primarily
with low-frequency linear modes, reach the right side of the chain
and are reﬂected.
Energy localization and spreading. To investigate the energy
transport characteristics of the granular chains, we quantify
energy localization and the speed of energy spreading using the
inverse participation ratio (IPR) and the second moment of the
energy (m2), respectively6,11,24. To calculate these quantities, we
use kinetic energy instead of the total energy of the particles in a
chain, because we can directly calculate the former experimentally
by measuring particle velocities. The IPR based on the kinetic
energy is
N !
P

P$1 ðtÞ ¼ #i¼1
N
P

i¼1

mi vi2

"2

mi vi2

$ 2:

ð1Þ

When all energy is conﬁned to a single particle, P−1 = 1, and P−1
approaches 1/N (where N is the total number of particles in a
chain) as a wave disperses. In Fig. 4, we show P−1 as a function of
time for both the almost linear and nonlinear regimes. Because of
the customary exchange between kinetic and potential energies,
we observe oscillations in the temporal proﬁle of P−1. However,
the aggregate trends do not vary signiﬁcantly from those based on
total energy (see Supplementary Fig. 4 and Supplementary
Note 5).
In a homogeneous chain with precompression (see the solid
blue curve in Fig. 4a), we observe experimentally that P−1
decreases in time, because the linear waves disperse as they
propagate. However, in a disordered chain (see the solid red curve
in Fig. 4a), this decreasing trend is less pronounced. This implies
that the disorder tends to favor wave localization, conﬁrming the
effect of Anderson localization. Our numerical simulations
(dashed curves; see the Methods section) corroborate our
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Fig. 4 Energy-localization characteristics. Inverse participation ratio (P−1) of the kinetic energy in homogeneous (blue curves) and disordered (red curves)
chains for (a) almost linear and (b) nonlinear regimes. In both cases, we compare numerical calculations (dashed curves) with experimental data (solid
curves)
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It is well-known that asymptotic energy spreading in a
homogeneous chain is ballistic (i.e., m2(t) ~ t2 as t → ∞)11,26. To
investigate energy spreading in detail, we estimate the exponent γ
of the second moment in the scaling relationship m2(t) ~ tγ during
the time period from 0.1 ms to 1 ms6,11,12. We compare the
estimated exponents from the experimental data to those from
numerical simulations in Fig. 5. The exponents in homogeneous
chains (see the upper shaded area in Fig. 5) are about γ = 2
(corresponding to ballistic spreading). For stronger precompression, the exponents are slightly smaller, but they remain near the
ballistic regime.
For disordered chains, we observe drastic changes in γ as we
increase F0. Speciﬁcally, the mean values of the exponents for the
disordered chains diminish gradually from superdiffusive ones (1
< γ < 2) to subdiffusive ones (0 < γ < 1) for chains with
progressively stronger static precompressions. This is more
noticeable in our numerical simulations than in our experimental
data; in the latter, we clearly observe the superdiffusive regime,
yet our measurements while approaching the diffusive regime do
not deﬁnitively manifest subdiffusive behavior. In simulations, in
contrast, our ability to do a large variety of numerical experiments
allows us to collect data for numerous precompression strengths
and to transparently reveal the trend from superdiffusion to
subdiffusion. It is also important to contrast our subdiffusive
numerical results, for which we observe γ ∈ (0.5,1), with the much
slower subdiffusive spreading in discrete nonlinear Schrödinger
and Klein–Gordon chains6–8. Our experimental results
(white squares) indicate that the exponent γ of the second
moment of the kinetic energy is smaller for progressively stronger
4
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experimental results. Strikingly, we observe completely different
qualitative behavior in the nonlinear regime (see Fig. 4b). The
nonlinearity favors wave localization in a homogeneous chain, as
indicated by the larger value of P−1. In this case, a localized
solitary wave propagates in a highly localized (doubly exponentially decaying25) manner, and P−1 retains a value of about 0.6. A
similar trend was noted recently in numerical simulations11,12 for
bulk dynamics in very long chains (so boundary effects were
neglected). In contrast, in our experiments, boundary effects are
fundamental both for the generation of the initial excitation and
for the ensuing dynamics.
The second moment of kinetic-energy distribution is

