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Summary. We consider the d-dimensional Bernoulli bond percolation model
and prove the following results for all p<p,.: (1) The leading power-law
correction to exponential decay of the connectivity function between the origin
and the point (L,0, ..., 0) is L~“~1Y2_ (2) The correlation length, £(p), is real
analytic. (3) Conditioned on the existence of a path between the origin and
the point (L, 0, ..., 0), the hitting distribution of the cluster in the intermediate
planes, x, =qL,0<g <1, obeys a multidimensional local limit theorem. Further-
more, for the two-dimensional percolation system, we prove the absence of
a roughening transition: For all p> p,_, the finite-volume conditional measures,
defined by requiring the existence of a dual path between opposing faces of
the boundary, converge — in the infinite-volume limit — to the standard Bernoulli
measure.
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1. Introduction

Consider the nearest-neighbor Bernoulli bond percolation model on the d-
dimensional hypercubic lattice in which bonds are occupied with density p and
vacant with density 1 —p. (See Sect. 2 for precise definitions and basic properties
of the model.) It has been known for some time that in dimension d=2, the
percolation model undergoes a phase transition at some value p.(d)e(0, 1), below
which the occupied clusters are finite w.p. 1 and above which there is an infinite
cluster w.p.1. In this paper, we study the detailed asymptotic properties of occu-
pied paths throughout the subcritical regime, i.e. whenever p<p,.

The properties of occupied paths for p<p, are typically characterized by
the connectivity function

(1.1 7., ,(p)=B,(x and y are connected by a path of occupied bonds}.

A special case of this is the on-axis connectivity function 7, (p) between the
origin and the site=(L, 0, ..., 0). In this case the limit

1 .1
(1.2) W *thr; flog To,.(P)

exists and defines the correlation length £(p) of the system. It is known that
&(p)< o for p<p, and that &(p) diverges continuously as p1p, (see, e.g., [CC3]).
Thus, in the low-density phase, the leading behavior of the (on-axis) connectivity
function is exponential decay: 7, . (p)~e~ ™. Moreover, 7, obeys the bounds

1
(1.3) K,(p) @D e LD <7 (p)<e” MW,

with K, (p)> 0 (see, e.g., [Gr]).

One of the purposes of this work is to obtain the leading power-law correc-
tion to exponential decay of the connectivity function. As we will show, this
is in turn related to the typical fluctuations of long paths of occupied bonds.
The relationship between these quantities is most easily seen by examining the
analytic structure of transforms in x—y of 7, ,(p). By controlling the p-depen-
dence of these transforms, we also obtain detailed information on the correlation

length £(p).
Our principal results are: Vp<p,

() 3K,(p)=1, 4(p)>0such that
| Y to..(p) e P —K,(p) Se W,

x:xy =L

1) 3o(p)/0 such that VaeZ? ! satisfying |a| < CI3*~° with £ >0,
p

1 - —a?/[a — —4¢
TOAL,«):Kz(P)We LIEW o= @@ 4 O(L7 !, [~ *9)]

where, as also in the following, we write O (L%, L™%) for O (L ™iz@-?));

(ITT) &(p)is real analytic.
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Notice that (I) implies that the point-to-plane connectivity function

(14) G.p)= Y 7o)

x:x3=L

has pure exponential decay in the strongest sense: the correction to exponential
decay is itself exponentially small. As in field theory, we will call the exponential
correction the upper gap.

Result (IT) is the central result of this paper. It is obtained from (I) using
an analysis of the transform of 7, combined with some estimates on various
connectivity functions. For a=0, (II) says that the correction to exponential
decay of 74 ;(p) is of the form L “~Y/2; in statistical mechanics, this power
law prefactor is known as Ornstein-Zernike decay. For a+0, observe that the
ratio 7o ;. /@y, is essentially the hitting distribution’ of endpoints in the plane
x; =L. Thus, by (I) and (II), under the scaling a —a/(«L)!/?, the hitting distribu-
tion tends to a Gaussian; the Ornstein-Zernike prefactor arises naturally as
the normalization of this Gaussian.

From (II), it can be shown (see Sect. 6) that conditioned on the existence
of a cluster between the origin and y=(L,0, ..., 0), the maximum height of
the cluster in the plane x, =qL,0<qg<1, obeys a multidimensional local limit
theorem. In particular, in each direction, the cluster typically wanders a distance

O(VE) from the x,-axis. In dimension d=2, this also implies the absence of
a roughening transition: namely, for all p> p,_, the finite-volume conditional mea-
sures in which a dual path is required between the midpoints of two opposing
faces of the boundary, converge — in the infinite-volume limit — to the standard
Bernoulli measure. We also prove an alternative characterization of the absence
of roughening in terms of the vanishing of a “roughening order parameter.”

Result (III) constitutes a characterization of the subcritical regime.

Behavior similar to that described above is expected to hold in a wide variety
of spin systems and field theories. Indeed, analogues of some of the results
(I)~(ITI) have been proved in many systems for extreme values of the parameter
(e.g., p<1 for percolation) via expansion techniques. For general expansion tech-
niques of this form, see, e.g., [PS1; PS2]. Specific perturbative results on Orn-
stein-Zernike decay and upper gaps appear in [ACC1; ACC2; AK; BrF1; BrF2;
BrF3; CC3; P; O1; O2; OB; OBr; S1; S2; S3; S4; Si2]. Roughness of two-
dimensional interfaces at low temperatures has also been proved with expansions
(LG; Hil; Hi2]). To our knowledge, the only other systems in which such results
are known nonperturbatively are certain random surfaces ([ACC3; CC1]) and
self-avoiding walks [CC2], both defined via generating functions. Absence of
a roughening transition (an inherently nonpertubative result) is also known
for the two-dimensional Ising magnet ([A; Hi3]).

Our proof is modelled closely on that cited above for self-avoiding walks
(SAWs). Indeed, we define analogous quantities and rely on some previous lem-
mas. Here, however, there are several significant complications: First, percolation
clusters can branch, wherecas by definition SAWs have no branching points.
Second, percolation configurations have a density of connected components,
whereas (again by definition) the SAW “configurations” each contain only one

! This correspondence is exact for a slightly modified connectivity function: the cylinder con-
nectivity function, as defined in Sect. 3
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walk. We therefore expect that our proofs of results (I)-(III) should hold, with
no essential modification, for the branching polymer system, which has the
first, but not the second complication. Indeed, our proofs should also hold
for one parameter lattice animals defined via generating functions. It is worth
noting, however, that our methods do not readily extend to two-parameter
lattice animals, for which results analogous to (I)-(11I) remain an open problem.

We conclude this introduction with an outline of the paper (including a
rough scheme of the proof):

In Sect. 2, we set general notation, define the percolation model and review
some basic esults which are used in our subsequent analysis.

In Sect. 3, we introduce several other connectivity functions (i.e., analogues
of the “free” connectivity functions, 7, , and &,, in which the occupied paths
are required to satisfy additional constraints). Some of these, which we call
the cylinder connectivity functions, differ from t, , only by boundary constraints.
Others, which we call direct connectivity functions, have an additional constraint
imposed in each hyperplane perpendicular to the x,-axis. In fact, we define
several direct connectivity functions which differ among themselves only by
boundary conditions. It is intuitively clear, but rather difficult to prove that
connectivity functions which differ only by boundary conditions are bounded
uniformly (in |x—y]) in terms of one another throughout the subcritical regime.
This is established in Sect. 3, with some of the more tedious aspects of the
proofs relegated to an appendix.

Our motivation for introducing the cylinder and direct connectivity function
is explained in Sect. 4. There we show that these functions are related by a
renewal equation. Which (by analogy to the study of correlation functions in
fluids) we call the Ornstein-Zernike equation. The utility of the Ornstein-Zernike
equation is that the exponential decay rates of the cylinder and direct functions
are strictly separated, then the equation provides sufficient analytic control to
prove analogues of properties (I)}-(111) for the cylinder functions. Thus the proof
of these properties is reduced to a proof of strict separation of the decay rates.
These consequences of an Ornstein-Zernike equation have been exploited pre-
viously in work on other systems, where they formed the basis of both perturba-
tive ([ACC1; ACC2; AK; CC3]) and nonperturbative proofs ([ACC3; CCl1;
CC2]). However, for completeness, we give a rather detailed proof of these
consequences for percolation.

Since the direct connectivity function has a density of additional constraints,
it is obvious and quite easy to prove that its exponential decay rate is strictly
separated from that of the cylinder function p < 1. What is less obvious is that
the separation prevails throughout the subcritical regime. This is established
in Sect. 5 using a renormalization scheme, which will be explained in some
detailed at the beginning of that section.

We finally comment on results appeared between the submission and the
revision of this paper. Weaker lower bounds (but simpler to obtain) for the
connectivities along the axes were given by G. Grimmett and by two of the
authors (J.T.C. and L.C.) (see respectively [Gr] and [Al] where the author
generalizes these results to the behavior of the connectivities in other directions).
In [Ma] the author remarks that the asymptotic behavior and the local limit
theorem in the case of self-avoiding random walks, treated in [CC2], can be
deduced from the separation of the decay rates by introducing a suitable random
walk and exploiting probability theorems. The proofs of these theorems are
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in any case very similar to those given in [CC2] (see Sect. 6 of this paper
for the analogous results in our case), while the essential difficulties lie in the
proof of the separation of rates and (in the case of this work) of the independence
of the behavior of different connectivities from the boundary conditions.

2. Notation, definitions and preliminaries

Consider the d-dimensional hypercubic lattice Z¢. We will denote a generic
site (x;, ..., x;)€Z? by the vector x, except that we will not use vector notation
for the origin 0. The unit vectors will be denoted by ey, ..., e;. We will often
have occasion to distinguish the x -coordinate; in this case, we will write x
=(L,a) with LeZ and acZ? '. Furthermore, for LeZ,

2.1 P(L)={xeZ’|x,=L}

will denote a hyperplane perpendicular to the x,-axis;

(22 H(L)={xeZ%x, <L}

will denote the half-space to the left of P(L); and for L=1,
(2.3) S(L)={xeZxeP(j) forsome 0<j<L}

will denote a slab perpendicular to the x,-axis. We will measure lattice distances
in the L*-norm, i.e. for xeZ*

2.4 x| =[xl o =max{lx,], ..., 1%}

Finally, for acZ?~',a*=Y a} will denote the standard vector product.
The set of all bonds between nearest-neighbor sites of Z%, i.e. pairs x, yeZ*
with Y |x;—y;|=1, will be denoted by B,. Similarly, given ScZ% IB(S) will

denote the set of bonds between nearest-neighbor sites of S. A path # <IB(S)
is a sequence (finite or infinite) of bonds b,, b,, ..., with no repetitions, such
that b, and b,, ; have a common endpoint. Thus two paths are disjoint if they
have no bonds in common. Similarly, two paths are site-disjoint if they have
no endpoints of bonds in common. For x,yeZ a set S<Z is said to separate
x from y if all paths from x to y inciude at least one bond with an endpoint
in S.

The nearest-neighbor Bernoulli bond percolation model at density p is
defined by independently choosing each bond of IB, to be occupied with probabil-
ity p or wvacant with probability 1—p. Thus the configuration space is Q
={0,1}B4; a generic element of Q will be denoted by w. For (L,a)eZ? we
will denote by T*®w the translate of @ by the vector (L,a). For ScZ? we
will denote by w|g the restriction of w to S; thus w|se {0, 1}*®. We let P, denote
the product measure on Q at density p, and E, denote expectation with respect
to F,. We will often suppress the subscript p in P, and E,.

For S, S,=Z’, we say that S, is connected to S, in the configuration
if there is a path of occupied bonds in w from a site in S, to a site in S,.
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If such a path occurs within a set of bonds B< B, we say that S, is connected
to S, in B. Such paths may always be taken to be self-avoiding; henceforth,
when we say that two sets are connected by a path, we will always mean a
self-avoiding occupied path. The maximal connected subsets of w are called
the (occupied ) clusters of w. For xeZ*, we let C(x)= C(x; w) denote the cluster
containing x in . Finally, for ScZ% we will denote by C(x)|s=C(x)|s
=C(x; w|g) the connected component of x in S. Note that C(x)|s is generally
a strict subset of the restriction of the set C(x) to S, i.e. the latter need not
be a single component.

It should be remarked that, as defined, C(x) is a set of sites, not bonds.
Thus, for S<=Z?, when we write |C(x)n S|, we will always mean the cardinality
of the set of sites C(x)nS. However, when no confusion arises, we will often
speak of “the cluster of x” when we mean the bonds contained between sites
in C(x). Furthermore, unless otherwise specified, when we say that two such
clusters are disjoint, we will mean that they are bond disjoint.

Let us review a few basic facts about percolation. First, it is well known
{({BH]) that in dimension d > 1, the model undergoes a phase transition at the
socalled percolation threshold, p.= p.(d)€(0, 1), below which the occupied clusters
are finite w.p.1, and above which there is an infinite occupied cluster w.p.1.
The order parameter for this transition is called the infinite cluster density (or
percolation probability):

(2.5) P, (p)=F,(0) belongs to an infinite occupied cluster).

It is known ([Har; AKNT) that the infinite cluster is unique for p>p..
There is an a priori smaller critical point defined by divergence of the suscepti-
bility:

(2.6) 1(P)=E,(ICO)) =3 70,x(P)-

Here 74 .(p) is the connectivity function defined in Eq. (1.1). However, it is now
known ([K; AB; M; MMS]) that y(p)<oo for p<p,., from which it follows
easily [H] that £(p)<oo for p<p,. Thus the a priori upper bound in Eq.(1.3)
is non-trivial for all p<p,. We will make repeated use of this bound and its
off-axis generalization:

2.7) Tx’y(p)éeﬂx—yt/é(p)'

We will also use the following bound [AN] on the tail of the finite cluster
distribution:

2.8) B(CO)>n=se ",

with x(p)>0 for p<p,. A final inequality which is quite useful in the low-density
phase is the Hammersley-Simon ([H; Sil]) inequality on 7, ,. Let x, yeZ? and
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let S=Z® be a surface which separates x from y (including the degenerate case
of a plane). Then

(2.9) Ty S D, Ty Taye

ZeS

We will also need a few general notions and inequalities.

Definition 2.1. Let w,,w,eQ. There is a natural partial order on Q defined
by w;<w, if all occupied bonds in «,; are also occupied in w,. An event
in Q is said to be positive or increasing (respectively, negative or decreasing)
if its indicator function is nondecreasing (respectively, nonincreasing) with
respect to this partial order.

The Harris-FKG inequality ((Har; FKG]) states that if 4,, A, = Q are both
positive (or both negative) events, then

(2.10) P,(4, " A)Z B (4,) B (4,).

Definition 2.2. Let weA=Q and B<=B,. The event A is said to occur on the
set B in configuration w if 4 occurs in w restricted to B, regardless of the
configuration in B,/B. We thus define the event

(211) Alz={weA|deA forall @ such that ®=w on all bondsin B}.

Two events A, A, Q are said to occur disjointy, denoted by A;-A,, if there
are (bond) disjoint sets on which they occur.

(2.12) A1°A2={(UEA1 CAzlaBl, BZCIBd’ Bl f_\Bz—:ﬁ, COEAllgl mAszz}.

The van den Berg-Kesten inequality [BK] states that if 4,, 4, <€ are both
positive (or both negative) events, then

(2.13) P,(4; 0 A5) S By(4y) B(A,).

This inequality was extended to the case of the 4; being intersections of positive
and negtive events by van den Berg and Fiebig [BF].

3. The basic connectivity functions
3a. Full and cylinder connectivity functions

Consider the connectivity event

(3.1) v,y ={0lye C(x)}.

Our goal is to prove statements (I)(III) for the “free” connectivity function
Ty,y(P)=P(gy,,) and the corresponding point-to-plane connectivity function &,
(cf. Eq. (1.4)). However, it turns out that we must first prove analogous statements
for a slightly constrained connectivity function. To this end, consider the follow-
ing:
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Definition 3.1. For x, yeZ%, xeP(0), ye P(L), L = 1, the point-to-point cylinder con-
nectivity function h, , is defined by

(3.22) fo,y = {w|y€ CX¥)lsw C)| s@n P(0)= {X}, Cx| sayM P(L)= {Y}}
(3.2b) hy,y(p)=P(4y.y),

while for L =0, we use the convention
(3.2¢) hey=(1—p)*¥~Ys .

For non-negative integers L, the point-to-plane cylinder connectivity function
is defined by

(3.3) H(p)= ) hyy

yeP(L)

Remark. The term cylinder connectivity is sometimes used simply to denote
the probability that two points are connected within the slab between their
x,-coordinates. Note, however, that in the above definition we impose the addi-
tional constraint that the intersection of the connected component of these points
with the bounding planes consists solely of the two points. In the proof of
Proposition 3.1 below, we will show that whenever p <p,, the effective “condi-
tionally expected” number of such intersections is finite, and hence the two
types of cylinder connectivities differ inessentially. When we must distinguish
the two types of boundary conditions (e.g., in the Appendix), we will refer to
those used in (3.2) as strict cylinder conditions.

Below, we establish basic properties of the connectivity functions H; and
G : namely existence of decay rates and a priori bounds. More importantly,
we show that H; and G, are bounded above and below in terms of one another
uniformly in L.

Proposition 3.1. Let G (p) and H, (p) be defined as in Egs. (1.4) and (3.2). Then
for all pe(0, p.),
(1) the limits

L>w L L= L E(p)

exist, where £(p) is the decay rate of 1, 1, as defined in Eq. (1.2);
(i) for every L
H, (p)<e P <G (p);
and
(ii) 3B(p)>0 such that for every L

Bp)GL(p=H,(p)=G.(p).

Corollary. f(p) e P <H(p)<e 140,

Proof. For the purposes of this proof, we will suppress the argument p in all
quantities.
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To prove the existence of a limit for the cylinder function, let L,, L, be positive
integers and a,,a,eZ*"'. The restriction of a configuration w, &4, , ,,) to
S(L,) can be patched together with the translate of restriction to S(L,) of an
W, €%0,(1,.a,) t0 Obtain a configuration in S(L;+L,) that is the restriction of
a configuration in %, 1,11, ., +a,)- Laking into account the repetition of the
boundary conditions in the plane P(L,) this implies

20d-1
(3.4 hO,(L],az) hO,(Lz,az)éhO,(L;+Lz,al+ag)(1_p) @=n,

On the other hand, given L, and L,, such an w uniquely determines a, and
a,. Thus we have the stronger inequality

(3.5) Y Ro.w, a0 Po.tan—an S Mo w4 Ly.m(1—P)2E7 V.

