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Abstract. People’s opinions change with time as they interact with each other. In a bounded-confidence model
(BCM) of opinion dynamics, individuals (which are represented by the nodes of a network) have
continuous-valued opinions and are influenced by neighboring nodes whose opinions are sufficiently
similar to theirs (i.e., are within a confidence bound). In this paper, we formulate and analyze
discrete-time BCMs with heterogeneous and adaptive confidence bounds. We introduce two new
models: (1) a BCM with synchronous opinion updates that generalizes the Hegselmann—Krause
model; and (2) a BCM with asynchronous opinion updates that generalizes the Deffuant—Weisbuch
model. We analytically and numerically explore our adaptive-confidence BCMs’ limiting behaviors,
including the confidence-bound dynamics, the formation of clusters of nodes with similar opinions,
and the time evolution of “effective graphs,” which are time-dependent subgraphs of networks with
edges only between nodes that are receptive to each other. For a variety of networks and a wide
range of values of the parameters that control the increase and decrease of confidence bounds, we
demonstrate numerically that our adaptive-confidence BCMs result in fewer major opinion clusters
and longer convergence times than the baseline (i.e., nonadaptive) BCMs. In our numerical simula-
tions, we also observe that our adaptive-confidence BCMs can have adjacent nodes that converge to
the same opinion but are not receptive to each other. This qualitative behavior does not occur in
the associated baseline BCMs.
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1. Introduction. Social interactions play an important role in shaping the opinions of
individuals, communities of people, and society at large [4]. An individual’s opinion on a
topic is often influenced by the people with whom they interact [33], and researchers in many
disciplines study such interactions and how they change opinions and actions [58]. In an
agent-based model of opinion dynamics, each agent represents an individual and a network
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encodes which agents are able to interact with each other. Each node (i.e., agent) of a network
has an opinion in some opinion space. Studying opinion models allows researchers to examine
the evolution of opinions on social networks with time, leading to insights into the spread of
ideas [24, 34], when communities of individuals reach consensus and when they do not [75],
and the formation of “opinion clusters” (i.e., clusters of nodes with similar opinions) [50].

Individuals are often influenced most by people and other sources whose opinions are sim-
ilar to theirs [12]. This phenomenon is encapsulated in a simple form in bounded-confidence
models (BCMs) [19, 28, 59] of opinion dynamics. In a BCM, the nodes of a network have
continuous-valued opinions and interacting nodes influence each other’s opinions if and only
if their opinions are sufficiently similar. A key feature of BCMs is the presence of a “confi-
dence bound,” which is a parameter that determines which nodes can influence each other.
Neighboring nodes can influence each other only when the difference between their opinions
is less than a confidence bound.

The two most popular BCMs are the Hegselmann-Krause (HK) model [28, 42] and the
Deffuant—Weisbuch (DW) model [19]. Both of these models use discrete time. The HK model
updates synchronously; at each time, every node updates its opinions based on the opinions
of all of its neighbors. The DW model updates asynchronously; at each time, one selects
a dyad (i.e., a pair of adjacent nodes and the edge between them), and the two nodes in
the dyad interact and potentially influence each other’s opinions. The DW model also has a
compromise parameter, which controls how much nodes in a dyad influence each other when
they compromise their opinions. In both the HK model and the DW model, the confidence
bound is traditionally a single fixed scalar parameter that is the same for all dyads. In section
1.1, we discuss several generalizations of these baseline models.

In the present paper, we formulate and study adaptive-confidence BCMs that general-
ize the HK and DW models by incorporating distinct, time-dependent confidence bounds for
each dyad. The choice of modeling interactions synchronously (as in the HK model) or asyn-
chronously (as in the DW model) impacts a BCM’s tendency toward consensus [73]. Because
the synchronous updates of the HK model yield faster convergence times than asynchronous
updates, we can numerically simulate our adaptive-confidence HK model on larger networks
than is feasible for our adaptive-confidence DW model. Therefore, we concentrate more on
our adaptive-confidence HK model than on our adaptive-confidence DW model, although we
do discuss some analytical and computational results for the latter.

The confidence bounds in our adaptive-confidence BCMs change after nodes interact with
each other. These changes highlight the idea that the quality of an interaction between indi-
viduals can affect how much they trust each other [16, 26, 46]. For example, in online market-
places, trust between users depends on their past experiences with each other and on the re-
ported experiences of other users in reputation systems [64, 65, 69]. The word “trust” can have
different meanings in different disciplines; one interpretation is that trust represents an expec-
tation about future behavior [69]. Rather than considering trust, our BCMs use a notion of
“receptiveness,” which encodes the willingness of an individual to consider the future opinions
of another individual. When two nodes interact with each other, their mutual receptiveness
changes. See [3, 60, 78] for other opinion models with interaction-influenced receptiveness.

In our adaptive-confidence BCMs, when two nodes successfully compromise their opinions
in an interaction (i.e., they have a “positive interaction”), they become more receptive to
each other. However, when two nodes interact but do not change their opinions (i.e., they
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have a “negative interaction”), they become less receptive to each other. When nodes i and j
interact and influence each other’s opinions (i.e., their current opinion difference is less than
their current confidence bound), we increase their confidence bound ¢;;. When nodes i and j
interact and do not influence each other’s opinions (i.e., their current opinion difference is at
least as large as their current confidence bound), we decrease their confidence bound ¢;;. In
our adaptive-confidence BCMs, each dyad has a distinct confidence bound and interactions are
symmetric (i.e., either both nodes influence each other or neither node influences the other).
One can interpret the increase of a dyadic confidence bound in our BCMs as nodes becoming
more receptive to nodes with whom they compromise, and one can interpret the decrease of
a dyadic confidence bound as nodes becoming less receptive to nodes with whom they do not
compromise. When nodes in our BCMs have a negative interaction, they adapt their dyadic
confidence bounds but their opinions stay the same. Other researchers have considered BCMs
with a “repulsion” mechanism, which causes the opinions of interacting nodes with sufficiently
different opinions to move farther apart from each other [2, 32, 36].

In the present paper, we study the time evolution and long-term behaviors of our adaptive-
confidence HK and DW models. We examine the formation of “limit opinion clusters” (i.e.,
sets of nodes that converge to the same opinion), the dynamics of the confidence bounds,
and the convergence rate of the opinions. We simulate our models on various networks (see
section 4.1) and study the time evolution of their associated “effective graphs,” which are
time-dependent subgraphs of networks with edges only between nodes that are receptive to
each other (see section 3). We show numerically that our adaptive-confidence BCMs tend to
have less “opinion fragmentation”! than their associated baseline (i.e., nonadaptive) BCMs.
In our numerical simulations, we study “final” opinion clusters (see section 4.2) to approximate
limit opinion clusters. We demonstrate numerically that the final opinion clusters, which are
the connected components of final effective graphs, in our adaptive-confidence BCMs can have
more complicated structures than those of the baseline BCMs.

1.1. Related work. There has been much research on standard (i.e., nonadaptive) HK
and DW models on networks using numerical simulations [22, 28, 49, 53] and both heuris-
tic analytical arguments and mathematically rigorous proofs [5, 28, 48, 50]. The HK model
was studied initially on a fully mixed population (i.e., a complete network) [28], and the DW
model was studied initially on both a fully mixed population and a square-lattice network [19].
Subsequently, the HK and DW models have been studied on a variety of networks [23, 53, 67].
See [6, 58, 59] for reviews of research on the standard HK and DW models and their general-
izations.

Many researchers have generalized the HK and DW models by incorporating heterogene-
ity into the confidence bounds. Lorenz [51] extended these BCMs so that each node has
its own confidence bound, which can result in asymmetric influence and opinion updates.
Using numerical simulations, Lorenz demonstrated that these BCMs are more likely than
the baseline BCMs to reach a consensus state when there are both open-minded and close-
minded nodes (which have large and small confidence bounds, respectively). By analyzing

In our study, “opinion fragmentation” signifies the existence of at least two “major” opinion clusters,
which include more than 1% of the nodes of a network. In section 4.3, we give more detail about how we define
opinion fragmentation and major opinion clusters.
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the heterogeneous-confidence DW model of [51] on complete graphs, Chen et al. [14] proved
almost-sure convergence of opinions for certain parameter values and derived sufficient con-
ditions for the nodes of a network to eventually reach a consensus. In a related work, Chen
et al. [13] examined a heterogeneous HK model with “environmental noise” (e.g., from media
sources) and showed that heterogeneous confidence bounds in this setting can result in larger
differences in node opinions than homogeneous confidence bounds in the infinite-time limit.
Su et al. [70] examined the heterogeneous-confidence HK model of [51] and proved that at least
some nodes of a network converge to a limit opinion in finite time.

Researchers have also incorporated edge-based heterogeneities in the confidence bounds
of BCMs. Etesami [21] examined an HK model on networks with time-independent edge-
heterogeneous confidence bounds and proved that their model is Lyapunov stable. Shang [68]
studied a DW model in which each edge has a confidence bound that takes a value from an
independent and identically distributed Poisson process. Shang derived sufficient conditions
for consensus to occur almost surely for a one-dimensional lattice graph.

Other extensions of BCMs and related opinion models generalize the model parameters
by making them time-dependent or adaptive. Weisbuch et al. [77] studied a generalized DW
model in which each node has a heterogeneous, time-dependent confidence bound that is
proportional to the standard deviation of the opinions that that node observed in all prior
interactions. They also considered a variant of their model that places more weight on the
observed opinions from recent interactions. Deffuant et al. [18] examined a DW model with
“relative agreement.” In their model, each node has an uncertainty parameter that determines
(1) whether it and the node with which it interacts influence each other and (2) the amount
by which they influence each other. A node changes both its opinion and its uncertainty when
another node influences it. Bagnoli et al. [3] considered a BCM on complete graphs in which
each pair of adjacent nodes (i.e., each dyad) has an associated time-dependent affinity value
(which determines whether or not they can influence each other) that depends on the magni-
tude of their opinion difference. Chacoma and Zanette [11] examined opinion and confidence
changes in a questionnaire-based experiment, and they then proposed an agent-based opinion
model based on the results of their experiment. Their model is not a BCM, but it does incor-
porate a notion of time-dependent confidence between nodes. Bernardo, Vasca, and Iervolino
[7, 75] developed variants of the HK model in which nodes have individual, time-dependent
confidence bounds” that depend on the opinions of neighboring nodes. In their models, nodes
adapt their confidence bounds through a heterophilic mechanism (i.e., they seek neighboring
nodes whose opinions differ from theirs). By contrast, in our models, nodes do not actively
seek neighbors with different opinions. Instead, their mutual receptiveness increases when
their opinions are sufficiently close to each other.

In our paper, we incorporate adaptivity into the confidence bounds of BCMs, but one can
instead include adaptivity in the network structures of BCMs [20, 35, 40, 41].> Kozma and
Barrat [40, 41] modified the DW model to allow rewiring of “discordant” edges, which occur
between nodes whose opinions differ from each other by more than the confidence bound. In
their model, rewired edges connect to new nodes uniformly at random. Kan, Feng, and Porter
[35] generalized this model by including both a confidence bound and an opinion-tolerance

2The confidence bounds update with time in different ways in the models in [7] and [75].
3See the reviews [8, 66] for discussions of various notions of adaptivity in dynamical systems.
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threshold, with discordant edges occurring between nodes whose opinions differ by more than
that threshold. They incorporated opinion homophily into the rewiring probabilities, so nodes
are more likely to rewire to nodes with more similar opinions. They observed in numerical
simulations that it is often harder to achieve consensus in their adaptive DW model than in
an associated baseline DW model.

There has been much theoretical development of models of opinion dynamics, and it is
important to empirically validate these models [25, 76]. Some researchers have used question-
naires [11, 71, 74] or data from social-media platforms [37, 39] to examine how opinions change
in controlled experimental settings. Another approach is to develop models of opinion dynam-
ics that infer model parameters [17, 38] or opinion trajectories [54] from empirical data. There
are many challenges to developing and validating models of opinion dynamics that represent
real-world situations [4, 52], but mechanistic modeling is valuable, as it (1) forces researchers
to clearly specify relationships and assumptions during model development and (2) provides
a framework to explore complex social phenomena [29, 76].

1.2. Organization of our paper. Our paper proceeds as follows. In section 2, we introduce
our adaptive-confidence BCMs and discuss the associated baseline BCMs. In section 3, we
give theoretical guarantees for our adaptive-confidence BCMs. We describe the specifications
of our numerical simulations in section 4 and the results of our numerical simulations in
section 5. In section 6, we summarize our main results and discuss possible avenues of future
work. In Appendix A and Appendix B, we prove the results of section 3.2. We present
additional numerical results for our adaptive-confidence HK model in Appendix C, and we
present additional numerical results for our adaptive-confidence DW model in Appendix D.
Our code and plots are available at https://gitlab.com/gracelil /Adaptive-Confidence-BCM.

2. Baseline and adaptive-confidence BCMs. We extend the HK and DW models by
introducing adaptive confidence bounds. For both the HK and DW models, which we study
on networks, we first present the baseline BCM and then introduce our adaptive-confidence
generalization of it. The nodes in our BCMs represent agents that have opinions that lie in the
closed interval [0,1]. Let G = (V, E), where V is the set of nodes and E is the set of edges, de-
note a time-independent, unweighted, and undirected graph (i.e., network) without self-edges
or multi-edges. The edges in the set F specify which pairs of nodes can interact with each other
at each discrete time t. Let N = |V| denote the number of nodes of the graph, z;(t) denote
the opinion of node i at time ¢, and Z(t) denote the vector of node opinions at time ¢ (i.e., the
entry [Z(t)]; = xi(t)). We denote the edge that is attached to adjacent nodes i and j by (4, ).

2.1. The HK model. The baseline HK model [28, 42] is a discrete-time synchronous BCM
on a time-independent, unweighted, and undirected graph G = (V, E) with no self-edges or
multi-edges.” At each time ¢, we update the opinion of each node i by calculating

(2.1) zi(t+1)=IGa@)™ Y @),

JEI(3,x(t))

4The HK model was examined initially on a fully mixed population [28], but we use its extension to networks
(see, e.g., [23, 62, 67]) as our “baseline HK model.”
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where’ I(i,z(t))={i} U{j | |zi(t) — zj(t)| <c and (i,j) € E} C{1,2,...,N}. The confidence
bound c € [0,1] controls the “open-mindedness” of nodes to different opinions. We say that
adjacent nodes 7 and j are receptive to each other at time ¢ if their opinion difference is less
than the confidence bound ¢ (i.e., if |x;(t) — x;(t)| < ¢). Accordingly, the set I(i,2(t)) consists
of node 7 along with all adjacent nodes to which i is receptive.’ The confidence bound ¢ in the
baseline HK model is homogeneous (i.e., it is the same for all dyads) and time-independent.

