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ABSTRACT: We analyze the large deviation properties for the (multitype) version of percolation on
the complete graph — the simplest substitutive generalization of the Erd6s-Reényi random graph that
was treated in article by Bollobas et al. (Random Structures Algorithms 31 (2007), 3—-122). Here the
vertices of the graph are divided into a fixed finite number of sets (called layers) the probability of
{u, v} being in our edge set depends on the respective layers of # and v. We determine the exponential
rate function for the probability that a giant component occupies a fixed fraction of the graph, while
all other components are small. We also determine the exponential rate function for the probability
that a particular exploration process on the random graph will discover a certain fraction of vertices
in each layer, without encountering a giant component. © 2011 Wiley Periodicals, Inc. Random Struct.
Alg., 40, 460-492, 2012
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1. INTRODUCTION

The principle object of study in this paper is a generalized version of the Erdés-Reényi
random graph. Here, instead of a percolation process occurring homogeneously throughout
the graph, the vertex set is first divided into a finite number of differing types. Then edges are
placed randomly and independently with a probability that depends on the types of vertices it
might connect (and an overall scaling by the inverse of the total number of vertices). Models
of this form were treated in [6] where some preliminary results were derived. Moreover,
this model is a special case of the general systems defined in [3] — specifically Example 4.3
— where more detailed properties were obtained.
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From our perspective (which is slightly different than that of the above mentioned) the
differing types correspond to layers which, by analogy with spin—systems, are physically
displaced copies of some regular infinite lattice. The scaling of the interaction/edge proba-
bilities is the mean—field approximation and, in the context of this approximation, for various
reasons the interaction might be non-homogeneous relative to the layers of the constituents.

The subject of layered mean—field spin—systems is rather ancient (see, e.g., [5]). While it
is unlikely that a complete mathematical treatment of these models has ever been enacted,
it is still regarded as a reliable guide for the behavior of systems in thin geometries (see,
e.g., [7]). For the layered problems, as in the homogenous cases, the mean—field analysis is
greatly facilitated by the construction of a free energy function: In general one may write
down, explicitly or implicitly what amounts to the large deviation rate for the probability
of observing a particular magnetization fraction (or other general order—parameter) in each
layer. This function is then minimized whereupon quantities of interest e.g., the actual
limiting magnetization profile, are obtained. Such an approach was taken in [4] for the
standard Erd6s-Reényi random graph and was, to some extent, a facet in the study of the
random cluster model on the complete graph [2].

While the strategic philosophy that we follow in this work has some of its roots in
[4], the multiple layers represent additional dimensions to the problem. Thus, to find the
paramount large deviation rates, we must optimize over frajectories in a density—parameter
space which, at the discrete level are generated by the systematic removal of clusters. This
leads to a constrained variational problem the (semi-explicit) solution of which provides
the desired rates.

We close this section with the basic notations we will be using and, in the next section,
we will state our main results. Proofs will emerge in Sections 3-5.

1.1. Notation

For the purposes of this paper, we define a layered set to be a set in which each element
v has an associated integer, which we designate by layer(v). We similarly define a layered
graph to be a graph whose vertex set is a layered set. Since we think of layer(v) as having
something to do with the position of v, we will freely use language such as “v is in the i
layer” to mean that layer(v) = i. If S is a layered set, we let S, = {v € § : layer(v) = £} be
the set of elements of S in layer £. If G is a layered graph with vertex set V, we let G, be
the subgraph of G restricted to V.

We will typically use L to indicate the number of layers in a graph and we will use the
hat symbol (") to indicate vectors with L components. If 7} is such a vector, we will let |7j| be
the " norm on 7. If § is a set or a graph, we let |S| be the number of elements or vertices
in S, respectively. We will let (S) be the vector of dimension L whose £™ component is |S,|.
We will also use the componentwise partial ordering on vectors, so (for example) 7 > 0
will mean that 7) € (0, 00)L. If v is a vertex in a graph G, we will let C(v) = Cs(v) be the
component of G containing v.

We now introduce the main model of the paper: Let L € N and 7 € NE be given, and
consider the layered vertex set

YV ={k:1<tl<L1<k<n} (L.1)

AAAAA

let & be the (random) edge set so that each edge {u, v} appears (or not) in & independently,
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and P({u, v} € &) = Prayerwlayer(v)» S0 that the probability that an edge exists between given
vertices in layers i and j is p;. In this paper we will restrict ourselves to the case in which
the number of vertices in each layer scales proportionally to the number of vertices in every
other layer; so let us for the remainder of the paper take n = (| pn], ..., o.n]) for some
0 € (0,00)F and n > 0. Additionally, let us take A = (@;j) to be a symmetric, non-negative,
irreducible L x L matrix, and let p; = a# We will generally consider L and A to be fixed
throughout the paper, and therefore we designate the resulting random graph by ¥4 (n, p)
and the corresponding probability measure by P, ; — although we will allow n and § to be
implicit when it is clear from context. We let E, ; indicate expectation with respect to P, ;.

Throughout this note we shall, emphatically, not adhere to the summation convention
(concerning repeated indices) as this would be a cause for much confusion.

2. MAIN RESULTS

2.1. Background

Here we shall summarize various properties of the model which will be needed later. The
vast majority of these have been proved in [3] and [6], often by comparison to branching
processes. The seminal result, stated below, can now be derived by the alternative method
of minimizing the appropriate free energy/rate function.

Theorem 2.1.  Let O(r,n, 0) be the (random) portion of sites in each layer of 4 (n, p)
which are in components of size greater than r (that is to say 6 = Ok X the fraction of sites
satisfying the above clause).
Then there exists a é‘(ﬁ) so that
lim lim O (en, n, p) = 6*(p) (2.1)
e—>0n—o0

in the sense of convergence in distribution. Furthermore, 6* (p) is the maximum solution to
the system of equations given by

L
ék = ,61( |:1 — eXp (— Z(x,‘ké}>} (22)
i=1

Remark. This is a special case of Theorem 3.1 in [3] where, as explained therein,
“maximal” actually turns out to be a well defined concept as will be described in the next
lemma. The above was also obtained as Eq. (7) — and Theorem 1 — of [6] for the particular
model at hand.

Lemma 2.2. The system of equations given by (2.2) has a maximal solution in Rt for
all p > 0, which is either zero or strictly positive. This maximal solution is an increasing
Sfunction of p. Moreover; if a strictly positive solution to (2.2) exists, it is unique.

The proof of Lemma 2.2 can be found in the proofs Theorems 6.1 and 6.2 of [3] and is
adequately discussed in [6]. It also is discussed in [1] (and references therein) in the context
of Theorem 8.

In the first two citations, the critical condition for the model on ¥ (n, p) is also spelled
out. This, in our language, is described as follows:
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We will say that 5 is a supercritical density if 6*(p) is nonzero, a subcritical density if
there is a neighborhood of p in (0, c0)* on which 0* is zero, and a critical density otherwise.
In order to characterize these three regions of density further, we introduce an attachment-
susceptibility matrix, whose ij entry is the expected number of edges from a vertex in layer
i to vertices in layer j (up to O(1/n) corrections):

Q1101 P2 - QLPL
Q2101 OnP2 -+ 0O2L0L

B; = . . . . . (2.3)
ar1pr Py -+ 0P

‘We then have:

Lemma2.3. Letko(p) be the maximal eigenvalue of Bs. Then p is subcritical if ko (p) < 1,
critical if ko(0) = 1, and supercritical if ky(p) > 1.