Summing over a and a,, we obtain
(3.6) ]I_IL1>HL2§HL1+L2(1_p)2(d-1)~

By standard arguments, the subadditive inequality (3.5) implies the existence
of the first limit in (i) and the fact that it is reached from below (i.e. the first
inequality in (ii)). To prove the corresponding statement for G, again let L,
and L, be positive integers and aeZ *. The Hammersley-Simon inequality
(2.9) for the connectivity function 7, 4+, ,, may be applied in the case where
the bounding surface is the plane P(L,):

(3.7 To,(L1+L3,2) 5270,@1 ,a1) T(Ly,a1),(Ly +L2,a)"
a;

Summing (3.6) over a and exploiting translational invariance, we get
(3.9) ;. 6, 2G4,

which implies the existence of the second limit in (i) and the fact that it is
reached from above (i.e. the second inequality in (ii)).

It is clear that (iii) implies the equality of the two limits. Furthermore, that
the decay rate of G equals that of 7, , (c.f. Eq. (1.2)) is implied by the obvious
bounds

(39) TO,LéGLz z TO,xé Z e_lxl/f,

xeP(L) xeP(L)

in which we have used the a priori bound (2.7) on 14 ,.
It remains to prove (iii). The second inequality in (iii) is trivial since every
configuration in  whose restriction to S(L) belongs in % ; 4, iS also in gq (1, a-
To prove the first inequality in (iii), let us define a modified cylinder connecti-
vity which need not obey the condition that C(0) have only a single point
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Fig. 1. A configuration in gz, (; ,,

of intersection with each of the bounding planes. That is, for xeP(0), ye P(L),
let

(3.10a) iy ={0lye C®)| s}

(3.10b) by y=P(Zy.y)

(3.10¢) H=3 I,
yeP(L)

First, let us relate IH, to G,. If WEgq, (L, then there are two points, xeP(0)
and yeP(L), and three disjoint occupied paths: a (possibly trivial) path from
0 to x, a (possibly trivial) path from y to (L,a), and a non-trivial path from
x to y in S(L). (See Fig. 1 for clarification.) It then follows from the van den
Berg-Kesten inequality (2.12) that

(3.11) To,(L,a) = 2 To,x éx,yry,(L,a)'

xeP(0)
yeP(L)

Summing over acZ‘ !, we obtain
(3.12) G, < H,,

where y was defined in Eq. (2.6).

We now want to relate H; to 1H,. To this end, let us (disjointly) partition
%o.(.a) according to the number of intersections of C(0)ls, with the planes
P(0) and P(L):

(3.132) Hd = {0 (L, a2 CO) 1, | CO) | sy A P O)
=k17|C(O)“S(L)mP(L)|:k2}7
(3.13b) A= U 2D,
k=1

and define the connectivity functions
(3.14a) i) = PG
(3.14b) Eg‘,‘)l‘,a) = ~g‘,‘(’l,k,za) =P (Zg)k,l()L,a))'
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L, a

Fig. 2. Configurations in 43‘& ) corresponding to cases (a) and (b). For pictorial clarity, we
have omitted the additional k; —2 connections of C(0)|lg, to the boundary

Then the boundary conditions in the definitions of # and Z imply

(3.15) horiom= Y R [(1—p)*@=Dp](1—p)rtha=2
kikaz1
so that
(316) ]HL+2 = Z ]IN-Ig‘bkz) [(1 _p)Z(d* l)p]2(1 _p)k1 +k2~2,
kik2=1
where
(3.17) k) = z h(k1 kz)
i

By the Jensen inequality

(3.19) H, ., 20, [(1-p¢ Vpl(1—p)**2
where
I[-I(kl 2k2)
(3.20) K, = k
L k12>11 o
ka1

Let us now consider a configuration in A%). ) If there are k, points in
CO)ls@ynP(0), at least one of them, say x, is at a distance greater than

(const.) kY“~1 from 0. Let B( Ix 2]) denote the ball (i.e. cube) of radius 1211
about x and let BB(X, m) denote its boundary. We distinguish two possible

. 2
cases (see Fig. 2):

(@) There is a connection from O to (L, a) outside B (x, m), and an independent

. . X
connection from x to some point of 0B (x, '2—1)
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(b) There is a connection from x to (L, a), and an independent connection from

0 to some point of 6B(x, I—;')
By the van den Berg-Kesten inequality (2.12), we therefore have

(3.21) o= Y Ro. (L. (const)|x|¢ " teIxIe
xeP(0)
x| 2 (const.) ki/d—1)
+ y By | X|4 Pe 7 Ix12E,
xeP(0)

x| = (const.)k1/(d= 1)

(322) K, sH;! k, v 5
kizt xeP(0) agZd-1
[x| 2 (const.)k1/(d = 1)
’ [EO,(L,a) (ConSt.)le"_ 1 e'lxl/f_l_ EX,(L,a) lx|d— 1 e_]xl/z‘f:l
=) ki > (comst)[[x[4~ e~ X1 4 x|d=1 ¢~ Ixl2¢]
kizl xeP(0)
|x| = (const.)k1/td~1)
=K,
with K=K (p) a constant independent of L which is finite for p<p.. Inserting
(3.22) into (3.19), we obtain

(3.23) H,,,>H, e ¥®

with K'(p) independent of L and finite for p<p,. The first inequality of (iii)
follows immediately from (3.23) and (3.12). [

3b. The direct connectivity function

In order to control the analytic structure of the transforms of h, , (and , )
we would like to relate h, , to another connectivity function via a renewal
type equation, and to prove that the latter function has a strictly faster decay
rate than h, ,. To this end, we propose the following:

Definition 3.2. For x, yeZ*, xeP(0), yeP(L), L= 1, the point-to-point direct con-
nectivity function c, , is defined by

(3.24a) o4 y= {wlyeC®) sy CX)saynP(0)= {X}, CX®|smynP(L)= {y}
|C(X)HS(L)mP(j)I Z2V1gjsL— 1}=

(324b) cx,y(p)zp(cx,y)’
while for L=0, we use the convention

(3.24c¢) Ce.y()=0.
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For non-negative integers, the point-to-plane direct connectivity function is
defined by

(3.25) Colp)= X cxy(@)

yeP(L)

Remark. Notice that the configurations in ¢, , are just the subset of those in

#,,y which satisfy the constraint

X,y

(3.26) ICX) sy P()=2

in every interior plane (ie. V1<j=<L—1). We will occasionally refer to (3.26)
as the “C-condition.”
It is easy to show that €, has a well-defined decay rate:

Proposition 3.2. Let €, (p) be defined as in Eq. (3.25). Then for all pe(0, p,),
() the limit

.1 1
lim T log C.(p)= “E0)

L—-ow

exists, and there is a A(p)< oo such that for all L

CL(p)=A(p) e He@;
(i) furthermore

HP) =L =),

where E(p) is the decay rate of 14 1, as defined in Eq. (1.2).

Proof. (i) As in the proof of the sharp decay rate for H;, we claim that C,
has a subadditive inequality of the form:

(3.27) CLCp,=Ap) T, 1 p,-

Indeed by patching together the restrictions of two configurations w, €%, (1, 4,
and a translate of w,€%, (1, a,, W€ obtain the restriction of a configuration
o which satisfies all the conditions of the event % (1, +1,.a,+a, €Xxcept the C-
condition (Eq. (3.26)) in the plane P(L,). However, if our patching procedure
includes occupying one of the 2(d—1) vacant bonds incident on (L,,a,) in
P(L,), say (Ly,a,)+e,, and vacating the possibly occupied 2d —1 other bonds
incident on (L,,a,)+e, in P(L,), then the resulting configuration w* is in
€0,(Ly + 13,21 +2,)- More importantly, given L, and L,, such an w* uniquely deter-
mines a, and a,. Thus we obtain both an inequality analogous to (3.4) and
a strengthened inequality of the form (3.5). Summing over the intermediate
points, this yields (3.27), with A(p)/(1—p)*“~ 1 the cost of the patching procedure
described above. As before, this implies the existence of the limit for
L™ ! log €, (p) and the fact that the limit is reached from below.

(ii) The inequality £.(p) < &(p) follows from the bound €, <H,, which holds
for all L. To prove the inequality £ <2¢,, let us define the on-axis direct connecti-
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vity function ¢y, =c¢o 10,...,0- We claim that this connectivity also obeys the
conclusions of (i): namely the limit

(3.28) lim — log— Ce:£P)

L—>coL L

exists, is equal to 1/.(p) and provides the a priori bound
(3.29) Co,.(P)=A(p) e L)

for all L.
Specializing the weak subadditive inequality to the case a; =a, =0, we obtain
the existence of the limit in (3.28), denoted temporarily by £¥, and the fact that

it is reached from below. Furthermore, the analogue of (3.4) with a, = —a,=aq,
then gives
(3.30) Co,Lay=A(p)e” be

VaeZ* !. This may of course be supplemented with the obvious estimate
(3.31) Cor,ay=0(e"t7)

for |a| > I%. Then an analogue of (3.9), implies £* = &, and hence (3.29), as claimed.
Next, we may define the double connectivity event

(3.32a) Fxy={we4h, |32 disjoint connections between
x+e;andy—e,}

and the functions

(3.32b) Jey V=P (/)

and jo 1. = Jjo.w o....,0)- By the van den Berg-Kesten inequality, we have
(3.33) Juy S (const) [y 12,

and hence that

(3.34) Jim —08Jo.

L—o L

IIA
| D

On the other hand, by considering connectivity functions confined, for example,
to half spaces, it is straightforward to establish that

. _IOgjo,L>g
(3.35) ‘ 1}1—1»130 . ZF

The desired inequality follows from the observation that

(3.36) JryScxy U
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Remark. In light of the above result, it is interesting to note that

&) _
(3.36) 11,1_1}}) «fc(P)_Z'

However, we do not, at this time, have any speculation about this ratio in
the limit p1p..

In our subsequent analysis, we will also require a direct connectivity function
with free boundary conditions. Thus we define:

Definition 3.3. For x, yeZ‘, xeP(0), yeP(L), L= 1, the point-to-point free direct
connectivity function k, , is defined by

(3.37a) Ay ={0lyeCX),|CR)NP()|Z2V1<j<L—1},
(3.37b) ks ()= P(£y.,),

while for L=0, we use the convention

(3.37¢) ke, y(p)=0.

For non-negative integers, the point-to-plane free direct connectivity function
is defined by

(3.38) Kp(p)= Y kxyl()

yeP(L)

As with the other connectivity functions, it is easy to show the existence of
a decay rate:

Propesition 3.3. Let K, (p) be defined as in Eq. (3.38). Then for all pe(0, p,) the
limit

lim —1— log K, (p)= —
L—->w

1
L &e(p)

exists.

Proof. Let L, and L, be positive integers and a,,a,eZ* 1. We use the Harris-
FKG inequality and an easy patching argument to show that

(3.39) Ko, (11,21 Ko, (15,2 S(CONSLY Ko (1, + 1,2, + )

Notice that this is an analogue of the weak subadditive inequalities for & and
c (e.g., Eq. (3.4)). Thus, following exactly the first half of the proof of Proposition
3.2 (ii), (3.39) establishes existence of a’limiting decay rate for the on-axis func-
tions ko, =Kk¢, ,0,...,0) and an a priori bound of the form (3.31) for the off-axis
functions kg ;. . Then we can prove existence of a limiting decay rate for K,
by “squeezing” with an inequality of the form (3.9). Notive, however, that this
does not establish an a priori bound on KK;.

Remark. At several points in our subsequent analysis, we will need to use the
fact that the direct connectivity function is essentially independent of boundary
conditions. The strongest form of independence is of course uniform bounds
analogous to those of Proposition 3.1 (iii). Uniform bounds for the direct connec-
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tivities are provided in Proposition 3.4 below, the proof of which appears in
an appendix. The proof is substantially more complicated than that for the
ordinary connectivities (i.e. G, and H;), since, with free boundary conditions,
paths can satisfy the C-condition by rather devious (though improbable) mecha-
nisms.

Proposition 3.4. Let C,(p) and K, (p) be defined as in (3.25) and (3.38), and let
the decay rates &(p), &.(p) and &.(p) be given as in (1.2), and Propositions 3.2
and 3.3. Then for all pe(0,p,), either ¢ (p)=E(p)=3%E(p) or 3D(p)< oo such
that

K, (p)=D(p) C.(p)
uniformly in L.

4. The Ornstein-Zernike equation and its consequences

In this section, we derive an Ornstein-Zernike equation, i.e. a renewal equation
relating the cylinder functions to the direct correlation functions. Then we prove
that if £, < ¢, the Ornstein-Zernike equation implies analogues of results (I)-(11I)
of the introduction for the cylinder functions. The fact that £, <& for all p<p,
is established in the next section.

Proposition 4.1. Let the functions ho (14, Hr(p), Co, (1.2 and C.(p) be defined
as in Eqgs. (3.2), (3.3), (3.24), and (3.25), with the conventions Ry (o oy =1 " (P) 64=0,
f@)=(1—p)~297Y, so that Ho(p)=1""(p) and cq,6,4)=0 so that Co(p)=0. Then
VL=1

L
ho,(L,a):f(p) Z 2 Co,(N.b) hO,(L-—N,a—b)

N=0becP()
and thus

H, =f(p) Z CyH, 4.

N=0

Proof. First, for L= 1, the equation is satisfied by noting that hy ; . =¢o 1,4V
Now take L =2 and consider a configuration we#, . ,). There are two possibili-
ties: either there is a j with 1 £ j< L —1 such that

“.1 |C(0)HS(L)(“‘PU)1 =1

or no such j exists. In the latter case, w€cq, r -

In the former case, let the smallest j satisfying (4.1) be denoted by N. Then,
it is clear that we g, (v,p) for some beZ*~ !, while TN P we, i y,a-p)- Note
that the only intersection of the regions in which ¢y (v.»y and #p. p),(r.a) 81C
defined is the bounding plane P(N), where both events require simply that
the 2(d— 1) bonds emanating from (N, b) be vacant.

Conversely, given an @ s €co,v.» and an ;s -nE4o, - N,a—p)> WE Can
“patch” them together to form an wigy,< 4o, .- Moreover, this o satisfies
the conditions that that the smallest j obeying (4.1) is j=N and that the unique
point in the plane P(N) belonging to the connected cluster of the origin and
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(L, a) is (N, b). Finally, note that these w; and w, separately satisfy the condition
that the 2(d— 1) bonds emanating from (N, b) in P(N) be unoccupied.
Thus, we have

L
4.2) h(),(L,a):(l_p)_Z(d_l) z Z cO,(N,b)hO,(L—N,afb)

N=0beP(N)

as desired. [

In order to derive results ()(III), we consider the transforms of the connectivity
functions

(4.32) hzk;p)=f (p)LZako,(L,a>(p) Zh etk
(4.35) Bz p)=f (p) L, (p) 2" =z, 0: )
and

(4.42) &(z,k; p)=f (p)gco,@,a)(p) Zheikea
(4.4b) Cep=rs (p)gCL(p) Z¢=¢(z,0; p).

Henceforth, we will occasionally suppress the argument p in the transform func-
tions.
In terms of these transforms, the Ornstein-Zernike equation is simply

Information on the connectivity functions can be recovered from (4.5) via con-
tour integration:

1 dz 1
— {1 - - -
(46) ho,(L,a)(p)_f (p) 2751 § ZL+1 [_n’_}‘n]d-l l—é(Z, k, p)
o ik-a dk
(Zn)d_l :

The utility of the condition ¢ < ¢ should now be clear: Although £ is a priori
defined only for |z|<e/%, if &.<¢&, then (4.5) provides a meromorphic extension
of i to a disk of a larger radius. In order to exploit this, we will need a few
properties of ¢, as summarized below:
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Proposition 4.2. Let cg 1 ) and C.(p) be defined as in Eqgs. (3.24) and (3.25),
with the decay rate £ (p) given by Proposition 3.2. Then the transform functions
defined by Eq. (4.4) satisfy:

(i) Vp<p,,V|z|<e/®®
(a) é(z, k; p) is an even function of each component of k;
(b) Vk with |[Re(k)| < n, Im(k;)=0
1é(z, k; pl =é(]2l, 0; p) = C(lz]; p);
(11) Vp <pc: VIZO-|)<e1/EC(p)7 Elék:5k(p: ZO)
>0 such that é(z, k; p) is analytic in the regions |z} < |zo| and [K| £ 0y;
(111) VpO <pca V]ZO| <ei/56(p0)’ EIépzép(pO’ ZO)
> 0 such that C(z; p) is analytic in the regions |z| <|zo| and |p| < po (1 46,).

Proof. (i) These properties follow immediately from positivity and symmetry
of the coefficients ¢y (1, a-

(i) Let |zo|=e'%~ 2%, It suffices to show that 35, (g)>0 such that
4.7) Y Corayz e ?

L,a

converges absolutely in the regions |z]=|z,| and (k| <8,(p, ¢). Indeed, take z
such that |z| £]z,| and k|k| =&, /€. Then

(48) l Z CO,(L,a) ZLeik'ﬁ| é Z CO,(L,a) e[1/§c—2£]Le[€§c/§]|al .
L,a L.a

We divide the sum over a into two regions: |a|<[¢/¢ ] L and |a|>[&/E] L.
Using the a priori upper bound on €, from Proposition 3.2, the “smalla” sum
is bounded by

4.9) (const.)z [(e/E) L] 1 o VEIL gl1/E—261L el - o
L

Now, using the obvious bound ¢ <e 124 the “large a” sum is less than
0,(L,a) g

4.10) (const.)Y e[V pl1/8= 2L gL o
L

which establishes the absolute convergence of (4.7).

(iii) Let us begin by defining a “lattice animal” generalization of €, (p). Thus
consider

(4.11) AL(r,9) =) La(L)r"q",

where I, (L)=0 is the number of clusters of volume (number of bonds) n and
boundary (number of bonds outside the cluster but connected to it) m which
connect the origin and the point (L,0, ..., 0), which have only a single point
of intersection with each of the planes P(0) and P(L), and which obey the
C-condition (Eq. (3.26)) in each of the intermediate planes P(j), 1=j<L-—1.
Notice that I;,,,(L)=0 unless m<2(2d—1)n.
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Clearly C.(p)=4A,(p,1—p). Thus analyticity of A(z;r, Q=Y A (r,q)z" in
L

z, r and g certainly implies analyticity of €, (z;p) in z and p. In fact we will
prove the stronger result.

For future reference, note that the tail of the sum in (4.11) is bounded by
the tail of the finite cluster distribution, which is in turn known (cf. Eq. (2.8))
to be exponentially bounded for p<p,:

(4.12) Y. Lm(L) p"(1—p)" < Prob,(IC(0)| >mg) =(const.) e~ “®,

n>ng
m

with x(p) >0 for p<p..
Let po<p,. and |zo| =e'/%®PD~ 2% Ag explained above, it is enough to show
that 36,(py, £), 6,(po, €)>0 such that

(4.13) Y AL (L)t

L.,n,m

converges absolutely in the regions |z| |z, [F| S pol(1+6,), [g] S(1 —po)(1+9,).
Indeed, take z such that |z| =|z,|, ¥ such that |r]<p, e and g such that |g| <(1
—po) € with ¢,=[4d—1]"ex(py) & (po). (Recall that k(p,) is the decay rate
of the finite cluster distribution.) Then

(4.14) > 2L, (L) gt Y elt/ectpo) = 2elLgzpln-tm)

L,a,m L.n,m

“Lom(L) P5 (1 —=po)™.