1.5

Disordered chains

1

0.5
0

20

40
F0 (N)

60

80

Fig. 5 Energy-spreading characteristics. Exponents (γ) of the second
moment m2 of kinetic energy as a function of precompression strength. The
exponents 1 and 2 (horizontal dashed lines) represent diffusive and ballistic
transport, respectively. The diamond, triangular, and square marks are
based on experimental data obtained, respectively, from a homogeneous
tungsten-carbide (WC) chain, a homogeneous aluminum (Al) chain, and a
mean over ﬁve disordered chains. (See Supplementary Table 1 and
Supplementary Note 1 for details about the ﬁve disordered chains.) We
mark the numerical data with circles. We do computations for
homogeneous chains (blue circles), the ﬁve disordered chains (hollow red
circles), and 100 randomly generated disordered chains (red circles with
error bars). The red circles and error bars, respectively, give the mean
values and standard deviations of the computed exponents from the 100
cases

precompression F0, in line with our numerical observations
(white circles). However, while our experimental ﬁndings
deﬁnitively manifest superdiffusion, they are inconclusive about
the potential transition to subdiffusion as one increases F0.
We also compare the exponents that we obtain from the ﬁve
disordered chains with those from numerical simulations of 100
different disordered chains in Fig. 5. The red circles and error
bars, respectively, give the mean values and standard deviations of
the computed exponents from the 100 cases. The relevant trends
persist despite the larger error bars for stronger precompressions.
The agreement between computations and experiments also
continues to hold. Additionally, although our study focuses on
| DOI: 10.1038/s41467-018-03015-3 | www.nature.com/naturecommunications
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the effect of nonlinearity and disorder, the boundary conditions
in granular chains can also alter energy transport mechanisms, as
demonstrated previously in other physical systems (e.g.,
refs. 27,28). See Supplementary Fig. 5 and Supplementary Note 6
for detailed numerical calculations of such boundary effects.
Discussion
In this study, we experimentally and numerically investigate
energy transport and localization properties in both ordered and
disordered one-dimensional granular crystals in strongly nonlinear, weakly nonlinear, and almost linear settings. In our
experiments, we observe exponential attenuation of the energy
distribution for disordered chains when we apply strong precompression to obtain almost linear dynamics. This is reminiscent of Anderson localization. We show that this localized pattern
oscillates persistently near the chain boundary. For progressively
weaker precompression, the system’s effective nonlinearity
becomes stronger, and there is a gradual progression from a
localized pattern to ﬂatter energy distributions. This affects the
chain’s transport properties, as energy spreads faster for weaker
precompression.
Our study paves the way toward using granular crystals and
related systems (e.g., ones involving magnets29) as accessible
platforms for exploring the interplay between nonlinearity and
disorder in a lattice setting. The amenability of such granular
metamaterials for controllable tuning between strongly nonlinear
and almost linear regimes, coupled with the ability to monitor
such systems in a distributed fashion, promises a wealth of
exciting advances in condensed-matter physics, materials science, and nonlinear dynamics. Proposals to engineer local nonlinearity effects (e.g., see ref. 30) in granular crystals and to
examine the competition between the chieﬂy superdiffusive
effects of inter-site nonlinearities and the apparently chieﬂy