2.2. Our HK model with adaptive confidence bounds. Our HK model with adaptive
confidence bounds is similar to the baseline HK model with update rule (2.1), but now each
edge (i,j) € E has a dyadic confidence bound ¢;(t) € [0, 1] that is time-dependent and changes
after each interaction between the nodes in that dyad. We refer to this model as our adaptive-
confidence HK model. Instead of a fixed confidence bound, there is an initial confidence
bound” ¢ € (0,1) and we initialize the confidence bound to ¢;;(0) = ¢ for each edge (4, ) € E.
There is also a confidence-increase parameter v € [0,1] and a confidence-decrease parameter
d €10,1] that control how much ¢;;(t) changes after each interaction.

At each time t, we update the opinion of each node i by calculating

(2.2) zilt+ 1) =[(E2@) Y ),

JEI(i,(t))

where® I(i,z(t)) = {i} U{j | |zi(t) — zj(t)| < ¢ij(t) and (i,5) € E} C {1,2,...,N}. Adjacent
nodes ¢ and j are receptive to each other at time t if their opinion difference is less than their
dyadic confidence bound ¢;; (i.e., if |z;(t) —;(t)| < ¢;;(t)). At each time, we also update each
confidence bound ¢;; by calculating

(2.3) cij(t+1) = {Cz‘j(t) +y(1—cj(t)) i |xi(t) —xi(t)] < cij(t)

dcij(t) if farg(8) — 5 (8)] = i (2)

That is, if the opinion difference between adjacent nodes ¢ and j is less than their associated
dyadic confidence bound ¢;; at time ¢, then this confidence bound increases; otherwise, it de-
creases. Larger values of v correspond to sharper increases in the receptiveness between nodes
when they compromise their opinions. Smaller values of § correspond to sharper decreases in
the receptiveness between nodes when they interact but do not compromise.

Because ¢y € (0,1) and ~,d € [0,1], the update rule (2.3) preserves ¢;;(t) € (0,1) for each
edge (i,7) and all times ¢. If vy =0 and § = 1, then ¢;;(t) = ¢y for all edges (i,j) € E and

In [28, 42], I(3,z(t)) = {3} U {j | |zi(t) — 2, (t)] < c and (4,5) € E}. We use a strict inequality to be consis-
tent with the strict inequality in the DW model.

5An alternative interpretation is that each node has a self-edge. We do not use this interpretation.

"When co = 0, nodes are never receptive to their neighbors (i.e., ¢;;(t) = 0 for all adjacent nodes i and j at
all times ¢). When ¢o = 1, all nodes are always receptive to all of their neighbors (i.e., ¢;;(t) =1 for all adjacent
nodes 7 and j at all times ¢t). We do not examine these values of co.

8 Although (2.1) and (2.2) look the same, they use different definitions of the set I(i,z(t)). Equation (2.1)
has a homogeneous and time-independent confidence bound, whereas (2.2) has heterogeneous and adaptive
confidence bounds.
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all times ¢. That is, the confidence bounds are homogeneous and time-independent, so our
adaptive-confidence HK model reduces to the baseline HK model.

2.3. The DW model. The baseline DW model [19] is a discrete-time asynchronous BCM
on a time-independent, unweighted, and undirected graph G = (V, E) with no self-edges or
multi-edges. At each time ¢, we choose an edge (i,7) € E uniformly at random. If nodes i
and j are receptive to each other (i.e., if the opinion difference |x;(t) — x;(t)| is less than the
confidence bound ¢), then we update the opinions of these nodes by calculating

o zilt+ 1) = 2(t) + s (8) — 24(8)),
zj(t+1) =;(t) + p(zi(t) — z;(t)),

where p € (0,0.5] is the compromise parameter.” Otherwise, the opinions z; and x; remain
the same. At a given time ¢, we do not update the opinions of any nodes other than ¢ and
j. The confidence bound ¢ € [0,1] in the baseline DW model is homogeneous (i.e., it is the
same for all dyads) and time-independent. As in the HK model, the confidence bound ¢
controls the open-mindedness of nodes to different opinions. The compromise parameter u
indicates how much mutually receptive nodes adjust their opinions when they interact. When
w=0.5, two interacting nodes that are receptive to each other precisely average their opinions;
when p € (0,0.5), interacting nodes that are receptive to each other move toward each other’s
opinions, but they do not adopt the mean opinion. Unlike in the HK model, the asynchronous
update rule (2.4) of the DW model incorporates only pairwise opinion updates.

2.4. Our DW model with adaptive confidence bounds. We refer to our DW model with
adaptive confidence bounds as our adaptive-confidence DW model. As in the baseline DW
model, there is a compromise parameter y € (0,0.5]. As in our adaptive-confidence HK model,
we initialize the confidence bounds in our adaptive-confidence DW model to ¢;;(0) = ¢y, where
co € (0,1) is the initial confidence bound.'” There again is a confidence-increase parameter
v €10,1] and a confidence-decrease parameter ¢ € [0,1] that control how much ¢;;(t) changes
after each interaction.

At each time t, we select an edge (i,7) € E uniformly at random. If nodes i and j are
receptive to each other (i.e., if |z;(t) —;(t)| < ¢;;(t)), we update their opinions using the DW
update rule (2.4). Otherwise, the opinions x; and z; remain the same. We also update the
dyadic confidence bound ¢;; using (2.3). That is, if the opinions of nodes ¢ and j differ by less
than their current dyadic confidence bound at time ¢, then their confidence bound increases;
otherwise, it decreases. The update rule (2.3) preserves ¢;;(t) € (0,1) for each edge (4, j) and all
times t. All other opinions and confidence bounds remain the same. Our adaptive-confidence
DW model reduces to the baseline DW model when v=0 and § = 1.

9 Alternatively, one can consider p € (0,1) as in Meng, Van Gorder, and Porter [53], although this is an
uncommon choice. When p > 0.5, nodes “overcompromise” when they change their opinions; they overshoot
the mean opinion and change which side of it they are on.

10 A5 in our adaptive-confidence HK model, when co = 0, nodes are never receptive to any of their neighbors
(i-e., ¢ij(t) =0 for all adjacent nodes ¢ and j at all times ¢). When ¢o = 1, nodes are always receptive to all of
their neighbors (i.e., ¢;;(t) =1 for all adjacent nodes ¢ and j at all times t). We do not examine these values
of cop.
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3. Theoretical results. We now discuss some theoretical guarantees of our BCMs. We
study them on time-independent, unweighted, and undirected graphs without self-edges or
multi-edges.

As a consequence of Theorem 3.1 (which was formulated and proved by Lorenz [48] and
which we state shortly), the opinion of each node in our BCMs converges to some limit value.
We define the limit opinion z* of node i as lim;_,o x;(t). We say that nodes 7 and j are in the
same limit opinion cluster if

(3.1) g&xz(t) :tl—iglo xj(t).
Equation (3.1) gives an equivalence relation on the set of nodes; the limit opinion clusters are
the equivalence classes.

A graph G = (V, E) in a BCM has an associated time-dependent effective graph Geg(t),

which is a subgraph of G with edges only between nodes that are receptive to each other at
time ¢.'" That is,

(32) Geff(t) = (‘/7 Eeff(t)) )
Eeg(t) ={(i,5) € E such that |z;(t) — z;(t)| <ci;(t)}.

Consider the following theorem, which was stated and proved by Lorenz [48].

Theorem 3.1. Let {A(t)}2, € RY:Y be a sequence of row-stochastic matrices. Suppose
that each matriz satisfies the following properties:
(1) The diagonal entries of A(t) are positive.
(2) For eachi,j€{l,...,N}, we have [A(t)];; >0 if and only if [A(t)];; > 0.
(3) There is a constant o > 0 such that the smallest positive entry of A(t) for each t is
larger than «.
Given times tg and t1 with tg <ty, let

(33) A(to,tl) = A(tl — 1) X A(tl — 2) X+ X A(to) .
If conditions (1)—(3) are satisfied, then there exists a time t' and pairwise-disjoint classes

ZyU---UZ,={1,...,N} such that if we reindex the rows and columns of the matrices in the
order I,..., 1y, then

Ky 0
. _ . /
(3.4 Jim A0, 1) = L 4.
0 K,
where each K4, with g € {1,2,...,p}, is a row-stochastic matriz of size |Zy| % |Z,| whose rows

are all the same.

As stated in [48], Theorem 3.1 guarantees that the opinion of each node convergences
to a limit opinion in the baseline HK and DW models. Because the node opinions in our
adaptive-confidence HK and DW models update in the same way as in the corresponding
baseline BCMs (see equations (2.1) and (2.4), respectively), it follows that the opinion of each
node in our BCMs converges to a limit opinion.

" Other researchers have referred to an effective graph as a “confidence graph” [6], a “communication graph”
[9], and a “corresponding graph” [79].
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3.1. Adaptive-confidence HK model.

3.1.1. Confidence-bound analysis. In Theorem 3.2, we present our main result about
the behavior of the confidence bounds (which follow the update rule (2.3)) in our adaptive-
confidence HK model.

Theorem 3.2. In our adaptive-confidence HK model (with update rules (2.2) and (2.3))
with parameters v € (0,1] and § € [0,1), the dyadic confidence bound c;;(t) of each pair of
adjacent nodes, © and j, converges either to 0 or to 1. Moreover, if i and j are in different
limit opinion clusters, then c;j(t) converges to 0.

We prove Theorem 3.2 by proving Lemma 3.3, Lemma 3.4, and Lemma 3.5, which we state
shortly. Because c;;(t) € [0,1], Lemma 3.4 guarantees convergence (because an eventually
monotone'” sequence in [0,1] must converge). By Lemma 3.5, we then have convergence
either to 0 or to 1. Furthermore, by Lemma 3.4, if nodes ¢ and j are in different limit opinion
clusters, then ¢;;(t) must eventually be strictly decreasing and hence must converge to 0.
However, if adjacent nodes ¢ and j are in the same limit opinion cluster, then ¢;; does not
necessarily converge to 1. In fact, as we discuss in section 5, our numerical simulations suggest
that it is possible for the confidence bound of adjacent nodes in the same limit opinion cluster
to instead converge to 0.

In Theorem 3.2, Lemma 3.4, and Lemma 3.5, we consider our adaptive-confidence HK
model with parameters v € (0,1] and § € [0,1). These parameter restrictions preclude the
baseline HK model (which is equivalent to our adaptive-confidence HK model with v =0 and
0 =1). However, in Lemma 3.3, we consider v € [0,1] and ¢ € [0,1]. Therefore, Lemma 3.3
also applies to the baseline HK model, so we also use it in our proof of Theorem 3.7 for the
baseline HK model.

Lemma 3.3. Consider our adaptive-confidence HK model (with update rules (2.2) and (2.3))
with parameters v € [0,1] and 6 € [0,1]. There is a time T' such that no adjacent nodes i and j
in different limit opinion clusters (i.e., x' # 27 ) are receptive to each other at any time t > T.
That is, for all pairs of adjacent nodes i and j with x* # a7, we have |z;(t) —x;(t)| > ci;(t) for
all times t>T.

Proof. Consider a pair of adjacent nodes, ¢ and j, that are in different limit opinion clusters

(i.e., 2° # 27). Let d be 1 more than the largest degree of a node of the graph G; that is,
d =1+ max;cy deg(i). Choose a time T such that the inequalities

1

(3.5) i (t) — 2| < 1d x{nn;gn EAE
1

(3.6) |z (t) — 2k ()] < 1d m{p?iéf;n |z — x|

hold for each node k and for all times ¢/ >¢>T.

12We say that a (discrete) time series a(t) is “eventually monotone increasing” (respectively, “eventually
monotone decreasing”) if there exists a time T such that a(t + 1) > a(t) (respectively, a(t + 1) < a(t)) for all
times ¢t > T'. Additionally, we say that a(¢) is “eventually strictly increasing” (respectively, “eventually strictly
decreasing”) if there exists a time 7" such that a(t 4+ 1) > a(t) (respectively, a(t + 1) < a(t)) for all times ¢t > T'.
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We claim that nodes 7 and j are not receptive to each other at any time t > T'. Suppose
the contrary. There then must exist some time ¢t > 7 and adjacent nodes i and j with x? # 27
and |x;(t) —x;(t)| < ¢;;(t). Fix such a time ¢, and choose a node 7 that gives the smallest limit
opinion value 2’ such that there is a neighboring node j with 27 # 2% and |x;(t) —z;(t)] < ¢;5(t).

For this node 4, let ¢ =|I(i,2(t))| < d. Because of our choice of 2%, we have

1 . . 1 . ) 1
3.7 - =) =~ ) — ") > = min |2™ —2"|.
( ) q ‘ Z ( ) ) Z ( ) - d 2771?51-71
JEI(i,x(t)) JEI(i,x(t))
Ji J#i

Using (3.5), we obtain

1 N
- Z (' —at)| < - Z xi(t —w‘—i—f Z t) — ()
\jelGa) 1 jeia) <lliz(o)
J#i j#i
1
+ 5 Z ‘.ﬁj(t) — $J’
jel(ia®)
J#i
<2 (CJ;I) (41d> x{ﬂn;ér;ﬂ |z™ — x| —|— - Z — ()
€16 ())
(38) <onmin [ 2"+ 1| (ai(t) (1)
. 2d zgl;lxln X Xz A ‘ I, LU] .
JEI(3,x(t))
j#i
Combining (3.7) and (3.8) yields
1 n
(3.9) ol 2 @) —a(t))> 5 min " —a

JEI(i,z(t))
JF

Using the HK opinion-update rule (2.2) and the inequality (3.6), we also have

1 1 m n
(3.10) 7l E (i(t) — (1) =it +1) —ai(t)| < 1 xgl?lérwln |z — =z
JGI(;J;(t))
YE)

The relations (3.9) and (3.10) cannot hold simultaneously, so nodes i and j are not receptive
to each other at any time ¢t >T. |
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Lemma 3.4. In our adaptive-confidence HK model (with update rules (2.2) and (2.3)) with
parameters v € (0,1] and 6 € [0,1), the dyadic confidence bound c;;(t) of each pair of adjacent
nodes, © and j, is eventually either strictly increasing or strictly decreasing. That is, there is
a time T such that exactly one of the inequalities ¢;;(t1) < ¢;j(t2) and c¢;;j(t1) > ¢;j(ta) holds
for all times to >ty >T. Furthermore, if nodes i and j are in different limit opinion clusters
(i.e., if x° #a7), then c¢;j(t) is eventually strictly decreasing.