We omit a formal proof since results of this form have appeared previously (c.f. the
Remark below).
The behavior above, below and at criticality is described by the following:

Proposition2.4. LetL, A, and p > 0 be given. Suppose that for each n, a vertex is chosen
uniformly — so that P, ;(layer(v) = i) = |p|™' p;. Then if p is subcritical,

}Lrg)En,pA[(C(v))] =(I- Bg)_I%. (2.4)
If p is critical then
lim E,,[IC0)[] = o, @.5)
but
lim P, ;(|CV)| > en) =0 (2.6)
forall € > 0. If p is supercritical then there is some € > 0 such that
ligilgf P,;(IC(v)| > en) > 0. 2.7)

Remark. The critical and supercritical results here and in Lemma 2.3 are part of the
main theorem (Theorem 3.1) in [3] and in various places in [6]. The subcritical result is not
readily found in these references. The proof is not particularly difficult: As in [3] Section 7
(see also [6]) we may compare to a relevant branching process as described in their Sections
5 and 6 and in [1]. In sub—critical instance the desired result is readily obtained [1] since
the process dies out at an exponential rate.

It may be of slight concern (or interest) to see the transpose of B; playing the seminal
rOle in the subcritical — as well as the critical — cases. We demonstrate by direct appeal to
the above mentioned branching process; note that this is peculiar to the uniform selection
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of the vertex. Let X;; denote the matrix element which represents the average number of
vertices of type j attached to the root when it is a single vertex of type i. Then, as one would
expect,

L
Xy =8;+ Y BuXy. (2.8)
k=1
But, defining
0i
Vi' = oA
Yol
we have
p, pi
Vi' l + thk (29)
YT kX_; Vi

By the special attribute of uniform selection — as opposed to some other definition of V;; —
we see
pl lai ~ T
— A or Xy = B, Vij.
141 11 e

Thus, multiplying (2.9) on the right by a vector with unity in each component we obtain

L
V== |p|+ZB,kvk (2.10)

which is equivalent to (2.4). It is noted that if for fixed p # 0 a solution to (2.4) has been
acquired with ¥; > 0 then it can be concluded that the model defined by B is subcritical.
Indeed, since B is irreducible, by the Perron—Frobenius theorem, the maximum eigenvalue
corresponds to a one—dimensional space and therefore cannot be orthogonal to p. It follows
e.g., from the version of the above exhibited in (2.4) that the maximum eigenvalue of B,
(or B)) is strictly less than 1.

Bl/(ij

2.2. Main Theorems

To state the first theorem, we let S be the entropy function given by

L
(i, ) =) _(pelog pi — ik log il — (B — A1) log(Ax — 7)), @.11)
k=1
and let
L L
E() = Z fix log (1 — e Xl Otik’?i) ) (2.12)

k=1

With these, we can calculate the large deviation rate of large components existing in

Y (n, p):
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Theorem 2.5. LetrL, A, and p be given, and for each n let v be a random vertex of 4 (n, p)
chosen by any distribution desired which is independent from &. Also let ¥ C [],[0, p;] be
a set of densities which is open in [],[0, p;]. Then

1 1 A A
lim —log Py <;<C(V)) € «5”> = sup[S(H, p) + (@) — 7TA(p — )] (2.13)

n—oo fes
We are also interested in the rate of ¥ (n, p) not having large components:

Theorem 2.6. Let L, A, and p > 0 be given. We define the continuous function

)

W) = > [,5,» log% — Yo — p7) (1 + ZJ-L:| a,jﬁj>] if p is supercritical
0 otherwise

(2.14)

where for p supercritical, p* is the unique critical density such that (1 — Bg*)(,ﬁ —p*) =0.
Then if S, is the event that all components in 4 (p, n) are of size smaller than r, we have

1 1
lim lim —logP,;(S,) = lir% lim —log P, ;(Scn)
e—=0n—>oon

r—>00n—>00 1

= W(p). (2.15)
Moreover, the convergence is uniform for p bounded above.

As a kind of combination of Theorem 2.5 and Theorem 2.6, we find the exponential rate
of 0 taking a specified value:

Theorem 2.7. Let L, A, and fp > 0 be given, and let - C [[,[0, p;] be a set of densities
open in [0, ;1. Then

o] A A PR A A R A A
lim lim - log P(6(en,n, p) € ) = sup[S(, p) + E@H) + (s — ) — 7" A(p — )]

e—>0n—o00 hes

(2.16)

Finally, we supplement the results in [3] (Theorems 3.1 and 3.6) concerning the
uniqueness of the giant component:

Theorem 2.8. LetL, A, p > 0, and § > 0 be given. Let Q. be the event that 4 (n, p) has
two or more components of size at least en. Then

1 N
limsup — log P, ;(Q. | 0 (en, n, p) € [, 11 <. 2.17)

n—oQ n
Thus the giant component is unique with exponential probability.
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466 CHAYES AND SMITH
3. ALL SITES CONNECTED
The goal of this section is to prove Theorem 2.5 and the following:

Theorem 3.1. Let L and A be given, and let K,, be the event that 4 (n, p) has m or fewer
components. Then for each m > 1 and p > 0,

1
lim —log P, ;(Ky) = E(p), (3.1)
n

n—oo

and the convergence is uniform for p bounded above and bounded away from zero.

Notice that if m is chosen to be 1, Theorem 3.1 gives the exponential rate of ¥ (n, p)
being connected.

In order to prove Theorem 3.1, we will convert the problem into an equivalent problem
for directed ggaphs. To this end, for all vertex sets % and #/, and all directed edge sets &,
let F(%,% , &) be the event that for every vertex in % there is a path of (strictly) positive
length in & to a vertex in #'.

Lemma 3.2. Let vertex sets % and W, and (p, € [0,1]),cquy be given with
Y veauy Dv = L. Let (w,) e be i.i.d. random elements of % U W with

P(w, = u) = p,. (3.2)
Then let & be the random edge set & = {v,w,) :v e} Then

PIF(U.W.E)] =Y p. (3.3)

veW

Proof.  Given our construction of & (in which each vertex has an outgoing edge), we have
that

FU,W,8) =F(U\W,W,E). (3.4)

Indeed, in the left hand event each vertex in % is either directly connected to #, or is indi-
rectly connected to # through % \ #. Thus we may assume without loss of generality that
% and W are disjoint. We will proceed by induction on |%/|; the size of # is unimportant.
(Indeed the system is manifestly equivalent to the one where #" = {w} with p,, given by
the right hand side of Eq. (3.3)). The case with |%/| = 1 is trivial, so we assume that the
lemma holds for |%| < N, and take |%| = N + 1. Letu € %, and note that if », = u then
F(%,% ,&) does not occur. On the other hand — that is, if w, # u — we let

"7 lw, otherwise’ 3.5)

;o {a)u ifw,=u
for each v € % \ {u}, and let & = {(v,w)) : v € % \ {u}}. Then every path in &
which does not start or end with u has a naturally corresponding path in & simply remove
all instances of u from the path. By this correspondence, we see that F(% \ {u}, #',&")
occurs if and only if F(%,# ,&) occurs. We note further that in the case o, € W we
have P(w, € W) =pu+ Y oy Py forve %\ {u}.