subdiffusive effects of on-site nonlinearities also constitute
important future directions.
Methods
Experiments. We measure wave propagation in two types of one-dimensional
granular crystals (i.e., granular chains): homogeneous and disordered chains. Each
chain consists of 32 particles using either tungsten-carbide (Young modulus E = 600
GPa, Poisson ratio ν = 0.2, and density ρ = 15.6 g cm−3) or aluminum (E = 69 GPa, ν
= 0.33, and ρ = 2.8 g cm−3). The radius of each particle is 9.53 mm. The values of E,
ν, and ρ are based on standard speciﬁcations31. We examine two homogeneous
chains (one made of tungsten-carbide and the other made of aluminum) and ﬁve
disordered chains (with combinations of tungsten-carbide and aluminum, as
described in Supplementary Table 1 and Supplementary Note 1). In the disordered
chains, we randomly choose each particle, except for the ﬁrst particle, as either a
tungsten-carbide or aluminum particle, with an independent 50% probability of
each for each particle. This yields an ‘uncorrelated’ type of disorder11. As we
illustrate in Supplementary Fig. 6 and Supplementary Note 7, a 32-particle granular
chain is long enough to validate energy localization and transport properties.
The spherical particles are supported by two stainless-steel rods coated by
polytetraﬂuoroethylene (PTFE) tape to reduce friction between the particles and
the supporting rods. We also place two aluminum rods on top of the granular
chain, with minimum clearance to restrict lateral motion of the particles. To apply
various precompression strengths to a chain, we press a heavy block on a sliding
guide toward the chain using a linear spring. Between the block and the chain, we
embed a static force sensor (see Fig. 1) to ensure accurate monitoring of the
precompression applied to the chains. The other side of a chain is blocked by a steel
plate with a circular hole in the center, and we bond four equidistant steel balls to
the edge of the hole (see the inset of Fig. 1). These balls have point contacts with the
ﬁrst particle; this yields a much smaller contact damping between the ﬁrst particle
and the plate boundary than one would obtain from a line contact between the two.
For this study, we test granular chains with various precompression strengths
(from 0 to 60 N). We give an impact excitation to the ﬁrst particle using a chromesteel (E = 210 GPa, ν = 0.29, and ρ = 7.8 g cm−3) particle with a 4.75 mm radius. We
roll the particle down a ramp so that it has a normal impact on the ﬁrst particle
through the hole of the plate (see Fig. 1). The impact velocity, which we measure
using a laser Doppler vibrometer (Polytec OFV 534), is 0.45 ± 0.12 m s−1.
To visualize wave propagation in a granular chain, we measure the axial
velocities of particles individually for each particle spot using the LDV. To
synchronize the measured data, we use a small piezoelectric ceramic plate (3
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mm × 4 mm × 0.5 mm) bonded to the ﬁrst particle; this plate generates a trigger
signal (voltage) at the instant of striker impact. We scan the velocity proﬁles for all
particles in the chain by moving the LDV using a moving stage, and we
reconstruct the measured data to depict a spatiotemporal proﬁle of propagating
waves. For each conﬁguration, we follow the above procedures and conduct three
tests. This amounts to 672 experimental realizations to construct the
spatiotemporal dynamics of the granular chains for all of the cases that we study in
the present article.
Numerical simulations. The equation of motion for the ith particle in a granular
chain is16
%
&3=2
2
mi ddtu2i ¼ Ai$1;i δi$1;i þ ui$1 $ ui þ
ð3Þ
%
&3=2
i
$Ai;iþ1 δi;iþ1 þ ui $ uiþ1 þ $ mτ i du
dt ;