Proof. We first consider ¢;; for adjacent nodes ¢ and j that are in different limit opinion
clusters (i.e., # # 27). By Lemma 3.3, there is a time T such that nodes i and j are mutually
unreceptive at all times ¢ > T'. Consequently, ¢;;(t) cannot increase at any time ¢t > T" and
must be monotone decreasing.

Because our adaptive-confidence HK model updates synchronously and the initial confi-
dence bound ¢y € (0,1), each confidence bound ¢;; must change at each time ¢. That is, for
all pairs of adjacent nodes i and j and all times ¢, we have ¢;;(t 4+ 1) # ¢;;(t). Consequently,
for all adjacent nodes ¢ and j in distinct limit opinion clusters and for all times ¢ > T, it is
necessarily the case that ¢;; is strictly decreasing (i.e., ¢;;(t + 1) < c;5(t)).

Now consider adjacent nodes i and j that are in the same limit opinion cluster (i.e.,
2" =17). Choose a time T > 0 such that

7

2

for each node k and all times ¢ >T. We claim that there exists some time T;; > T" such that
the dyadic confidence bound c¢;; is either strictly decreasing (i.e., ¢;j(t+1) < ¢;;(t)) or strictly
increasing (i.e., ¢;;(t +1) > ¢;5(t)) for all t > Tj;.

If ¢;; is strictly decreasing for all ¢ > T, then we choose T;; = T'. If ¢;; is not strictly
decreasing for all t > T', then there must exist some time T;; > T at which |z;(Ti;) —x;(T35)| <
¢ij(Tij); therefore, ¢;;(Ti; + 1) > ¢;5(Ti;). Without loss of generality, let T;; be the earliest
such time. We will show by induction that c;;(t + 1) > ¢;;(t) for all t > T;;. By assumption,
this inequality holds for the base case t = T;;.

Suppose that ¢;;(t + 1) > ¢;;(t) for some t > T;;. We must then also have |z;(t) — z;(t)] <
¢;j(t) and

(3.11) |z (t) — 2F| <

(3.12) cij(t +1) = cii(t) + (1 —ci5(t) > .
By the inequality (3.11), we have
(3.13) |k () — 2p (V)] < |2p(t) — xk| + \xk — :ck| + ]a:k —ap ()] <~

for each node pair k and k' with z¥ = 2¥ and all times ¢ > T. Because t + 1 > Tj; > T, it
follows that

(314) |5Ei(t+1)*£€j(7§+1)|<’}/<Cij(t+1),
so ¢;j(t +2) > ¢i;(t +1). Consequently, by induction, if ¢;; increases at ¢t = Tj;, then ¢;; is

strictly increasing (i.e., ¢;;(t+1) > ¢;;(t)) for all ¢ > Tj;. Therefore, there exists some time Tj;
such that c¢;; is either strictly decreasing or strictly increasing for all ¢ > Tj;.
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In summary, we have shown that ¢;; is eventually strictly decreasing for all adjacent nodes
7 and j in different limit opinion clusters. Additionally, for all adjacent nodes i and j in the
same limit opinion cluster, we have shown that c;; is eventually either strictly decreasing or
strictly increasing. [ |

Lemma 3.5. Consider our adaptive-confidence HK model (with update rules (2.2) and (2.3))
with parameters v € (0,1] and § € [0,1). Suppose that ¢ = limy_,o0 ¢;j(t) exists. It then follows
that either ¢ =0 or ¢ =1.

Proof. Given € > 0, choose a time T so that the inequalities
(3.15) lcij(t) — | < €/2,
.
(3.16) i (t1) = cij(t2)] < 5 (min{l —§,7}) e

hold for all times ¢,t1,t2 > T. Fix some time ¢ >T. It must be the case that either

(3.17) cij(t+1) =dci(t)
(3.18) cij(t+1) =cij(t) +v(1 — ci5(t)) .

Suppose first that c;;(t + 1) = d¢;;(¢). In this case, we claim that ¢/ = 0. To verify this
claim, first note that c¢;;(t) — ¢;;(t + 1) = (1 — §)c5(t). Because ¢;j(t) — cij(t +1) < 2(1—6)e,
we see that ¢;;(t) < e/2. Therefore,

0< e < eV — ei()] + ey (1)]
<€/2+¢€/2
— 5
which implies that ¢ = 0.
Now suppose that c¢;;(t + 1) = ¢;;(t) + (1 — ¢i;(t)). Note that ¢;;(t + 1) — ¢;5(t) =~v(1 —
cij(t)) < $7ve, which implies that 1 — ¢;;(t) < ¢/2. Therefore,
0<1—c” <1 —ci(t)] + ey (t) — V]
<e€/2+¢€/2
— 5
which implies that ¢/ =1.
Therefore, it follows that either ¢/ =0 or ¢ = 1. |
3.1.2. Effective-graph analysis. In this section, we discuss the convergence of effective

graphs in our adaptive-confidence HK model (see Theorem 3.6) and the baseline HK model
(see Theorem 3.7). Our proofs of convergence employ some results from section 3.1.1.

Theorem 3.6. In our adaptive-confidence HK model with parameters v € (0,1] and 6 € [0,1),
an effective graph Geg(t) is eventually constant with respect to time. That is, there is some
time T' such that Geg(t) = Gegr(T) for all times t >T. Moreover, all of the edges of the limit
effective graph limy_,oo Geg(t) are between nodes in the same limit opinion cluster.
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Proof. By Lemma 3.4, we can choose a time T such that each dyadic confidence bound
cij is either strictly increasing or strictly decreasing for all times ¢t > T'.

Consider the set Eeg(t) of edges of an effective graph in our adaptive-confidence HK
model. If ¢;;(t) is strictly decreasing for all times ¢t > T, then |z;(t) — z;(t)| > ¢;;(t) for all
t > 1T, so (i,j) ¢ Eeg(t) for all t > T. If ¢;;(t) is strictly increasing for all ¢ > T', then
|zi(t) — 2 (t)] < ci(t) for all t > T, so (i,)) € Eeq(t) for all t >T. Therefore, the set Eeg(t) is
constant for all ¢ > T, so the effective graph is constant for ¢ > T

For nodes i and j in different limit opinion clusters (i.e., z° # 27), Lemma 3.4 guarantees
that the confidence bound c¢;; is strictly decreasing for all times ¢ > T'. Therefore, |z;(t) —
xj(t)] > c;(t) for all t > T, so (4,5) & Een(t) for all t > T [ ]

Theorem 3.6 states that all edges of a limit effective graph are between nodes in the same
limit opinion cluster. However, the edges between nodes in the same limit opinion cluster do
not have to exist in a limit effective graph. As we will discuss in section 4.3 and section 5, our
numerical simulations suggest that our adaptive-confidence HK model can have adjacent nodes
that are in the same limit opinion cluster but have an associated dyadic confidence bound that
converges to 0. The associated edge is thus not in the limit effective graph of the dynamics.

Theorem 3.7 guarantees that effective graphs in the baseline HK model converge in the
limit ¢ — co. Unlike in our adaptive-confidence HK model, all edges between nodes in the
same limit opinion cluster in the baseline HK model must exist in the associated limit effective
graph. Therefore, the limit opinions in the baseline HK model fully determine the structure
of its limit effective graphs.

Theorem 3.7. In the baseline HK model (with update rule (2.1)), an effective graph Geg(t)
is eventually constant with respect to time. That is, there is some time T such that Geg(t) =
Gegt(T') for all times t > T'. Moreover, the edge (i,j) € E exists in a limit effective graph if
and only if this edge is between two nodes in the same limit opinion cluster (i.e., x* = 7).

Proof. We first consider adjacent nodes, ¢ and j, that are in different limit opinion clusters
(i.e., #' # 27). By Lemma 3.3, because our adaptive-confidence HK model with v = 0 and
6 = 1 reduces to the baseline HK model, there exists a time T} such that nodes i and j are
not receptive to each other (i.e., |z;(t) — z;(t)| > c) at any time t > Tj. Therefore, the edge
(1,7) ¢ Eegr(t) at any time ¢t > T.

Now consider adjacent nodes, i and j, that are in the same limit opinion cluster (i.e.,
2’ = 27). Choose a time T} such that |z (t) — 2| < ¢/2 for each node k and all times t > T5.
For all t > T5, we then have

|zi(t) — 2z (t)] < |xi(t) —mi| + ]wl —acj] + \xj —zj(t)] <c/24+0+¢/2=c.

Therefore, at any time t > T5, nodes ¢ and j are receptive to each other and the edge (i,5) €
E.g(t). By taking T' = max{T1,T5}, for any time ¢t > T, we have that (i,7) ¢ Eeg(t) for all
edges (i,) with z° # 27 and that (i,7) € Eeg(t) for all edges (i,j) with 2% =27, [ ]

3.2. Adaptive-confidence DW model. In this section, we discuss our theoretical results
for the confidence bounds and effective graphs in our adaptive-confidence DW model. Both
the baseline DW model and our adaptive-confidence DW model are asynchronous and sto-
chastic. At each discrete time, we uniformly randomly select one pair of adjacent nodes to
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interact. Because of the stochasticity in the baseline and adaptive-confidence DW models, our
theoretical results for them are in an “almost sure” sense. By contrast, our theoretical results
are deterministic for the baseline and adaptive-confidence HK models (see section 3.1).

3.2.1. Confidence-bound analysis. We now give our main result about the behavior of
the confidence bounds in our adaptive-confidence DW model (which has the update rules
(2.4) and (2.3)). This result mirrors the main result for our adaptive-confidence HK model in
section 3.1.1.

Theorem 3.8. In our adaptive-confidence DW model (with update rules (2.4) and (2.3))
with parameters v € (0,1] and § € [0,1), the dyadic confidence bound c;;(t) of each pair of
adjacent nodes, i and j, converges either to 0 or to 1 almost surely. Moreover, if nodes i and
j are in different limit opinion clusters (i.e., x* #x7), then c;;(t) converges to 0 almost surely.

We prove Theorem 3.8 by proving Lemma 3.9 and Lemma 3.10, which we state shortly and
prove in Appendix A.1. Because our adaptive-confidence DW model updates asynchronously,
Lemma 3.9 guarantees eventual monotone increase or decrease of the confidence bounds. This
result differs from the eventual strict increase or decrease in the confidence bounds in our
adaptive-confidence HK model (see Lemma 3.4)."% Because ¢;;(t) € [0,1], Lemma 3.9 implies
convergence (because an eventually monotone sequence in [0, 1] must converge). By Lemma
3.10, we have almost-sure convergence either to 0 or to 1. Moreover, if nodes ¢ and j are in
different limit opinion clusters, then Lemma 3.9 guarantees that ¢;;(t) is monotone decreasing.
By Lemma 3.10, ¢;;(t) thus almost surely converges to 0.

Lemma 3.9. In our adaptive-confidence DW model (with update rules (2.4) and (2.3)) with
parameters v € (0,1] and 6 € [0,1), the dyadic confidence bound c;;(t) of each pair of adjacent
nodes, i and j, is eventually monotone increasing or monotone decreasing. That is, there is a
time T' such that exactly one of the inequalities c;;(t1) < ¢;j(t2) and c;j(t1) > ¢;j(t2) holds for
all times to > t1 > T. Moreover, if nodes i and j are in different limit opinion clusters, then
cij(t) is eventually monotone decreasing.

Lemma 3.10. Consider our adaptive-confidence DW model (with update rules (2.4) and
(2.3) ) with parameters v € (0,1] and § € [0,1). Suppose that ¢ =lim;_,o ¢;j(t) exists. It then
follows that, almost surely, either ¢ =0 or ¢J =1.

3.2.2. Effective-graph analysis. We now present Theorem 3.11, which is our main result
about effective graphs in our adaptive-confidence DW model. It is analogous to Theorem 3.6
for our adaptive-confidence HK model. In Appendix A.2, we present its proof, which uses
results from section 3.2.1.

Theorem 3.11. In our adaptive-confidence DW model (with update rules (2.4) and (2.3))
with parameters v € (0,1] and 6 € [0,1), an effective graph Geg(t) almost surely eventually has
edges only between nodes in the same limit opinion cluster. That is, there is almost surely some
time T such that, for all times t > T, we have that (i,j) € Eeg(t) itmplies that nodes i and j
are in the same limit opinion cluster (i.e., ' =127 ).

13See footnote 12 for our usage of the terms “eventual monotone increase” (and decrease) and “eventual
strict increase” (and decrease).
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Unlike in our adaptive-confidence HK model, lim;_, Geg () may not exist in our adaptive-
confidence DW model. When the limit does exist, we refer to lim; oo Gegr(t) as the limit
effective graph. Theorem 3.11 guarantees that the edges of a limit effective graph in our
adaptive-confidence DW model are almost surely between nodes in the same limit opinion
cluster. As we will discuss in section 4.3 and section 5, our numerical simulations suggest that
our adaptive-confidence DW model can have adjacent nodes in the same limit opinion cluster
that do not have an edge between them in the limit effective graph.

For completeness, we now state Theorem 3.12, which guarantees the almost-sure conver-
gence of effective graphs as ¢t — oo in the baseline DW model. Because the baseline DW model
has a time-independent confidence bound ¢, our proof (see Appendix B) of Theorem 3.12 uses
different ideas than our proof of Theorem 3.11.

Theorem 3.12. Consider the baseline DW model (with update rule (2.4)). Almost surely,
an effective graph Geg(t) is eventually constant with respect to time. That is, there is almost
surely a time T such that Geg(t) = Geg(T') for all timest>T.

Furthermore, suppose that the limit effective graph limy_,oo Geg(t) exists. If adjacent nodes
i and j have the same limit opinion (i.e., if t* = x7), then the edge (i,7) is in the limit effective
graph. Additionally, if the edge (i,j) is in the limit effective graph, then x* =7 almost surely.

4. Details of our numerical simulations. We now discuss the details of our numerical
simulations of our adaptive-confidence HK and DW models.

4.1. Network structures. We first simulate our adaptive-confidence HK and DW models
on complete graphs, and we then examine our models on a variety of networks and study how
different network structures affect their behaviors. We simulate our adaptive-confidence HK
model on synthetic networks that we generate using random-graph models. We also simulate
our adaptive-confidence HK model on several networks from empirical data, and we simu-
late our adaptive-confidence DW model on one empirical network. Because of computational
limitations, we consider larger networks for the adaptive-confidence HK model than for the
adaptive-confidence DW model.

We simulate our adaptive-confidence HK model on a complete graph, G(N, p) Erdés—Rényi
(ER) random graphs, and two-community stochastic-block-model (SBM) random graphs. In
each case, we consider graphs with 1000 nodes. We also simulate our adaptive-confidence HK
model on social networks from the FACEBOOK100 data set [63, 72].