Random Structures and Algorithms DOI 10.1002/rsa



LAYERED PERCOLATION PROBLEMS ON COMPLETE GRAPH 467

Thus we have

P W EN =Y pP[F@\ ) W8 |0, =]
yeW
+ > PPIF@ N\ ) V. E) |0, = 1. (3.6)

yeu \{u}

Since (w))vea\(uy are i.1.d. once w, is conditioned upon, our induction assumption gives that

s PutDieypy ifyewW
PIF(U\{u}, " ,&) | w, =y] = ve . . 3.7
Substituting these into (3.6) gives the result for |%| = N + 1, and completes the inductive
step of the proof. .

Lemma 3.3. Let L, A, and p > 0 be given, and let & be the random directed edge
set on vertex set V' so that each directed edge (u,v) appears (or not) in & independently
with P((,v) € &) = Prayer@iayerv)- 1hen, letting P, 5 be the probability measure associated
with & , we have

1 - -
lim — log P, ;[F (¥, {v}, &) = E(p) = lim P, ;[F(¥, ¥, &))" (3.8)

n—o0o N
forallv € V. Moreover, if p is bounded above and bounded away from zero, the convergence

is uniform.

Proof. 'We will prove the lemma by showing

lim P, ;[F(7, (v}, &)1/ = lim P, ,[F(¥, ¥, &)1 (3.9)

Indeed, once this is established, the existence and value of the mutual limit is clear. In
particular, the event on the right hand side is the event that each vertex in ¥ has an outgoing
edge in &; for finite n this may be calculated explicitly:

L Lokn]
P, [F(V, V., &) = ]_[ ( -T1 ( )WJ> . (3.10)

k=1 i=1

and the value of the limit follows.

We turn to the substantive task which is to establish Eq; (3.9). First, note that since
F(V,#,&) is increasing in #/, in the sense that F(¥, % ,&) C F(¥,%,&) whenever
W C % .In particular, we have

P, [F(V, (v}, E) < Bus[F (V. V. )] G.11)

To get a lower bound, we let 7 be a subset of & gotten by dlscardmg all but one outgoing
edge (randomly selected) from each vertex. Then let IP’( ) = ]P’,, HF( Y, é")] and note

that since F (7, {v}, & ) is an increasing event with respect to 5’ we have

PIF(V, {v},ga)] > E”[F(”i/,{v},ﬁ)]. (3.12)
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We also note that under the measure P, the set .# contains exactly one outgoing edge for
each vertex. We let

b; = lim P[(x,y) € 7 for some y € ¥] (3.13)

where x € ¥;. Then, as is readily estimated using the limiting Poisson statistics,

= e‘”‘z‘j[’j]e_ D kA ik Pk
b, >

i = o Sreni (3.14)

Specifically, if the probability of x having an edge in Ztoa givep layer is uniformly bounded
away from zero, the probability of x having such an edge in .% is also uniformly bounded
away from zero.

We will now use induction on L to show that

BIF(¥, (v}, Z)] = ¢/n+ o(1/n), (3.15)

for some constant ¢ > 0 depending on L, A, and p. If L = 1, this is a straightforward
application of Lemma 3.2. We then assume that (3.15) holds for L < M and take L = M + 1.
Assume without loss of generality that v is not in layer M + 1 and apply Lemma 3.2 to
conclude

M
P |:F (7/M+1, U v, ﬁ>i| =1—=bwtnm+n +o(). (3.16)

i=1

Here the fact that A is irreducible (and 0 >0 1rnpl1es that 1 — b1y > 0. Next, if
F(Yy41, Ul A J) occurs, we let F'bea copy of . in which the edges terminating in
Vi1 are remapped to edges terminating in U ¥; 4 1a the proof of Lemma 3.2. The rates
of connections in .%" are given by (b};), where b/ = by + bigus1ybu11y; for i,j < M. Once
again A being irreducible implies (b ;) must be as well. Thus we may use our inductive
assumption to prove that (3.15) holds for all L.

Now using (3.12) and taking limits we have

lim P, ;[F(V, (v}, V" > lim P, ;[F(¥, ¥, &)1V, (3.17)

which proves (3.9); and since nonzero b; are uniformly bounded away from zero for p
bounded above and bounded away from zero, we have uniform convergence. .

We will also use Lemma 3.2 from [4], which we reproduce here (with slightly modified
notation):

Lemma 3.4.  For a collection of vertices W = {1, ...,n} with an associated set of edge
probabilities (D) 1<k<i<n, let G be the inhomogeneous undirected random graph over W .
Similarly, let & denote the inhomogeneous directed graph with the restriction that the two
possible (directed) edges between k and | occur independently, each with probability py.
Letting & be the edge set of 4, we have P(9 is connected) = P(F(W \ {1}, {1}, é3)).
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Proof of Theorem 3.1.  For a vertex set #, let &1 (#') be the complete set of edges on #'.
‘We then note forn > m

K, = U {4 (n, p) UET(H) is connected}, (3.18)
wcr
| W |=m
and thus
P,;(K,) =n°™ sup P,;(%(n,p)UET (W) is connected). (3.19)
ey
|7 |=m

Moreover, since the vertices are a priori interchangeable within a given layer, we need only
consider a finite number of % in the supremum. Thus we will have proved the theorem
once we have shown that i log P, 5(¥4(n, p) U &Y (W) is connected) converges uniformly
to E(p) for p bounded above and bounded away from zero. Thus let us fix .7 C ¥ with
|| = m, and let v € .. Since adding an edge (a,b) to 9 (n, ,o) is equivalent to setting
Paw» = 1,and since F(¥ \ (v}, {v},EUET(S) = F(V'\ 7,7, 5’) where &+ is the full
set of directed edges on . — Lemma 3.4 shows that

P& (n, p)UET(S) is connected) = P, ,[F (V' \ 7,7, g")]. (3.20)
Then we note
F(V,..6) =F(V\ .78 F(I.V.&). (3.21)

and point out that events on the right hand side are independent. Since the rightmost event
occurs with (uniform) probability of order unity and the event on the left hand side is
bounded between F (¥, {v,},&) and F(¥, ¥, &), we can use Lemma 3.3 to conclude

1
lim —log]P’,,p [F(V'\ .7,.7, é")] E(p). (3.22)
Since this holds for all choices of ., and the convergence is uniform, we use (3.20)
and (3.19) to finish the proof. -

Corollary 3.5. Letm > 1 and p© be given. Then,
1 .
- log P, 5(K,,) < E(p) + o(1), (3.23)

where the o(1) term is uniformly bounded for (1/n, .. l/n) b < pO. Furthermore, if
m = 1 then the o(1) term is uniformly bounded for 0 5 o< pO.