As in the proof of (ii), we divide the sum over n into two regions: n<n, and
n>ngy, with no=_[x(pe) £.(po)] * L. For each term in the “small n” sum, we
bound e*»"*™ by its maximum value eflmo+2(2d= Vol — o2L "and then relax the
restriction that n<n,, to obtain the upper bound

(4.15) (const.)) 2(2d—1)(ny L)y e!*/e~ 281k oL T, (p,,)
L

<(const.)y 2(2d —1)(ng L)? ett/ec ™26l gl p T LHEIL o5y,
L

On the other hand, according to (4.12), the “large n” sum is also bounded:

(4.16) (const.)) ell/ee=2ek el X [ (L) pi(l—po)™
L

rn>ng
m

<(const.) Y elt/eem2eL gol p=xclclel 'L oy
L

which establishes the absolute convergence of the sum (4.13). [

Next we derive the consequences of the Ornstein-Zernike equation: first, a lemma
we will need to control the renormalization scheme of Sect. 5, and then, results
(I)—(III) for the cylinder functions. Results (I) and (II) for the free connectivity



288 M. Campanino et al.

function are established in Sect. 6. Much of the analysis in the rest of this section
parallels previous analyses of Ornstein-Zernike equations in other systems, some
of which is repeated here for completeness.

Lemma 4.3. ([CC2], Proposition 4.1). Let H,(p) and C.(p) be defined as in
Eqgs. (3.2), (3.3), (3.24), (3.25) with the decay rate &(p) of H,, given by Proposition
3.1 (i). Remember that H satisfies the corollary to Proposition 3.1, and that
the transform functions W(z) and €©(z) are related by (the k=0 form of) equation
(4.5): H(z)=[1—C(2)]" . Then:

G) €(e')=1; and
(i) Y LC,e"* <.

L=0

By Proposition 3.4, we also have:

Corollary. Y LK, e <oc0.

L=0

Proof. The proof given in [CC2] holds without any modification. One simply
notes that the left hand sides of (i) and (ii) can be expressed as the xfel!/*

.. - d . . .
limits of €(x) and x I C(x), respectively, for xelR", These quantities can then

be bounded, via the Ornstein-Zernike equation, by computing [H(x)=) H, x*
using the upper and lower bounds on H, from the corollary to Proposition
3., O

Theorem 4.4. Let the functions hg . .y, HL(D), Co 1,2y and € (p) be defined as
in Egs. (3.2), (3.3), (3.24), and (3.25), with decay rates E(p) and &.(p) as given
by Propositions 3.1(i) and 3.2(i). Remember that H,(p) obeys the corollary to
Proposition 3.1. Suppose further that the transformed functions h(z,k;p) and
é(z,k; p) are related by an Ornstein-Zernike equation of the form (4.5), and
remember that &(z,k; p) satisfies the conclusions of Proposition 4.2 and Lemma
4.3(i). Then whenever E.(p)<&(p):

@ 3K, (p) <1, A(p)>0 such that
H, (p) e — K, (p)|<e™*PF.

(I1) Ja(p)>0 such that YaeZ*~ ! satisfying |a| < L¥*~¢ with >0,

ho.o~Ra(0) THED R[] 4 O (L7 E 4],

1

In particular:

(i) The expression above represents the first term in an asymptotic expansion:
ie., for any fixed function a(L), [a(L)|S L3¢, with a(L) tending to infinity
(e.g. as a power of L), the O(L™', L™*%) terms can be systematically calculated
in an asymptotic series.
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(i) The error term is uniform in a: ie. 3d,(p), d,(p)< oo such that YacZi ™!
satisfying |a| S I3/4~¢

2 ~ d d
[[hO,(L,a)][a(p) nL](d—l)/ze-FL/f(p)e‘Fa /[a(p)L]_,,KZ(p)lé_lL_(p)_F%_

(ili) The tail of the distribution is uniformly bounded: i.e. 3d;(p)< oo such that

VaeZ® ! satisfying la| < [P/*~¢

d—1)/2 ,— L, —a? L
Y hopny Sds(p) [97 V2 T HED g a5 (RILI
b:[bj12]a

where a; and b; are the j™ components of the vectors a and b.

(III) &(p) is real analytic.

Remark. The hypothesis &,(p)<&(p) is verified for all p<p, in Theorem 5.4;
thus (I)-(I11) hold throughout the low-density phase.

Proof. Much of the following proof can be found in the union of (JACC2],
Theorems 2.4, 2.7, 4.1 and 5.5; Lemmas B.1 and B.2) and ([CC3], Theorems 5.10
and 5.11). There, however, a complete asymptotic analysis along the lines of
equations (4.31)4.42) of the following proof was not done explicitly, and hence
in [CC2] it was (overenthusiastically) concluded that an analogue of (II) holds
V|aj<nL, for some 5>0, rather than V|a|<|a| < **~¢ Actually for I3 <112
one can derive an analogue of (II); however, it need not have the Gaussian
form. Here we present a complete proof.

(I) By positivity of coefficients, IH(z) is analytic for |z| <e'/ and @€(z) is analytic
for |z|<e'/%. Thus by the Ornstein-Zernike equation and the asumption &,(p)
<&(p), H(z) has a meromorphic extension to the larger region |z|<e!/%. This
implies that 34 (0, 1/¢,— 1/£) such that the only singularity of IF(z) in the region
|z| Se'/** 4 occurs at z=e'/* ; furthermore, by the a priori upper bound of Propo-
sition 3.1, this singularity is a simple pole. Thus we have IH(z)=F(z)[1
—ze Y¢]™1 with F(z) analytic for |z|<e'¢4. In terms of the coefficients of
F, H; may be written as

L
“17) H,=f"'(p)e " 3] F e,

n=0

The Cauchy bound: |F,| <(const)(e/** )" now implies the desired result, with
K,(p)=1""(p) F(e"*). The fact that K,(p)<1 follows from the a priori bound
H, <e .

(IT) This proof amounts to an analysis of the contour integral in equation (4.6);
thus in the following, we will restrict to k with |Re(k)|<n, Im(k;)=0. First
we want to show that the only significant contribution to the integral occurs
in the neighborhood of |k|=0. Explicitly, we claim that V&e(0, 7], 31(5)
>0, ()< oo such that

1 dz 1 dk

(4.18) f‘l(P)—ZE§ ZLt1 |k|j-g5 1-é(z k. p) e ika (——27_[),1—1

éﬁl e—(1/§+I)L
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uniformly in L. To prove this, it suffices to show that Y{k|=4, 3¢(6)>0, s(5)>0
such that

(4.19) 16(z, k; p)l =1—5(9)

whenever |z| <e'/**'. Indeed, given (4.19), one may simply integrate (4.18) about
the circle |z| =e'**?, bounding the integrand by 1/s(5).

To prove (4.19), express é(z, k) as a power series in z with coefficients ¢ (k),
and note that, by Proposition 4.2(ia), each ¢, (k) is a cosine series with positive
coefficients. Hence, provided that ¢, (k) has a non-trivial cos k; term for every
j (which here occurs for L=2), ¢, (k) is strictly maximized by |k|=0. Thus we
have a strengthened form of Proposition 4.2(ib): V |k| =6, 3v(d)>0 such that

(4.20) ez, k; PI=@(1z) —2v ]z

Now by Lemma 4.3(i), ©(e'¥)=1. Furthermore, €(|z]) is a strictly monotone
increasing, analytic function of |z| for |z| < e/, Thus (4.20) implies that 3£(5) >0,
5(8)>0 such that (4.19) is satisfied for all |z| <el/**?, as claimed.

Now we focus on the “small k” integral. The first step here is to determine
the analytic structure of the integrand. Recall from the proof of (I) that the
function 1—@€(z)=1—¢(z, 0) has a simple zero at z=e'/* and no other zeroes
in the region |z| < e'/**4, We claim that the structure is similar for |k| sufficiently
small: namely, 36,(4)>0 such that V|k|<d,, 1—28(z, k) has a simple zero and
no other zeroes in the region |z]<el**4=z,. Indeed, by Proposition 4.2(ii),
36,(zo)>0 such that 1 —¢(z, k) is analytic for [k| <8, |z|<|zo| <e/%. Thus take
|k|<d;. Then provided that

(4.21) 11-C@) 2 |C(z)—¢(z k)

along the contour |z| =e*/¢T4 < e'/%, Rouché&’s Theorem says that 1—¢(z, k) has
the same number and multiplicity of zeroes inside the contour as does 1 —€(z)
(ie. one simple zero). Now since 4>0, |1—@(z)| is uniformly positive along
the contour |z|=e'**4. Thus, given analyticity in k, it is clear that 3, (4)>0,
d,=06,, such that (4.21) is satisfied V k| <d,, as claimed.

Next, we will determine the form of this zero for |z|<e$"4, |k|<§,. Since
8,<6,, é(z, k) is analytic in this region. Thus, by the analytic implicit function
theorem, 365 >0, 3 <8,, such that for |k| <d;, the equation

(4.22) 1—-¢é(z,k)=0

has a unique, analytic solution, denoted by e'*®, describing the motion of
the zero in this region. By Proposition 4.2(ia), the expansion of ¢~ (k) contains
only even powers of k. Furthermore, the coefficients in the expansion are real.
Indeed, keR?~! implies é(z, k)=¢é(Z, k), which in turn means that the solutions
to (4.22) occur in complex conjugate pairs; uniqueness of the solution then
implies £~ ! (k)eIR. Finally, it is easy to verify that £~ ' (k) has a nontrivial quadra-
tic minimum. Thus for |k| <5, we may write

(4.23) EHR)=¢"H0) + (/4 k* + R (k)
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with o(p) >0, and £~ 1(0; p)=¢~ 1 (p)=¢& 1, the inverse correlation length. Finally,
we may choose a 6 >0, 6 £4,, such that for |k|<d

(4.24) IR(k)| =7k*,
with 7 satisfying
(4.25) y& <o

Now we can apply (4.18) to the integral for |k|=d, and perform the integral
for |k| < é. By the above reasoning, for [k] < we can write

(4.26) h(z,k)=F(z, k)[1 —ze~ 1180~ 1

with £71(k) given by (4.23)+{4.25), and F(z, k) analytic for |z|<e!/**4. Then
following exactly the Cauchy bound proof in (I), we see that

1 dz 1 i dk

1 —ik-a_ 7

@.27) s (p)_—zm§ZL+1]k]§<& —izkip) ¢ @np!
3 dk

=[1+0(e™ 4D K,(k)e Likg—k-a =

[1+0( ]mj«s 2(K) Q)T

with K,(k;p)=f"(p) F(e'/¢®? k) analytic for |k|<d, and K,(0;p)=RK,(p)
=K,, the same constant appearing in (I). The remainder of the proof of (ITi}-
(ITiii) amounts to the evaluation of the integral in (4.27).

To establish (ITi) and (ITii), suppose that acZ? satisfies |a| < I?*~° for some
e>0. We divide the integral over |k|<§ into two regions: g(L)<|k|<d and
[k| <g(L) with g(L)=L"1/4"¢2_The first integral is easy to bound. Indeed, using
(4.23)—(4.25), we have

~ , dk
(4.28) R, (k) e He®pmika__4X
g(L)§l§k|<5 ’ @Qm?
~ dk
<o Li R, (k)| e~ @ _
g(L)ilkl =0 @my~t

<P, e " exp[—(o/8) L2771,

with f,=pf,(p)< 0. Notice that, in the worst case, (4.28) is smaller than the
“purported answer” by a factor of exp[ —(const) IF].

We now do the integral in (4.27) for |k|<g(L). We claim that the major
contribution comes from the quadratic piece of £~ !(k), i.e. the gaussian integral:

74 27 —ik- dk
4.29) K,e ¢ e~ @KL ,—ik-a _
: |k|<jg(L) uy'!

1

— e L@ ,—aYlal]
[77: OCL](d_ 1)/2

=[erf[(xL)"*g(L)]1* "' K,

Here the error is utterly negligible since

(4.30) erf[(aL)/2g(L)] =1+ O(exp[ —aL}2~%]).
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We must now demonstrate that the non-quadratic piece of £ !(k) yields the
claimed correction. The remainder in the region |k|<g(L) may be expressed
as:

(4.31) o~ LiEw) I e—(a/4)Lk2e~ik~a[K2 (k) eLR(k)_Kz] dl:_ -
K| <g(L) (2n)

e LD g a2 la(pL] j [ <+ ia )2]
= — exp| —{s+——=13
fral]02 [eL]Y

AR (g ) o[ (o )| R

with f(L)=(1/2) «}?[}/*~%2 1In order to evaluate (4.31), for each component
s; of s, we must do the integral about the contours enclosing the region |Re(s,)l
<(1/2) al/2[147¢2 and 0 < —Im(s)<a; /[ocL]”2<oc_1/2L1/4 ¢, Clearly, the func-
tion R in (4.31) makes sense (i.e., its argument is small), and the integrand
in (4.31) contains no poles in this region. Furthermore, since, at the turning
points, Im(s;)/Re(s;)=O(L™%?), the relative contribution of the “vertical pieces”
of the contours are O [exp(L““‘)] Thus we need only evaluate the integral along
the “horizontal piece” Im(s;)= —a;/[aL]"?, |[Re(s))| < f(L).

Here, if desired, the functions e % and K, may be expanded and the terms
explicitly evaluated. Note that this expansion is always legitimate since we are
within the domain of analyticity of these functions — indeed, as L gets larger,
the arguments get smaller. The range of validity of the series depends, of course,
on the nature of a(L) and on how many terms one wishes to obtain. In particular,
there are already several “error” terms which are of the order O(e™*%), which
may be comparable to inverse powers of L when L is rather small. However,
as L—oo (with some specific a(L), e.g., obeying upper and lower power law
bounds), the expansion represents the correct asymptotic behavior. This establ-
ishes (I11).

Let us now attend to (IIii). Here the nature of a(L) is unspecified other
than the power law upper bound |a]<I**7*. The error term may be written
in the form

[ L]¢~ V72
K,

e+a2/[aL]

(4.32) &la,L)=

R,

+LjE . R
xe*H hO,L,a)—[anL](d—l)/Ze

~Li¢ ,—a?(laL]|

Recalling (4.27){4.31), we have the estimate
7 2
ool
s(<7@) [oL]

AR (g ) oo [ ()| R

with B, a finite constant. First observe that fore k near zero, we may estimate
|K,(k)— K| Zconst.|k|?, so that the k dependence of K, (k) produces a contribu-

(4.33)  &(a, L)< B,




Fluctuations of percolation connectivities 293

tion to &(a, L) which may bounded by f,/L for some finite f,. This is within
the stated error. Next, we distort the contour as discussed in the paragraph
below Eq. (4.31). Neglecting the vertical pieces, thereby incurring an error of
O[exp(L™%)], we are left with

i , 2x 2ia
<R, x TaL17?  aL/|”
(4.34) &(a, L)< B, _f!(me {GXP[LR([aLJ”Z ocL)] 1}
a-1y|, Ba
Xd X+L'

Now we use explicitly the small argument estimate of Eq. (4.24):

(4.35) |IR(u+iv)| <ylu+iv|*<2w*+v%).
Thus
2x 2ia x4 at
— < [ I
(4.36) LlR([aL]m aL):32(oc2L+a4L3)’

which is also small since |x|< f(L)=(1/2) «'/? L}/*~%? and |a| < [¥*~¢. We may
now bound the integrand in (4.34) using |’ —1|<e”! —1<2]y| for y small, and
apply (4.36) to obtain

4

1 a
@37) 6@ LIS Bap+Bs 75
with f,=p.4(p) and fs=pfs(p)<oo. Thus the dominant correction to (4.29) is
O(L™1, L~ %%, as claimed.
Finally, let us attend to (Iliii). First observe that when |b]| is large relative
to L, we may use the a priori upper bound (2.7) to estimate the tail of the
sum. Thus, for example

(4.38) Y howwm=(const) [{71e"2LE

bilbyl> 2L

Next assume for the moment that each ¢;20. Then we may sum the expression
in (4.6) over all b; in the range a;<b; <2 L, with the result:

(4.39) Yo hoamS > ho.L.b)

a;<bh;<2L aj<b;<2L+a;

1 dz 1
— -1 R - -
=/ Wb 1—2(zk;p) <

[—=x, +7]d-1

—ik-a

d—ll_e—ZikjL dk
(H 1 —2ikj>x(27r)d—1‘

j=1 1€

Now we may perform, without modification, the steps (4.18)-(4.28) to obtain
a bound on the integral for |k|>g(L). (Observe that no singularity appears
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at k;=0 because of the regulating terms 1—e~2"*) As before, we may distort

the contour for the integral over |k|<g(L) to obtain:

(4.40)

o~ LiE@) g —a¥lap) L] f e ( 2x 2ia>
e il i
@=102 2 1/2
[ral] Ix1< £ (D) [oL] aL

2x 2ia\ /4! 1 — eixill/a'/? g =ajfa
X eXp [LR (m[ocL]”Z _Eﬂ( I1 1= —ixj/[Z(o:L)l/Z]e—aj/[ZaL]> ds,

j=117¢

which is identical to the old result except for the presence of the product. How-
ever, for a;>0, it is easy to bound the magnitude of this product. Indeed, the
magnitude of each factor in the numerator is bounded above by a constant,
while the magnitude of each factor in the denominator is bounded below by
(const) L™!. Thus the product is bounded above by (const) /™!, so that the
contribution from the range 0<a;<b;<2L yields a result of the desired order
of magnitude. The terms which come from the range b;< —a; are identical
due to lattice symmetry.

In case any of the a; vanish, we save the j™ integral for last and use a
separate estimate on the corresponding term in the product, namely

ll_e—Zile

4.41 r=e 1
( ) |1_~e—1wl

<2N,

which is easily verified, e.g., by induction on N. Thus the contribution from
these directions yields the same bound as those with a;> 0. Overall, we obtain

(4.42) Y ho,qw=(const) ' hy 1 o),

b:|b;| z[a;]
as claimed.

(IIT) The proof of this is analogous to that of analyticity of £(k) in k (cf.
Eq. (4.22)). Let p, < p. and choose z, such that e*/¢®0) <|z,| <e!/%o) By Proposi-
tion 4.2(iii), 38, (po, zo) >0 such that the function €(z; p) is analytic in the region
Iz} Z1zol, IP| £ po(1 + 6,). Then, by the analytic implicit function theorem, 36, >0,
6,<6,, such that for |p|<py(1+9,), the equation 1—€(z; p)=0 has a unique
analytic solution, which we identify as e'/*®. Thus &(p) is analytic in a region
about any real p such that £.(p)<é(p). O

5. Separation of the decay rates

In this section, we prove our principal estimate: namely that the exponential
decay rates of the cylinder and direct connectivity functions are strictly separated
for all p<p,. This verifies the hypothesis of Theorem 4.4 and thus completes
our proof of properties (I)~(IIT) for the cylinder functions.