where mi and ui, respectively, are the mass and displacement of the ith particle. The
force on the ith particle depends on the geometry and material properties of both it
and its adjacent particles. The interaction coefﬁcient between the ith and (i + 1)th
particles is
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Ei Eiþ1
Ri Riþ1
ð4Þ
!
"
&
Ai;iþ1 ¼ %
;
Ri þ Riþ1
3 Eiþ1 ð1 $ ν 2i Þ þ Ei 1 $ ν 2iþ1

where Ei, νi, and Ri are, respectively, the ith particle’s Young modulus, Poisson ratio,
and radius. The quantity δi,i+1 = (F0/Ai,i+1)2/3 is the compression distance between
the ith and (i + 1)th particles at static equilibrium under a static precompression of
F0. The bracket [x]+ = max{0,x} encodes the fact that there are no tensile forces in
interparticle interactions. We determine the damping coefﬁcient 1/τ by measuring
the decay of leading waves in experiments and calculating a value for τ that
matches the experimental results. (See Supplementary Fig. 7 and Supplementary
Note 8 for further discussion about the effect of dissipation on energy spreading.
See Supplementary Note 9 for a brief discussion about testing for plasticity.) For
the homogeneous chain of aluminum particles, we use τ = 2 ms (for F0 = 0 N), τ = 1
ms (for F0 = 10 N), and τ = 0.4 ms (for F0 = 50 N). For the disordered chains, we use
τ = 1 ms (for F0 = 0 N), τ = 0.6 ms (for F0 = 10 N), and τ = 0.4 ms (for F0 = 50 N).
The equation of motion for the striker particle (i = 0) includes an interparticle
interaction only with the ﬁrst particle, and the ﬁrst particle interacts with the
boundary plate and the second particle (in addition to the striker). Similarly, the
last particle has an interaction with the penultimate particle and the other
boundary plate. The displacements at the boundaries are ﬁxed (uleft = uright = 0),
and we apply an initial velocity to the striker (vstriker = 0.45 m s−1). We conduct
numerical simulations using a variety of different impact velocities of about
0.45 m s−1 and observe no signiﬁcant differences in the exponents. More generally,
the presence of both superdiffusive transport and wave localization, which we see
in the values of both m2 and P−1, is robust to changes in the initial condition of the
impactor.
We solve the equations of motion (3) numerically with a Runge–Kutta method
(of Dormand–Prince type) using Matlab’s ODE45 routine with a relative error
tolerance of 0.1%. In calculations with lower error tolerances, we obtain the same
results. Based on the relative tolerance of 0.1%, the order of magnitude of the error in
the displacements is less than 1 × 10−9 m, and the order of magnitude of the error in
the velocities is less than an amount ranging from 1 × 10−6 to 1 × 10−4 m s−1,
depending on the speciﬁc properties of the waves.
Using numerical simulations, we probe additional details of disordered granular
chains. In addition to those that we discussed earlier, we compare the dynamics in
velocity excitations and displacement excitations (see Supplementary Fig. 6 and
Supplementary Note 10). We also consider a sub-ensemble in which the ﬁrst
particle is tungsten-carbide. In this case, in contrast to the sub-ensemble in which
the ﬁrst particle is aluminum (for which localization occurs around the second
particle), we observe that localization tends to occur around the ﬁrst particle
(see Supplementary Fig. 8 and Supplementary Note 11).
Data availability. The data sets generated and analyzed during the current study
are available from the corresponding author on reasonable request.
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SUPPLEMENTARY FIGURES

Supplementary Figure 1. Ratio of maximum dynamic force to static precompression.
(a) Ratio of the maximum dynamic force (defined as Fdynamic = max(|F

F0 |), where F is the

propagating wave’s force amplitude) to the static precompression F0 in disordered chains for F0 =
10 N . (b) Ratio of maximum dynamic force to the static precompression in disordered chains for
F0 = 50 N.

2

Supplementary Figure 2. Wave propagation in homogeneous and disordered chains. (a–f)
Spatiotemporal distributions of particle velocities in a homogeneous chain consisting of aluminum
particles with static precompressions of (a,d) 0 N, (b,e) 10 N, and (c,f) 50 N. We compare the
experimental data (panels a–c) to numerical simulations (panels d–f). (g–l) Spatiotemporal distributions of particle velocities in a disordered chain (the ‘Chain 1’ configuration in Supplementary
Table I) with static precompressions of (g,j) 0 N, (h,k) 10 N, and (i,l) 50 N. We compare the
experimental data (panels g–i) to numerical calculations (panels j–l). We show dashed arcs to
visually track the edges of the velocity distributions.

3

Supplementary Figure 3. Vibration modes of a disordered chain (Chain 1 from Supplementary Table I) for a static precompression of F0 = 50 N. (a) Mode profiles of the 5th ,
14th , and 25th modes. (b) Inverse participation ratio (IPR) P

1

calculated based on the displace-

ment amplitude for each mode. (c) Frequency response function of the disordered chain. The
shaded area shows the nonscattered modes (from the 1st to the 5th modes).

4

Supplementary Figure 4. Comparison of second moments from kinetic energy versus those
from total energy for di↵erent precompression strengths in our numerical simulations
of disordered chains. The blue squares represent calculations based on kinetic energy, and the
red circles represent calculations based on total energy (i.e., kinetic energy plus potential energy).
The vertical axis gives the exponent

of the second moment, and the horizontal axis gives the

static precompression strength. For these simulations, we use 32-particle chains and a velocity
excitation.

5

Supplementary Figure 5. Boundary conditions at the location of the excitation and their
corresponding e↵ects on energy transport. (a) Schematic of an excitation as a hard boundary
constrained by a fixed wall. (b) Schematic of an excitation as a soft boundary (specifically, a free
boundary) in which precompression is applied directly to the first particle without any constraints.
In both panels, the depicted springs represent Hertzian interactions. (c) Comparison of the second
moment m2 of the kinetic energy, averaged over 100 realizations, for granular chains with two
di↵erent boundary conditions at the right end: a hard boundary (red circles) and soft boundary
(blue squares). The insets represent spatiotemporal distributions of the propagation velocity for
particles in chains with the two di↵erent boundary conditions.
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Supplementary Figure 6. Comparison of exponents

of the second moment m2 of the

kinetic energy in short versus long chains. We compare the exponents between short chains
(32 particles) and long chains (100 particles) for (a) a velocity excitation and (b) a displacement
excitation. We use 100 chains for each case, and we generate them randomly by independently
choosing each particle in the chain as either tungsten-carbide and aluminum particles with equal
probability. (c) Probability density as a function of statistic precompression F0 and spreading
exponent .