A G(N,p) ER graph has N nodes and independent probability p of an edge between each
pair of distinct nodes [57]. When p =1, this yields a complete graph. We use G(NV,p) graphs
with p € {0.1,0.5} to consider graphs with different sparsities. All of the ER graphs in our
simulations are connected.

To determine how a network with an underlying community structure affects the dynamics
of our adaptive-confidence HK model, we consider undirected SBM networks [57] with a 2 x 2
block structure in which each block corresponds to an ER graph. To construct these SBMs,
we partition a network into two sets of nodes; one set (which we denote by A) has 75% of
the nodes, and the other set (which we denote by B) has the remaining 25% of the nodes.
Our choice is inspired by the two-community SBM that was considered in [44]. We define a
symmetric edge-probability matrix
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Table 1
The real-world networks on which we simulate our adaptive-confidence BCMs. For each network, we use
the largest connected component and indicate the numbers of nodes and edges in that component.

Network Number of nodes Number of edges BCM
NETSCIENCE 379 914 DW
REED 962 18,812 HK
SWARTHMORE 1657 61,049 HK
OBERLIN 2920 89,912 HK
PEPPERDINE 3440 152,003 HK
RICE 4083 184,826 HK
UC SANTA BARBARA 14,917 482,215 HK

(4.1)

p_ Paan  Pasn
PAp Pgp|

There is an edge between a pair of nodes, i and j, with probability Paa if both nodes are in
the set A, probability Pgg if both nodes are in the set B, and probability Pap if one node
is in the set A and the other node is in the set B. In our simulations, Paa = Pgg = 1 and
Pap =0.01.

In addition to synthetic networks, we also simulate our adaptive-confidence HK model
on several real-world networks. For each network, we use the largest connected component
(LCC)."* In Table 1, we give the numbers of nodes and edges in the LCCs of these networks,
which are social networks from the FACEBOOK100 data set [63, 72]. In each of these networks,
the nodes are the Facebook pages of individuals at a university and the edges encode Facebook
“friendships” between individuals in a one-day snapshot of the network from fall 2005 [63, 72].
The numbers of nodes in the LCCs of the examined Facebook networks range from 962 to
14,917.

For our adaptive-confidence DW model, we consider a complete graph and one real-world
network. We simulate our adaptive-confidence DW model on a 100-node complete graph, which
is one tenth of the size of the complete graph that we consider for our adaptive-confidence HK
model. We use this smaller size because of computational limitations. Our simulations of our
adaptive-confidence DW model on a 100-node complete graph frequently reach our “bailout
time” (see section 4.2 and Table 5) for small initial confidence bounds. We also simulate
our adaptive-confidence DW model on the LCC of the real-world NETSCIENCE network'® of
coauthorships between researchers in network science [56].

4.2. Simulation specifications. In Table 2, we indicate the values of the model parameters
that we examine in our simulations of our BCMs. The BCM parameters are the confidence-
increase parameter ~y, the confidence-decrease parameter ¢, the initial confidence bound cg,
and (for the adaptive-confidence DW model only) the compromise parameter u. For both our
HK and DW models, the parameter pair (7,0) = (0,1) corresponds to the associated baseline
BCM.

14 A connected component of an undirected graph G is a maximal subgraph with a path between each pair
of nodes [57].

15We use an unweighted version of this network. There is an edge between individuals that have coauthored
at least one paper.
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Table 2
The BCM parameter values that we examine in simulations of our adaptive-confidence BCMs. We consider
more parameter values for complete graphs than for the other networks. We consider all of the indicated values
for complete graphs, and we consider values without the asterisk ™ for the ER, SBM, and real-world networks.

Model BCM parameters

~ € {0,0.0001,0.0005",0.001, 0.005,0.01,0.05,0.1" }
Adaptive-confidence HK 6 € {0.01%,0.1%,0.5,0.9,0.95,0.99,1}

¢o €{0.02,0.03,...,0.19,0.20,0.30,0.40,0.50}

v €{0.1,0.3,0.5"}

5€{0.3*,0.5,0.7"}

co €{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}

ne€{0.1,0.3,0.5}

*We consider these parameter values only for complete graphs.

Adaptive-confidence DW

Our BCM simulations include randomness from the initial opinions of the nodes. Our sim-
ulations of our adaptive-confidence HK model also have randomness from generating networks
using random-graph ensembles. Our adaptive-confidence DW model also has randomness from
the selection of nodes at each time step. We use Monte Carlo simulations to mitigate the ef-
fects of noise from these sources of randomness. For each parameter set of a random-graph
model (i.e., the ER and SBM graphs), we generate five graphs. Additionally, for each graph,
we generate 10 sets of initial opinions uniformly at random and reuse these sets of opinions
for all BCM parameter values.

For our numerical simulations, we need a stopping criterion, as it can potentially take
arbitrarily long for nodes to reach their limit opinions in a BCM simulation. We consider the
effective graph Geg(t), which we recall (see section 3) is the subgraph of a graph G with edges
only between nodes that are receptive to each other at time ¢. Each connected component
of Geg(t) is an “opinion cluster” K, (t) at time ¢. Our stopping criterion checks that the
maximum difference between the opinions of nodes in the same opinion cluster is less than
some tolerance. That is,

(4.2) max{|z;(t) — z;(t)| such that i, j € K, (t) for some r} < tolerance.

We use a tolerance value of 107° for our adaptive-confidence HK model. Because of compu-
tational limitations, we use a tolerance value of 0.02 for our adaptive-confidence DW model.
We refer to the time Ty at which we reach our stopping criterion as the “convergence time”
of our simulations. In each simulation, the “final effective graph” is the effective graph at the
convergence time (i.e., the time Ty that the simulation reaches our stopping criterion). We
refer to the connected components of a final effective graph as the “final opinion clusters” of
a simulation. We use the final opinion clusters to approximate the limit opinion clusters.'®
Our theoretical results about effective graphs inform our stopping criterion. Theorem 3.6
and Theorem 3.7 give theoretical guarantees for our adaptive-confidence HK model and the
baseline HK model, respectively, that eventually the only edges of an effective graph are those

S Technically, the final opinion clusters are components of a graph (i.c., they include the edges), whereas
the limit opinion clusters are sets of nodes of a graph. We made these choices for convenience.
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between adjacent nodes in the same limit opinion cluster. Theorem 3.11 and Theorem 3.12
give similar but weaker guarantees for our adaptive-confidence DW model and the baseline
DW model. Consequently, when one of our simulations runs for sufficiently many time steps,
its final opinion clusters provide a good approximation of the limit opinion clusters. However,
instead of imposing a set number of time steps for our simulations, we use a tolerance value
as a proxy to determine a “sufficient” number of time steps.

In our simulations, the limit opinion clusters can differ from the sets of nodes that consti-
tute the final opinion clusters. Our choices of tolerance values can lead to simulations terminat-
ing before we can determine their limit opinion clusters. If the nodes in two distinct connected
components of an effective graph converge to the same limit opinion, then those nodes are in
the same limit opinion cluster. However, those connected components correspond to distinct
final opinion clusters. In practice, our simulations are unlikely to have distinct opinion clusters
that converge to the same opinion in the infinite-time limit. Therefore, for small tolerance
values, our final opinion clusters provide good approximations of the limit opinion clusters.

To ensure that our simulations stop after a reasonable amount of time, we use a bailout
time of 10® time steps. Our simulations of the adaptive-confidence HK model in the present
paper never reach this bailout time. However, our simulations of the adaptive-confidence DW
model frequently reach this bailout time for small values of ¢y. See Appendix D.1 and Table 5.

”

4.3. Quantifying model behaviors. In our numerical simulations, we investigate the con-
vergence time and characterize the final opinions. To examine the convergence time, we record
the number Ty of time steps that it takes for simulations to reach our stopping criterion.
To characterize opinions, we determine whether there is consensus or opinion fragmentation
(which we define shortly), quantify the opinion fragmentation using Shannon entropy, and
examine the numbers of nodes and edges in each opinion cluster.

In models of opinion dynamics, it is common to investigate whether or not nodes eventually
reach a consensus (i.e., arrive at the same opinion) [59]. In practice, to determine whether or
not a simulation reaches a consensus state, we use notions of “major” and “minor” clusters.
Consider a 1000-node network in which 998 nodes have one final opinion but the remaining
two nodes have some other final opinion. In applications, it does not seem appropriate to
characterize this situation as opinion polarization or fragmentation. Therefore, we use notions
of major and minor opinion clusters [45, 50], which we characterize in an ad hoc way. We define
a “major” opinion cluster as a final opinion cluster with strictly more than 1% of the nodes
of a network. A final opinion cluster that is not a major opinion cluster is a “minor” opinion
cluster. We say that a simulation that results in one major cluster yields a “consensus” state
and that a simulation that results in at least two major clusters yields “opinion fragmentation”
(i.e., a “fragmented” state).!” We track the numbers and sizes of all major and minor clusters,
and we use all opinion clusters (i.e., both major and minor clusters) to quantify opinion
fragmentation.

There are many ways to quantify opinion fragmentation [1, 10, 55]. We distinguish situa-
tions in which the final opinion clusters (major or minor) are of similar sizes from situations

7In studies of opinion dynamics, it is common to use the term “fragmentation” to refer to situations with
three or more opinion clusters and to use the term “polarization” to refer to situations with exactly two opinion
clusters. In the present paper, it is convenient to quantify any state other than consensus as a fragmented
state.
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in which these clusters have a broad range of sizes. Following Han et al. [27], we calculate
Shannon entropy to quantify opinion fragmentation.'® At some time ¢, suppose that there
are R opinion clusters, which we denote by K, (t) for r € {1,2,..., R}. We refer to the set
{K,(t) le, which is a partition of an effective graph into its components, as an “opinion-
cluster profile.” The fraction of nodes in opinion cluster K, (t) is |K,(t)|/N, where N is the
number of nodes of a network (and we abuse notation by treating K,(t) as a set of nodes
when it is convenient). The Shannon entropy H (t) of an opinion-cluster profile is

R
(4.3) Ht) ==Y ‘K]Tét” In ('K;\gt”) .

We calculate H(T), which is the Shannon entropy of the final opinion-cluster profile of a
simulation. Computing Shannon entropy allows us to use a scalar value to quantify the distri-
bution of opinion-cluster sizes, with larger entropies indicating more opinion fragmentation.
The Shannon entropy is larger when there are more opinion clusters. Additionally, for a fixed
number R of opinion clusters, the Shannon entropy is larger when the opinion clusters are
evenly sized than when the sizes are heterogeneous. When comparing two opinion-cluster
profiles, we consider both the numbers of major clusters and the Shannon entropies. When
there are sufficiently few minor clusters, we expect the number of major clusters to follow the
same trend as the Shannon entropy.

To examine the structure of final opinion clusters, we study the properties of final effective
graphs. Our theoretical results allow the possibility that some adjacent nodes converge to
the same opinion without being mutually receptive. We observe this phenomenon in our
numerical simulations. (See section 5 for more discussion.) To quantify this behavior, we
calculate a weighted average of the fractions of edges (which we call the “weighted-average
edge fraction”) that are in each component (i.e., opinion cluster) of a final effective graph.
Consider an opinion-cluster profile { K;(t)}2 ;. Let E(r) denote the set of edges of the original
graph G between nodes in opinion cluster r, and let FE.g(t,r) denote the set of edges of the
effective graph Geg(t) that are in opinion cluster r. That is,

E(r)=A{(i,j) € E such that i,j € K,(t)},
Eeg(t,r) ={(i,7) € Eeq(t) such that i,j € K,(t)}.

The weighted-average edge fraction of an effective graph for each opinion cluster is

= (IEA0] (|Ee(t.r)]
“4) W= 2 () (Gt
|E(r)[#0
where ¢ is the number of isolated nodes of the effective graph.'” An isolated node is an opinion
cluster with |E(r)| = 0. We are interested in the value of W (t) at the convergence time T.

Therefore, we calculate the weighted-average edge fraction W (7). If each opinion cluster of

18See [47] for another study that followed [27] by calculating Shannon entropy to help quantify opinion
fragmentation in a BCM.

191f every component of an effective graph is an isolated node (i.e., £ = N), then one can take either W (t) =0
or W(t) =1. In our simulations, this situation never occurred.
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Figure 1. Ezamples of final effective graphs with W (Ty) < 1. We color the nodes by their initial opinions.

an effective graph has all of its associated original edges of the graph G, then W = 1. The
value of W is progressively smaller when there are progressively fewer edges between nodes
in the same opinion cluster of an effective graph. In Figure 1, we show examples of effective
graphs with W (7Tf) < 1.

5. Results of our numerical simulations. We now present the results of numerical simu-
lations of our adaptive-confidence BCMs. We consider various values of the BCM parameters,
which are the confidence-increase parameter 7, the confidence-decrease parameter ¢, the ini-
tial confidence bound c¢p, and (for the adaptive-confidence DW model only) the compromise
parameter . We use the BCM-parameter values in Table 2, including the values that cor-
respond to the baseline models (i.e., (,d) = (0,1)). Our code and plots are available in our
code repository at https://gitlab.com/gracelil /Adaptive-Confidence-BCM.

As we described in section 4.3, for both of our adaptive-confidence BCMs, we exam-
ine the number of major opinion clusters (which we use to determine whether a simulation
reaches a consensus state or a fragmented state), the number of minor opinion clusters, the
Shannon entropy H(7Ty) (see equation (4.3)), the weighted-average edge fraction W (T) (see
equation (4.4)), and the convergence time Ty. When the Shannon entropy and the number of
major clusters follow similar trends, we only show results for the number of major clusters, as
it is easier to interpret than the entropy. To avoid drowning readers with too much repetition,
we include some of our plots for our adaptive-confidence HK model and adaptive-confidence
DW model in Appendix C and Appendix D, respectively. Furthermore, we do not show plots
for all of our numerical results; the omitted plots are available in our code repository.

Our simulation results and theoretical results about effective graphs complement each
other. In Theorem 3.2, we proved for our adaptive-confidence HK model that all dyadic
confidence bounds converge either to 0 or to 1. We also proved that the dyadic confidence
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bounds for node pairs in different limit opinion clusters must converge to 0. However, we
have not proven that the dyadic confidence bounds between nodes in the same limit opinion
cluster must converge to 1, so it is possible for such confidence bounds to converge to O.
(We first mentioned this point in section 3.1.1.) If a dyadic confidence bound convergences
to 0, then its associated edge is absent from the limit effective graph (which is guaranteed
to exist by Theorem 3.6) of the dynamics. Our numerical simulations suggest that a final
opinion cluster can include adjacent nodes whose dyadic confidence bound converges to 0. In
particular, in many simulations (see section 5.1), we observe that the weighted-average edge
fraction W (Ty) < 1, which corresponds to absent edges of the final effective graph between
nodes that are in the same final opinion cluster. For our adaptive-confidence DW model, we
proved analogous theoretical results (see Theorem 3.8 and Theorem 3.11). We also observe
(see section 5.2) that W (Ty) < 1 in some of our simulations of our adaptive-confidence DW
model. In the baseline BCMs and our adaptive-confidence BCMs with § = 1, the confidence
bounds never decrease, so W (t) =1 for all times ¢.