As in the analogous proof for SAWs [CC2], our strategy is to define block
connectivity functions on slabs of some fixed scale L which interpolate between
the free and direct connectivity functions at that scale. Explicitly, these block
functions are the probabilities of connections which satisfy the “C-condition”
(cf. Eq. (3.26)) over only part of the slab (i.e. over the central region of width
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Fig. 3. A “likely” (a) and an “unlikely” (b) configuration in £, ,((L, a); R)

R<3L). In Sect. 5a, we will use estimates on the basic connectivity functions
to show that the block functions (and hence also the direct functions) decay
faster than the cylinder functions, although not necessarily exponentially faster
in L.

In order to exploit this extra decay, we require interpolating functions on
an even larger scale. Thus, in Sect. 5b, we define rescaled interpolating functions,
on scale NL, N> 1, as the probabilities of connections which obey the C-condi-
tion over interior regions (again of width R<21L) of each slab of scale L. A
significant contribution to these rescaled connectivity functions is obtained by
simply patching together N block functions. Were this the only contribution,
then the extra decay of the block functions in L would imply that the rescaled
functions decay exponentially faster in N than do the cylinder functions of scale
NL. Such an estimate would complete the proof that £, <¢&.

Unfortunately, a naive patching argument ignores the contribution of config-
urations with long branches, e.g., configurations in which the C-condition in
one slab is not satisfied until the cluster has ventured into a later slab. These
configurations are the analogues of the recurrent walk configurations encoun-
tered in the SAW analysis [CC2], although here there are additional possibilities.
Our key estimate (Lemma 5.3) shows that whenever p<p,, the probabilities
of these “recurrent configurations™ is exponentially smaller than that of the
configurations obtained by simple patching. Furthermore, the probabilities of
these recurrent configurations are related to various rescaled functions via a
coupled system of Ornstein-Zernike or renewal inequalities. By analyzing the
renewal inequalities, using both the bounds on the block functions and the
bounds on the probabilitics of recurrent configurations, we obtain ¢, < ¢ (Theo-
rem 5.4).

Sa. The block functions

As explained above, we will use functions which interpolate between the free
and direct functions. We propose (see Fig. 3):

Definition 5.1. Let A, ReZ*, A>R,L=2A+R. Let neZ,0<n< L. The point-to-
point block connectivity function of central scale R from (—n,0)=(—n,0, ..., 0)
to (L, a) is defined by
(51 a) ﬁl,n((Ls a): R)= {COI(L, a)eC((—n, 0))HH(L)9

[C(—n,aw, P Z2VjwithA<j< A+ R}
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(Slb) bl,n((L7 a)yRap):P(gl,n((Ly a)a R))>
and the corresponding point-to-plane block connectivity function is

(510) Bl,n(LﬁR:p)z z bl,n((Ls a)aRap)

acZd-1

We will often suppress the arguments (L, a), R and p in our notation for these
functions.

The quantities of principal concern to us here will be the block connectivities
from the origin:

(5.2) b1=41,49, bi=bi,, B=B,;

and the extended block connectivities:

A+R A+R A+R
(5.3) zUﬁln, a;= ) by A=) By,
n=4 n=A

Remark. Since the block functions are required to obey the C-condition over
the central region, but are otherwise unconstrained, it is clear that (as promised)
the block functions from the origin interpolate between the free and direct func-
tions:

(5.4) G.L(p)z B, (L; R; p) 2 Cp(p)-

In particular, the decay rate of B,(L) provides a bound on the decay rate
of C,. Were this bound exponentially faster in L than &(p), we would be done.
Although we cannot establish such an exponential bound, we make the following
modest start:

Lemma 5.1. Let B, ,(L;R;p) be defined as in Eq.(5.1¢c) with L.>3R. Suppose

that G, satisfies Proposition 3.1 with decay rate &(p), and that I satisfies the

corollary to Lemma 4.3. Then 36(R; p) with lim 6(R; p)=0Vp<p., such that
R-

B, ,(L; R; p)<S(R; p)e” Lrmit@

uniformly in L and n.

Proof. As in Definition 5.1, we let L=2A4+ R. By an argument analogous to
that in the proof of Proposition 4.1, it is easy to see that given a configuration
wes, ,(L,a); R), there must exist a rightmost plane to the left of P(4) and
a leftmost plane to the right of P(4+ R) in which the €-condition is not satisfied
by C((—n,0)|ay,- We denote these planes by P(N,;), —n<N; =4, and P(N,),
A+RZN,<L. This gives us disjoint realizations of the events g _, o) (v;,a1)>
ANy, an, (V2,00 204 gy, 22),(L—N2,a—a; —a2)" Applying the van den Berg-Kesten in-
equality (2.12), summing over points in P(Ny), P(N,) and P(L), and shifting
indices, we obtain

A+n A

(5.5) B, .(L;R)= Z z Gurn-1,Ke, 40, +rCGa-p,

L1=0L2=0
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P (0} P (NL)
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Fig. 4. A “likely” (a) and an “unlikely” (b) configuration in 4y ,(NL,a); R)

Using the a priori upper bound: G, <7 !(p) e L/* from Proposition 3.1, relaxing
the upper bound on the remaining sum, and using the fact that for any function
F defined on the positive integers, Y F(L; +L,)=Y LF(L), we have

LiLsy L

(5.6) B, (L; R)SB 2" CH08 Y LK, , o ettt R

L=0

o0
<B2e ELHMIE Y LIK, K,
LR

However, by the corollary to Lemma 4.3, the coefficient of B~ 2e~ L+ in (5.6)
is the tail of a convergent sum, and thus tends to zero with R. [

5b. The rescaled functions

We now want to take advantage of the extra decay provided by Lemma 5.1.
Thus we propose (sce Fig. 4):

Definition 5.2. Let A,ReZ*, A>R, L=2A+R. Let neZ,0=n<L.Let NeZ"*.
The point-to-point rescaled connectivity function of central scale R from (—n, 0)
to (NL, a) is defined by:
(5.7a) 45 ((NL,a); R)={w|(L, a)eC((—n,0)|awr),
| C((—n, 0)llgvry " P((M —1) L+
Z2VMwith 1SM<N,Vjwith ASj< A+ R}
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(5.7b) by n(NL,a); R; p)=P(éy,,(NL,a); R)),
and the corresponding point-to-plane rescaled connectivity function is

(5.7¢) By, (L;R;p)= ). bya.(NL,a); R;p).

aeZd-1

As before, the connectivities of principal concern to us will be the rescaled
connectivities from the origin:

(5.8) bn=4n0, by=byo, By=Byg;

and the extended rescaled connectivities:

A+R A+R A+R
(5.9) anN= U R z byn, Ay= Z By,
n=4 n=A n=A4

Remarks. (1) Notice that B, is not defined by the above equations; we will
use the convention

(5.10) B,=1.

On the other hand, A, makes perfect sense; it is just a sum of free connectivities.
By Proposition 3.1

A+R
(5.11) Bo= 3, Gy=is(p)e” 4P,

n=4

with 4, (p) < oo uniformly in AV p<p,.

(2) It is seen that, for N=1, the above definition is entirely consistent with
Definition 5.1 of the block functions. Indeed, let us denote the “central region”
of the M*® slab by S.(M):

(5.12) S (M)={xeZ|x;=(M—1)L+ jforsomejwith A<j<A4+R}.

While the configurations in £, , are required to satisfy the €-condition in S (1),
those in £y, are required to satisfy the C-condition in S, (M) VISM<N. We
will often say that a configuration double-covers the region S.(M) if it satisfies
the C-condition in every plane of that region. It will also be useful to have
explicit notation for the entire M'™ slab; thus we define

(5.13) S(M)={xeZ*|x;=(M—1) L+ jforsomejwith0<j<L}.

(3) As before, the rescaled functions (from the origin) interpolate between the
free and direct functions of the appropriate scale:

(5.14) Gy(p)2 By(L; R; p) 2 Ty (p)-

Thus, if we can show that for fixed L, By(L) has an exponentially faster decay
rate in N than does the free function Gy;,, we are done. We begin by establishing
the existence of a decay rate for By :
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Proposition 5.2. Let By ,(L; R; p) be defined as in Eq. (5.7). Then for all pe(0, p,),
the limit

1

1
lim —logBy ,(L;R;p)=———F+———
N 1ogBunLRiP)= =5 R

N—-w

exists and is independent of n.

Proof. That the limit is independent of n is obvious, since the By, differ from
cach other by factors which depend on n<L, not on N. Thus we may confine
attention to n=0. For By o, we can simply repeat the arguments in the proofs
of Propositions 3.2(ii) and 3.3: As usual, we have a weak subadditive inequality
analogous to (3.4) or (3.39), which implies the existence of a limiting decay
rate for the on-axis point-to-point functions by ((L,0)) and an a priori upper
bound for the off-axis functions by o((L, a)). Then By , is shown to have the
same limiting decay rate by “squeezing” with an inequality of the form (3.9). O

As is apparent from the above discussions, our strategy is to show that,
for some choice of R, &, '(L; R)> ¢! L uniformly in L. This, together with
(5.14), would give us £, '>¢7 1, In order to prove this, we will of course use
the extra decay from Lemma 5.1. Indeed, if the B, basically decoupled into
N copies of B, (ie. if By~BY), Lemma 5.1 would directly imply &, !(L;R)
= ¢ L+|log 8(R)|. In fact, we will ultimately obtain an estimate which is almost
this strong. However, in order to do this, we will have to bound the probabilities
of those configurations which do not decouple (e.g., the unlikely configuration
in Fig. 4) by even faster exponential terms. This is the subject of our principal
estimate:

Lemma 5.3. Let the functions Ay(L; R; p) and By(L; R; p) be as given in Definition
5.2 with L=2A+R, A>R, and with A, and B, given by Eqgs. (5.11) and (5.10).
Suppose that G satisfies Proposition 3.1, with decay rate E(p). Then YN =1,
Ay and By obey the coupled renewal inequalities:

N
Ve By-x+ ) Uy Ay,

0

N
(i) By< )
K=0 J=0
N N
(11) ANé Z WKIBN—K+ 2 mJANvJ
K= J=0

where the functions Vg (p), U,(p), Vi (p), U, (p)=0 satisfy

V,=0,=V,=0,=0U, =T, =0
V,=B,, V,=A,
U, <A, (p) et REW ¢~ 212w [, < T, (p) e~ A0 g+ RIED) o= 2LIE®)

V< As(p) e~ 4P) o= 2(K= L) (K=2)
Ve <14 (p) e 24E® g = 2K - VLEE® (Kz2)
1UJ§,14(p)e-3A/§(p)(J_2)e~2(J—2)L/§(p) (J=3)
®J§Z4(p)e—4A/€(p)(J_2)e—2(J—2)L/§(p) (J=3)

with 2;(p), 2;(p)< oo uniformly in A, R, L, K and J ¥ p<p,.
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Remark. As will become apparent in the following proof, the functions Vi (p),
U,(p), Vi(p) and U,(p) represent the weights of various unlikely (“recurrent”)
configurations contributing to the rescaled functions.

Proof. Our strategy is to decompose £y , into a union of disjoint events:

Zz

(5.15) xn(NL,a); R)= U 48, (NL, a); R)
o
U £ (NL, a); R).
K=1J=K

Let us first describe the K-decomposition. The configurations in £, are those
configurations in £y, for which K is the smallest integer in [1, ..., N] such
that |C((—n, O)llgwry O P()I22Vj with AZj<A+R, ie. such that C((
—n,0))|| gk, double-covers S.(1). (See Eq. (5. 12) for a definition of S,(1).) For
example the configuration depicted in Fig. 4b is in £, since the cluster “ven-
tures” into the second slab before satisfying the C-condition in every plane
of the central region of the first slab.
As usual, we can define the connectivities

(5.16) b, (NL, a); R; p)=P(¢&,(NL,a); R))
(5.16b) BY,(L;R;p)= Z b (NL,a); R; p).

Next, let us describe how J is chosen for a given K. Let wes§), and consider
the set of points

(5.17) Q(K; 0)=0Q(K)=C(—n, 0)llaxr N PKL).
By the definition of £§),, Q(K) must contain a non-empty subset

(5.18)
q(K; w)=q(K)

={xeQ(K)|x is connected to (NL, a) by a path of occupied bonds in
H(NL)in the complement of the sites of

C({(—n,0)l H(KL)\{X}}7

ie, g(K) is the set of sites in Q(K) which actually reach (NL, a). Furthermore,
since all points xeq(K) are connected to (NL,a), the cluster that accomplishes
this connection must be the same for all these points, i.e. the set

(5.19) CN(‘] (K))= C(X)“H(NL)\{C(( —n, 0)) H(KL)\{X}}

is independent of the site xeq(K). If CV(g(K)) double-covers S,(M) for every
M=K+1, ..., N, we define J = K. Otherwise, we define J to be the largest integer
in[K+1, ..., N] such that S.(J) is not double-covered by C¥(g(K)). For example,
the configuration depicted in Fig. 4b is in £{” since the component from the
plane P(2L) which eventually reaches (NL,a) does not double-cover S.(4),
although it does double-cover all later central regions.
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Again, we can define the connectivities

(5.20a) b ((NL,a); R; p)=P(4{(NL, a); R)
(5.20b) B (L; R p)= Y, b (NL, a); R; p).
aeZd~1

We will also use the rotation

A+R

(521a) AFO(L;R;p)= Y, B (L; R; p)
n=A
(5.21b) _ B{"(L; R; p)=Bs" (L; R; p).
Due to the disjoint union, we have
N J
(5.22) By,.=> ) B{”,
J=1K=1

with similar expressions for Ayand B,. We claim that the first sums in the
renewal inequalities come from the terms with K =J, and that the second sums
come from the K <J terms. Thus we will treat these cases separately. Further-
more, in each case, we will treat K= 1 separately from K =2.

Let us begin with K=J. Thus take wes$,©((NL, a); R). First, by the defini-
tion of K, there is a point (KL, b)eg(K) (defined in Eq.(5.18)) such that C({
—n,0)lgxry provides a realization of £§,X((KL,b); R). Furthermore, by the
definition of J, C¥(q(K)) (defined in Eq.(5.19)) gives a realization of
TR 4y ¢ o (N—K) L,a—b); R) disjointy from C((—n,0))|g«r,. Notice that
this second event begins at n=0, i.e. is a translate of Zy_ . Thus by subadditivity,
the van den Berg-Kesten inequality (2.12) and translation invariance, we have

(5.23) bEOUNL a); Rip)s ), PUEO(KL,b); R)
beZd-1

xby_g((N—K) L,a—b); R; p).

Now suppose K =1 (and still assume K =J). Then £, (L, b); R)=4, ,((L, b); R),
i.e. there is no further decomposition. Summing (5.23) over a and b, we obtain

(5.24) B§,"<B, ,By_;.

This immediately gives the first nontrivial terms in the first sums of the renewal
inequalities. Indeed, for n=0, (5.24) becomes

(5:25b) By V<B, By.;;
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- X
- A (KL, b)

(-n, 0}

A

P {0} P KL}
Fig. 5. A configuration in 4§, (KL, b); R))

the r.h.s. of (5.25b) is the K =1 term of the inequality (i) with ¥, =IB, . Similarly,
summing n from A to A+ R, (5.24) gives

(5.25a) AGVZA By,

the r.h.s. of which is the K =1 term of the inequality (ii) with ¥, = A, .

Now suppose K 22 and weé$ (KL, b); R)). (See Fig. 5.) Then, by the defi-
nition of K, there must exist two points xeS(K) and yeS (1) and two occupied
paths:

Ay from (—n,0) to x
HAy: fromxtoy

with £, and £, site-disjoint except for the point x. Furthermore, by the defini-
tion of £x ,((KL,b); R)), there must exist a point zeZ;;U A,; and an occupied
path

Pyy: fromzto (KL, b)

which is site-disjoint from %,; and %,,, except for the single point z. There
are two topologically distinct cases: zeZ,; or zeZ,;; however, these lead to
the same final estimate, so we will explicitly treat only the latter. Again, using
the van den Berg-Kesten inequality, Eq. (5.23) and the above reasoning imply

(5.26) b%‘,’nK)((NLa a) =< 2 T(—n,0).x Tx,z T2,y Tz,(KL.b) by-x ((N—K) L,a—b))).
b)erS(K)
yeSq(1)
zeH(KL)

Summing over a and b and the transverse coordinates, and using the notation
x; =X, y,=Yand z, =Z, we have

K.K
(527)  BEPS Y GrxGix-zGizoy Gz By
(K—1)L<X=ZKL
ASYSA+R
Z<KL
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Finally, using the a priori bounds G, <B”1(p)e ¢ from Proposition 3.1 and
performing the remaining sums, we obtain

(5.28) IB%(,’,,K) < 13 (p) e P o= A/EP) o= 2(K— 1)L/5(p) IBN-K

with A3(p)< oo for p<p,.. The contribution from the case ze#,; only modifies
the constant A;(p).

It is easy to see that (5.28) provides the K=2 terms in the first sums of
the inequalities (i) and (ii). Indeed, for n =0 we obtain

(5.29b) BEO<V,B,_,

with Wy of the stated form, while if we sum n from 4 to 4+ R, we have

(5.29a) AEO<Y, By g

with
A+R

(5.30) Vi < s (p) e 4@ = 2K=DLEG) § o= nittr)
n=A

<7, (p) e~ 24/6) = 2K~ DLIE®)

and 75 (p) < oo for p<p..

Now we will treat the case K<J. Here we will first assume K =2 (so that
J=3), and then explicitly consider the case K=1, J=2. Thus we take
web§(NL,a); R), J>K =2. Then, by exactly the same reasoning as in the
case J=K 22, the definition of K implies that there exist points (KL, b)eq(K),
xeS(K) and yeS, (1), and two occupied paths

#q: from(—n,0)tox

A, fromxtoy

with Z, ’and AR, site-disjoint except for x, as well as a point ze#,;U #,; and
an occupied path

A3y fromzto(KL,b)

which is site-disjoint from Z,, and #,; except for z. Again, we will explicitly
consider only the case ze%], since the other case leads to an upper bound
of the same form.

Now, by the definition of J, we know that C¥(q(K)) (defined in (5.19)) does
not double-cover the region S.(J), although it does double-cover S.(M) VM > J.
Thus there must exist a rightmost plane in S.(J) in which the €-condition is
not satisfied by CV(¢(K)), i.e. there must be a largest integer W in [(J—1)L



304 M. Campanino et al.

min
T

{-n,0) —
~ 1
N
y N/ ’\\*‘P\)‘—L D.//\
KL, b) W
P{0) PKL) POL) PNL}

Fig. 6. A configuration in £&,”((NL, a); R) with J > K

+A4,...,(J—1)L+A+R] such that P(W)nC(g(K)) contains only a single
point. Let us denote this point by w* =(W, w). (See Fig. 6.)