Proof.  We first note that the lower bound on p is chosen to guarantee that each layer has at
least one vertex. For m > 1, this guarantees that no vertices are strictly isolated. For m = 1
such a restriction is unnecessary — indeed, the existence of vertices which are isolated would
cause the left hand side of (3.23) to be negative infinity. Thus for the remainder of the proof
we assume that each vertex has at least one potential neighbor.

Following the proof of Theorem 3.1 up to around (3.19), we get

1
- 1og P,;(Ky) =o0(1)+ sup — log P,;(&(n, p) UET (W) is connected), (3.24)

wey N
| W |=m
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where o(1) is independent of p. Then taking . as in the proof of Theorem 3.1, we have
by (3.21)

L Logn)
Pn,,s[F«f/\y,%;@)]50<n>'"1"[< -T1(1- )Lp”> : (3.25)

k=1 i=1

where the O(n)™ term comes from P, ;[F (.7, ¥, & )] — here we have used the assumption
that each vertex has at least one potential neighbor — and the remainder of the right hand side
comes from bounding the event F(¥,.”,&) by F(V, 7V, & ) and using (3.10). The result
then follows by applying (3.20) and taking limits. .

Proof of Theorem 2.5.  'We note that for all 7 with 0 < 7 < p we have

L

« L Loin o\ in) (Lojn)=Lijn))
Pn,ﬁ«C(v)):LnnJ)—]‘[(L J> Pui(K0) H( = . 626

Thus for a lower bound we note that for each 7 € .% we have i |nn] € .7 for sufficiently
large n — following from .7 open. Thus for each 7 € . we use (3.26) and Theorem 3.1 to
get

1 1
lim inf -~ log P, ; (Z(C(V» € 5”) > S(H,0) +E@M —1TAP — ). (3.27)

n—00

For an upper bound, note that (C(v)) can take only polynomially many values, and thus

Py ( (Cn) e «5”) =e"" sup P, ;((C(v) = Liin)). (3.28)

ney

Now using (3.26) and Corollary 3.5, we get an upper bound which matches (3.27). This
proves the Theorem. .

4. NON-PERCOLATING SUPERCRITICALITY

4.1. Overview

In order to prove Theorems 2.6 & 2.7, (as well as Theorem 2.1) we will have to consider
certain paths in density parameter space; roughly speaking, these represent progress in the
reduction of the density by the extraction of existing components. In this subsection, we will
first define the relevant sorts of paths and introduce a cost function for motion along these
paths. Our primary result of this section — Theorem 4.2 — relates the large deviation rate of
density reduction to the optimal cost among all paths which connect the densities. We shall
turn to some preliminary definitions that will culminate in a statement of Theorem 4.2 —
after which we can conclude this overview.

Let I' : [0,00) — [0,00)" denote a path in density parameter space. Of exclusive
interest will be ascents, which are Lipschitz continuous paths emanating from the origin
and which are nondecreacing in all components and increasing in at least one component.
For convenience, we shall parameterize the ascents in such a way that |IA“(t)| = ¢ for all
t > 0. Finally, we denote by Z2(n) the set of ascents that pass through the point 7.
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} 4.1)

where, for historical reasons the above is denoted by a reciprocal quantity. If the minimum
is achieved at x = 0 we will, somewhat informally, declare x to be infinite.
Next, we define i by

For 7 a vector with |y| = 1 and ¢ > 0 let us define

L

e e

o X Zj:l Y

1

m = min :x € [0,1]

Vit
Ux@.0+130

Vi, 1) = (4.2)

It is noted that at t = 0, we have x = 1 (and 1/} = (). Thus by continuity, for ¢ small
enough, [ x17' > 0 (with 1& non—trivial). However, under most circumstances, it will be the
case that for ¢ >> 1, the only choice is [x]~! = 0. Here we let 1* denote the supremum of
t’s for which x < oo — where it is noted, by obvious monotonicity considerations, that ¢*
is well defined although possibly infinite. Assuming otherwise (since t* = oo represents
a trivial problem) we have for ¢ > ¢*, the resultant U is independent of t. We claim that
for t < t* the quantities W x7) represent a (density, average cluster size) pairing in the
subcritical regime while for # > ¢* the model with density Y is critical with a corresponding
interpretation. This is the subject of our next Lemma.

Lemma 4.1.  Ifv is a vertex chosen uniformly at random from ¥V then
(7,0 = Tim E, ¢, [ICO)] (4.3)

with both sides infinity if t > t*. Further, whent < t*,

E - .
im ErigallCON w
=% Ey o [ICO)I]

Finally, for t > 1, the model defined by B is critical and 7 is precisely the maximum
eigenvector of B§ (with eigenvalue unity).

Proof. Let us first consider the t < ¢* — subcritical — cases. The goal is to show that with
0 = ¢ and v = xy, equation (2.10) is satisfied. For ease of exposition, let us temporarily
denote W; := ) ;7. Then

1y .
BT o i
Lxvl, Z Viix i = T

On the other hand, xy — |1}|"1/Af is given, componentwise, by

xvilx1" +1tw) — v,

— 1 A. —
S 7" + o

which is manifestly the same. Thus, as far as subcritical cases are concerned, via
Proposition 2.4, all claims have been vindicated.
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For t > t* the above is formally true with y = oo. Notwithstanding, let us first pause
to note that if there is any w; = 0, with p; # 0 we can never get to criticality while if both
y; and w; are zero, the correct interpretation of the ratio (from the subcritical limit) is zero.
Proceeding, we have

L A~
[Bgﬂi = Zlﬁiazjfj = % W =Y
j=1 ! .

In light of the above, we may associate with (almost) every point on an ascending path
the critical or subcritical dgnsity YT (@)/|IT ()], T (2)]); although due to our normalization
this simplifies, a.e., to ¥ (I''(¢), t). We next set

L
EG.7) =Y Pilogh — PTAR. (4.5)

i=1

and on the basis of £ and ¥ we define a free-energy like object for ascents:

b
HEab) = [ (0. F0) - 605 0.00) ar. (4.6)
Most often, we will be interested in maximizing H over paths with fixed end-
points r (a), f‘(b), which will be clear from context and suppressed from our notation.

Finally, let CV,C®, ... be the components of ¥(n, ) randomly ordered according
to size bias: Le. CV is sampled by choosing a vertex uniformly and removing its entire
component and, in general, C® is sampled by removing the component of a vertex chosen
uniformly from the remaining graph after CV,..., C%*=D has been removed. Then for
0<7<p,let

k
Y (6, 7,r.n) = Py (ak : Y (CP) = Lpn] — Lin),1C?7) < r¥i < k) : 4.7)
i=1

Put simply, Y'(9, 7], r, n) is the probability that, starting with the system at parameter o if
we pluck out components at random we arrive at the system with parameter 7 (and do so
without ever having selected a component of size larger than r).

We are now in a position to state the following, which is the central object of this section:

Theorem 4.2. Let p and 1) be given with p > 1n > 0. Then

1 1 A
lim lim —log Y (p, 7, r,n) = lim lim —log Y(p,n,en,n) =  sup H(T', |7],|0]).
n n

r—00 n—00 e—>0n—o0 f‘e.?(ﬁ)ﬁfﬁ(ﬁ)

(4.8)

Moreover, the convergence is uniform for p bounded above.