7

Supplementary Figure 7. E↵ect of dissipation on energy spreading in disordered chains.
Exponent

of the second moment m2 of kinetic energy for various dissipation coefficients (1/⌧ ) as a

function of precompression strength. We show means of numerical simulations from 100 disordered
chains with 100 particles each over the time period [0.1, 3] ms.

8

Supplementary Figure 8. E↵ect of the choice of material of the first particle on energy
spreading. We compare the exponent

of the second moment m2 of the kinetic energy between

chains that have a light particle (aluminum) at i = 1 (i.e., in the first position) and chains that
have a heavy particle (tungsten-carbide) at i = 1. All chains have 100 particles and a fixed-wall
boundary at the right.
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SUPPLEMENTARY TABLE

Supplementary Table I. Configurations of the five disordered chains in our experiments.
Disordered

Order of particles (1: Tungsten-Carbide; 2: Aluminum)

chain
Chain 1

[2, 1, 2, 2, 1, 1, 2, 2, 1, 1, 1, 1, 1, 2, 2, 1, 2, 1, 2, 2, 1, 1, 2, 2, 2, 1, 2, 1, 1, 1, 2, 1]

Chain 2

[2, 2, 2, 1, 2, 1, 1, 1, 1, 2, 1, 2, 1, 1, 2, 2, 2, 1, 1, 2, 1, 2, 2, 1, 2, 2, 1, 1, 2, 1, 1, 1]

Chain 3

[2, 2, 1, 1, 2, 2, 1, 1, 2, 2, 2, 2, 2, 2, 2, 1, 2, 1, 1, 1, 1, 2, 1, 2, 2, 1, 1, 2, 1, 1, 1, 2]

Chain 4

[2, 1, 2, 2, 2, 2, 1, 2, 1, 2, 2, 1, 2, 1, 2, 1, 1, 1, 1, 1, 2, 2, 1, 1, 2, 2, 1, 1, 1, 1, 1, 1]

Chain 5

[2, 2, 2, 2, 1, 2, 1, 1, 2, 1, 2, 2, 1, 2, 2, 1, 1, 1, 1, 2, 1, 2, 2, 2, 1, 1, 1, 1, 2, 1, 2, 1]
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SUPPLEMENTARY NOTE 1: NUMERICAL AND EXPERIMENTAL
RESULTS FROM HOMOGENEOUS AND DISORDERED GRANULAR
CHAINS, AND THE DETAILED CONFIGURATIONS OF THE
DISORDERED CHAINS.
In Supplementary Figure 2, we show the full-field particle velocities for a homogeneous
chain that consists of aluminum particles only (top two rows) and a disordered chain composed of aluminum and tungsten-carbide particles (bottom two rows) in strongly nonlinear,
weakly nonlinear, and almost linear scenarios (in the left, middle, and right panels, respectively). In each group, the upper and lower rows show our experimental and numerical
results, respectively. Our numerical results corroborate our experimental measurements.
In Supplementary Figure 2 and also in Figure 2 of the main manuscript, we report
disordered-chain results for the first configuration (‘Chain 1’) of the 32-particle disordered
chains from Supplementary Table I. We assemble each disordered chain by randomly choosing each individual particle (except for the first one) in the chain as either aluminum or
tungsten-carbide with equal probability. This splits the statistical ensemble into two subensembles: (i) chains with the first particle fixed as aluminum and (ii) chains with the first
particle fixed as tungsten-carbide. We intentionally choose to examine case (i), because it
facilitates transfer of mechanical energy from the striker particle to the chain. This observation is based on preliminary experimental observations using both sub-ensembles. In
this case, our experiments have mean energy transfer rates from the striker to the chain of
75.5%, 76.1%, and 85.8% for 0 N, 10 N, and 50 N precompression, respectively. Although
we focus our experimental e↵orts on studying case (i), we show numerically that case (ii)
has similar transport properties as case (i). For instance, in both cases, we observe a transition from subdi↵usive to superdi↵usive behavior, although the precise values for the energy
spreading-rate exponents

di↵er. (See Supplementary Note 11 for more details.)