By the definition of C¥(g(K)), w* is connected to (KL, b) in the complement
of C((—n, O)llary\Q(K). Thus there is an occupied path

Ry from (KL, b) to w*

which is site-disjoint from #,;, #,, and 3, (except for the point (KL, b)). Fur-
thermore, since S,(J +1), ..., S.(N) are double-covered in £, but are not dou-
ble-covered by C¥(¢(K)), there must exist points re #;,u %, U 3, and se S, (J),
s, =W—1, and a path in C"(g(K))

ZAs :fromrtos

which, except for the point r, is site-disjoint from #,,, Z,; and %;;, and which
is also site-disjoint from #,,. Indeed, if %5, were not disjoint from #,,, then
we would have had 25,= C"(¢(K)), which would mean that C¥(q(K)) double-
covered S, (M) for every M = K + 1, contradicting our asumption J > K.

As with our placement of z, there are several topologically distinct choices
for our placement of r: given ze#,,, we could have re#,,, re#;;, re{the seg-
ment of #,, between y and z} or re{the segment of #,; between z and x}.
However, as before, each of these choices will lead to an upper bound of the
same form, so we explicitly treat only re ;.

Finally, and most importantly, since every connection from ¢(K) to (NL, a)
must pass through the point w*=(W, w)eS_(J), and since by the definition of
J, C¥(g(K)) double-covers S,((J+1), ..., S.(N), there must be a realization of
T® "¢y 5 -w((N—J) L, a—w); R) in C¥(g(K)). This realization is clearly site-
disjoint from #,;, #,, and A, since it is a subset of CY(q(K)) which is by
definition disjoint from these paths. The realization is also site-disjoint from
Ps1; indeed, were this not the case, we would have had Zs;= C¥(g(K)), again
contradicting our assumption J> K. Finally, the realization is also site-disjoint
from Z,,, except for the single point w*. Indeed, this follows immediately from
the fact that both the realization and %, are subsets of C¥(g(K)), and that
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w* is by definition the only point of intersection of C¥(q(K)) with the plane
P(W).

By subadditivity, the van den Berg-Kesten inequality (2.12) and translation
invariance, we have

(531) b%f;a") ((NLa a)) § Z T(—n,O),r Tr,x Tx,z Tz,y Tz,(KL,b) Tr,s T(KL,b),w*

beZd-1

xeS(K)

yeSc(1)
zeH(KL)
wteSc(J)
reH(KL)
seS.(J)

b1 51-w((N—J) L,a—w)).

Summing over a, b and the transverse coordinates, and using the notation x; =X,
yi1=Y,z,=7 and wy =W, we have
K,J Z
(5.32) B < (K- 1)LEXSKL Gy Gy -3 Gix -2 G2y
ASYSA+R
ZSKL
r1 <KL
J—1)L+A=W=(J—-1)L+A+R
s1=W-1

’ GlKL*Z] (G]rl —s11 G]KL—W] ]BN—J,JL~W‘
Using the a priori bound on &, and performing the final sums, we have
(5.33) BED < A, (p) e MW 34D g 20 - DLEG

with A,(p)<oo for p<p,. Here the factor of Ay_; came from summing
By _x ;.- w over Win the allowed range. As before, the other possible positions
of z and r yield estimates of the same form, and thus only modify A, (p). Finally,
noting that the expression on the r.h.s. of (5.33) is independent of K (and recalling
that we have restricted to the case J > K = 2), we obtain

J-1
(5.34) Z ]B%f},né/h(l’) e—nlé(p)(J_z) e_3A/‘:(P)e_2(1_2)1‘/5(”)AN_J.

K=2

Again, it is easy to sece that this produces all but the first nontrivial terms
in the second sums of inequalities (i) and (ii). Indeed, for n=0, we get

J—-1
(5.35b) Y BESU, Ay,

K=2

with U; of the stated form, while performing the sum over n: 4 to A+ R, we
get

(5.35a) AFILU, Ay,

J—-1

K=2
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with
A+R

(5.36) U, <2, (p)J —2) e 34/EW o= 20 =2 L/E) 3 emmew
n=A4

S/1~4(p) e—4A/¢(p)(J__2) e~ 2U~2)Li&(p)

and 1, (p) < oo for p<p..

Let us now attend to the single remaining case K=1, J=2, and prove that
it yields the remaining nontrivial term U, A,_, in (i) and T, A,_, in (ii). To
this end, take wey 2 ((NL,a); R). Then, by the definition of K and the fact
that K =1, there must exist a point (L, b)eq(1) and a path

Ry from (—n,0) to (L, b)

in C((—n, 0)|gw\Q(1). Furthermore, following exactly the reasoning in the
case J>K =2, there must exist points w*=(W,w)eS.(2), reZ,; and seS.(2),
5, =W—1, defined as before, and two occupied paths

Raqy: from (L, b) to w*

#s,: fromrtos
which are site-disjoint from each other and from £, except at the specified
points of intersection. Finally, as before, there must be a realization of
TY "¢y 5 20-w((N—2) L,a—w); R) which is site-disjoint from 2y, #,; and
Ps,, except at w*. Thus we obtain
(5.37) byP(NL,a)

= Z T(—n,O),rTr,(L,b)Tr,sT(L,b),w*bN—z,ZL—W(((N—z)L>a“‘W)))-

beZd-1
wteS.(2)
reH(L)
seS.(2)
which yields
(5.38) IBgvl:nZ) <A.(p) e—nR/«E(p)e+R/€(p)e—2L/f;“(p)AN_2

with 4,(p)< oo for p<p,. Setting n=0, we get
(5.39b) B{Y<U, Ay_,,
while summing over n gives

(5.39a) AYP<T, Ay,
with U, and T, of the stated forms. []

Theorem 5.4. Let £(p) and £.(p) be the decay rates of T, . (p) and co,.(p) as
defined in (1.2) and Proposition 3.2. Then Vp<p,, £.(p)<E(p).

Proof. As explained earlier (cf. Eq. (5.14) and the discussion following the proof
of Proposition 5.2), the decay rate &, provides a bound on the decay rate of
the C-functions: £, L=¢, 1(L; R). Thus it suffices to show that, for some choice
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of R and L, & *(L; R)>¢&7 1L, for which we need an upper bound on the By.
To this end, let us examine the system of coupled renewal inequalities derived
in Lemma 5.3;

N N
(5.40a) By< Y By ¢+ > U,Ay_;; N21
K=0 J=0
N N
(5.40b) Ay Y By + Y U,Ay_,; NzL
K=0 J=0

Given these inequalities (and the bounds on the coefficients as derived in Lem-
ma 5.3), we may prove the desired result either by induction in N, or by studying
the transforms of By and Ay. Here we give a proof based on the transforms.

First, it is clear that were (5.40a) and (5.40b) equalities, then the sequences
(By) and (Ajy) could be generated, recursively, via knowledge of By, B,, A,,
A, (Vy), (Wy), (Vy) and (). Similarly, provided all of the quantities are non-
negative, upper bounds on the these eight (sets of) quantities systematically
generate upper bounds on the B,, B;, ...,; A,, A5, ... by substituting into
(5.402) and (5.40Db) as though they were equalities. We may therefore consider
the system

N N
(541&) (BN= Z VKBN—K+ Z U_]AN__J
K=0 J=0
N - N -
(5.41b) Ay= Z Ve By_x+ Z U/ Ay,
K=0 J=0
(5.42a) B,=1
(5.42b) Ay=Ade 4D
(542C) V0=U0=VO:ITIO:0
(5.42d) B, =V, =A6(R)e 1@
(5.42¢) A =V, =le DG (R) e~ LD
(5.421) U,=0,=0
(5.42¢) U, =le*RIEW=2LED) [, = ¢~ A0 o+ RIEW) o= 2L/E()
(5.42h) V=Ae 4P~ 2K~ DLE® (K=2)
(5.421) VK_:ie—2A/§(p)e"2(K*1)L/€(p) (K=2)
(5.42j) U;=le 34RW(J -2)e 2V =D (J=3)
(5.42k) U,=le 4RO (J_2) e 2U-DLED  (J>3)

and use the solution ByzIB, to derive our bound on &,. Here (5.42a) and
(5.42b) come from (5.10} and (5.11); (5.42d) and (5.42¢) follow from Lemma 5.1;
and the remaining equations follow from Lemma 5.3. Note that we have replaced
all the various A’s — which are 4 and R independent — by A=max {1, 1,(p),
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72(p), 23(P), 23 (D), 24(P), 14 (p)}, and (for reasons which will shortly become clear)
we have degraded the bound of Lemma 5.1 by inserting an extra factor of 4
into (5.424d).

Transforming the system (5.41) we have

(5.43a) B2)=1+V(2)B(2)+U(z) A(z)
(5.43b) A@Q)=A,+ V(@) B()+U@2)A(2);
or, after a bit of algebra,

(5442)  B@=[1-U@+A, U@)/1-V@+T@)+V@ U
=U@@)V(2)]

544b)  A@=[A(L-V@)+VI[1-VE@+0@)+V () U@
-0 V@)1

The leading large-N behavior of By (or Ay) is determined by the earliest pole
of (5.44). Thus the solutions to the equation

(5.45) 1=V + U@+ C@-002) V()

will provide a lower bound on e'/*» and hence an upper bound on ¢&,. Will
not actually solve (5.45).

Instead we will choose values of R and A such that we obtain a lower
bound on the solution of (5.45) which separates &, from &,
_ First, it is observed that since we have arranged U(z)=e #4*®U(z) and
V(z)=e 4@V (z), the cross term vanishes identically. This renders the r.h.s.
of (5.45) a (strictly) monotone increasing function for zeIRR ™. From Egs. (5.42),
we have:

(546) V(@) +TU(2)=A6(R) kz+ e W e+ RIEW) 2 22 L T, () + T, (2)

where

Je AEW@ 2 2
(5.47a) L@=—"17,
and

de—44IED 2,3
(5.47D) T,(2)=2% k2

[1—x%z]* ~

and, for algebraic ease, we have temporarily adopted the notation k=« (R, 4)
=e L°,

Our scheme is as follows: Let z*=z*(R, A) denote the solution to (5.45).
We pick R, large enough so that

(548) AO(Ry) k.
Next, define zy(Rq, 4) to undershoot a crude version of (5.45), i.e.

(5.49) A8(Rg) K29 =14.
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Then, we claim that we can find A(R,) large enough so that
(5.50) V(zo)+0(zo) <1,

and hence, by monotonicity,

(5:51) zo <z

By the above reasoning and Eqs. (5.48), (5.49) and (5.51), we have
(5.52) eliée = ellos > 7% > 2 ell¢

and hence, since L=24+R,

g__kg_z___i_,l_

(5:53) 2A(Rg)+R, ¢

1
¢,
which is the desired result.

It remains to satisfy (5.50). Setting Axz,=1/20, the second term on the
r.h.s. of (5.46) becomes

1
416*

(5.544a) o~ AIE(B) o+ Ro/E(p)

while T, becomes

L aew U oarw,-rozw|
(5.54b) 4752 ¢ 1 75 ¢ e
and T, is given by
(5.540) L 2wt rotn | — L 24600, Roteo *2_
’ 84263 2

It is manifest that the quantities in (5.54) tend to zero as 4 —oo0. [J

6. Fluctuations of paths in percolation

In this section, we establish our principal results: First, in Sect. 6a, we prove
results (I)(III) of the introduction for the standard connectivities (Theorem
6.2). Next, in Sect. 6b, we use these results to establish a multidimensional local
limit theorem for percolation clusters (Theorem 6.3). Finally, in Sect. 6¢c, we
prove absence of a roughening transition in two-dimensional percolation (Theo-
rem 6.4).

6a. Asymptotic properties of the standard connectivity functions

Using the knowledge that Vp<p,, &, is strictly less than ¢ (Theorem 5.4), results
(D—I10) of Theorem 4.4 now hold for the quantities h, (. ) and H, throughout



310 M. Campanino et al.

the subcritical regime. However, the purpose of this investigation was, of course,
to establish such results for the “real” connectivity functions, namely 7, .
and G;. This has already been done for result (III) since we have proved that
the decay rates for the g’s and h’s are identical (Proposition 3.1). The analogues
of (I) and (1I) will follow by analytically relating the transforms of 7, , , and

hO,(L,a)'

Proposition 6.1. Let the direct connectivities ¢,y and k, ,(p) be defined as in
Eqgs. (3.24) and (3.37) (and recall that they are related by the uniform bounds
of Proposition 4.3, with common decay rate {.(p)). Let hy ,(p) and t, ,(p) be
the cylinder and free connectivities, defined in Eqs. (3.2) and (1.1), and let ﬁ(z, k;p)
and t(z,k;p) denote their Laplace-Fourier transforms. Then t(z,k;p) may be
expressed as

t(z,k;p)=A, (2. k; p)+ A, (z, k; p) h(z, k; p)

where A,(z,Kk) and A,(z,K) have the same joint analyticity that was established
for &(z,Kk) in Proposition 4.2 (ii). Explicitly:
Vp<pe, V|zol <el/e?; 35, =8,(p, 20) >0 such that A,(z,k) and A,(z,k) are
analytic in the regions |z| £ |zo| and k| Z dy.
Moreover, A,(z,K) is (a constant plus) the transform of kg .y, while A,(z,k)
is the (square of the) transform of another modification of the direct correlation
Sfunction.

Proof. Let us define direct correlation events «,  , which behave like the
c-events at the left boundary (P(0)), but which are permitted the freedom of
#-events at the right boundary (P(L)):

(6.1a) a’/O,(L,a) = {we£0,(L,a)| CO) swMN P(0)= {0}}
{6.1b) do,ray=P(Zo,1,2)-

(Note that these d-functions do not coincide with any of the additional direct
connectivities introduced in the Appendix, since the connections contributing
to the latter functions were always required to occur in the cylinder.) Now,
the d-functions obviously satisfy

(6.2) Co.La) = o, @2 =Ko, (L,a-

Thus &, is the decay rate for all of these direct correlation functions.

Given this, we can follow exactly the derivation in Eqs. (4.7)(4.10) to prove
that d(k, z) and k(k, z) are both jointly analytic in z and k, for |z| £ z, | K| < 6, (p, 2o),
Vz4, 0<zo <e*® for some ,(p, z) > 0.

Let us now show that d(k, z) and k(k, z) can be used to relate the transform
functions %(z,k;p) and h(z,k;p). To this end, let WEgq,(r,a and consider the
intersection of C(0; w)= C(0) with the planes P(j), 1 £j< N —1. Obviously there
are only three possibilities:

{a) All of the planes satisfy |P(j)n C(0)| = 2.

(b) Exactly one of the planes, say j= N, satisfies |P(j) C(0)|=1.

(c) More than one of the planes satisfies |P(j)~ C(0)|=1. In this case, denote
the leftmost such plane by j= N, and the rightmost by j=M > N.
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In case (a), it is clear that
(6.3a) W€y (1,a)-

In the second instance, we let beZ¢~! denote the transverse coordinate of the
unique point in P(N) belonging to C(0). Then one has

(6.3b) WE o, (N, p) NV (N,b).(L,0)-

Finally, letting (N, b) and (M, ¢) denote the unique points in P(N) and P(M)
belonging to C(0), case (c) implies that

(6.3¢) OEL o, (.1 DN, 1), 008,00 N (00, L) -

Using the (near) factorization property of the various events and the fact that
these events represent disjoint possibilities which exhaust gz, »), We have

(64) TO,(L,a) = kO,(L,a) +f(p) Z dO,(N,b) d(N,b),(L,a)
N.b

+f2(p) Z dO,(N,b) h(N,b),(M,c) d(M,c),(L,a)7
Mo
M>N
where f(p) is the “patching factor” defined in the statement of Proposition
4.1. Recalling that A o .=/ '(p) 8.4, it is seen that the second term in (6.4)
may be absorbed into the third provided that we relax the requirement of strict
separation of M and N. Defining the various transform functions (see also (4.3 a)):

(6.5a) (kD) =1 (D) Y. To,.a)(p) 2" €™ ?
L,a

(6.5b) k(z,k;p)=1(0) Y. ko, (p) 2-€™*
L,a

(6.5¢) d(z.k;p)=1 ()Y do,1.(p) 2" €%,
L,a

with the stipulation that 7, (5,ay= 60, and ko (o, 4)=4do0,(0,a)=0, the relationship
(6.6) 2(z, k; p)= 1+ k(z, k; p)+d*(z, k; p) hi(z, k; p)
is easily verified. [

Theorem 6.2. Let 7, ,(p) and G (p) denote the standard percolation connectivity
functions as defined in Eqgs. (1.1) and (1.4), with common decay rate &(p) given
by Proposition 3.1. Then Y p<p,:

() 3K,(p)=1, A(p)>0 such that
G1(p) e e — K, ) S 4P

(I1) Ja(p)>0 such that VaeZ*~ ! satisfying |a| < I**~° with >0,

1 - —a2ffa - —4g
TO,(L,a)NKz(p)We Lig(p) o /L (p)L][1+0(L I,L 4)]
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In particular :

(i) The expression above represents the first term in an asymptotic expansion:
i.e., for any fixed function a(L), |a(L)| < **~¢, with a(L) tending to infinity (e.g.,
as a power of L), the O(L™', L *%) terms can be systematically calculated in an
asymptotic series.

(i) The error term is uniform in a: ie. 3d\(p), d5(p)< oo such that VacZ'™*!
satisfying |a| S 4 ~°

170, @ a1 [x(p) nL]¥- 1)/26+L/¢<p)e+az/[a(p)u_Kz(p)l < dip) + dz£€)~

(i) The tail of the distribution is uniformly bounded: ie., 3dy(p)< oo such that
VaeZ® ! satisfying |a| S [3/4~¢

d—1)/2 ,—L —a? L
Y o Sd)(p) L4 D2 LE@) g 2L

b:|b;|za;l

where a; and b; are the j™ components of the vectors a and b.

(II1) &(p) is real analytic.

Proof. As previously remarked, (III) has already been established in Theore-
m 4.4 (IT1). To establish (I) and (II), we use the fact that fi(z, k; p) and %(z, k; p)
are analytically related by Proposition 6.1. Thus the manipulations performed
on A(z, k; p) in the proof of Theorem 4.4 may be directly carried out on £(z, k; p).
The only change is that the function F(z, k) introduced in Eq. (4.26) is replaced
by another function, computable via Proposition 6.1, which modifies the con-
stant K,(p). The fact that K,(p)=1 follows from the a priori lower bound on
G,, given in Proposition 3.1. [

6b. A multidimensional local limit theorem

Using the results of the previous subsection (and of previous sections), we will
establish a local limit theorem for the transverse fluctuations of subcritical paths.
Here we will consider a situation in which the system contains a long path
— in particular from 0 to (L,0,...,0) — and obtain detailed information on
the location of the cluster in the intervening planes. Since the cluster will often
have multiple intersections with any given intermediate plane, we will employ
the following device:

Definition 6.1. Let (L,a)eZ? and denote by &L the event that the origin is
connected to P(L) and that the maximum extent of the cluster in P(L) in the
i coordinate direction is a;, i=2, ..., d.
(6.7) &L= {w|IxeP(L) such that xe C(0); and

max {y;|yeP(LYnC(0)} =a;,i=2, ..., d}.