Theorem 4.2 has an interpretation that is not without appeal. Assume that
IT'(a) — ['(b)| <« 1 so that we may envision the integrand for a minimizing path of H(I", a, b)
as essentially linear. The cost in (4.6) is now seen as [f(b) — f(a)] times the probability —
measured on the exponential scale — of observing the system at parameter 1& if the actual
system has parameter I". Then, v/ is chosen so that in a typical selection of its clusters, the
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size ratio is such that, typically, when these clusters are selected, the density decreases in
the (desired) direction of I"(a) — ['(b).

We now proceed with the overview: In the next subsection, we will present a variety of
results which concern the distribution of cluster sizes in these systems and in Subsection
4.3 these will be assembled into a proof of Theorem 4.2. In Subsection 4.4, we will study
the H—functional in its own right. In particular, we will define paths called natural ascents
which characterize the maximizers of the cost—functional. Subsection 4.5, noted for its
brevity, will contain the proofs of Theorems 2.6 & 2.7 as well as Theorem 2.1.

4.2. Cluster Distributions

Lemmad.3. LetA, L, and p© be given, and for each p, let p(k, p,n) = P,;((Cv)) = k),
where v iAs a vertex chosen uniformly at random from 9 (n, p). ThenA there existsac = c(p?)
and a p(k, p) — which may be acquired as the n — oo limit of p(k, p,n) — such that for all

15 < 16(0),
pk, p,n) ( )
ex c < = <ex 4.9)
p( Z g Ap,>n> plpy T 6In

where the lower bound holds only forl% < pn. In this bound, IAch / 0i is considered to be zero
ifbothjc,- and p; are zero, and p(lz, 0, n)/p(/%, 0) is considered to be one if both p(l%, 0,1n)
and p(k, p) are zero. Furthermore, for all p,n > 0,

p(A’ p) _ ﬂ 1_[ (&ezjlaij(ﬁjﬁj)> . (410)
ple, i) 1ol \ i

Proof. Recall that ¥ is the vertex set of 4(n, p) and let # C ¥ with (#') = k so that

. L A\ Ki(Ljn1—ky) .
spm=T](1-50)"" 7 = e imotm (@.11)

= n
ij=1

is the probability that 7 is disconnected from ¥ \ # in 4 (n, p). Note that the error here is
uniformly bounded for 6 bounded above. Let (s; € N);<;<j<; be given and let T be a tree
on % which has s; edges between #; and % for each i and j. Then if v is a vertex uniformly
chosen from ¥, we have

P(T spans C(v)) = i ——g.pm ] (“’f) (4.12)
Zz l|- pin J 1<i<j<L

where by ‘spans’ we means that 7" and C(v) have the same vertex set, and the edge set of
T is contained in that of C(v). Additionally, we have }°,_,_,_, s;j = k| — 1, s0

L /Ac,‘ s N Kki—si
P(C(v) = T|TspansC(v)) = []‘[ (1 - %)(2) } [ I1 (1 - %)k’k’ "’] (4.13)

i= 1<i<j<L

= explO(IkI*/m)] (4.14)
whenever P(T spans C(v)) > 0. We note that this error term is independent of p.
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Now let N (k, (s;)) be the number of trees on k layered vertices that have s5; edges between
layers i and j for each i and j. We define

k 5
£y = =1 > NGy J] o (4.15)

k;! . e
1_[ =0 iy sy= k-1 I<i<j<L

Thus we have

. . ) L k, Sy
p(k p.m) = explOGRT /) + 01/ (pn)] (E}[ki!) iy 852210 |p|:)£[<tp "), @0

where the O(1/(|6|n)) is non-negative, and comes from replacing > .| p;n] with |p|n in

the denominator. For an upper bound, we expand the binomials and bound _Lom)!

okl above

by (151,,1)13,- . For alower bound, we bound this same term below by (ﬁin)’;i exp(— O(ki2 /(pin))).

Now defining p(l;, 0) = limn_mp(lz, p,n), we get both (4.9) and (4.10) (as well as the fact
that the limit exists). Note that without knowing N (k, (s;)), we cannot be more specific

about p(k, p) however, for subcritical 5’s the quantity p(k, ) is a full probability mass
function. .

We now define

A7) = { N [0,00): 12(0,...,0) = 0| kuth) = 4 4.17)

MR, r) = € @) | plk) =0 for |k| > r). (4.18)

We will use, repeatedly, the primitive bound
> k) < i
k

for u € A (7).
This brings us to

Lemma 4.4. Given § > 0, there exists a ¢ > 0 so that for all 1V, 7® with 7V < 7§,
8§ <17V < 17?| < 1/6, and |7® — 7| sufficiently small, all n € # (HP — 7V, en) for
some €, and any function 7(k) with ¥ < f(k) < 7@,

(kn(k)n) s o ]
Zu(k)l =t = In(z)—n(”l(6+|n(2)—n“)|+;>. (4.19)

Also, given p@ > pU > 0, there exists a c so that for all 1V, 7® with pV < 7 <
N? < @ and |7§® — 4| sufficiently small, all p € A (7P — 7§V, en) for some €, and
any function fi(k) with #V < H(k) < H®,

Zu(k)l 2 (k"(ﬁ;)" Do i A0+ 1 A0 @20
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Note that the difference in the requirements of the first and second half of the lemma is
that in the first half we require that 7 be bonded away from zero in magnitude, whereas in
the second half we require that 7 be bounded away from zero in all components.

Proof. Using (4.9) and the fact that M(l;) = 0 for |l§| > en — and the “primitive” bound —
we have that

L ~@2) _ A(l)
’7 (k U(k) n) ( ) A(Z) A(l)
— E E A + , (421
T “” HOle” Cady =\ o) L&D

where ¢’ is the ¢ in (4.9). Then using (4.10) we have

A()

Z(ﬁfz) (l))1°g<A<2)> <Z (k) log bl 77(<z>)))
i i T hs
- b o e 3 B 430w |
i=1 Jj=1

e |ﬁ<2>| S STAD 5
ST <1>|1og<| sy ) T = ATIAGT =) (4.22)

In the first and third term in the square brackets, we have replaced 7j(k) with 7,
componentwize and pointwise; then this third term evolves into the quadratic form due
w e H#H® —nM) and in the first term, we use the primitive bound. The middle term(s)
can be neglected since each member is non—positive.

Combining (4.21) and (4.22) and using the fact that |V | is bounded below gives the
stated result. .

Lemmad4.5. Let p,y be given with p,y > 0 componentwise and |y| = 1. Then we have

s pl )Y@
sup Sy tog EED L _ o5 5 e 35,100, (4.23)
2 (k)
Proof.  To reduce clutter, let us write @ in place of 1/7()?, |6]). Then using (4.10) to rewrite
p(k, p) in terms of p(k, ¥), we have

Z p,(]%) log p(k,o)—w Z (k) log ‘\Iﬁ\lp(k 1,0) Zz H(z)

p(k)
R I .
+Y n) k (1og J — > eypy - wp)
; = S

(4.24)

Due to the requirement that ku(k) = 9 foreach u € .4 (7), the second sum on the right
hand side evaluates to £(y, p) — &(y, ¥). Thus it remains to be proved that
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R [ k ¢
sup > (k) log ELAAPYTIC) -0, (4.25)
ned @) 7 (k)

which we shall do in two parts. We start by showing that the supremum is at least zero.