SUPPLEMENTARY NOTE 2: NONLINEARITY OF STRESS WAVES
PROPAGATING IN DISORDERED CHAINS.
In a disordered granular chain, stress waves scatter as they propagate along the chain,
which in turn results in a diminution of the wave amplitude. When one applies precom11

pression to a chain, this amplitude decrease changes the nonlinearity strength in the system
as the stress waves propagate along the chain. One can estimate the nonlinearity strength
of the propagating wave based on the ratio of its dynamic force to the static precompression. We use the following qualitative criterion for characterizing regimes with di↵erent
nonlinearity strengths. We say that dynamics is ‘strongly nonlinear’ when the force ratio
Fdynamic /F0

1, ‘weakly nonlinear’ when Fdynamic /F0 ⇡ 1, and ‘almost linear’ (which is also

known as ‘nearly linear’, or sometimes just ‘linear’ as a shorthand) when Fdynamic /F0 ⌧ 1.
The maximum dynamic force is Fdynamic = max(|F

F0 |), where F is the propagating wave’s

force amplitude and F0 is the static precompression. In Supplementary Figure 1a, we show
Fdynamic /F0 when F0 = 10 N. Initially, a strongly nonlinear wave forms, but it subsequently
becomes a weakly nonlinear one due to scattering and localization. In Supplementary Figure 1b, we show the force ratio for F0 = 50 N precompression, where a weakly nonlinear
wave becomes an almost linear one as it propagates.

SUPPLEMENTARY NOTE 3: LINEAR MODES OF A DISORDERED
CHAIN AND ITS FREQUENCY RESPONSE FUNCTION.
When precompression is strong enough compared to the dynamic force, one can linearize
Equation (3) in the main text. Using this linearization, one obtains an approximate description of a granular chain’s dynamics as a superposition of the temporal evolution of di↵erent
vibration modes. The weight of each mode depends on the initial excitation. For a disordered chain, vibration modes with predominantly low frequencies are delocalized, producing
what are sometimes called ‘nonscattered modes’1 . The number qns of nonscattered modes
p
satisfies qns ⇠ N as N ! 1, where N is the total number of particles in the chain. In
our 32-particle chains, roughly the first six modes are nonscattered modes. Consequently,
the waves with frequencies associated with nonscattered modes tend to propagate along
the chain without localization. For progressively higher frequencies, vibration modes become localized, reducing the e↵ective number of particles that oscillate with an amplitude
that di↵ers substantially from 0. We quantify this phenomenon by computing the inverse
participation ratio (IPR) P

1

, which we show in Supplementary Figure 3. We also show

representative vibration modes and frequency response functions of a disordered chain (using
Chain 1 from Supplementary Table I) at F0 = 50 N. Because the IPR represents the degree
12

of localization, an extended mode — corresponding to a low-frequency wave mode with a
long wavelength — has a low value of P

1

, whereas a localized mode has P

1

close to 1.

SUPPLEMENTARY NOTE 4: EXPONENTIAL FIT OF KINETIC-ENERGY
DECAY IN THE ANDERSON-LIKE MODE.
To support the exponential fit that we use to characterize the early decay of the kineticenergy distribution (see Figure 3 in the main manuscript), we perform an Anderson–Darling
test2 . Because we estimate the parameter of the exponential trend from data, to implement
the test, we apply a Monte-Carlo procedure with 1000 data sets generated under the null
hypothesis of the exponential distribution K̄i / e

0.54i

. Using particles i 2 {2, . . . , 10}, we

obtain a p-value of 0.96, so it passes the standard statistical test indicating that there is no
significant departure from normality.

SUPPLEMENTARY NOTE 5: COMPARISON OF SPREADING
EXPONENT

BETWEEN KINETIC ENERGY AND TOTAL ENERGY.

In Supplementary Figure 4, we compare the exponents

of the second moment (m2 (t) ⇠

t ) of the kinetic energy with those that we calculate using the total energy in our numerical
simulations of 32-particle disordered chains with a velocity excitation (see Supplementary
Note 10). This figure illustrates that, despite the observed oscillations of m2 (t) because
of the kinetic–potential energy exchange in the propagating waves, the exponents of the
experimentally measurable kinetic energy are essentially the same as those obtained from
total energy.