Note that, for d>2, @} does not necessarily imply that wegg ;. a)-
Our local limit result is as follows:
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Theorem 6.3. Suppose p<p,. Let ¢€(0,1), veR*"! and L=Z, and denote by
Q€Z the smallest integer larger than 4L, and by veZ’™" the vector whose i™

component is the smallest integer larger than [/Zvi. Let the events g¢ (. 0y and
DL, be defined as in Eqs. (3.1) and (6.7), and from these events define

py(w)=p, (05 P)=L" V2P (D2 g0, 1, 0)-
Then, as L — oo, for every 6 >0,

1
P = (=g mapy™ 2 ¢

—o/[q(1 —q)a(p)](l + O(L_(l —5)),

where o(p)>0 is defined in Eq. (4.23), and is the same constant appearing in Theo-
rems 4.4 and 6.2.

Proof. Let Q and v be as defined in the statement of the proposition, and
suppose we P2 g4 1. ). We will distinguish two cases:

1) 1CO)NPQ)=1
2 1CONP(Q)>1.

Before doing detailed estimates on these two cases, let us dispense with
an unlikely set of possibilities. Given that we®¢ M 4 (1, ), it is of course possible
that we®2n £, 1.0, Or at least that o contains a (translate of a) realization
of £y . OF 2o ;L for some beZ?~' and some A>0. However, the fact
that £, <& (Theorem 5.4) implies that these configurations are (relatively) expon-
entially unlikely.? Thus in our subsequent estimates, we can neglect terms con-
taining k-functions or d-functions of order O(L) (i.e. configurations in which
there are O(L) consecutive planes P(j) with |C(0)~P(j)|>1) at a cost of no
more than e ¢¢~ 2% for any £€(0, 1).

Let us first consider case (1): i.e., the case in which C(0) has only a single
point of intersection with P(Q). Then, by definition, (Q, v)e C(0). Assuming they
exist, let N>0 be the leftmost plane and M <Q be the rightmost plane in
S(Q\P(Q) in which C(0) contains a unique point. Denote these points by (N, a)
and (M, b), respectively. To the right of P(Q), we denote the similarly distin-
guished points by (R, ¢), R>Q, and (P, d), P < L. Of course, some of these points
will not exist if w contains a realization of #, v O & (g v 0); however,
as discussed above, the probability of either event is easily bounded. Now, if
e.g. (M, b) does exist, then it is easy to see that in S(Q), w contains realizations
of ca. by, (0,v)> %, ay, .1y A0A & (v, 2y Which are disjoint except for the bounding
planes P(N) and P(M). Thus, except for configurations containing (v Or
0,v),w,0)> the probability of case (1) is given by

(6.8)
5
/7 () Z o, .2 B, ), 008,8) €011, v) €091, (R ) PR, 0,02, 0) e, a).(L.0)

O<NEM<Q<R=ZP<L
a,b,c,deZd -1

where f(p) is the “patching factor” defined in the statement of Proposition
4.1.

2 Indeed, the result &, < ¢ implies that the only configurations of significance are those with
O(L) planes in which C(0) has a unique point of intersection
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Let us now consider case (2): i.e. when C{0) has multiple intersections with
P(Q). To handle these situations, let us define, for O<N <L,

(6.9) Cg,l(li,a) = P(Co,(z,,a) N dy),
and, in general,
(6.10) Cﬁ",‘é),(L,a) =P(co,1,a)M T(P’c)(qﬂlj—_f))

where T7)(—) denotes the translation operator. As in case (1), we can define
the points (N, a), (M, b), (R, ¢) and (P, d). Then, provided that &, g+, 0T Z(g,v).(L.0)
do not occur, we see that the probability of case (2) is given by:

4
(611) f (P) z do,(N,s) k(N;a)v(M,b) C(QAIJ‘,’b),(Ryc) h(R,C)y(P»d) d(P,d)s(L,O)‘
O<NEM<Q<RZP<L
a,b,c,deZd 1

Let ¢€(0,%). By the above reasoning, up to terms smaller than the order of
e Mo 0L P(@2 A gy 1.0 I8 given by the sum of (6.8) and (6.11). Furthermore,
we claim that outside of the ranges

() N,(L—R),(R—M)<I:
(i) |al, [d| <2

(iii) [b—vl, |e—v] <3¢,
(iv) [b, |v], le| <2+

the contribution of (6.8) and (6.11) is also of order e ~%/5¢ ™9,
Indeed, suppose that N = I£. Then, either sum may be bounded above by

(6.12) Z do,v.2) Tv.a), L, 0y S (cOnSL.) Z T(N,a).(L,0) e N
N,a N,a
LzN21Ls L2N2Ls
=(const) Y G, ye N
LzNzLs

<(const.) Le Mg~ (1emHeaL?,

By symmetry, we obtain an analogous estimate if L—R=If. When R—M =17,
it is seen that the contribution to the sum in (6.11) may be bounded by

—M,
(6.13) Z To,0,m) TR0 (1.0) Co. by, (R, =€ ° ) T(R, ¢), (L, 0) C(M,b),(R,0)
b,c
M,R: R M>L£ M,R:R—M=z=Le

<(const.) Le™Li¢g~ (115~ 1/8IL

with a similar estimate for (6.8). Thus, to within the stated error, we need only
sum in the range given in (i).

Violation of the conditions in (ii) and (iii) leads to estimates of the same
form. Indeed, it is easy to sce that a “lateral over-extension” of dy ., a)(<'c0 ¥, 2)
when N <If and {a]=2If produces a bound of the form (6.12), as is also the
case, by symmetry, when |d|=2I%. Given that (Q—M) and (P— Q)< I’ (which
we may assume by (1)), a displacement of (b—v| or |c—v| exceeding 3 I would
be similarly costly.
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Finally, observe that if any of the points b, ¢, v exceed I}?*¢ in magnitude,
there must be some point in C(0) with a huge lateral fluctuation — say, for
example, (Q', v)e C(0) with |v'|>L'2"¢ and Q' of order L. The total contribution
of such configurations may be bounded by

(6.14) Y Tougy F@vwoy=(const.) 4TV G, e T E T2 L
Y

v/ |zL/2+s
a+1}2 ,— L — L5
<(const.) [+ D2 LIt g™ Loe

where we have used property (Il iii) of Theorem 6.2 to control the tail of the
sum. Thus we can restrict in the range given in (iv) at the stated cost.

Now let us apply the asymptotic formula for Ay (; ,) (Theorem 4.4 II) under
the restrictions (i}-(iv). Noting that the error terms in this formula are uniform
in the transverse coordinate (Theorem 4.4 (Il ii)), and that, by our restrictions
(ii)iv), we need only consider |a—b|, |c—d|<I"?** the contribution to
P(2 N 20, 1.0y from case (Eq. (6.8)) is equal to

(6.15)
5 +N +(@-M)j¢ +(R— +(L-P
20 Y dowae M comeme @ o rg et R TP dp gm0 e E T
N,M,R,P
a,b,c,d
x ¢~ Li¢ K, (@) ~@-b>a(M—N) K, (p) - (c—®)%/a(P—R)

(e (M— Ny 172 rP—R)@ D7 °
x [1+O (L1~ 49)],

while case (2) (Eq. (6.11)) yields a contribution of

(6.16)
4 +N, +(R-M +(L—P
4P Y dovame ™M Bl ma e C T dp g, 00T ET
N,M.R,P
a,b,e,d
% gL/ K>®) — @ = b)/a(M ~N) K,(p) —(e=dZa(P-R)

(an(M—N)a- o2 * ([@rP—Ry@ D7 ¢
x [1+O(L-(1-49)],

Now by (i), we have restricted the sums to a range in which (M —N)=0[1
+0(L)] and (P—R)=(L—Q)[1+0(L%)], so we may replace the factors of (M
—N) with Q and (P—R) with (L—Q) in the appropriate places in Egs. (6.15)
and (6.16) without altering the stated error. Next, using properties (ii)—(iv), it
is seen that for all a, b, ¢, d under consideration, the factors of (a—b)?> and
(c—d)? are of order v2 +|v| O(I5) £v* + O(I}/**2%); thus if we replace these factors
by v2, our error term becomes O(L™(/2%2%) Collecting all relevant factors, we
have
0 K3
(6.17) P(5 N go,1.0)=(S1 +Sz)1@——wi

e_L/§ 1
X en D (ar(Q/LY1 — QD™ V7 ¢
X [1 + O(L—u/z +2£))]

—v2jaL(1—Q/LNQ/L)
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where
— £5 +N, +(Q—M
(6.18) Si=fp) X do,(v,a) € /éC(M,b),(Q,v)e @i
N,M,R,P
a,b,c,d
+(R—Q)/¢ +(L—P
X Cig,v).(Roc) € ( Q)/Gd(P,d),(L,O)e ( )/
and
_ra +N +(R—M +(L- Py
(6.19) Sy=/"*(p) Z do,v,a)€ /éc(QI\IJYb),(R,c)e( )/éd(P,d),(L,O)e( Ve,
N,M,R,P
a,b,c,d

Now it is clear that the error term will be unaffected if we sum S, and S,
over unbounded ranges of indices ~ indeed, this will only incur another (relative-
ly) exponentially small error. Thus, we may write

(6.20) S =13()(T Dy e Vo2 (Y. Cy e V)2
N N
(6.21) S, =f*P)(EDye ™ R( Y Cyypet @0
N N.M>1

instead of (6.18) and (6.19), where we have used
6.22) Dy= Y do.m

beZd- 1t
and invoked the “sum rule”

(6.23) Y AR = Can R0

veZd-1
and translation invariance to obtain

(6.24) Y C(QJ\JI‘,’b),(R,c) =Cr_u-

b,ccZd—1

Finally, let us replace Q/L by ¢ and v*/L by »? (a negligible error), and compare
Eq. (6.17) to the statement of the theorem. Observe that one factor of L@~ 1/2
is cancelled by the definition of p, (). To obtain a conditional probability, we
must place 7, (o) in the denominator of (6.17). Using the asymptotic formula

K, ( _
(6.25) TO«L,OWW*ﬁl——me Liew

of Theorem 6.2, it is scen that the theorem is proved if we can establish
(K%/Kz)(Sr“Sz):l« .
To this end, we start by recalling (Lemma 4.3(i)) that f(p)Y Cye™V¢=1.
N

Now, according to the proof of Theorem 4.4 (I) (see, e.g., Eq. (4.17)), we may
write

(6.26) Hz)=[1-C()] ' =F@)[1—ze Y] !
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where K, is computed via
(6.27) JF0) K, =F(e").

Writing F(z)=[1—ze™ Y¢]J[1=&(z)] 7!, we may expand €(z) about z=e'/* with
the result

(6.28) fO) K, =e V[ (917,
where @ is the derivative of €. Now
(6.29) i@ (V) =Y LCy e e,
. L
so that
1
630 L(E e+L/€=——‘~—.
(630 LLC e =00 R,
However,
6.3)f(®) Y Cyime T ™Me=f(p)> (L-1)Ce™ =) LC " —1;
N,M>1 L L

whence

F2(p)QY Dy e ey
(6.32) (S(+8;)=—

K,

Finally, let us examine K,. By definition, were we to write

(6.332) G(z2)=G@)[1—ze 1571,
then
(6.33b) f() K, =G(e'").

Using the expression (6.6) at k=0 to compute G (z), it is seen that

634  G2)=[1—ze ][I +K(2)]+D2(2)[1—ze  V[1 - C(2)] *

so that

(6.35) K,=ID?(z) K,

or

(6.36) K,=f*(p)( Dy e M.
N

Combining (6.36) with the expression (6.32) for (S, +S,), the desired result is
achieved. Note that we obtain the error estimate from (6.17) and the stipulation
te(0,4). O
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6¢. The absence of a roughening transition in two dimensions

The roughening problem in the context of percolation was introduced in
[ACCFR]. Here we present a complete (but not altogether surprising) solution
of the two-dimensional problem.

The set up is as follows: We start with a box of scale L

(6.37a) Ap={xeZ%|x|<L},
with upper boundary

(6.37b) 04 ={xeA|ix|=L, x,>0}
and lower boundary

(6.37¢) 047 ={xed,||x|=L, x;<0}.

Notive that d4; wd4; does not include the points where x; =0. We will be
concerned with the behavior of configurations inside A;. In particular, let us
define the event

(6.38) # .= {w|there is no path of occupied bonds between d4; and 94 }.

The event .#; has the (dual) interpretation of the presence of an interface separat-
ing 04} from 847 . The idea is to study the density p> p, Bernoulli measures
conditioned on the event .#;. In the limit L — oo, there are two essentially differ-
ent possible outcomes:

(1) The interface remains localized.
(2) The interface fluctuates outside of any finite region.

Obviously (1) and (2) must be quantified. However, given any acceptable defini-
tion, a transition from behavior (1) to behavior (2) which occurs at a value
of p distinct from p, isa called a roughening tramsition. It is believed but it
is not proven that a roughening transition occurs in three or more dimensions.
There are two reasonable criteria to distinguish cases (1) and (2). First, we
can extract some limiting measure and determine whether or not it is Bernoulli.
Second, we can examine the so-called roughening order parameter [ACCFR]:
Let heZ? be the point (0, ..., &) which is k units above the midplane.
We define

(6.39a) T, (W) ={o|Ch)nod] +0)
and
(6.39b) T (h)={w|Ch)ndAL +0}.

Clearly, when we.#, it cannot be the case that both T;" (k) and T, (k) happen.
We denote the difference between the conditional probabilities by 0, (h):

(6.40a) 0.(h)=P(T. (h).J ) —P(T (W)|.71).
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Presumably, for finite L and h>0, 6,(h) is positive. One is interested in the
limit

(6.40b) 6= lim 6,,(h)

should such a limit exist. If 8(h) is zero for every h, we are in the rough phase;
otherwise, the interface is said to be rigid. Of secondary importance, one could
consider the hToo limit of A(h). It is natural to assume that if the interface
is rigid, 8(h) will tend to the percolation density.

We will examine the question of roughening in two dimensions from both
perspectives. In particular, we will show:

Theorem 6.4a. For the two-dimensional bond percolation problem, whenever p>p,,
the vague L—co limits of the A, density-p Bernoulli measures conditioned on
the event F; are the ordinary density-p Bernoulli measures.

and
Theorem 6.4b. Under the conditions of Theorem 6.4a 6(h)=0 for all h.

The study of these interfacial problems is, for the most part, the analysis of
the dual model. For the bond percolation model on Z? (or indeed for any
two-dimensional percolation model), this amounts to the study of a two-dimen-
sional subcritical system which contains a long path — a familiar topic in this
paper.

Indeed, when a bond of Z? is vacant, it is customary to represent this by
the event that the corresponding bond of (Z+1)? is occupied. On the square
lattice, the event that the sites dual to x and y, x* and y*, are connected by
a path of dual bonds will be denoted by g% ... When boundary conditions
are modified, we will denote the corresponding events by 4% .., etc. Also, we
will use C*(x*) to denote the dual connected cluster of the point x*.

Observe that ¥ ,.(p)=P(g% ,.) is precisely the ordinary connectivity, , ,,
at density (1 —p). This exact (self) duality, although somewhat helpful, is not
essential to our arguments. It is worth noting that in d=2, p>p, implies that
the dual correlations decay exponentially [K]. Here we will use the symbol
E=¢((1—p) to denote the rate of decay of the dual connectivities when the
(direct) bond density is p. In addition, we will use various other symbols whose
arguments, strictly speaking, should be (1 —p).

Defining

(6.41) A} ={x*e(Z+4%)*|3ye 4, such that [x* —y| =1},

it is seen that the event .# is precisely the event that one of the (dual) connected
clusters of (—(L+1%), +3) or (—(L+1), —1) (restricted to A¥) contains one of
the points (+(L+3%), +4) or (+(L+4), —3). In particular, this is essentially the
event Z_ ;. o).(+1.0)> a2bout which we now have some detailed information.

In order to avoid further typographical and lingnistical complications, we
will “identify” the two nearby points (L +%), %) and similarly identify the
pair (—(L+1%), +3). Thus, for example, we will use C*((L+%), +4)) as notation
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for C*(((L+3), +3) U C*((L+3), —3)), and {114, 1)« as notation for the
union of the events g + 1) + 1) a0d {1+ 1) — 10+
To prove Theorems 6.4a, b we will need the following:

Lemma 6.5. Let B, LeZ", B<L, and consider the density-p Bernoulli
measure on the configurations in A, . Denote by &y the event that the dual cluster
C*(((—(L+3), 1) 4z enters the box AF:

Ep={0|C*(—(L+3), + N 45+0}.
Then ¥ p>p,, 3c(p)< oo such that as L— 0
c(p) B

7

Proof. Assume B<L and suppose weépn.#;. Then there is a dual cluster
spanning A¥, and this cluster intersects 4%. It must be the case that either:

LA CPIBIIES

a) there is a point y¥edA%, such that the events
p y

E £
Fi-L-p.=p.ye 304 gy, £,y

occur disjointly (and within A¥); or
(b) there are points x*e AF\ A%; and y*e 4} such that the events

x bod *
Fi-r-pornxs  Forprpe 04 g

occur disjointly (and, of course, within AF).
Note that the two cases above are not disjoint, but they do exhaust & .7;.
Roughly speaking, the first case accounts for those « in which the full interface
intersects 04%g, while the second accounts for those w in which the interface
only sends out a branch which intersects 04%5, as well as some « in which
the full interface actually intersects 04%5.