5.1. Adaptive-confidence HK model.

5.1.1. Summary of our simulation results. For our adaptive-confidence HK model, all
of our numerical simulations reach a consensus state for ¢g > 0.3. (As we discussed in section
4.3, a consensus state has exactly one major opinion cluster.) We show our simulation results
for ¢o € {0.02,0.03,...,0.20}; we include the results for the other examined values of ¢y (see
Table 2) in our code repository. We examine the numbers of major and minor clusters,
the Shannon entropy H(T}) (see equation (4.3)), the weighted-average edge fraction W (T%)
(see equation (4.4)), and the convergence time Ty. We plot each of these quantities versus
the initial confidence bound c¢y. For each value of the confidence-increase parameter v, we
generate one plot; each plot has one curve for each value of the confidence-decrease parameter
6. Fach point in our plots is a mean of our numerical simulations for the associated values of
the BCM parameter set (7, d, and ¢p). We also show one standard deviation from the mean.
For our simulations on a complete graph and the FACEBOOK100 networks, each point in our
plots is a mean of 10 simulations (from 10 sets of initial opinions). For our simulations on
G(N,p) ER random graphs and SBM random graphs, each point in our plots is a mean of 50
simulations (from five random graphs that each have 10 sets of initial opinions). We include
all plots—including those that we do not show in the present section or in Appendix C—in
our code repository. In Table 3, we summarize the trends that we observe in our simulations.

In all of our simulations of our adaptive-confidence HK model, we observe that v > 0.001
results in fewer major opinion clusters than in the baseline HK model. For a fixed initial
confidence bound ¢g, our adaptive-confidence HK model tends to yield fewer major clusters
and less opinion fragmentation as either (1) we increase y for fixed d or (2) we decrease
6 for fixed . Intuitively, we expect that increasing 7 encourages consensus because larger
values of = entail sharper increases in dyadic confidence bounds after positive interactions.
Less intuitively, decreasing d, which entails sharper decreases in dyadic confidence bounds
after negative interactions, also seems to encourage consensus. In our adaptive-confidence
HK model, we update opinions synchronously, with each node interacting with of all its
neighboring nodes at each time. When two adjacent nodes are mutually unreceptive, their
dyadic confidence bound decreases. Small values of ¢ yield a faster decrease than large values of
¢ in the dyadic confidence bound between mutually unreceptive nodes. Given the synchronous
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Table 3
Summary of the observed trends in our adaptive-confidence HK model. Unless we note otherwise, we observe
these trends for the 1000-node complete graph, the examined random-graph models, and the examined real-world
networks.

Trends

Convergence time e For fixed values of the initial confidence bound cg, our adaptive-confidence HK
model tends to converge more slowly than the baseline HK model.

e When our simulations reach a consensus state (i.e., there is exactly one major
opinion cluster), for fixed values of ¢y and the confidence-increase parameter -,
our model converges faster when the confidence-decrease parameter § =1 than
when § <0.9. For ¢ € {0.95,0.99}, the convergence time transitions from the
6 < 0.9 behavior to the 6 =1 behavior as we increase cg.

Opinion fragmentation e Our adaptive-confidence HK model yields consensus for « > 0.05.

e For fixed values of ¢p, our adaptive-confidence HK model tends to yield fewer
major opinion clusters than the baseline HK model. When we fix the other BCM
parameters, the number of major clusters tends to decrease as either (1) we
decrease § or (2) we increase 7.

e For our synthetic networks, we observe that the trends in Shannon entropy
match the trends in the numbers of major clusters and that our
adaptive-confidence HK model tends to yield less opinion fragmentation than
the baseline HK model.”

e For the baseline HK model, as we increase cp, the number of major clusters
tends to decrease. In our adaptive-confidence HK model, for simulations
without consensus and for sufficiently large v, the number of major clusters
tends to first increase and then decrease as we increase cg.

Weighted-average edge e When § =1, both our adaptive-confidence HK model and the baseline HK
fraction W (TY) model yield W(Ty) = 1.
e For fixed v and cg, as we increase §, the weighted-average edge fraction W (T})
tends to decrease.
e For simulations that reach a consensus state, we observe two qualitative
behaviors for W (Ty). For 6 <0.9, we observe that W (7Ty) <1 and that there is
a seemingly linear relationship between W (Ty) and co; for 6 =1, we observe
that W (Ty)=1. For ¢ € {0.95,0.99}, the behavior of W (T}) transitions from
the § <0.9 behavior to the § =1 behavior as we increase cg.

*For the FACEBOOK100 networks, we do not observe this trend, seemingly because of the large numbers of minor clusters (which
are incorporated in our calculation of Shannon entropy in (4.3)) for these networks.

updates in our adaptive-confidence HK model, we hypothesize that small values of § can result
in pairs of nodes quickly becoming and remaining mutually unreceptive. Meanwhile, individual
nodes can be receptive to (and thus average) fewer “conflicting” opinions,”’ possibly aiding
in reaching a consensus.

In the baseline HK model, the number of major opinion clusters tends to decrease as we
increase ¢g. For intermediate values of v (e.g., v € {0.005,0.01} for a complete graph; see
panels (E) and (F) of Figure 2), we do not observe this trend in our adaptive-confidence HK
model. Instead, as we increase ¢y, we observe an increase and then a decrease in the number of
major clusters; unlike for the baseline HK model, small values of ¢y tend to discourage opinion
fragmentation (i.e., they tend to yield few major clusters). For smaller values of ¢, nodes

20When a node is receptive to neighbors that have very different opinions from each other, we say that that
node is receptive to “conflicting” opinions.
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Figure 2. The numbers of major opinion clusters in simulations of our adaptive-confidence HK model on a
1000-node complete graph for various combinations of the BCM parameters v, §, and co. In this and subsequent
figures, we plot the mean value of our simulations for each set of BCM parameters. The bands around each
curve indicate one standard deviation around the mean values. For clarity, in this figure and in subsequent
figures, the vertical axes of different panels have different scales.

tend to be receptive to fewer nodes early in a simulation, so fewer opinions can influence them.
Therefore, for these values of ¢g, it seems that nodes that are mutually receptive may quickly
approach each other’s opinions when + is sufficiently large. Our calculations of the weighted-
average edge fraction W (T) support this hypothesis. For sufficiently large v, small values of
co yield small values of W(TY), indicating that final opinion clusters tend to have many pairs
of mutually unreceptive nodes.

5.1.2. A complete graph. We now discuss the simulations of our adaptive-confidence HK
model on a complete graph. We summarize the observed trends in Table 3.

In Figure 2, we observe for a 1000-node complete graph that our adaptive-confidence HK
model yields fewer major clusters (i.e., there is less opinion fragmentation) than the baseline
HK model for a wide range of BCM parameter values. Our adaptive-confidence HK model
always reaches a consensus state for v > 0.05. In our simulations that do not reach consensus,
we tend to observe progressively more major clusters and more opinion fragmentation as
either (1) we decrease ~y for fixed 0 and ¢y or (2) we increase § for fixed v and ¢y. For the
baseline HK model and our adaptive-confidence HK model with small values of vy (specifically,
~ € {0.0001,0.0005,0.001}), the number of major opinion clusters tends to decrease as we
increase cg. We do not observe this trend for larger values of y (specifically, v € {0.005,0.01}).
Instead, for these values of v, small values of ¢y tend to promote more consensus. For example,
our simulations always reach a consensus state when v = 0.01 and ¢y < 0.08. At the end of
section 5.1.1, we discussed our hypothesis behind this observation.

We observe very few minor clusters in our simulations of our adaptive-confidence HK
model on a 1000-node complete graph. For each value of the BCM parameter set (7,9, co),
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Figure 3. The weighted-average edge fraction W (Ty) (see (4.4)) in simulations of our adaptive-confidence
HK model on a 1000-node complete graph for various combinations of the BCM parameters v, §, and co.

the mean number of minor clusters in our 10 simulations is bounded above by 1. Because
there are few minor clusters, the Shannon entropy (which accounts for both major clusters
and minor clusters; see (4.3)) and the number of major clusters follow similar trends for a
1000-node complete graph.

In Figure 3, we show W (T}) (see (4.4)), which is the weighted average of the fractions
of edges in the opinion clusters of a final effective graph. When § = 1, both our adaptive-
confidence HK model and the baseline HK model yield W(Ty) = 1. This indicates that all
final opinion clusters (i.e., the components of the effective graph at time T) are complete
subgraphs (i.e., cliques). By contrast, in our adaptive-confidence HK model, when 6 < 1 and
for a wide range of the other BCM parameters, we observe that W (7Ty) < 1. This indicates
that some nodes that are adjacent in the graph GG and are in the same final opinion cluster
do not have an edge between them in the final effective graph Geg (7). The nodes in these
dyads are thus not receptive to each other (and hence do not influence each other’s opinions),
but they nevertheless converge to the same opinion. In our simulations with § < 0.99, we
observe that our adaptive-confidence HK model can reach a consensus with W (7Ty) < 1. For
sufficiently large values of 7 (specifically, v > 0.05), even though the nodes in some dyads
are not receptive to each other, most nodes (at least 99% of them, based on our definition of
major opinion cluster) still converge to the same final opinion and hence reach a consensus.

For fixed values of v and ¢y, we observe that W (Ty) tends to decrease as we decrease 9.
For ~ € {0.05,0.1}, our simulations always reach a consensus state. In these simulations, for
each fixed J, we observe that W (T}) appears to increase monotonically with respect to co.
Additionally, for these values of 7, we observe a transition in W(Ty) as a function of §. For
d <0.9, we observe that W (T¥) <1 and that there is a seemingly linear relationship between
W(Ty) and ¢y. When 6 = 1, we observe that W (Ty) = 1. For ¢ € {0.95,0.99}, the behavior
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Figure 4. The convergence times (in terms of the number of time steps) on a logarithmic scale in simulations
of our adaptive-confidence HK model on a 1000-node complete graph for various combinations of the BCM
parameters vy, 6, and co.

of W(T}) transitions from the ¢ < 0.9 behavior to the ¢ =1 behavior as we increase ¢y. This
transition between behaviors occurs for smaller values of ¢y for 6 =0.99 than for § = 0.95.

In Figure 4, for fixed ¢y, we observe that our adaptive-confidence HK model takes longer
to converge than the baseline HK model. For a 1000-node complete graph and fixed BCM
parameters (i.e., 7, d, and ¢p), we observe that the convergence time of our adaptive-confidence
HK model can be up to 10* times longer than the convergence time of the baseline HK model.
The convergence time tends to increase as either (1) we increase «y for fixed 6 and ¢g or (2) we
decrease ¢ for fixed v and ¢p. For sufficiently large values of 7 (as is especially evident for
v €{0.05,0.1}), the convergence time decreases with cg. As with W (TY), for these values of v,
we observe a transition in the convergence time as a function of §. In Figure 4, the curves of
logy(T) versus cq for 6 <0.9 overlay each other and indicate longer convergence times than
the curve for § = 1. The curves for § =0.95 and § = 0.99 transition from the § < 0.9 behavior
to the § = 1 behavior as we increase ¢g. By contrast, for the baseline HK model and our
adaptive-confidence HK model with small values of v, we observe no clear pattern between
the convergence time and the initial confidence bound. When our adaptive-confidence HK
model reaches a consensus state, we observe from the behavior of W (Ty) (see Figure 3) and
the convergence times (see Figure 4) in our simulations that there is qualitative transition
in the model behavior as we vary §. We are not aware of previous discussions of similar
transitions in variants of the HK model.

5.1.3. ER and two-community SBM graphs. We now discuss our simulations of our
adaptive-confidence HK model on G(N,p) ER random graphs and two-community SBM ran-
dom graphs. As in our simulations on the complete graph, we observe the trends in Table 3.
We briefly discuss how our observations for these random graphs differ from our observations
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for the complete graph. We give additional details about our ER simulations in Appendix
C.1, and we give additional details about our SBM simulations in Appendix C.2.

For fixed BCM parameters (namely, 7, §, and ¢y), we tend to observe fewer major opinion
clusters for G(1000,0.1) graphs than for the 1000-node complete graph. Additionally, for
small initial confidence bounds (specifically, ¢y < 0.04), we observe more minor clusters for
the G(1000,0.1) graphs than for the G(1000,0.5) graphs and the 1000-node complete graph.
(For G(1000,0.1) graphs, once we take the mean for each BCM parameter set, we sometimes
observe as many as 20 minor clusters.) The expected mean degree of a G(N,p) ER graph
is p(N — 1) [57]. Therefore, for small probability p, we expect more nodes to have small
degrees. For small initial confidence bounds, we hypothesize that many nodes with small
degrees quickly disconnect to form minor opinion clusters.

For our two-community SBM graphs, for fixed BCM parameters, the numbers of major
clusters and the Shannon entropies are similar to those for the complete graph. Each of our
SBM graphs consists of two complete graphs that are joined by a small number of edges (see
section 4.1) to yield a two-community structure. It seems that this two-community structure
does not significantly impact the simulation results of our adaptive-confidence HK model.

5.1.4. Facebook university networks. We now discuss our simulations of our adaptive-
confidence HK model on FACEBOOK100 networks (see section 4.1) [63, 72]. We show plots
of the number of major opinion clusters and the Shannon entropy for the UC Santa Barbara
network. In Appendix C.3, we show a plot of the number of major clusters for Reed College.
In our code repository, we include all plots for our simulations on FACEBOOK100 networks
(including plots for the other examined quantities and the other four universities in Table 1).

The six FACEBOOK 100 networks (see Table 1) mostly exhibit the same trends.”’ Except for
the trends in Shannon entropy, we observe the same trends (see Table 3) for the FACEBOOK100
networks that we observed for the synthetic networks. For the FACEBOOK100 networks, most
of the final opinion clusters for both our adaptive-confidence HK model and the baseline
HK model are minor opinion clusters. Our simulations on the UC Santa Barbara network
yield more minor clusters than our simulations on the other FACEBOOK100 networks; when
co = 0.02 and 6 < 0.9, the UC Santa Barbara network has more than 4000 minor clusters.
Recall that Shannon entropy (see (4.3)) includes contributions from minor opinion clusters.
Therefore, because of the large numbers of minor clusters for the FACEBOOK100 networks,
the Shannon entropy and the numbers of major opinion clusters follow different trends. For
these networks, they thus give complementary views of opinion fragmentation.

