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General Model

v(z) =u(z) +n(z),z € Q

@ v(x) observed image
e u(x) true image
e n(x) i.i.d gaussian noise (white noise)

Gaussian kernel )
1 _l=l®

x—>Gh(:U):4 ge
7
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Local smoothing Filters

Linear low-pass filter

Idea: average in a local spatial neighborhood

GFu(v)(z) = G xv(x) = c(lg;) /egv(y) exp 55 ay

where C(z) = 4mh?

Pro: work well for harmonic function (homogenous region)
Con: perform poorly on singular part, namely edge and texture
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Local smoothing Filters

Anisotropic filter

Idea avera%e only in the direction orthogonal to

8v(y)
“ox '

vl\xr L
AF, (v)(z) = C(lx)/tv(z:%—f%lf(i”)exp S at

where C(x) = 4mh?.
Pro: Avoid blurring effect of Gaussian filter, maintaining edges.

Con: perform poorly on flat region, worse there than a Gaussian
blur.
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Local smoothing Filters

Neighboring filter

Spatial neighborhood

By(z) ={y € Qlly — || < p}
Gray-level neighborhood

B, h) ={y € Qf[[v(y) —v(z)]| < p}
for a given image v. Yaroslavsky filter
YNF,, = 1/ u(y)e_m(y);;(zn? dy
T C(x) JBy (@)

Bilateral(SUSAN) filter

1 ) —u@)® _ly=zl®
SUSAN,W:% / u(y)e " -

Behave like weighted heat equation, enhancing the edges
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Local smoothing Filters

Denoising example

Fia. 3. Denoising erperience on a natural image. From left to right and from top to bottom:
noisy image (standard deviation 20), Gaussian convolution, anisotropic filter, total variation min-
imization, Tadmor Nezzar- Vese ilerated total variation, Osher et al. iterated total variation, and
the Yaroslavsky neighborhood filter.
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Nonlocal means filter

Nonlocal mean filter

Idea: Take advantage of high degree of redundancy of natural
images

Fi1G. 6. g1 and g2 have o large weight because their similarity windows are similar to that
of p. On the other side the weight w(p, q3) is much smaller because the intensity grey values in the
similarity windows are very different.
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Nonlocal means filter

Denoising formula

NLM(v)(x) = C(lx) /Q w(z, y)o(y)dy,

where

Gax ([[o(z +-) — vy +)I1*)(0)
2h3

2

w(z,y) = exp{—

C'(x):/Qwv(x,y)dy
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Nonlocal means filter

Weight from clean imag

(a) (b)
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Nonlocal means filter

Weight from noisy image

(a) (b)
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Nonlocal means filter

Example

FiG. 7. NL-means denoising experiment with o nearly periodic image. Left: Noisy image with
standard deviation 30. Right: NL-means restored image.

FIG. & NL-means denoising experiment with a Brodat: terture image. Left: Noisy image with
standard deviation 30. Right: NL-means restored image. The Fourier transform of the noisy and 14/29
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Nonlocal means filter

Comparison with other methods

F1G. 20. Denoising erperience on a natural image. From left to right and from top to bot-
tom: noisy image (standard deviation 35), neighborhood filter, total variation, and the NL-means
algorithm.
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e Nonlocal operators
@ Denoising by nonlocal functionals
@ Inverse problems by nonlocal regularization
@ Nonlocal regularization with Bregmanized methods
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Nonlocal operators

Nonlocal operators /Graph based Regularization

Given a nonnegative and symmetric weight function w(x,y) for
each pair of points (z,y) € Q x
@ Nonlocal gradient of an image u(z):

Vwu(z,y) = (u(y) —u(x))Vvw(z,y): QxQ—Q

@ Nonlocal divergence of a gradient filed p(z,y) : Q@ x Q2 — R is
defined by

< Vpu,p >= — < u,divyp >, Vu(z), p(z,y)

= divyp(z) = /Q(p(:v Y) NV w(z,y)dy.