We recall that I/A/ is either subcritical or critical. In the former case let x (1@) denote, as in
(4.1) the limiting average size of the appropriate connected cluster (see, also, Lemma 4.1)
and let us take pL(k) = [x]~ p(k w) Then, since we are subcritical, ) ; pL(Z) [x]!
whlle (4.4) — and the fact that w(0,...,0) = 0—shows that indeed u € .# (7). Then using
|w| | o], we have, for all k

Wp(k, ) > (D)
log
(k)

0. (4.26)

The critical cases are handled with a similar subcritical strategy. Let xl?()?,t) be as in
(4.2) and suppose t < t*. We are therefore assuming |p| > 1* so ¥ = ¥ (y,t*). We utilize,
fort <t

k) = —p(k, t
(k) = (t)p( V(P.1).
Then, again by (4.4), etc., u, is in .Z (). The quantity of interest in (4.25) becomes
S il 9] pk, )
Mt ~
- 1ol

(/;) log —————
pk, ¥ (y,0)

and we will let ¢ 1 ¢*. The first term is manifestly of order [x]~! and vanishes in this limit.
As for the second, we will use (4.10) inside the log. We obtain

L L
+ ) m) Y kY a0 =l @27)
P i=1  j=1

Ilﬂ,(V Dl
9]

+Zk

i=1

o) 1 @0l
(1 <L
Z“ AT A0 H Y

Again, the first term vanishes with [x]~'. As for the last two terms, since [/;(7,1) — ;]

will vanish as ¢ 1 #* and, meanwhile, u,(lAc)lAcl» sums to something finite which is independent
of ¢ (namely y;) these terms go to zero as well.

To show that the supremum is at most zero, we drop the % < 1 term and the rest

follows from elementary convexity considerations. Indeed, let q(lAc) x y,(lAc) be a probability
measure on N* we have (regardless of whether u € .Z (7))

(k) log

. k k.
plk, ) o ol log ple ) _ o w>[ atby_| p }/’)]
q(k) q(k) plk,¥) q(k)

Letting G(x) := —x logx — which is concave — then by Jensen’s inequality,
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o q(k) A
E pk,y)G| ——— | <G E qgk)y | =G(1) =0
Z (p(kn/f)> .

and we have finished the proof of the lemma. .

For tAhe proof of Theorem 4.2, we will need to introduce a discrete version of .Z (y,r).
Let M (b, r) be the set of sequences indexed by elements of N \ {0} given by

M(l;,r) = {m: NL\{O} — N: Zl%mk =l3;m,; = 0 for |l€| >ry. (4.28)

k

‘We are then in need of a bound on the size of M:

~ L+l ~
Lemma 4.6. |[M(b,r)| = exp (0 (nL+2 (log n)2>), where n = |b|, uniformly in r. In
particular, % log |M(l;, r)| =o(1).

Proof.  'We will prove this by instead bounding the size of the larger set

Q(m) = {m; : N*\ {0} > N: Y " Jklmy <n ¢, (4.29)

k

which does not depend on r at all. Let J; = {k e NE: 2 < |k| <21}, and let w(a, b) =

ke N* : |k| = a}| = (“+"7"). We then note that for each (m;) € Q(n), we must have

Z,;ejj m; < n27 for all j. Thus we have

o] LnZ’jJ
loml < > w1 (4.30)
j=0 a=0
[logy n)
< [T mwn271. 120 “.31)
j=0

We claim that

w(a,b) < (1 + ;—j)h (1 n g)

This is verified as follows: First, to simplifies matters a bit, note that by monotonicity in b,
we may replace (b — 1)’s by b’s in the expression for w(a, b). If a = N and b = 1, the claim
is obviously true. Now we can increment b and the full claim follows an inductive argument
which uses the monotonicity of (1 + ;4 )b (1 + 2£2)* as a function of ¥ for ¥ > 0.

b+
Next we claim that, e.g., if a > b that

a\b b\* a\’
) (142) =(45)
( + b < + a> “\b
Indeed, this is manifestly an equality if a = b and logarithmic differentiation of both sides
verifies the result due to the fact that log(1 + b/a) < b/a.
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All this allows us to estimate |J;| < ¢, 2“1 and so

L+1
w([n27 ], [Jj]) < n®" (4.32)

forj=0,...,[log,n]. Combined with (4.31), this gives us the result. .

4.3. The Rate for Y

Proof of Theorem 4.2.  'We will prove this by getting an upper and lower bound, although
we will only show the upper bound explicitly. The proof of the upper bound requires a bit
of boot strapping, and the first half of the process is to show that for any § > 0 there is a
c =c(H?,7") so that

1 A
—log Y((H?, 7", en, n)
n

< Pllo) +elp 1+ (87 /I71.3%) = €GP F@/PLIEZ D). @33)

forall p > 7n® > 4" with |7V, |[§®|~! > § and sufficiently small p = #® — 4, where
the o(1) term is uniformly bounded for 7", #® (which are fixed independent of ) in this
domain and this term tends to zero as n tends to infinity and € tends to zero.

We begin by setting b = [7®n]| — [/Pn], and noting that the event upon which
T is based occurs if and only if there is some (mp) € M (IA), en) so that exactly m; of
ch,c®, ..., CE" have (CV) = k. Thus we have

TE AV enm = Y (ZZ?,)! [[Tp.i® —oapn.mwre], @34
.

my eM(i),en)

where the O(|P|) term is strictly bounded in magnitude by |y|. Now let m; € M (l;, €n) be
chosen to maximize the summand. Since Lemma 4.6 gives us |M (b, en)| < e/”1°™ we have

(32 my)!
[Tm!

log 77, 4", en,n) < [7lo(n) + log [[Trk.i® = 07D.m5 ], @35)

where the o(n) term is uniformly bounded in 7", #®, and € as n — oo. Now dividing by
n and using Stirling’s approximation, we get that there exists a 4 € .4 (}lb, en) with

ple, 7® — 03P m) X5 n(@)
(k)

1 N
~1log T(H®, 7V, en,n) < [Plo(1) + Y (k) log
" R

(4.36)

Note that the dangerous looking [ | m;!in (4.35) does not cause us trouble — because it is in the
denominator — and the o(1) term is still uniformly bounded (e.g., by an inverse power of n).
For the equivalent step in the lower bound, one would use the fact that (m;) € M(b,r)
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to bound the error. We now apply (4.19) from Lemma 4.4 in order to rid ourselves of the
n—argument in the p—term with the result:

1
—log T (7, 7V, en,n)
n

A Y
< 1Plo() +clple + 171+ 1m + 3 u(y tog ZET D2t O ¢y 59,

? no

for some ¢ depending only on §. By scaling u by a factor of n/ |i)| we can apply Lemma 4.5
and use the continuity of & — which covers the O(1/n) gap between y and b /n—to get (4.33).