In Figure 5, we observe for the UC Santa Barbara network that our adaptive-confidence
HK model always yields consensus (the number of major clusters is exactly 1) when v > 0.005.
For these values of 7, the Shannon entropy (see Figure 6) tends to decrease as we increase ¢
for fixed values of v and §. This trend occurs because the number of minor opinion clusters
also tends to decrease as we increase ¢g for fixed values of v and 4. This observation contrasts

2!The Reed College network is a notable exception. For small initial confidence bounds ¢y < 0.04 and
fixed values of the other BCM parameters, it tends to have more major clusters and larger Shannon entropies
than the other five FACEBOOK100 networks. We hypothesize that this observation, which we discuss further in
Appendix C.3, arises from finite-size effects.
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Figure 5. The numbers of major opinion clusters in simulations of our adaptive-confidence HK model on
the UC Santa Barbara network for various combinations of the BCM parameters ~y, 0, and co.
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Figure 6. The Shannon entropies in simulations of our adaptive-confidence HK model on the UC Santa
Barbara network for various combinations of the BCM parameters v, §, and co.

with our simulations of our adaptive-confidence HK model on synthetic networks (see sections
5.1.2 and 5.1.3), for which we observed that the Shannon entropy follows similar trends as
the number of major clusters as we vary one of 7, §, or ¢y while fixing the others. We believe
that one reason for this difference is that the FACEBOOK100 networks have many small-degree
nodes, which allow more minor opinion clusters to form.

5.2. Adaptive-confidence DW model. We briefly discuss our simulations of our adaptive-
confidence DW model on a 100-node complete graph and the NETSCIENCE network [56].
In Table 4, we summarize the trends that we observe in these simulations. Because of the
long computation times, we consider much smaller graphs and fewer BCM parameter values
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Table 4
Summary of the observed trends in our adaptive-confidence DW model.

Trends

Convergence time e For the complete graph, for fixed values of the compromise parameter p and
initial confidence bound co < 0.3, our adaptive-confidence DW model tends to
converge more slowly than the baseline DW model.

e For the NETSCIENCE network, for fixed values of p and co, our
adaptive-confidence DW model and the baseline DW model have similar
convergence times.

Opinion fragmentation e For the complete graph, when we fix the other BCM parameters, we (1) tend
to observe fewer major opinion clusters as we increase the confidence-increase
parameter v and (2) observe little effect on the numbers of major clusters
when we vary the confidence-decrease parameter J.

e For the complete graph, for a fixed value of ¢y < 0.3, our adaptive-confidence
DW model yields fewer major clusters when g = 0.1 than when p € {0.3,0.5}.
The baseline DW model does not have this behavior.

e For the NETSCIENCE network, for a fixed value of cg, our adaptive-confidence
DW model yields at least as many major clusters as the baseline DW model.
For this network, u has little effect on the number of major clusters.

Weighted-average edge e The baseline DW model always yields W (Ty) = 1. Our adaptive-confidence
fraction W (T¥) DW model yields W (Ty) =1 for the complete graph with co > 0.4 and the
NETSCIENCE network with ¢q € {0.8,0.9}.
e When W(Ty) < 1, for fixed values of the parameters v, d, and ¢o, decreasing u
tends to also decrease W (Ty) for both the complete graph and the
NETSCIENCE network.

for our adaptive-confidence DW model than we did for our adaptive-confidence HK model.
Notably, the value of the compromise parameter p (which is present in DW models but not
in HK models) affects our simulation results.

Our adaptive-confidence DW model yields several of the same trends that we observed
in our adaptive-confidence HK model. One of these trends is that, for both the 100-node
complete graph and the NETSCIENCE network, the weighted-average edge fraction W (7y) <1
for some BCM parameters. Another trend is that our adaptive-confidence DW model has
longer convergence times than the baseline DW model in our simulations on the 100-node
complete graph. Additionally, for the 100-node complete graph, we observe less opinion
fragmentation as we increase 7. We do not observe these last two trends in our simulations
on the NETSCIENCE network. In Appendix D, we give a detailed discussion of the results of
our simulations of our adaptive-confidence DW model.

6. Conclusions and discussion.

6.1. Summary and discussion of our results. We developed two bounded-confidence
models (BCMs)—a synchronously updating one that generalizes the Hegselmann—Krause
(HK) model and an asynchronously updating one that generalizes the Deffuant—Weisbuch
(DW) model—with adaptive confidence bounds. The confidence bounds in our adaptive-
confidence BCMs are distinct for each dyad (i.e., each pair of adjacent nodes) of a network
and change when nodes interact with each other. One can interpret the changes in confidence
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bounds as changes in receptiveness between nodes. We demonstrated that incorporating time-
dependent, adaptive confidence bounds into BCMs yields a variety of interesting behaviors,
such as adjacent nodes that converge to the same limit opinion but are eventually unreceptive
to each other.

For both our adaptive-confidence HK model and our adaptive-confidence DW model, we
proved convergence properties for the dyadic confidence bounds and the limiting behaviors of
effective graphs, which track which nodes of a network are able to influence each other. We
demonstrated using numerical simulations that our BCMs have fewer major opinion clusters
and take longer to converge than the associated baseline BCMs. See Table 3 for a summary
of the trends in our adaptive-confidence HK model, and see Table 4 for a summary of the
trends in our adaptive-confidence DW model.

The results of our numerical simulations of our adaptive-confidence BCMs complement
our theoretical results (which informed the stopping criteria in our computations). For our
adaptive-confidence HK model, we proved that (1) all dyadic confidence bounds must converge
either to 0 or to 1 and (2) the dyadic confidence bounds between nodes in different limit opinion
clusters must converge to 0 (see Theorem 3.2). For our adaptive-confidence DW model, we
proved that analogous results hold almost surely (see Theorem 3.8). However, in both of our
adaptive-confidence BCMs, the dyadic confidence bounds between nodes in the same limit
opinion cluster do not necessarily converge to 1, as it is possible for them to instead converge
to 0. Indeed, when the confidence-decrease parameter § < 1, our numerical simulations of both
of our adaptive-confidence BCMs demonstrate for wide ranges of the other BCM parameters
that some dyads in the same final opinion cluster have confidence bounds that converge to 0.
Although the nodes in these dyads are unreceptive to each other, they still converge to the
same opinion. The nodes in these dyads do not have edges between them in the final effective
graph of the dynamics, so the final opinion-cluster profiles in our adaptive-confidence BCMs
can have richer structures than those in the baseline BCMs.

6.2. Future work. Our investigation lays a foundation and provides a point of comparison
for the study of more complicated adaptive-confidence mechanisms in BCMs. Future inves-
tigations of adaptive-confidence BCMs include establishing additional theoretical guarantees,
examining and validating such BCMs in sociological contexts, and generalizing these models
in various ways.

It is worthwhile to further explore the theoretical guarantees of our adaptive-confidence
BCMs. We showed (see Theorem 3.11) that, almost surely, an effective graph in our adaptive-
confidence DW model eventually only has edges between nodes in the same limit opinion
cluster. However, unlike for our adaptive-confidence HK model (see Theorem 3.6), we did not
prove any guarantee that an effective graph of our adaptive-confidence DW model is eventually
constant (not even almost surely). Further theoretical analysis of our adaptive-confidence DW
model can yield useful insights into its features, including the structural properties of its limit
effective graphs.

It is also relevant to analytically and numerically study the mutual receptiveness of nodes
in our BCMs when they reach a consensus state. In our numerical simulations of our adaptive-
confidence BCMs, when the confidence-decrease parameter é < 1, some neighboring nodes that
are in the same final opinion cluster are not receptive to each other. More specifically, our
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numerical simulations suggest that some adjacent nodes can converge to the same limit opin-
ion without having an edge between them in the limit effective graph of the dynamics. One
can explore this behavior of our BCMs and determine how the model parameters influence the
existence of edges between adjacent nodes with the same limit opinion in limit effective graphs.
It is also interesting to examine the effects of different initial conditions. In our simulations, we
observed for uniformly distributed initial opinions that our adaptive-confidence BCMs yield
fewer major opinion clusters than the corresponding baseline models. It is worth exploring
whether or not this is also the case when different network communities have different initial
opinion distributions.

It is also important to consider how the behaviors of our BCMs connect to real-life social
situations. Omne can interpret the opinion values in our models as representing outwardly
expressed opinions, which may differ from internally held beliefs [43]. The achievement of a
“consensus” can represent individuals arriving at the same outwardly expressed behavior or
decision [30], rather than achieving an actual agreement of their internal views. Researchers
have studied models with both internal and expressed opinions [15, 31, 58], and one can
incorporate such considerations into adaptive-confidence BCMs.

In our adaptive-confidence BCMs, adjacent agents that are unreceptive to each other’s
opinions can still interact with each other. Alternatively, a pair of agents can eventually stop
interacting with each other—effectively changing the network structure—after repeated neg-
ative interactions. Researchers have modeled such ideas, along with network restructuring to
consider new social interactions, using adaptive networks with edge rewiring [35, 61]. It is
also worth investigating which adaptive BCMs effectively have “mediator” nodes that assist
in bringing together the opinions of agents that are unreceptive to each other or no longer
interact. When there are such mediator nodes, one can examine their prevalence, whether
they share common characteristics, and whether they are identifiable from network structure
and initial agent opinions.

There are many possible areas to explore in the study of adaptive opinion models. In re-
search on opinion dynamics, it is important to incorporate network adaptivity, which provides
fertile ground for theoretical, computational, and empirical investigations of opinion dynamics.

Appendix A. Proofs of our theoretical results for our adaptive-confidence DW model.
In this appendix, we prove the results for our adaptive-confidence DW model that we presented
in section 3.2.

A.1l. Proofs of our confidence-bound results. We first prove Lemma 3.9, which states
that each confidence bound c¢;;(t) is eventually monotone.

Proof of Lemma 3.9. We first consider ¢;;(t) for adjacent nodes, ¢ and j, that are in
different limit opinion clusters (i.e., ' # 27). Choose a time T such that the inequalities

1

(A.1) |z (t) — 2% < = min |z™ — 2",
4 gmtgn

(A.2) 25 (t) — 2p(t) < & min |2™ — 27|
4 "E"l?éfﬂn

hold for each node k and all times ¢/ >¢>T.
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We claim that c;;(t) is monotone decreasing (i.e., ¢;;(t + 1) < ¢;5(t)) for all times t > T.
Note that

(A.3) |2" — 27| > min

m 75"2"

™ —ax"|.

By the triangle inequality and (A.1), we have
j2f — 27| < o' = ai()] + |wi(t) — 25(0)] + | (t) — 27|

< L min (|z" —z"|) + |z (t) — x;(¢)].

2 xmtan

Rearranging terms and using (A.3) yields

1
(A.4) |zi(t) —x;(t)| > = min [z —2"].
2 xmten
Suppose that c;;(t) increases (i.e., ¢;;(t + 1) > ¢;5(t)) at some time ¢ > T'. This implies
that x;(t + 1) = x;(t) + p(xi(t) — x;(t)), which in turn implies that

(A.5) (6 +1) —2j(8)] = plwi(t) — z;(2)]-
By (A.2), we have

(A.6) |2 (t+ 1) — 25 (1) <% min |z™ — 2",

xm #xn

and (A.5) and (A.6) together imply that

(A7) 2a(t) — 25 (8)] < = min |o™ — 2"
4 gmtgn

The inequalities (A.4) and (A.7) cannot hold simultaneously. Therefore, any interactions
between nodes ¢ and j at times ¢ > T must result in a decrease of ¢;;. Consequently, for all
adjacent nodes ¢ and j from distinct limit opinion clusters, ¢;; is monotone decreasing (i.e.,
Cij(t + 1) < Cij(t)) for all ¢ > T.

Now consider adjacent nodes, i and j, that are in the same limit opinion cluster (i.e.,
x' =27). Choose a time T > 0 such that

(A.8) a(t) —a¥| <
for each node k and all times ¢t > T. We claim that there is some time 7;; > T such that c¢;;(t)
is either monotone decreasing (i.e., ¢;;(t + 1) < ¢5(t)) for all ¢t > T;; or monotone increasing
(i.e., cij(t+1) > ¢5(t)) for all t > Tj;.

If ¢;;(t) is monotone decreasing for all t > T', then we choose T;; = T. If ¢;;(t) is not
monotone decreasing for all ¢ > T, then there must exist a time T;; > T at which |x;(T};) —

T (E]N < Cij (T’U) This implies that

(A.9) cij(Tij +1) = ii(Tij) + v(1 — ¢i5(T35)) = v
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We claim that ¢;;(t) only increases or remains constant for times t > T;;. By (A.8), we have
(A.10) jex(t) — ap ()] < far(t) — 2|+ 2" — 2| + o — 2 ()] <

for each node pair k and k¥’ with zF = ¥ and all times ¢ > T'. Therefore,

(A.11) i (t) — a;(t)] <~

for all times ¢t > T;; > T, which implies that subsequent interactions between nodes i and
J increase c;;(t) (because c;;(t) > 7). Consequently, if ¢;;(t) increases at a certain time
Tij > T, then it subsequently either increases or remains constant. If ¢;;(¢) never increases
after time 7', then (by definition) it is eventually monotone decreasing. This implies that
cij(t) is either eventually monotone increasing (i.e., ¢;j(t2) > c;j(t1) for all to > t; > T') or
eventually monotone decreasing.

We now prove Lemma 3.10, which states that if ¢;;(t) converges, then its limit =
limy 0 ¢;5(t) is almost surely either 0 or 1.

Proof of Lemma 3.10. We prove this lemma using an argument that is similar to the one
that we used to prove Lemma 3.5. Unlike in an HK model, adjacent nodes in a DW model
need not interact with each other at each discrete time. In fact, it is possible (although it
occurs with probability 0) for a pair of adjacent nodes to interact with each other only a finite
number of times.