Let us estimate the probability of the first case. Using subadditivity, and
the van den Berg-Kesten inequality (2.12), the probability of case (a) is bounded
above by

* *
(6.42) 2 Loty TG LD, £
v*edAip

We will now estimate (6.42) by means of the asymptotic formulas of Theorem 6.2.
Indeed, letting y* =(Y, y), the two correlation functions in (6.42) may be bounded
above by a constant times

1 1
—2LE ,—yjaL—Y) ,—y*a(L+Yy ___ — o~
(6.43) e e e [L—YJ L+ Y]
Since Yand |y|(=0O{B)) are small compared with L, we may replace the denomi-
nators in ((6.43) by (const.) L and discard the Gaussian factors altogether. Then,
using Theorem 6.2 to estimate P(.#;), the conditional probability can be bounded

above by ca/]/i for each value of y. Since there are only of the order of B
terms, case (a) has an upper bound of the stated form.
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Next we consider case (b), in which C*(((L+4%), 1)) only visits A% as a
subsidiary operation. In these instances, the probability can be bounded above
by

% * *
(6.44) Y. L, thae T L), 1) Ty
Xredi\d3p
yicodn

We may of course bound t% ,. above by e” ¥ 7¥"¢. However, here, it is worth
noting that for each y*e A}, |y¥|<2|x¥|, so we may degrade the inequality fur-
ther:

(6.45) Th e Se X2

Clearly, for |x*| large (say bigger than l/Z), this extra decay renders the contribu-
tion of such configurations negligible. For smaller values of |x*|, we may use
the asymptotic formulas of Theorem 6.2 to obtain, for L sufficiently large,

(6.46) -1, £ 4,30 Ta (L4 2, £3) Doy
—x2ja(L+X) e—xz/u(L X)

[L+X]F [L—XT® °

<(const) T2LE g Ixti28

where we have used the notation x* = (X, x). Taking X out of the various denom-
inators on the grounds that we are in the “small x* region,” the resulting expres-
sion may be freely summed over all x* starting at |x*|{=2B. Doing this for
each y* in A}, our upper bound on (6.44) is

—2Lf¢
(6.47) % Be Bl
for some constant ¢,. Dividing (6.47) by the known large-L behavior of P(.4}),
we get a contribution which (for B large) is considerably smaller than that
of case (a). [

As an immediate corollary to the above Lemma, we have:

Proof of Theorem 6.4a. To estblish the vague convergence of P(—|_#,) to Ber-
noulli measure at the appropriate density, it is sufficient to demonstrate that
the probability of any local event (e.g., a cylinder event) converges to its Bernoulli
value. To this end, let ./ be any event which is determined by the configurations
in Ag. Obviously,

(6.48) P(L|[Es]° NI )=P(H)
where [ —]° denotes complementation. But then

(6.49) |P(#|.5)— P(4)| =\(P(A|[E5)° 0.51)— P(s0) P&, 50 + P( |[E5] A .F)
—P(&f))P([(fB]m)l:l(Pwt[&]me)—Pw))P([&JlfL)|§P([£BJ|fL)
<—-0
=i

and the desired result is established. [
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Proof of Theorem 6.4b. For xeZ?, |x|<L, denote by T,"(x) and T, (x) the
events described in (6.39a) and (6.39b) with h replaced by x. We will show
that ¥x,

(6.50) Jlim P(T." (]S 1) = lim P(T,” (¥)|#1)= 1 Fo (),

from which one obtains #=0.

Let xeZ?, |x|<L. For L very large, P(T;"(x)u T (x)) is essentially equal
to P, (p). We denote the difference, P(T;" (x)u T (x))— P, (p), by &.(p; x) and
note that for p>p., ¢, is exponentially small in L. By the Harris-FKG inequality
(2.10),

(6.51) P(T x)0 T (x)|F L) S Py (p) + (P X)-

However, with the conditioning, the two events are disjoint, and thus, in the
L7co limit, they cannot both have probability exceeding (3) P, (p). Therefore,
to prove (6.50), it is sufficient to establish that for our (arbitrary) x,

(6.52) Jim P(T;" (%) #1) 2 3 o (p)-

To prove (6.52), let B> |x/| be a fixed but large integer, and assume that already
L> B. We first assert that in .#;, the event

(6.53) I.={w|C*(~L~-1%, +1))is contained in the region |x,| < [*/?}
almost always occurs. Indeed, by bound of Theorem 6.2 (11 iii), we have
(6.54) P(I¥|.F,)Se 0,

Next, note that given an wef ;N [§]", there are (topologically speaking) only
two possibilities either the connected component of occupied bonds from
(—L —%, +1) to (L+1%, +1) lies above or it lies below 4. We will denote
these two possibilities be [&p]°* and [&;]°~, respectively. Observe that
(61t N [&5]°™ +0 (since both events contain conﬁgurations in which the inter-
face surrounds Aj), although, as will emerge later, this intersection is of small
conditional probability. By symmetry,

(6.55) P([85]°" |F)=P([ &1 | 0),

and by Lemma 6.5, these quantities tend to (at least) £ as L—co.

Since neither the event I, nor the event [ £5]° significantly restricts the config-
urations in £, as L— o0, to prove (6.52) it suffices to establish that e.g. in
the configurations which lie in #;, n[&5]°" NI, the point x is connected to
o4; with conditional probability approximately equal to P, (p). Such a proof
would also establish that P([&T Y n 6617 | £ L) is negligible.

To this end, let £% , denote the box which is the translate of AFby (1+A)T
units in the xz-dlrection We take T2=2B and A=3. Although L is laroe we
may take T as large as 2123, Consider the event that the interface visits 2 ZE L

(6.56) 5p = {0|C*(~L—3% £ N EF 0}
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We will demonstrate that for B (and T) large, there is a constant c< oo such
that

(6.57) P(&s. | I 0[5 )ScTe T

=T A
as L.— o0, where a=a(p) is the constant appearing in Theorem 6.2.
Let we S n[E]°". Then there is point y*=(0%, y) with y< —B, and two
disjoint (dual) paths:
#,: from(—L—1%, +3)toy*

% fromy*to(L+4, +£1).

Denote by 2 E% , the set of dual sites a distance no more than (3) T from Z% ,.
In order for the event &5, , to occur, it is clear that either:

ST, A

(a) at least one of the paths Z, or %,, enters the region P 2% ;; or
(b) some point in F% , is connected to 02 Z% , by a path which (necessarily)
takes place in the complement of Z U %,.

These cases are not disjoint, but do exhaust #; n[£]°. As in the proof
of Lemma 6.5, case (a) roughly accounts for those configurations in which the
“full” interface enters 2 5% ;, while case (b) also takes into account those config-
urations in which the interface only sends out a branch which intersects 2 5% ;.

Case (b) has probability smaller than (const.) T*e~T°P(.#,), and hence, in
the large-L limit, has conditional probability generously bounded by the estimate
in (6.57) for T sufficiently large.

Let us now bound the probability of case (a). We assume, for the sake
of argument, that it is % which visits 2 5% ;, and we denote by v¥=(V,v)
a generic point in & NP E% ,. We may, in fact, assume that the path % starts
at y*, then goes to v* and then on to (L+3%, +4%) (otherwise, by relabelling,
we could identify the path which visits 25% ; as #)). For each y* and v*
we may bound the contribution by

(6.58) L=, 2090 Ty o (HL4 1), £4)°

To obtain our estimate, we will sum (6.58) over all y<0 and all V€2 5% ;.
First observe that the contribution from term with |y|> 2T is of the same form
as the contribution in case (b). Indeed, if |y|>2 T, we can use the crude bounds
Thoep+y), enS2e E72DIE £, <e‘[‘”8’”'y”/‘5 and then sum (6.58) freely over
[y]=2T (which, of course, plns * the factor t{{_; _3) +4)y+ near its value when
|y|=2T). This yields a contribution which is exponentially small in T, and
thus clearly smaller than the bound in (6.57).
Evidently, the principal contribution comes from case (a) and |y|<2T. In
this case, we use the bounds

(6.59) oL 14 S

from Theorem 6.2 (IT ii), and

— L_
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fk+2]

= (k1]
[V SN SRR i 0=

Fig. 7. Arrangement of the boxes Z

In (6.60), we have neglected some possible additional aid from power law correc-
tions. Now when V<(1/16)T, we may use the estimate T, .<e” M®7T< and
the conditional result is again exponentially small in T. Finally, assuming that
V=(1/16) T (and assuming that T is large enough to satisfy T2/*<(1/16) T),
we may use property (IIiii) of Theorem 6.2 to bound 7. ... Multiplying the
result by the number of such terms, we obtain the stated estimate (6.57).

We will now use the estimate (6.57) to show that, with probability close
to 1, there is a large region which the interface does not enter. To this end,
consider the sequence of boxes, (Z¥1), which are translated of A,.5 stacked one
on top of the next as shown in Fig. 7. Each such box (or, more precisely, the
* of each such box) satisfies the criterion to be a Z% ;. Thus, using the bound
(6.57), the conditional probability of the interface “entering” ™ — an event
denoted by &zu; — may be bounded above by

(6.61) PGz F LN [E) ) <(const) (2" B)® exp(—a~ ' [2¢B]*3).

N
We may estimate the conditional probability of | ] &z, where N is the smallest
k=1
integer satisfying 2Y B> I?/3 by summing (6.61) over k. The result is exponential-
ly small in a power of B. Beyond Z™, we are in a region of safety: here we
may use the event I to ensure that the interface does not interfere with any
of the larger E*P’s (in A;). Thus, given the event ¥, with probability larger
than

1 c'B

(6.62) 5 (1 T % (B))
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________________________

2k+1B

Fig. 8. The event W,

= [k]

i

with ¢"(B) tending rapidly to zero with B, the interface fails to enter any of
the regions 2, k=0, ..., M, where M is the smallest integer such that 2¥Y B> L
and

(6.63) 0= 4,

Thus we have shown that a component of the distribution of configurations
M

inside the region | ] ™ is the usual Bernoulli measure; furthermore the weight
k=0
of this component is very close to .
Our final job is to show that, given this lack of interference, the point x

M
is connected to 04; (by a path inside | E[k]) with probability close to P, (p).
k=0
In fact, such arguments are by now quite standard (see, e.g., [C; CC3; CC4;
CCD]). First, note that x is connected to 651 by a path of occupied bonds
with probability exceeding P, (p). Next, consider the event W, that (see Fig. 8):

(1) the four B2¥*! x B2¥~1 rectangles inside the boundary of 5™ are crossed
— the long way — by paths of occupied bonds, and

(2) there is a path of occupied bonds crossing (upward) the B2¢*2 x B2**1 rec-
tangle whose bottom half is 5%,

It is not hard to show that

(6.64) P(W,)=1—(const.) 2k B2e "B/,
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Thus, by the Harris-FK G inequality (or subadditivity)

M
(6.65) P( N m)gl—e—0<3>.
k

=0

It is clear that (once B is large enough), if x is connected to 459, and if all
the events W, occur, then x is connected to d4; .

Thus, given [£5]°~, we have demonstrated that P(T;" (h)) can be made arbi-
trarily close to P, (p) by taking B (and hence L) large. It then follows from
Egs. (6.62), (6.65) and (6.49) that Vh, 6(h}=0. [

Appendix

Here we prove Proposition 3.4, restated below for convenience.

Proposition 3.4. Let €, (p) and K (p) be defined as in Eqs. (3.25) and (3.38), and
let E(p) and E.(p) be the decay rates of vy (p) and C.(p) as given by Eq. (1.2)
and Proposition 3.2. Then for every pe(0, p,), either £.(p)=E&,(p)=1£&(p) or 3D(p)
< oo such that uniformly in L,

K. (p)=D(p) C.(p)-

As a first step in establishing Proposition 3.4, we will prove the following weaker
statement (which is given as the corollary to the Proposition 3.4 in Sect. 3):

Proposition A 1. Let &.(p) and £.(p) be defined as in Propositions 3.2 and 3.3.
Then for every pe(0, p.), & (p)=<.(p)-

Proof. Consider the “tunnel” region

(A1) T=Zx[-T,-T+1,..., +T]* 1,
and its intersection with the slab S(L) (cf. Eq. (2.3)):
(A.2) T(L)=S(L)nT.

T, and #7 . in which the
required connections occur via paths of occupied bonds with both endpoints
in T. For x, yeZ*, xeP(0)nT, yeP(L)nT, L= 1, we have
(A.3) Ciy: {olyeCX)|ray> CX)lrey N PO)={x},

C(X)HT(L)HP(L)={y}>|C(X)HT(L)(_\PU)|22V1§j§L_1}
(A4 £ ={olyeCX)r, |ICE)IrnP(HIZ2VI<jSL-1},

Let us define tunnel direct connectivity events, ¢!

and the corresponding connectivity functions are
(A.5) chy(D)=Plegy)
(A.6) ks y(p)=P(£3,).

As usual, we will denote the on-axis connectivity functions between the origin
and (L,0, ..., 0) by ¢ ; and kJ ;.

It is straightforward to show that &X(p) and &7 (p), defined by the limits
of L™*logcf , and L™ * logk{ ., exist (see, e.g, the proof of Proposition 3.3).
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Furthermore, the functions k{ ; are monotone increasing in 7, from which it
easily follows that, as T co0,

(A.7) @1 &0,

where &, (p) is the correlation length of IK; as defined in Proposition 3.3. Unfortu-
nately, the quantities ¢{ ; do not necessarily have this monotone property since
some of the contributing events are negative — specifically, paths which occur
outside the tunnel could connect other points of P(0) or P(L) to C(0)| -

We claim that VT

(A. 8) & =& ()

First, we clearly have £% ;>¢% ;, which implies & (p)2¢X(p). To obtain the
opposite inequality, let A(j) denote the set of all “horizontal” bonds between
the points with x,=j and points with x;=j+1, and let B(j) denote the set
of all “vertical” bonds in the plane P(j). Then by vacating all bonds in (A (0)u
BO)NT and (A(L—1)UB(L)nT, and occupying the all bonds in B(1)nT
and B(L —1)nT, in addition to occupying the two (possibly just vacated) bonds
between the points x; =0 and x,=(1,0, ...,0), and x, =(L—1,0, ...,0) and x,

=(L,0, ..., 0), we can “transform” an we£] , into an weel ;. Although this
is expensive, the price is uniform in L, i.e.
(A.9) Cg,Li(p(T) kg,L

which &(T)=e~%T*")_ This establishes (A. 8).
Next, consider the event 4 ; 1 defined by

(A10) A r={o|theregion P(j)\T is not connected to the region T
by a path of occupied bonds}.

We claim that whenever p<p,, f(T)=P (%, 1) >0. Indeed, by translation invar-
iance

(A.11) 1= 2 Tey

xeP(0)
¥Yi¥a,..., ya=0

Thus the expected number of connections between P(j)\ T and T is given by
(A.12) Y T SQRT) < 0.

xeP(0)
yeT

By the Bortel-Cantelli lemma, with probability one, only a finite number of
the 4, , events contributing to the sum in (A.12) occur. Using FKG properties
of the Bernoulli measure, it is readily established that, with positive probability,
none of these events occur, i.e. f(T)>0.

Finally, it should be observed that the intersection of 4 ) 1, ), and <f ;.
is contained in the event ¢, ;. Thus

(A.13) Co..Z Py TN 00,1)= Pl o1 wy,t) oL

—_>— f2 (T) Cg,La
where in the last step we have used the Harris-FKG inequality (2.10). Taking
logs, dividing by L and letting L — o0, (A.8), (A.12) and (A.13) imply é,2ETV T,
However £, &, = ;1Tm EF so the correlation lengths agree. [
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We divide the remainder of the proof into two stages, first imposing cylinder
and then strict cylinder conditions on the k-type (free) direct correlation func-
tions. For this, we will have to introduce two other direct correlation functions,
both of which are defined in the cylinder.

Definition A 1. For x, yeZ* xeP(0), yeP(L), L= 1, the non-strict direct connecti-
vity functions are defined by

(Alda)  gi={olyeCX)sw, C®)Ise,nP()Z2VISjSL-1},

(A.14b) C:,ﬂ; p =P(Cx,y >

with the convention ¢ %(p)=0 for L=0; and

(A.15) T ()= ). &)
veP()

The connections contributing to C§* are required to take place in the cylinder,
but not to respect the strict cylinder condition; thus the relationship between
C3* and €, is analogous to that between IH; and H, (cf. Eq. (3.10)). Halfway
between €, and €§*, we have:

Definition A 2. For x, yeZ%, xeP(0), yeP(L), L= 1, the half-strict direct conneti-
vity functions are defined by

(A.16a) o y {wlyeC(x)Hs(m, X)ls@yNPO)= {X}a
IC(X)lls(L)ﬁP(])l§2\7’1§ng——1},
(A.16b) cky(P) =P} ),
again with the convention ¢} . (p)=0 for L=0; and
(A.17) Cip)= ), ckyp)
yeP(L)

Remark. Since
(A.18) K, zCf*2Cf 2C,,

if follows from Proposition Al that sharp decay rates exist for both €§*(p)
and €} (p), and that these decay rates are equal to &.(p).
Finally, we will also need:

Definition A 3. For x, y, zeZ", the three-point connectivity event is
(A.19) Fxv,2=10]Y, 2€C(X)}.

In much of what follows, we will make extensive use of the tree-diagram de-
composition techniques introduced in [AN]. The general strategy will be to
pick an w purported to satisfy certain conditions, and then to demonstrate
that o satisfies various other conditions. This is often exhibited by implementing
“local growing rules,” by which we mean the following: The full configuration,
w, will be regarded as a fixed, deterministic object. Then various subsets of
w, e.g, C(0,w), may be grown in a sequence of time steps: One may start
at t=0 with {0}. By checking, according to some set of local rules, whether
or not some bond on the boundary of the current cluster is actually occupied
or vacant, one obtains the cluster at time t=n+1 from the cluster at time
t=n. The only potential hold-up in such a procedure — which in any case can
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C d
Fig. A 1. Configurations in /€0®,(L,a, corresponding to cases (a), (b), (¢) and (d)

be circumvented — is the possibility that various stages in a proof could (deter-
ministically) take an infinite amount of time. Such situations will have Bernoulli
probability zero (since we are always below threshold), and we will be content
with w.p.1 statements. For more details on these methods, see [AN].

In the following lemma, we impose non-strict cylinder conditions on the
free direct connectivity.

Lemma A 2. Let L> 1. Then ¥ pe(0, p.), 3D, (p), D,(p)< co such that
K, =D, C{*+D, > Ci_ye @M

O0<N<P=<L

Proof. Let we#y 1., We consider two situations which we denote by case
® and case @, respectively. Case @ consists of those configurations in 4, .
for which, in C(0), the <** event happens somewhere:

(A20) £ 0={weho q v 3y€C(0)NP(0), ucP (L) such that wecl*}.

Case @ is the event that no such pair {y, u} exists.

We claim that under the circumstances which define case (@, the following strong-
er statement is true: There are points, reP(0) and seP(L), both in C(0), such that
the event ¥ occurs; and (disjointly from ¢f¥ unless otherwise noted) one of the
following events occurs (see Fig. A.1):
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(a) there are two disjoint paths, one from 0 to r and one from (L, a) to s:
explicitly, wecf¥ogo 021 a5

(b) 0O, (L,a) and s belong to the same connected cluster:
explicitly, we ¥ g6, (1.5

(b) 0, (L,a)and r belong to the same connected cluster:
explicitly, w€cf¥ogo (1 a0

(c) 0 is connected to s, and there is some s'+s,s'eP(L) such that (not necessarily
disjointly from ¢f¥) wec}¥, and (L, a) is disjointly connected to s’ :
explicitly, 3s'eP(L) such that we(cfE N ef¥)ogo so 2w .63

(c) same as (c) but with sides reversed:
explicitly, 3r e P(0) such that we(ef% N *¥ogw, a.r o 0.0

(d) there are two disjoint paths, one from O to s and one from (L,a)tor;
explicitly, @€ c¥¥ o g0 s° 21, a v+

It should be remarked that the above events are not necessarily disjoint; however,
anything except (a) is absurdly improbable ~ these events have been listed, roughly,
in decreasing order of likelihood.