SUPPLEMENTARY NOTE 6: BOUNDARY EFFECTS
Previous studies reported that when the disorder is uncorrelated (as in our case), velocity
excitations in the bulk exhibit superdi↵usive transport regardless of the nonlinear regime,
whereas displacement excitations transition from subdi↵usive transport in the almost linear
regime to superdi↵usive spreading in the strongly nonlinear regime3,4 . Interestingly, when
we excite the first particle at the fixed boundary of a granular chain, we observe that both
velocity and displacement excitations have a transition from subdi↵usive to superdi↵usive
13

transport (see Supplementary Figure 6). To investigate the e↵ect of boundary conditions on
energy-transport mechanisms, we conduct numerical simulations using 100-particle chains
and compare two scenarios. One scenario is a hard boundary fixed with a massive wall (as
in the experimental setup), and the other is a soft boundary in which we apply a consistent
precompression force to the first particle (see Supplementary Figures 5a,b). For a fixed
boundary with a wall, the boundary particle (i = 1) interacts with three objects: the striker
(i = 0), an adjacent particle (i = 2), and the wall (i = w). Its equation of motion is
m1

d 2 u1
= A0,1 [
dt2

0,1

+ Aw,1 [

u1 ]3/2
+

+ u0
w,1

u1 ]3/2
+

A1,2 [

1,2

+ u1

u2 ]3/2
+

m1 du1
,
⌧ dt

(1)

where first and second terms on the right-hand side represent, respectively, the interactions
of the first particle with the striker and the second particle. The third term on the right-hand
side models the interaction with the fixed wall, and the last term represents dissipation in the
first particle. For a free boundary with a constant force, the third term in Supplementary
Equation (1), which represents the interaction with the wall, is replaced with a constant
force F0 . This yields the equation
m1

d 2 u1
= A0,1 [
dt2
+ F0

0,1

u1 ]3/2
+

+ u0

A1,2 [

1,2

+ u1

u2 ]3/2
+

m1 du1
.
⌧ dt

(2)

One can construe such a free boundary as an extreme case of a soft boundary.
We conduct numerical simulations using both boundary conditions. In Supplementary
Figure 5c, we observe that the choice of boundary condition has a negligible e↵ect for weak
precompression, and the energy spreading exhibits similar superdi↵usive behavior for both
hard and soft boundaries. However, for progressively stronger precompression, the disparity
between the two scenarios becomes larger. For hard boundaries, a significant amount of
excitation energy is trapped near the boundary for a long time (compare the insets of
Supplementary Figure 5c), so the exponent

of m2 suggests a trend towards subdi↵usive

spreading as one increases precompression. In contrast, for a soft boundary, localization is
weaker and the energy spreads more rapidly. The resulting mean exponent

asymptotically

approaches a particular value (roughly 1.2) in the superdi↵usive regime. This asymptotic
value depends on the mass ratio of the heavy and light particles, similar to what has been
14

described for the bulk of a granular chain4 , and also on the initial excitation. Note that we
estimate values of

using a specified finite duration both in our numerical computations and

in our experiments, so one can expect some discrepancies between these values and ones that
are calculated over an infinite time horizon (i.e., asymptotic values as t ! 1). However, in
past work3 , it has been observed in numerical computations that the value of

in an initial

time period (of about 0.1–1 ms) seems to persist for a long time without significant changes.
Finally, comparing the results from Supplementary Figure 5c with those from Figure
5 of the main manuscript, we deduce that the boundary condition of our experimental
setup corresponds to the hard boundary condition (i.e., the setup shown in Supplementary
Figure 5a), based on the fact that

 1. This makes sense, given the clamped configuration

of the first particle in the chain. (See the inset of Figure 1 of the main manuscript.)