Given € > 0, choose a time T such that the inequalities

(A.12) leij(t) — ] < €/2,
(A.13) i (1) — cig(12)] < 3 (min{1 — 6,7})e

hold for all times t,t1,to > T. Suppose that we choose the adjacent nodes ¢ and j to interact
at some time ¢ > T. It then follows that either ¢;;(t + 1) = d¢;;(t) or ¢;;(t + 1) = ¢;;(t) +
V(L = ei5(t))- y
Suppose that ¢;;(t + 1) =dc;;(t). In this case, we claim that ¢/ =0. To verify this claim,
note that c;;(t) — ¢;j(t + 1) = (1 — 0)c;;(t). We know from (A.13) that ¢;;(t) — ¢i5(t + 1) <
3(1 — 8)e, so ¢;j(t) < €/2. Therefore, with (A.12), we obtain
0< e < eV — ei5(t)] + |eij (1)]
<€/2+¢€/2
— 5
which implies that ¢ = 0.
Now suppose that ¢;;(t + 1) =¢;;(t) +v(1 — ¢i;(t)). Rearranging terms yields ¢;;(t +1) —
cij(t) =~(1 — ¢;5(t)) < 3ve, which implies that 1 — ¢;;(t) < /2. Therefore,
0<1—c <1 —eij(t)] + e (t) — ¢
<€/2+¢€/2

:6’

which implies that ¢V =1.
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Consequently, if nodes i and j interact infinitely often, then ¢/ must be either 0 or 1. By
the Borel-Cantelli lemma, nodes ¢ and j interact infinitely many times with probability 1.
Therefore, it is almost surely the case that either ¢/ =0 or ¢ = 1. |

A.2. Proof of the effective-graph theorem for our adaptive-confidence DW model.
We now prove Theorem 3.11, which is our main result about effective graphs in our
adaptive-confidence DW model. It states that, almost surely, an effective graph in our adaptive-
confidence DW model eventually has edges only between adjacent nodes in the same limit
opinion cluster.

Proof of Theorem 3.11. By Theorem 3.8, the confidence bound ¢;;(t) of adjacent nodes i
and j that are in different limit opinion clusters (i.e., x* # z7) almost surely converges to 0.
Therefore, almost surely, there is some time T} such that

1
(A.14) ¢ij(t) < = min [z™ — 2"

xm 75 xn

for all times ¢t > T7. We also choose a time T5 such that

1
(A.15) |z (1) — 2% < 1 min |2 — 2"

rm ?éxn

for each node k and all times ¢t > T5.

Let T'= max{T},T»}, and fix adjacent nodes i and j that are in different limit opinion
clusters. The time T exists almost surely because 77 exists almost surely. For all times ¢ > T,
the inequality (A.15) implies that

[0 — 7| < faa(t) — 2| + Ja() — 25 (8)] + |y (8) — 27

1
< - min |2 — 2" + |z;(t) —x;(2)].
2x7n¢mn

2™ — 2" < |zt — 27|, it follows that

Because mingmgn

1
(A.16) min |z™ —2"| << min |2™ — 2" 4 |z(t) — x;(2)].
xmFErn 2 xmAtgn

Therefore, with (A.14), we obtain

]. . k 1'%
cy(t) < 5 min |oF ¥ <[au(t) — a;(0)].
That is, |z;(t) — z;(t)| > ¢;;(t) for all t > T, so the edge (4,7) is not in the effective graph of
the dynamics at any time ¢t > T. Therefore, the only edges in the effective graph at times
t > T are between nodes in the same limit opinion cluster. |

The effective-graph theorem for our adaptive-confidence DW model (see Theorem 3.11)
is weaker than that for our adaptive-confidence HK model (see Theorem 3.6). In particular,
we are unable to conclude for the adaptive-confidence DW model that an effective graph is
eventually constant (or even almost surely eventually constant). The obstruction to obtaining
such a guarantee is the stochasticity that arises from the asynchronous opinion updating of
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the adaptive-confidence DW model. In particular, consider adjacent nodes ¢ and j in the
same limit opinion cluster. By Lemma 3.9, there exists a time 7" such that c;; is monotone
for all times ¢ > T". Suppose that c;; is monotone decreasing for all ¢ > T'. If nodes i and j
interact at time ¢t > 7', then ¢;;(t) decreases and the edge (i, ) is not in the effective graph
of the dynamics (i.e., (i,j) ¢ Feg(t)). However, if nodes ¢ and j do not interact at time ¢,
then it is possible that (i,7) € Eeg(t). (By contrast, for our adaptive-confidence HK model,
which updates synchronously, the existence of a time 7" such that ¢;; is strictly decreasing
for all times ¢t > T implies that the edge (i,7) ¢ Eeg(t) for all t > T.) Suppose that ti,ta,...
are successive times at which nodes ¢ and j interact after time 7. For each time t,, it can
be the case both that the inequality |z;(ts) — xj(ts)| > ¢;(ts) holds and that there is a time
ts between times t5 and t,41 such that |z;(ts) — z;(£s)] < ¢ij(ts) = cij(ts). That is, between
each pair of interaction times t5 and t41, the opinions of nodes i and j can (because of other
neighboring nodes) first become close enough so that the difference between their opinions is
less than their confidence bound and then subsequently become sufficiently far apart so that
the difference between their opinions exceeds their confidence bound. In this situation, an
effective graph is not eventually constant.

Although the example in the previous paragraph may seem pathological, it is unclear
whether and how frequently such situations can occur. There also may be other scenarios in
which an effective graph is not eventually constant. This issue does not arise in the proof of
Theorem 3.6 because the nodes in each dyad interact at every time in our adaptive-confidence
HK model.

Appendix B. Proof of the effective-graph theorem for the baseline DW model. We
now prove Theorem 3.12, which is our convergence result for effective graphs in the baseline
DW model. To do this, we first prove Lemma B.1 and Lemma B.2.

Lemma B.1. Consider the baseline DW model (with update rule (2.4)). There is a time T}
and almost surely a time Ty such that the following statements hold for all adjacent nodes i
and j:

(1) If |2° — 27| < ¢, then |z;(t) — x;(t)| < c for all times t > T}, so the edge (i,j) is in the

effective graph Geg(t) for all times t > Ty .

(2) If |2° — 27| > ¢, then |z;(t) — z;(t)| > ¢ for all times t > T, so the edge (i,7) is not in

the effective graph Geg(t) at any time t >T;.

(3) If |2° — 27| = ¢, then |z;(t) — z;(t)| > ¢ for all times t > Ty, so the edge (i,7) is not in

the effective graph Geg(t) at any time t > T;.

Proof. Consider adjacent nodes i and j, and let A;; = |z° — 27| denote the difference
between their opinions.
We first consider the case A;; # c¢. Choose a time T;; such that

1
(B.1) () — 2¥| < Sle— Ay

for each node k € {7,7} and all times t > Tj;.
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Suppose that A;; < c. For all times ¢t > T;;, we have
i) — 2 ()] < |2i(t) — 2’| + o — 27| + |2;(t) — 2]
<2 (;) (c— M) + Ay
=c.

Therefore, the edge (i, ) is in the effective graph Geg(t) for all times t > Tj;.
Now suppose that A;; > c. Without loss of generality, let 2! > 27, For all times t > T;;,
we have

1 |
(t) = a3(0)> (& = e ag1) = (o + 3o 851)
= (2 —a’) = |e — Ayl
=Aj;—Aj+e
=cC.

Therefore, the edge (7,7) is not in the effective graph Geg(t) at any time t > T;;.
If there are no adjacent nodes ¢ and j with |z* — 27| # ¢, then let 71 =0. Otherwise, let

(B.2) Ty = max {T}; such that |z — 27| # c}.
(i.1)eE
We have shown that statements (1) and (2) hold for all times ¢ > T3.

We now consider the case A;; = c. Without loss of generality, let x' > x7. Choose a time
T;j so that

e

(B.3) 2" — 2 (1) < 20 +20)

for each node k € {i,5} and all times ¢ > Tw We will show that, almost surely, there are a
finite number of times ¢ > Tj; such that |z;(t) —2;(t)| < c. Suppose on the contrary that there
is a sequence t1,ta, ... of times such that t; > Ti; and |2;(t) — z(t))| < c for all k. At each
time ¢, nodes i and j interact with probability 1/|E| > 0, where |E| is the number of edges in
the graph. Therefore, with probability 1, nodes ¢ and j interact at some time ¢ > Tij with
|zi(ty) — xj(tr)| < c. Nodes ¢ and j compromise their opinions at time ¢, so the inequality
(B.3) implies that

@it + 1) — i (8)] = prles() — a5 (8)] > [( B M) ) ( i 2<1i2m>]

=2 (53
_ pef(142p) =y
142p
=(+n) 1 j—wZ,u
ue

> .
14 2u

(B.4)
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From the inequality (B.3), we also have

4 . e e
(t+1) — (1) < it +1) — 2| + |2 — 2;(t)] < 2 -
st 1)~ O] sl + 1) = 'l + o7~ ) <2(1+2u)> 1+2u

which cannot hold simultaneously with inequality (B.4). Therefore, with probability 1, there
are a finite number of times ¢ > Tj; such that |x;(t) — z;(¢)| < c. Consequently, there almost
surely exists some time Tj; > T;; such that |z;(t) — x;(t)| > ¢ and the edge (4,7) is not in the

effective graph Geg(t) for any time ¢ > T;;.
If there are no adjacent nodes i and j with |z° — 27| # ¢, then let Tb = 0. Otherwise, let

(B.5) Ty = max {T;; such that |2’ — 27| =},

(i.j)eE
where T, exists almost surely because each T;; exists almost surely. We have shown that
statement (3) holds for all times ¢ > T4 if T exists. [ ]

Lemma B.2. Consider the baseline DW model (with update rule (2.4) ). For adjacent nodes
i and j with |z* — 27| < ¢, we have x* =7 almost surely.

Proof. Fix adjacent nodes i and j with |2 — 27| < ¢, and let A;; = |z° — 27| denote the
distance between their limit opinions. Without loss of generality, let 2° > z/. We want to
show that A;; = 0 almost surely. Suppose instead that A;; > 0. Fix € so that 0 < e <
min{$(c — Ayj), 2(%{/10}’ and choose T;; so that
(B.6) |zP — zp(t)| < €

for each node k and all times ¢t > Tj;.
By the Borel-Cantelli lemma, there is almost surely some time ¢ > T;; at which nodes ¢
and j interact. The inequality € < %(c — Ay;) implies that

(1) — 2 ()] < | (t) — 2| + [ — 27| + |a7 — a;(1))]

1 1 1
<gle=By)+ A+ (e = Ay) =5 (A +c)

<c,

so nodes 7 and j are receptive to each other at time ¢. Consequently, if these nodes interact
at time ¢, they compromise their opinions. Therefore,

zj(t+ 1) = () + plai(t) — z;(t)]

() + pla’ —e— (27 + )]
i(t) + u(Aij — 2e)
(@7 =€) + p(Aij — 2¢)

(B.7) >l +e,

Y

T
T
T

v
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where the last inequality holds because € < ﬁ, which we rearrange to obtain 2e¢ <
p(Ai; — 2€). The inequality (B.6) implies that
(B.8) |27 — 2 (t+1)] <e,

which cannot hold simultaneously with the inequality (B.7). Therefore, if 0 < 2° — 27 < ¢, then
nodes ¢ and j cannot interact at any time ¢ > T;;. However, by the Borel-Cantelli lemma,
nodes i and j almost surely interact infinitely often. Consequently, 0 < 2! — 27 < ¢ with
probability 0. Therefore, we almost surely have 2’ = 27, |

We now use Lemma B.1 and Lemma B.2 to prove Theorem 3.12.

Proof of Theorem 3.12. There is a time T} such that statements (1) and (2) of Lemma
B.1 hold, and there is almost surely a time T such that statement (3) of Lemma B.1 holds.
Therefore, there is almost surely a time 7' = max{7, 75} such that all three statements (1)—(3)
of Lemma B.1 hold for all times ¢t > T'. Consequently, the edges of the effective graph of the
dynamics satisfy Eeg(t) = Eeg(T) for all times t > T'. The effective graph is thus eventually
constant with respect to time for all times ¢ > T

Suppose that the limit effective graph lim; ,o Geg(t) exists. For adjacent nodes i and j
with the same limit opinion (i.e., ' = 27), we know that |z° — 27| = 0 < c. By statement (1)
of Lemma B.1, there thus exists a time 7} such that the edge (i,7) is in the effective graph
for all times t > T. Therefore, the edge (4,7) is in the limit effective graph.

Now suppose that the edge (i,7) is in the limit effective graph. We seek to show that
2 = 27 almost surely. Because the edge (i,7) is in the limit effective graph, there exists a
time T such that (4, j ) € Eegr(t) for all times ¢ > T. Consequently, by statement (2) of Lemma
B.1, it cannot be the case that |z* — 27| > c¢. Therefore, by statement (3) of Lemma B.1, it
almost surely cannot be the case that |z° — 27| = c. We thus almost surely have |z¢ — 27| < c.
By Lemma B.2, it is almost surely the case that 2’ = 7. |

Appendix C. Additional results and discussions of our numerical simulations of our
adaptive-confidence HK model. In this appendix, we show additional numerical results for
our adaptive-confidence HK model on ER graphs (see Appendix C.1), two-community SBM
graphs (see Appendix C.2), and the Reed College network (see Figure 9). We again ex-
amine the numbers of major and minor opinion clusters, the Shannon entropy H(T}) (see
(4.3)), the weighted-average edge fraction W (Ty) (see (4.4)), and the convergence time 7.
We consider the values of the BCM parameters (the confidence-increase parameter 7, the
confidence-decrease parameter , and the initial confidence bound ¢p) in Table 2. Each point
in our plots is a mean of our numerical simulations for the associated values of the BCM
parameter set (y, 0, ¢p). All plots, including those that we do not include in this appendix,
are in our code repository.

C.1. ER graphs. We now discuss additional results of our simulations of our adaptive-
confidence HK model on G(NV,p) ER random graphs. We generate five ER random graphs
for each value of p € {0.1,0.5}. Each point in our plots is a mean of 50 simulations (from five
random graphs that each have 10 sets of initial opinions). For fixed BCM parameters (namely,
v, 0, and ¢g), our results for G(1000,0.5) graphs are more similar than those for G(1000,0.1)
graphs to our results for the 1000-node complete graph.
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Figure 7. The numbers of major opinion clusters in simulations of our adaptive-confidence HK model on
G(1000,p) ER random graphs with (A-E) p = 0.1 and (F-J) p = 0.5 for various combinations of the BCM
parameters 7y, §, and co.

In Figure 7, we show the numbers of major opinion clusters in our simulations of our
adaptive-confidence HK model on ER graphs. For the 1000-node complete graph and G(1000,
0.5) graphs, for fixed values of v and ¢, the number of major clusters tends to decrease as
we increase ¢g. For the G(1000,0.1) graphs, when v = 0.001, small values of ¢y tend to yield
few major clusters. As we increase cg, we observe an initial increase in the number of major
clusters followed by a decrease in that number. By contrast, for the 1000-node complete graph,
small values of ¢y tend to yield the most major clusters. As we discussed in section 5.1.3,
G(1000,0.1) graphs have more small-degree nodes than the complete graph. These small-
degree nodes can easily form minor opinion clusters, especially for small values of ¢g. We
hypothesize that these minor clusters form quickly in a simulation and that the nodes in
these clusters quickly become unreceptive to the other nodes of a network. It is thus possible
that the nodes that are not in these minor clusters become receptive to fewer neighbors with
conflicting opinions,”? potentially aiding in reducing opinion fragmentation.