We next note that if all components (discovered in the Y process) in 4 (n, p) are of size
smaller than en, then for every x € (|7, | p]) there must be at least one k so that

k
(1ol —x)n < ZIC(i)I =< (ol —x)n + en. (4.38)

i=1

Next it is remarked that while the size bias, of course, skews the distribution of cluster
sizes, we recollect that this distribution is based on uniform selection of a vertex and then
“pulling out” that which is attached. As such, the process can be implemented dynamically
by stochastically growing the cluster of the each vertex selected affer the selection has taken
place. Now let us suppose that o is bounded above and that each component is bounded
strictly away from zero. And further, let us suppose that not too much of the overall sample
has been processed. Then, at any point, any particular cluster — with component sizes
independent of n — can be selected with probability uniformly bounded below independent
of n as is seen by the consideration of a sequence of pertinent events leading to that cluster.

Thus we have that for any given collection of integers m, ..., m; € [|finl,|pn|]" there
exist a corresponding ki, . . ., k; so that Y4 1C9| = my for each £ with probability el%".
Hence for all j the independence of edges in ¥ (n, p) lets us write

j—1
Y (p.f,en,n) < &O0ENTOl gy TTY(RD, 59, en,n), (4.39)
p=pV>..2p 0= i=o
169 1=lil+ 1=

where the e?1°¢" term — which comes from the number of choices for each /® —is uniformly
bounded for p bounded above. We note at this point that each Y term has a trivial upper
bound of 1, and so — in preparation for the application of (4.33) — we will discard terms
on the right hand side of (4.39) for which |0®| < §. Furthermore, to simplify notation, let
us consider only p for which |p| > § at the moment. Then, because Y discretizes the 5®
terms, the supremum can be considered to be taken over a finite set, so there is a specific
choice of () which achieves the supremum. Using, temporarily,

A 1 A
fo,n,r,m) 2= —log Y (p, 11, r,n), (4.40)

'The range we are actually interested in is [|[A7]|, || 6n]|], but the “floors” will distract from the presented idea
and are omitted.
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we have for all €,n,j the existence of a partition i = p© < ... < ¥ = p with |?| =
17| V38 + j’-.(|,6| — |71] v 8) such that

j—1

f(B.Aenn) < jo(1) + Y F(pTY, 5, en,n). (4.41)

i=0

Interpolating by straight lines, is is clear that (5@ | i =0,...)) defines an ascent
restricted to the interval [|7] Vv 8, |6|] which we denote by r (remembermg that I depends
on e, n, and j). Let t%) = || v § + j(|p| 7] v 8) We now apply (4.33) to the right hand
side of (4.41) to get

1 & [ (t044Dy — [ (0D P
e < joD) + O/ + (5] — 17l v )~ Z[ ( (t1(|/0|)—|77|$5)) (0”))

0 (+Gi+DY _ T (4G:) Gty _ (o)
Y Gl e N P G Gl R NGO TR ) | PP
JHApl =19l v 8) JHApl =10l v 8)

where both error terms are uniformly bounded for 6 bounded above. It is noted that the
substantive term in (4.42) is perfectly well defined, e.g. l"k (t9+D) — [, (#97) vanishes if
and only if the the k™ component of the corresponding ¥ vanishes — thence no difficulty
with interpretation of logs.

We next claim that, for all intents and purposes, the “substantive” term is just H (T, 17| v
8,151). This is not quite exact since if ¥ (I”,7) is subcritical, at time 7 it will change a
bit over the course of [£0, 19++D]. However, in these circumstance, the change in ¥ is (at
most) proportional to the change in ¢ itself and/or the change in x ! — which in turn is
bounded by the change in r. Moreover, the object of proportion for the k™ component is the
k™ component itself which again alleviates any concerns about the singularities associated
with logarithms. On this basis it is seen that, in the course of each increment, the error
incurred by replacing the appropriate term in (4.42) by the integration of & a1, 0H— & (1, 1})
along the corresponding portion of the path is, in fact, bounded by a uniform constant times
10D — 0D We thus have

[P 7, en,n) < jo(1) + O(1/j) + H(L, 17| v 8, 15]) (4.43)

where the additional small error terms have been incorporated into the O(1/j) term. Obvi-
ously we may replace H (T, [7] v 8,1p]) by the supremum over available [ and, allowing j
to be a considered as a function of € and n, we can replace both error terms with a single
o(1) term which tends to zero uniformly — for p bounded above — as ¢ tends to zero and
n tends to infinity. Furthermore, it is straightforward to see that the maximal difference
between H(L, |A| Vv 8, 14]) and H(T, |4],14]) is uniformly bounded - that is, for all 7, p,
and ascents [ - by an O(§) correction, for small §. Since we may retroactively declare § to
have been picked as small as desired — after which we may take € to be small and » large,
we find

1 A A Al A
—logY(p,n,en,n) <o(l)+ sup  HT,[3l,|0D, (4.44)
n Fe2iHn2(H)

where the o(1) term converges uniformly to zero as € — 0 and n — oo.
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The opposite bound, namely

1 R A
—logY(p,n,r,n) >0(1)+ sup  H(,|5l,100), (4.45)
n Fe2HN2(p)

where the o(1) term tends to zero uniformly as r,n — 00, is derived by the similar methods.
First, an analog opposite bound of the form in (4.33) is derived for small |y | — although due
to the weaker lower bound of Lemma 4.4 the bound only holds uniformly for 7 larger that
8 in all components. Then, at the point of (4.39) we can simply pick any particular ascent
from 7 v (6, ...,8) to o and place the points 4 along this path. The rest of the argument
is identical with the final step being an optimization over ascents, and using brute force to
traverse the distance from 7 Vv (8,...,8) to 7. .

4.4. Natural Assents

Consider an ascent, I'(r) which starts at the origin and goes at least some distance into the
supercritical region. Then (since at least one component increases) there is a unique ¢* such
that for t < %, f(t) is subcritical while for # > ¢*, it is supercritical. To define a natural
ascent, we shall treat separately the subcritical and super critical behaviors. Starting with
the former, it is stipulated that

R 1-BL '«
r/(;)z[ ””] ) (4.46)

l/\
|[I—B§m] ING)

at least for [ # 0. (As is not hard to see, if we actually wish to start the ascent at the origin,
an initial direction must also be specified.) Notice that (4.46) implies (c.f. (4.1) — (4.4)) that
l/f(F’ |F|) = I" (while, of course, the associated average cluster size ratios, is proportional
to ["). In the limit as # 1 r* we find that "’ tends to the limiting size ratio associated with the
critical density. Denoting these objects by ¥ Y and U respectively (so that 9. is the maximum
eigenvector of BT )we define, fort > t* [V = 7. — with ["=0-ie.

L&) =v.+ @ —t)p. (4.47)

Lemmad.7. Let p@ > pD > 0 be given, and suppose there isal’ € 2(pV)N 2 (H?)
which is an ascent such that

H(, 1511521

sup H(®, (51 152)). (4.48)
de2(p(M)n2(p?)