@ Nonlocal functionals of u:

1
Inpym (f /|un 4//\un(:c,y)!2
Inpv(f) = /Q Vyule / / V(e y)l?.
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Nonlocal operators
Denoising by nonlocal functionals

Nonlocal H! regularization by non-local means

o Model:min Jy 1 (u) 4+ §|lu — f|?
o Euler-Lagrange equation: Ly, (u)u + pu(u — f) = 0, where L,,
is unnormalized graph laplacian :

Luy(u) = /Q w(z, y) (@) — u(y)).

o We can replace L, (u) by normalized graph laplacian®
1
Ly, = =Ly = Id — NLMy(u).

@ Semi-explicit iteration: for a time step
T>0,s=14+7+7Tp,01 =%, a9 = 7
= (1 — a)uF + o NLM, (u¥) + aa f.

3When N — oo and ho — 0, then LY, converges to the continuous manifold
Laplace - Beltrami operator.
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Nonlocal operators
Denoising by nonlocal functionals

Nonlocal TV regularization by Chambolle's algorithm

o Model: miny, Jy /v, (u) + 5llu— f||?
@ Extension of Chambolle's projection method for Nonlocal TV:

inf sup / < Vypu,p > +HHU—fH27
u [Ip||I<1JOxQ 2

where the solution can be solved by a projected solution
u = f— i <+ P*. and the dual variable p* is obtained by

1.
sup / < Vitt,p > +—||divyp||.
IplI<1 /%9 2p
Algorithm:

ntl P+ TV (divan - ,uf)

= - , >0
1+ 7V (divep™ — uf)|
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Nonlocal operators

Inverse problems by nonlocal regularization

Deblurring by Nonlocal Means

Problem: f = Au + n, A linear operator, n Gaussian noise. ldea:
Use initial blurry and noisy image f to compute the weight.

. A
JNLM,w(f) = mlnHu—NLI\/Ifu|]2+§HAu—f|]2 (1)
which is equivalent to
. 0 2 A 2
INLM (g 7= min [ Ly, ()| + S [[Au = f]] (2)

where L?Uf is the normalized graph laplacian with the weight
computed from f.
Gradient descents flow:

((L%,)"LY, Ju+ AA* (Au — f) = 0

*A. Buades, B. Coll, and J-M. Morel. 2006
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Nonlocal operators
Inverse problems by nonlocal regularization

Image recovery via nonlocal operators

Idea: Use a deblurred image to compute the weight.
@ Preprocessing:
m Compute a deblurred image via a fast method:

1
up = min §||Au— FI? +0||ul|* = ug = (A*A +06) LA™ f.

where § is chosen optimally by respecting the condition

o® = [|Aug — f?

where o2 is the noise level in blurry image.

m Compute the nonlocal weight wg by using ug as a reference
image (set hg = o?||(A*A +6)~LA*||?))
@ Nonlocal regularization with the fixed weight wy:

A
min Jy,, (u) + §\|Au — fH2

by gradient descent.
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Nonlocal operators
Inverse problems by nonlocal regularization

Nonlocal regularization for inverse problems

o lIdea: nonlocal weight updating during nonlocal regularization
by operator splitting.
o Model : \
min () + 51 Au = o]

Approximated Algorithm:

o = ok 4 LAN(f - Aub)
whtl = w(v*t1)(optional) (3)
v = argmin INLjTV Wkt + %“Hu — pFt1||2

where u**1 is solved by Chamobelle's method for NLTV.
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Nonlocal operators
Nonlocal regularization with Bregmanized methods

Nonlocal regularization with Bregmanized methods

With /without weight updating:

Algorithm:

fk-‘rl — fk—i-f—Auk

vRtl = k4 %A”‘(fk+1 — Aub) A
whtl = w(v*1)(optional) (4)
vt = argmin INLjTV Wt + %“Hu — pRt1||2
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e Applications
@ Compressive sampling
@ Deconvolution
o Wavelet Inpainting
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Applications
Compressive sampling

Compressive sampling : Au = RFu

True Image Initial guess

(PSNR-15.39)

i SNRCIV) 16.1133)

Figure: Data: 30% random Fourier measurements
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Applications
Deconvolution

Deconvolution: Au =k xu

True Image Blurry and noisy Image
| j F o8

Fix weight Update weight

Figure: 9 x 9 box average blur kernel, o = 3
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Applications
Wavelet Inpainting

Wavelet Inpainting: Au

Original

TV,

ke

Figure: Block loss(including low-low frequencies loss). For both TV and NLTV, the

initial guess is the received image
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