SUPPLEMENTARY NOTE 7: COMPARISON OF M2 BETWEEN SHORT
AND LONG CHAINS.
We use numerical simulations to compare the exponent

of the second moment m2 of

the kinetic energy between short chains (32 particles) and long chains (100 particles). We do
this comparison for both velocity and displacement excitations. Previous studies reported
that

achieves a specific value1,3,4 faster in time with velocity excitations than with dis-

placement excitations3,4 . In our simulations, we observe that the variation of the exponents
is relatively small after about 0.1 ms, similar to the trend reported in 3. Therefore, we
estimate the exponents during the time window [0.1, 1] ms for the short chains and during
the window [0.1, 3] ms for the long chains using a least-squares fit. As we show in Supplementary Figures 6a (velocity excitations) and 6b (displacement excitations), the results
from the short chains have minor discrepancies from those for the long chains, especially
when one considers the large standard deviation (see the error bars) of the extracted exponents. In Supplementary Figure 6c, we show the statistical distribution of the exponents
calculated using 100 chains of 32 particles for a velocity excitation (corresponding to the
curve with blue squares in Supplementary Figure 6a). For weak precompression, the long
chains have relatively large exponents for both velocity and displacement excitations. We
expect that this observation is related to the detrapping of localized energy in the weakly
nonlinear regime4 . We also observe that the exponents for the displacement excitations are
15

smaller than corresponding ones for the velocity excitation. (Compare Supplementary Figures 6a and 6b.) This arises because a displacement excitation includes broadly-distributed
frequencies, whereas a velocity excitation includes mostly low-frequency signals.

SUPPLEMENTARY NOTE 8: EFFECT OF DISSIPATION ON ENERGY
SPREADING.

We investigate the e↵ect of dissipation on energy spreading. For simplicity, we use linear
damping, as indicated in the last term in Equation (3) of the main text. This is a common
choice for incorporating dissipative e↵ects in models of granular chains3 . However, we note
in passing that numerous models have been proposed to capture dissipative e↵ects, and the
issue of deriving a proper qualitative and quantitative incorporation of dissipation is an
open problem5 . In Supplementary Figure 7, we show the e↵ect of the dissipation time scale
⌧ on the exponent

of the second moment m2 of kinetic energy when we vary the static

precompression F0 . When the e↵ect of damping is significant (⌧ = 0.0004),

decreases

slightly in the weakly and strongly nonlinear regimes. (Compare the blue squares with the
red circles and green diamonds in Supplementary Figure 7.) However, we find that the
global dissipation term does not significantly change the characteristics of energy spreading.

SUPPLEMENTARY NOTE 9: TESTING FOR PLASTICITY.

We also test for the possibility of plastic e↵ects. First, we note that we did not observe any
visible dents on the surface of the aluminum beads after repeated experiments. Additionally,
the test data sets do not exhibit significant deviations from each other after repeated tests.
To examine this possibility further, we numerically calculate (results not shown) the von
Mises stress of the particles in contact. We find that although plastic deformation may
happen inside the aluminum particles, it would have only a minor e↵ect on the particle
surfaces.
16

SUPPLEMENTARY NOTE 10: TYPES OF INITIAL CONDITIONS:
VELOCITY AND DISPLACEMENT EXCITATIONS
We consider two types of initial conditions in our numerical simulations. Similar to simulations in prior work3,4 for the bulk of a granular chain, in our examination of boundaryinduced excitations, we conduct simulations with two types of initial conditions. We apply
a velocity excitation that consists of an initial perturbation of the velocity of a single particle, with all other particles starting with zero velocity and all particles starting with zero
displacement (see Supplementary Figure 6a). We also consider a displacement excitation of
the position from equilibrium of a single particle (see Supplementary Figure 6b). In Supplementary Note 7, we used both types of initial conditions in our comparisons of short and
long chains.

SUPPLEMENTARY NOTE 11: EFFECT OF THE MATERIAL OF THE
FIRST PARTICLE IN A GRANULAR CHAIN ON ENERGY SPREADING.
We compare the exponents

of the second moment m2 of the kinetic energy for two

types of chains: one with a light particle (aluminum particle) in the first (i = 1) spot and
the other with a heavy particle (tungsten-carbide) in that spot. In Supplementary Figure 8,
we show computational results for these two cases from numerical simulations of 100 chains
with 100 particles each. For weak precompression, the two chains exhibit very di↵erent
behaviors. However, as we consider progressively stronger precompression, the exponents of
the two sets of chains approach the same value, and the energy in both sets is transported
in a subdi↵usive way. In the main text, we used light (i.e., aluminum) particles at the i = 1
spot to facilitate the transport of energy to the granular chain from the striker particle.
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