To show that (a){(d) exhaust all possibilities, suppose that ye C(0) is in the plane
P(0), ueC(0) is in the plane P(L), and the configuration  satisfies wec}%. With
suitable interpretations of various sentences, there is no need to assume that y=+0
and u=(L,a); however, in what follows, it pays to think of these points as distinct
— and to refer to Fig. Al. Denote by y;,¥,, ..., the points of P(0) which belong
to C(y)llsqy and by uy,u,, ..., the points of P(L) which belong to C(u)ilg,. It is
worth observing that C(y)llsy= CW)ls,), and that in fact Vi, j

(A.21) C(yi)”S(L)= C(uj)HS(L)
and
(A.22) wesyr, . ;

Now if xeC(0), then either x belongs to C(y)lsq, or there must be a path between
x and one of the y;, u; which takes place in the complement of C(y)lls(,; indeed,
if we grow the connected cluster of any xe C(y)\C(y)|sy,> the only mechanism
that the growing cluster has to reach C(y)|ls, is through one of the points y;, u;

Let us start growing the clusters of 0 and (L, a) — in the complement of C(y)|ls(r-
The most reasonable possibility is that the growing cluster of the origin hits one
of the y;(=r), while the cluster of (L, a) finds one of the u;(=s). This implies possibility
(a). On the other hand, before both of these events occur, it could be the case
that the growing clusters meet. This would (sooner or later) imply possibility (b)
or (b). Finally, and least plausible of all, is the situation in which the two “easy
way” events do not both happen and the growing clusters never meet. This means
that one or both of the growing clusters joins with C(y)lls., via the wrong entrance.
If one of the “easy way” events occurs, we get (c) or (¢'), while if neither occurs,
we get (d).

Using subadditivity and the van den Berg-Kesten inequality (2.12), the total
contribution from these configurations is bounded by

(A.23a) Z To,r TLoa),s Cra

reP(0)
seP (L)
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from situation (a),

(A.23Db) z To,x TL.ayx Txr Cros
reP(0)
seP(L)
xeZd

from situation (b), with something similar from (b’),

(A.23¢) Y TosTwans PlatEnctd)

reP(0)
seP(L),s'eP(L)

from situation (c), with something similar from (c'), and

(A.234d) Z To,s T(L,a)r Cra

reP(0)
seP(L)

from situation (d).

Summing (A.23a) first over a, then s and r, yields a net contribution of (const) C}*.
The later (A.23) equations, under similar summation procedures, all produce
Ci*e %W/ and thus may be dismissed entirely. Equation (A.23¢) must be broken
into |s—s'| <(const) L and |s—s'| > (const) L). We have thus derived

(A24) K<D, C*,
where we have used the notation

(A.25) K= Y 42, .-

aecZd

We now turn to the analysis of case @. Thus take a)e&(,?wa). Pick any y in P(0)
that is in the connected cluster of the origin, and such that C(y)|s, contains an
occupied path-to P(L). Let ueP(L) denote a point in C(y)|[s,. Denote by z,, z,, ...,
those points in P(0) that are attached to the origin but do not belong to C(y)lls,,
and by v,,v,, ..., those points in P(L)n C{O)\C(y)lls,- The hypothesis of case @
demands that C(y)|lsz, does not produce the event ¢} %, evidently,

@) IM, 1=M<L—1, such that C(y)lg,nP(M) contains only a single point. To
compensate for this deficiency, it must also be the case that:

(i) the set of s and/or the set of ¥’s is not empty.
We denote by N; <N, < ... <N, the distances satisfying (i), that is

(A.26) [CYWlsqynP(N)I=1 with 1=N,<L—1,

and by the vectors by, b,, ... b,eZ?" ! the other coordinates of the intersection
of C(y)llsz, with these planes. Observe that in the region S(IV;), C(y)l|s, contains
a realization of the event c§ v, b, While similarly, in the region N,<x,
<L, C(y)llsq, contains a realization of ¢f, ). In general, when k=2, we have
a realization of the event ¢y, b, @, .b,. ) fOT €ach j<k.

3 More precisely, in the region S(N,), we have a realization of the mirror image of the event
c;{;l.,,,l,‘y. Of course, by symmetry, these have the same probability, which is the only issue
of importance here



332 M. Campanino et al

Let R(z) denote the maximum extent, in the x,-direction, of the z-clusters:
(A.27a) R(z)=max {x,|xeC(z)lsz).i=1,2, ...}.

Similarly, define

(A.27b) R(v)=min{x, |xeCWV)lsw),i=12, ...}.

In cases when R(z)<R(v), the various pieces of C(0) are forced to cooperate
in order to produce the event #, ; . In particular, let N be defined by

(A.282) N=max{Ny, N;, Ny, ..., Ney; [N SR(2)}
and
(A.28b) P=min{N0,N1,..., Nk+1IN129{(U)},

where Ny=0 and N, ., =L. It is seen that if N=N,, then P must equal N,
On the other hand, if it happens that R(z)= R(v), we may either deal with
the case separately (which in light of what follows is inadvisable), or pick, by
fiat, any N and P, N < P, satisfying N <*R(z) and P=R(v).

Let us summarize the situation as it now stands:

In the region to the left of P(N),

(1) 3yeP(0) and (N, b)eP(N) such that C(y)||s, contains (N, b)
(2) 3zeP(0)and (N, b")eP(N) such that C(z) | s, contains (N, b')
(3) C(y)“S(L) a C(Z)HS(L) =0.

In the region to the right of P(P), we have the analogs of (1)(3):

(17 JueP(L)and (N,c)eP(N)such that C(u)||s, contains (N, c)

(2) IveP(L)and (N, ¢)eP(N)such that C(v)lls, contains (N, ¢’)
(39 C(“)HS(L) N C(V)HS(L) =0.

In between the planes, we have a realization of the event ¢ ) (p.¢)-

We claim that, in fact, a slightly stronger statement is true:
(4) y and z as described in (1)-(3) can be chosen in such a way that

(A29a) CWsm<=CO)law
and
(A.29b) C@llsm<=COaw:

with an analogous (4') statement.

Equation (A.29a) is obvious: Indeed, no point in P(0), including the origin,
can give rise to an occupied path intersection C(y)lls(,, in the region x; =N
without passing through the point (N, b). Thus C(y)llso < C(O)llge,- Equation
(A.29b) may not necessarily hold for all of the z;. However, were it the case
that for some chosen z, all paths from 0 to C(z)| s, entered the region x; =N
before intersecting C(z)||s.), then along any of these paths there must be another
z,+ 7 satisfying (2)—(4).
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Fig. A2. Pieces of configurations in é’? (&,a) Corresponding to cases a () and b (f)

We claim that (1)-(4) imply only a few essentially equivalent possibilities
(see Fig. A2):

() there is some point x*e H(N), and points y*, z*eS(N) such that the follow-
ing collection of mutually disjoint paths occur in H(N):
(a) Otox*, (b) x*toy*, (c) x*toz*  (d) (N,b)toz*

(€) z"toz, (f) y*toy, (g (N,b)toy*;

(B) there are points §, z¥eS(N) such that the following collection of mutually
disjoint paths occur in H(N):
(a} Oto§, (b) ¥toz*, (c) Yto(N,b),

(d) z¥toz, (e) (N,b)toz*;

(#”) the same as (f') but with the letters y and z exchanged and the letters
b and b’ exchanged.

To see this, let #,; be an occupied self-avoiding path from y to (N, b) in S(N)
and %, a similar type of path from z to (N, b'). Obviously, we have #,;n Z,,=0.

Now, start to grow C(0) via local rules. Eventually, the growing cluster
must meet #; or HA,;. Let us say, for the sake of argument, that it meets
A, first, which could of course happen “immediately,” e.g., if y=0. (If the grow-
ing cluster hits #,, before 2, ,, in what follows we will have to make the exchange
y <z, which may lead to the f” case.) We denote this first point of contact
by y*. Continue now to locally grow C(0) in the complement of the bonds
of #,,. There are two possibilities:

(©) The growing C(0) finds £,,.
(B) The process runs out of occupied bonds before intersecting #,,.

In the former set of circumstances, denote by z* the first point of intersection
of C(0) with #,,, and the stated result is evident. As for the f incident, when
C(0) ceases to grow, denote the “stopped” cluster by C(0). We must now give
the (untouched sites of) 4, a chance to find %,,. (Since ze C(0)|y(y,, this must
happen eventually.) Thus let us denote by y** any point of #,, whose cluster
— grown in the complement of the bonds of £, ; and, by necessity, in the comple-
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ment of C(0) - reaches %,,. Denote by z* the first point on #,, which is reached
by the cluster of y**. If #,, passes through y* Before y** we may identify
y=y**, while if %4, passes through y** before y*, we may identify §=y*. In
either case, statement (§) (and similarly (8”)) is verified.

Obviously, to the right of P(P), the story is the same. Let us denote the
probabilities of the left and right a-type events by Ay(b, b, y, y*, z, z*, x*,
0) and A}(c, ¢, v, u*, v, v*, w* (L, a)), and similarly for the p-type events. We
must consider all nine pairs of left and right possibilities, but each of these
terms has a bound of the same order of magnitude. We will illustrate with
only one example. Let us consider, then,

(A3O) Z AN (ba bl: y= y*a Z, Z*: X*s 0) c?_‘N,b),(P,c) A; (C, cla u, “*9 v, V*a w*a (L; a))

We start by bounding the A correlations via the van den Berg-Kesten inequality.
For example,

(A.31) Ay, by, ¥y*5, 2, 2%, X*, 0) S To yo Txcs yn T, T (v, b7)

X Tge,z Tyr,y TN, b), y%>

and similarly for 4}. As it turns out, in order to petform the summation, the
procedure must begin at (L, a), since otherwise there are not enough free indices
available. Thus, at fixed N and P, let us consider the partial sum

(A32) Z IW*,(L, a) Tw*,u* ’Cw*,v*rv*,(P,c’) 1:v’l‘,v Tu*,u T(P,c),u* csz,b),(P,cb
W WzP
wt, v L2U, V2P
a,c, ¢’ eZd-1
v,ueP({L)

where W, U, and V are the x,-coordinates of w*, u* and v¥*. Summing (A.32)
over a and ¢/, then v and u, gives the upper bound

(A.33) 2 Gipw | Gy p G-y Gy Tor,ux Tweowe Tip,ehur SN, b1 (P
wx uk v*
WP
LzU.VzP

Next, we sum over the transverse coordinates of v*, then w*, then w*, which
gives us

(A.34) Z GLow Gy_p G v Gy Gyw-y GIW—VI Gy_p im0
LzUVZP
wzp

Observe now that if we sum over the indices W, Y, U, and V, we get an upper
bound of a constant times e~ 2%~ #/¢ without having touched our ¢y p) p,¢) term.
Finally, we may freely sum over ¢ to get the desired Cf_ term, which frees
up the index b for future ease of summation. Performing the entire procedure
again on the other side of P(N), we get a total upper bound of

{(A.35) (const) ¥ = Cp_ye 2E-@-MNe

OSN<PSL
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for the o —o term. A similar analysis on the § and mixed terms yields a bound
of the same order of magnitude as (A.35). This provides a bound on the K2
term, which, together with (A.24), is the desired result. [

Corollary. Let pe(0, p.). Then either &.(p)=%E&(p) or 3D;(p) < o such that uniformly
inL,

Ky (p)=D;(p) CE* (p).

Proof. First, let us define # via

1 2
A.36 = 6.
(A.36) 5= o

It should be observed that for any integers Q, M, 0<Q <M, and for any s, teZ%" 1,
we have the obvious bound

(A37) cd 92 ad) ¢t .0 oo 0.8

with a(p)>0 a harmless patching factor. However, since the (mirror images of the)
events ¢f (o 1) are disjoint, the stronger statement

(A.38) Shwwzalp) X oy chio.ons

teZd-1
is also true. Summing (A.38) over s, one obtains the bound
" (A39) Cif zalp) C5 €3 .

Using the assumption that 2/¢>1/€,=2/¢— 6y, it is clear that, uniformly in 5, we
can find an Q(p)>0 such that

(A.40) Ci*= Qe 35058,
Whence, after a little €* algebra, the statement of Lemma A.2 becomes

(A.41) ]I(Lg(ljf*[Dl+D2_§21_ ¥ e—4n(L—(P—N))]_

Go<N<pP=L

The sum in (A.41) is bounded above by a finite constant uniformly in L. [

Finally, we relate the direct connectivities with strict and non-strict cylinder boundary
conditions:

Proof of Proposition 3.4. For xeP(0), define
(A.42a) Og,TL,a);x = {wec?)‘,?L,a) IxeC(0) ”S(L)}
and

(A42 b) C?)‘,?L,a);x = P (c&ﬂ&” a);x)'
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xJ p(La) (L, a)
"
0 O
P (0} Pi{L) P{0) P{N)
a b

Fig. A3. Configurations in ¢§¥ ,), corresponding to cases (a) and (b)

We claim that 3D, (p) < co such that

(A43) Y i sSDse T

acZd-1

where n has been defined in (A.36).
If =0, Eq. (A.43) is obviously true. Otherwise, let us take an wesd¥, ... It
is seen that inside S(L), there must be a point w* and three disjoint occupied paths:

(Ad4a) Ry, fromw* to (L, a),
(A.44D) Sy from 0 to w*,
(Ad4c) Py from xto w*,

Now grow the cluster of #;; in the complement of #,, and #;,. Denote by
C(#,,L(Py v #3)) the fully grown cluster generated by this procedure. It is not
unreasonable to hope that (see Fig. A3):

(a) C(#,,L(#,U A3)) contains a realization of the event £, 1 -

However, should this not come to pass, there is a rightmost plane, P(N), N<L—1,
and a beZ¢" ! such that

(A45) {(N. b)) = CAy LAz 0 H3)) O P(N).

Then, it has to be the case that either

(b) 2, is connected to P(N) in the complement of C(Z,,L(#,;0 Z3y)), or
(b} AR5 is connected to P(N) in the complement of C(2,; (%, #3)).

Case (a) implies Iw*eS(L) such that
(A46a) a)eyo,w*o?x,w*o’éw*,(L,a)a

and the probability of this is bounded above by

(A47a) Y To,we Toeyws Koy, (1)

wreZd
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Case (b) may be described by the fact that Iw*eS(L), wif=W, and N with
W<N<L,b,beZ?, and z*eS(N) such that

(A.46b) WE G0, 2° Far, wr© P, w© P, (Nob) © Pz, (N.b') © CN ), (L) >

similarly for case (b’) with 0 replaced by x. The event described in (A.46b)
has probability bounded above by

¥k
(A.47b) Y To.t Tarwe Txowse Tt (V) Tav (Vo) V) (L, 2
w* ¥ N.b,b’

with a corresponding equation describing situation (b').
Summing (A.47a) over acZ*!, we obtain

(A.48) Z]KL—WZTO,(W,w) Tx, (W, w)>
w w

where we have used the notation w* =(W, w). Now, we use the a priori bound
(2.7) and the obvious bounds |w*|> W and |w* —x|> W to write

(A.49) To, 09wy T (1, wy S € RN FIW =X < p=201/2=2m0W =21
The bound in (A.49) may be further degraded by noting that
(A.50) 2(w* [ +w* —x) Z x| +|w|+ W,

so that (A.48) can be bounded above by

(A.51) e nixl Z ]KL_We—(2/€—4n)We—nlw|e—nW_
W, w

We now use the corolflary to Lemma A.2 to bound K, _ above by a constant
times Cf*y . Next, since the decay rate of C¥ is &, (see Proposition A1 and
the Remark following Definition A?2), it follows from the definition of # (cf.
Eq. (A.36)), that for W large enough, e~ *"% may be bounded above by
(another constant times) Cj,. Then, according to Eq. (A.39), the two C’s may
be combined to obtain a total upper bound of

(A.52) D4'e‘"'x|(]jf*ze‘"’w*l

wH

on case (a). Performing the sum over w* just modifies the constant D,,..
The (b) (and (b")) cases follow from a similar, but somewhat more laborious
analysis. Summing (A.47b) over a, b, and then b, we get

(A53) Z q;N~Z GN—W q:ika TO,z* Tz*,w* Tx,w*a
OXWE=N
0<Z<N
w,z, N

where we have again used w* =(W, w), z* =(Z, z). Next, we note that the uniform
bounds of Proposition 3.1 imply Gy_y Gy_,< B~ 2e  HONADEHW)  Using
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this and the a priori upper bound 74 ,.<e” |7V the argument of the sum in
(A.53) is bounded above by a constant times

(A.54)  @F*y e  HETSIN = SNn o H(OEZ+W) o =21/ g = iwr =2¥l/E o~ W —x|jE

Now, we use the inequalities

1 1
(A552) Z|z*|z(£—.7.:7)|21+2n|z*|
1 " 1 %
(A.55b) E'w —x|z 2—211 |W|+2n{w*—x
(A.55¢) élw*—z*lgSnlw*—z*i,

together with the bound C¥*y e~ **75M¥>(const) C}*, valid for N sufficiently
large, to estimate the quantity in (A.54) by

(A.56) (const) C}* e~ 3N gt 21@FTW) =20z p = 2nlwr=x| g = Snlwr =22
Recalling that W, Z < N, the above is pointwise bounded by

(A.57) (const) C}* e N g~ 27 o= 2ulwr—xl g = Sulwr=zr]
Finally, observing that

(A.58) 2n1z*|+ 20w — x|+ 29 w* —z¥| Zn|x|+nlz*|,

so that

(AS9)  2nlz*[+2n|w* —x|+5q|w* —2*[ 29 |x] + L (n{z*|+n|W¥]),
we are left with

(A.60)
(const)e "X ¥ eI FIwD
waW=EN
2 ZEN
N

= —nlx| qE*
=D, e "ICF

for the b (and (b)) estimates. Together with (A.52), this establishes Eq. (A.43).

It is now straightforward to show that (if #>0) C}* and €} are bounded
by multiples of one another. Indeed, decomposing C}* according to the number
of intersections of C(0)ls., with the plane P(0) (as was done for the H’s in
Egs. (3.13)-(3.14)):

(A61) Cii= Y P({weckl,ol|COlsenPOI=k}),

aeZd-1
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we have the identity

(A.62) Cr =2 CEEA—p“ " Vp(l—p)~ 1.
k

Thus, by the Jensen inequality,

(A.63) Cfey ZCEF(1—pP“ Vp(l—p)= 7,
where
* %
(A.64) K, =Yk Lk
k ‘EL
Now, by (A.43),
(A-63) Ciis Y cllhanSDse ™V Cr
x| Zk1/d—1)
aeZd~1

with Ds(p) < oo. Hence K, (p) < o0, so that by (A.63)
(A.66) Cr=DsCt*

with Dg(p)< oo for p<p,, and we are halfway there.

If the steps of this proof (i.e., Egs. (A.42)(A.66)) are carefully examined,
it is not terribly difficult to see that the derivation proceeds unhindered if, in
each C-term, a = is removed. The result is

(A.67) C,<D,Cs

with D,(p)<oo for p<p.. Combining the corollary to Lemma A.2 with the
bounds (A.66) and (A.67), we have the desired result. []
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