As we discussed in section 5.1.3, for small values of ¢y, our simulations of our adaptive-
confidence HK model on G(1000,0.1) graphs yield more minor opinion clusters than our
simulations on G(1000,0.5) graphs and the 1000-node complete graph. Nevertheless, although

22When a node is receptive to neighbors that have very different opinions from each other, recall
(see footnote 20) that that node is receptive to “conflicting” opinions.
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Shannon entropy (see (4.3)) accounts for minor clusters, we still observe that it follows similar
trends as the number of major clusters for both p =0.1 and p =0.5. Specifically, the Shannon
entropy tends to increase as either (1) we decrease «y for fixed ¢ and ¢y or (2) we increase 0
for fixed v and c¢p.

For our simulations on ER graphs with both p = 0.1 and p = 0.5, we observe the
convergence-time trends in Table 3. For fixed values of v, J, and ¢y, the mean convergence
time for p=10.1 is at least as long as that for p =0.5. Unlike for the complete graph, the ER
graphs do not have any clear trends in the dependence of the convergence time either on ~
(with fixed ¢ and ¢p) or on ¢ (with fixed v and ¢p). As with the 1000-node complete graph, the
fastest convergence times in our simulations on ER graphs typically occur for § = 1. For fixed
~v and ¢y, we often observe that the convergence time increases as we decrease . However,
this trend does not always occur; for some values of v and c¢g, smaller values of § yield faster
convergence than larger values of 4.

C.2. Two-community SBM graphs. We now discuss additional results of our simulations
of our adaptive-confidence HK model on two-community SBM graphs. Each of our SBM
graphs consists of two complete graphs that are joined by a small number of edges (see
section 4.1). This yields a two-community structure.

In Figure 8, we show the numbers of major opinion clusters in our simulations on SBM
graphs. For fixed values of the BCM parameters (namely, v, §, and ¢g), these simulations yield
similar numbers of major clusters as in our simulations on the 1000-node complete graph (see
Figure 2) and G(1000,0.5) ER graphs (see Figure 7). We observe few minor opinion clusters;
for each BCM parameter set, the mean number of minor clusters is bounded above by 3.
Consequently, the Shannon entropy and the number of major clusters follow similar trends.

B y=0.001 C vy =0.005

(y=0,6=1)

Number of major clusters

1.0 ‘ e A A L

.
cams
e
@y
oL Nl
°
A
8

0.02 0.05 0.10 0.15 0.

Initial confidence bound (cp)

0 0.02 0.05 0.10 0.15 0.20

Figure 8. The numbers of major opinion clusters in simulations of our adaptive-confidence HK model
on 1000-node SBM random graphs with connection probabilities paa = pe» = 1 and pap = 0.01 for various
combinations of the BCM parameters v, §, and co.
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Figure 9. The numbers of major opinion clusters in simulations of our adaptive-confidence HK model on
the Reed College network for various combinations of the BCM parameters «y, §, and co.

The convergence times in our simulations on SBM graphs follow the trends in Table 3.
For fixed values of v and ¢y, we do not observe a clear trend in how the convergence time
changes as we vary §. One commonality between the SBM graphs, the ER graphs, and the
complete graph is that § = 1 tends to yield the fastest convergence times. For many values
of v and 9, we also observe that the convergence time tends to decrease as we increase cq for
both our adaptive-confidence HK model and the baseline HK model.

C.3. Number of major opinion clusters in simulations on the Reed College network.
In our simulations of our adaptive-confidence HK model on the FACEBOOK100 networks, we
observe more major opinion clusters for the Reed College network (see Figure 9) than for the
other universities for very small initial confidence bounds ¢y (specifically, ¢ € {0.02,0.03,0.04}).
This difference may arise from the small size of the Reed College network in concert with our
definition of major cluster. For example, a final opinion cluster with 20 nodes is a major
cluster for the Reed College network (which has 962 nodes in its LCC), but an opinion cluster
of that size is a minor cluster for the UC Santa Barbara network (which has 14,917 nodes in
its LCC).

Appendix D. Additional results and discussions of our numerical simulations of our
adaptive-confidence DW model. We now further discuss our simulations of our adaptive-
confidence DW model. We simulate this model on a 100-node complete graph and on the
NETSCIENCE network. We consider the values of the BCM parameters (the confidence-
increase parameter -y, the confidence-decrease parameter d, the initial confidence bound co,
and the compromise parameter p) in Table 2. See Table 4 for a summary of the trends for
the two networks.

We explore the dependence of the numbers of major and minor opinion clusters, the
Shannon entropy H(T) (see (4.3)), the weighted-average edge fraction W (T) (see (4.4)), and
the convergence time 7 on the initial confidence bound cg. For each value of (v, d), we generate
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Table 5

Summary of the numbers of simulations of our adaptive-confidence DW model that reach the bailout time
of 10° time steps. For each combination of the BCM parameters (v, 8, co, and p), we run 10 simulations. For
each simulation, we use a different set of initial opinions. In each table entry, the focal number is the number
of simulations that reach the bailout time. The numbers in parentheses are the numbers of those simulations for
which we are unable to determine the final opinion clusters. We run our simulations with (vy,0) = (0.1,0.5) to
convergence (i.e., without a bailout time); for those simulations, we do not track the number of opinion clusters
at the bailout time.

Number of our simulations that reach the bailout time (number of
those simulations for which we are unable to determine the final
opinion clusters)
pn=0.1 n=0.3 pn=0.5
00:0.1 0020.2 C0:0.3 60:0.1 6020.2 60:0.1
6=0.3 9 (7) 2 (2) 1(1) 0 0 0
v=0.1 6=0.5 8 1 0 1 0 0
6=0.7 9 (6) 2(2) 1(1) 2 (0) 0 0
6=0.3 9 (5) 0 0 2 (1) 0 2 (0)
v=0.3 6=0.5 8 (7) 0 0 2 (2) 0 0
6=0.7 7(4) 0 0 5 (3) 2 (1) 0
6=0.3 9 (6) 0 0 2 (2) 1 (0) 0
v=0.5 6=0.5 8 (4) 0 0 2 (1) 0 0
6=0.7 6 (4) 0 0 7(4) 0 1(1)

one plot; each plot has one curve for each value of the compromise parameter p. Each point
in our plots is the mean of 10 numerical simulations (from 10 sets of initial opinions) with one
BCM parameter set (7, d, co, 1t). We also show one standard deviation from the mean. All plots,
including those that we do not present in this appendix, are available in our code repository.

D.1. A complete graph. We first discuss our simulations of our adaptive-confidence DW
model on a 100-node complete graph. In the present section, we show plots of the numbers
of major opinion clusters (see Figure 10) and the weighted-average edge fractions W (Ty) (see
Figure 11).

Our adaptive-confidence DW model tends to converge more slowly than both the baseline
DW model and our adaptive-confidence HK model. Our simulations of our adaptive-confidence
DW model often reach the bailout time, especially for small values of ¢y and p. In Table 5,
we give the numbers of simulations that reach the bailout time. In some simulations, despite
reaching the bailout time, we are still able to identify the final opinion clusters. However,
the maximum difference between the opinions of the nodes in these clusters is not within our
tolerance value (see equation (4.2)), which we set to 0.02 for our adaptive-confidence DW
model. In those instances, we set Ty = 10° (i.e., the bailout time) and use the opinion-cluster
profile at time T’ to calculate the numbers of major and minor opinion clusters, the Shannon
entropy H(Ty), and the weighted-average edge fraction W (Ty). For our simulations of our
adaptive-confidence DW model with (y,d) = (0.1,0.5), we run each simulation to convergence
(i.e., until we reach the stopping condition that we described in section 4.2). We plot the
results of these simulations in Figure 10E and Figure 11B. Although some simulations reach
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Figure 10. The numbers of major opinion clusters in simulations of (A) the baseline DW model and (B—
J) our adaptive-confidence DW model on a 100-node complete graph for various combinations of the BCM
parameters v, 0, co, and p. In this figure and subsequent figures, we do not use simulations in which we are
unable to determine the final opinion clusters (see Table 5) in our calculations of the means and standard
deviations. In (E), in which we show our simulations with (v,6) = (0.1,0.5), we run all of our simulations to
convergence (i.e., we ignore the bailout time) and use all of our simulations to calculate the mean numbers of
magor opinion clusters.

the bailout time, our observations about the opinion clusters (from both the simulations that
converge and the simulations that reach the bailout time) give us confidence in the trends in
Table 4.

In Figure 10, we observe for a wide range of BCM parameter values that our adaptive-
confidence DW model yields fewer major opinion clusters (i.e., there is less fragmentation) than
the baseline DW model. When ¢y > 0.5, our adaptive-confidence DW model and the baseline
DW model always reach consensus. For fixed values of v, d, and ¢y, when our adaptive-
confidence DW model does not reach consensus, decreasing the compromise parameter u
tends to result in fewer major clusters. By contrast, u has little effect on the number of major
opinion clusters in the baseline DW model. Increasing  with the other BCM parameters (i.e.,
J, co, and p) fixed also tends to result in fewer major clusters. Changing 0 with the other
parameters fixed has little effect on the number of major clusters. In fact, changing § with

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/09/25 to 149.142.29.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1036 GRACE J. LI, JIAJIE LUO, AND MASON A. PORTER

Baseline DW model
A (y=0,6=1) B y=0.1,6=0.5 C y=0.3,6=0.5 D y=0.5,6=0.5

1.0 | a—a—a—a—a—a—a—a—a 1.0 S 1.0 o 1.0 — A

[ g i : >
0.8 0.81 7 0.81 ‘7 0.81 /‘/
e Vi £ M
0.6 0.61 0.61 4% J 06| Vit —e— 0.1
0.4 0.41 0.4{ / 0.4 / 0.3
% —— 0.5

0.2 02{® 0.2{ 021{¢

W(T%)

001 1 | 0.01 001 1 0.0 1 1
01 03 05 07 09 01 03 05 07 09 01 03 05 07 09 01 03 05 07 09

Initial confidence bound (cgp)

Figure 11. The weighted-average edge fraction W (Ty) (see (4.4)) in simulations of (A) the baseline DW
model and (B-D) our adaptive-confidence DW model on a 100-node complete graph for various combinations
of the BCM parameters vy, §, co, and p. In (E), in which we show our simulations with (v,d) = (0.1,0.5), we
run all of our simulations to convergence (i.e., we ignore the bailout time) and use the resulting final opinion
clusters.

the other parameters fixed appears to have little effect on any of the computed quantities, so
we show results only for 6 = 0.5 in our subsequent figures. In our code repository, we include
plots for the other examined values of §.

We observe very few minor opinion clusters in our simulations of our adaptive-confidence
DW model on the 100-node complete graph. For each BCM parameter set (v,0d,co, i), the
mean number of minor clusters in our 10 simulations is bounded above by 1. Consequently, the
number of major opinion clusters and the Shannon entropy follow similar trends. Overall, in
our simulations on the 100-node complete graph, our adaptive-confidence DW model encour-
ages more consensus than the baseline DW model. This difference between these two models is
more pronounced for larger values of the confidence-increase parameter +v and smaller values
of the compromise parameter .

In Figure 11, we show the weighted-average edge fraction W (T) (see (4.4)). The baseline
DW model always yields W (7Tt) = 1. By contrast, for 6 < 1 and sufficiently small initial
confidence values ¢y, our adaptive-confidence DW model yields W (Ty) < 1. For p=0.1 and
small ¢q (specifically, cg <0.3), our adaptive-confidence DW model can reach consensus with
W(Ty) < 1. As in our adaptive-confidence HK model (see our discussion in section 5.1.2), this
observation indicates that some neighboring nodes are in the same final opinion cluster but
are not receptive to each other.

For fixed values of ¢y < 0.3 and p, our adaptive-confidence DW model tends to converge
more slowly than the baseline DW model. Additionally, when we fix the other BCM param-
eters (i.e., v, d, and p), the convergence time tends to increase as we decrease cy. As we
showed in Table 5, for small values of ¢ (specifically, ¢y € {0.1,0.2}), more simulations reach
the bailout time as we decrease y. In both our adaptive-confidence DW model and the base-
line DW model, ;= 0.1 yields longer convergence times than p € {0.3,0.5} for fixed values of
v, 6, and ¢p.

D.2. Network of network-scientist coauthorships. We now discuss our simulations of
our adaptive-confidence DW model on the NETSCIENCE network [56], which is a network of
network scientists with unweighted and undirected edges that encode paper coauthorships.

For the NETSCIENCE network and fixed values of ¢y and p, our adaptive-confidence DW
model tends to have at least as many major opinion clusters (see Figure 12) and minor opinion
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Figure 12. The numbers of major opinion clusters in simulations of (A) the baseline DW model and (B,
C) our adaptive-confidence DW model on the NETSCIENCE network for various combinations of the BCM
parameters vy, §, co, and .
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Figure 13. The numbers of minor opinion clusters in simulations of (A) the baseline DW model and (B,
C) our adaptive-confidence DW model on the NETSCIENCE network for various combinations of the BCM
parameters vy, 6, co, and .

clusters (see Figure 13) as the baseline DW model. In Figure 13, we see for ¢y < 0.5 that both
our adaptive-confidence DW model and the baseline DW model yield many more minor opinion
clusters for the NETSCIENCE network than for the 100-node complete graph. For values of
cp that are near the transition between consensus and opinion fragmentation (specifically,
cp € {0.3,0.4,0.5}), our adaptive-confidence DW model yields noticeably more major clusters
and minor clusters than the baseline DW model. The transition between consensus and
fragmentation appears to occur at a larger value of ¢y in our adaptive-confidence DW model
than in the baseline DW model. For the NETSCIENCE network (and unlike for the 100-node
complete graph), changing the value of p with the other BCM parameters fixed appears to
have little effect on the numbers of major and minor opinion clusters.

For the NETSCIENCE network and fixed values of ¢y and p, the convergence times of
our adaptive-confidence DW model are similar to those of the baseline DW model. All of
our simulations of our adaptive-confidence DW model on the NETSCIENCE network converge
before reaching the bailout time. We obtain the longest convergence times when ¢y = 0.3.
By contrast, for the 100-node complete graph, the convergence time increases as we decrease
¢p and many simulations reach the bailout time for ¢y € {0.1,0.2}. In both our adaptive-
confidence DW model and the baseline DW model, u = 0.1 yields longer convergence times
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than p € {0.3,0.5} for fixed values of v, §, and ¢y. We do not observe a clear trend in how the
convergence time changes either as a function of v (with fixed J, ¢g, and p) or as a function
of § (with fixed v, ¢o, and p).
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