Then there is some ¢ with ", & = 0 such that T' + ¢ is a natural ascent restricted to
A1, 1621

Proof. Let us abbreviate a = |p®| and b = |$@|. It is first noted that for any ascent I’
connecting 5" to 6 the portion of H consisting of [ "&£, T) is a constant ¢ which
depends only on 4" and 4® and hence need not be further discussed. Our first goal is
to establish lower bounds on the speed. Of course it may be the case that p A(z) = ,6,(1) for

one or more values of i in which case, in all available choices of ascents, F, = const. We
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claim that in all other circumstances, the speeds are, componentwise, uniformly bounded
below (recalling once more that our parameterization gives ascents whose total speed is
always one). We adopt the notation I = § and, subtracting and adding > vilogy, itis
seen that the remains of the integrand (after the —; log y; term) are non—singular, with non—
singular derivatives as any particular y; — 0. However the “principal” term is concave with
a singular derivative (x — log ;) which, as we shall see, does not permit any component
of 7; to get too small. Indeed, let y; be non—trivial and suppose there is a set of size Az, on
which 7; does not exceed some & with ¢ < 1. Let us find another portion of the path where
y; exceeds, half the total required rate of ascent:

150 _ 50
R M
2 b—a

Here we may have to assume that At is not too large which, obviously, we may do without
loss of generality. Denoting the two sets by b and s (big and small) we may consider the
canonical map from b to s and by this means, replacing ;|, with (1 — &) 7;|, we can increase
7ils by an amount of order ¢. The gain from this transfer, by consideration of the principal
part along the set s, is of the order |¢ log ¢|. Meanwhile the “losses” from the other parts of
the functional on both s and b are bounded above by a constant times ¢ for all ¢ sufficiently
small. Of course in addition, we must now recalibrate to unit speed but this causes changes
in the above effects which are also only of the order of €. Thus, along a minimizer, for any
i in which ﬁi(z) — ,6;” > (), we may conclude that there is an &y > 0 — which will depend on
6@ and oV — such that y; > g, for a.e. t.

With the above in hand, we may now add a perturbation to the minimizing ascent secure
in the knowledge that, for sufficiently small perturbation, the resultant function is indeed
an ascent. The natural procedure is to derive Euler—Lagrange equations but, unfortunately,
there is no a priori guarantee that all required partial derivatives exist. For this reason we
deviate from the usual methods at the point where an integration by parts would normally
be performed.

Let g : (0,00)F — RE be a Lipschitz continuous function with g(a) = g(b) = 0 and
Z,.Lzl g(t) = 0fort € (a,b). Then for all sufficiently small §, we may write

b
H(I +683,a,b) =c — / £ ((ﬁ +88) (), v (T + 8§)'(t),t)> dr. (4.49)

Now suppose that 7, 7 > 0 are given with || = 1. We recall that x ' (7, 1) and ¥ (7, 7) are
defined in such a way that either |/ (P,7)| =t or X ~'(9, 1) = 0. Using this, (see also (4.60)
we have

L
EQU@0)=—14+x"' @0+ Y Pilog (@, ), (4.50)

i=1

but we here we encounter our first problem with differentiability. Let 7 be given with
Z,-L:1 n; = 0. ThenAwhile %1//()? ~+ 81, 1)|s=0 and %X‘l()? + 81, 1)|s=0 are well defined in
the region where || # ¢ and the region where x ~' > 0, the limiting values may not agree
on the boundary. Nevertheless, a careful calculation shows that the discontinuities in the

derivative arising from the last two terms in (4.50) cancel each other exactly, yielding

0. . A N A
%é(y+5n,lﬁ(7/+5n,l)) =&, ¥ (¥.1). (4.51)

8=0
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For brevity, let us for the remainder of the proof write V(1) for W(F (#),1). Then by
combining (4.49) and (4.51), we see that any ' which maximizes H (F a, b) must have

b ~
[ & (@o.dm)u=o (4.52)

Since this must hold for all Lipschitz g with g(a) = g(b) = 0 and ZiL:| gi(t) = 0, we can
for any pair i,/ take g;(r) = —g;(t) = g(r) with all other components zero and conclude

b L L
f g [(log V() — Za,«uh(») - (log V(1) — Za,k&k(r))] dt=0 (4.53)
a k=1

k=1

for every Lipschitz function g with g(a) = g(b) = 0. Thus the difference in the integrand
must be constant almost everywhere, meaning that there must exist some d and f(¢) such
that

L
log (1) = Y cacthn(t) = di +£ (1) (4.54)

k=1

for almost every ¢, for each i.

Since it will clean up the proof without making a substantial difference, let us suppose
that (4.54) holds for every ¢, instead of merely almost every ¢. We then claim (the proof of
which shall be postponed) that if T(%) is defined for % critical or subcritical with

Ti®) = logk; — ) _ . (4.55)

then 7T is invertible and 7~ is increasing. This property necessarily implies that if ¢, is a
time such that 1/A/(t0) is critical then for all # € [a, b], we have f (t) < f (). Indeed, assuming
the contrary at + = ¢’ then, from (4.54) we would have @(t’) supercritical and yet there
is no mechanism in the construction of y’s for anythlng except critical and subcritical.
Furthermore, if 1/}(t) is subcrltlcal we have ¢ |1/f(t)| < |1/f(t0)| < ty. From this we
conclude that if * = inf{z : 1/f(t) is critical}, then W(t) is critical and constant for t > ¢*.
Furthermore, since |12(t)| =t for ¢t < t*, we must have that f is increasing, and thus w(t)
is increasing in all components. Thus U is Lipschitz continuous.

Since ¥ is Lipschitz continuous, it is almost everywhere differentiable. Then differenti-
ating both sides of (4.54) and multiplying by 1//}1-(1‘), we get

[1-B% , J¥'®) =f 0¥ ). (4.56)

Multiplying both sides by [I — BZ 17! and recalling that %|l/}(t)| = 1fort < r*, we get

0]

(4.57)

for t < ¢*. From (4.4) and (4 46) we see that 1} obeys the differential equation for a natural
ascent which we may call E (but, of course, with the wrong initial condition). Integrating
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gives that, if ¢ < ¢*, then E(t) + & = Y (1) for some ¢. From (4.54) we can see that &'(¢)
is continuous, and since @(t) is constant for ¢ > t*, we have that @’(r) is the maximum
eigenvector of B e fort > t*. Combined with the fact that (4.57) shows that 1/A/ () restricted
tot < t* is indeed a natural ascent, this gives us the desired result. .

Proof that T given by (4.55) is invertible and T Vis increasing.  We first show that T is
invertible. Let & and b be given with a subcritical or critical and T(a) = b. Then for any x,
we can write X; = (1 — §;)a;. Doing this, we find that T(x) = bifand only if

§=1—e Db, (4.58)

Since a is not supercritical Lemma 2.2 tells us that all solutions to (4.58) are bounded by
zero; and thus T(x) =b implies X > a. Slmllarly, if X is a subcritical or critical solution
to T(x) = b we must also have a > x. Thus T is injective from the set of subcritical and
critical densities, and is thus invertible over this domain.

To see that 7! is increasing, let us define, for fixed  the function F by

A s L .3
Fi) = hthm=eid, (4.59)
Now consider the iterative map
-%,'(m+1) _ Fi()’e(m)) = F,'(m) (6)

and note that [T ($)]; = F*(0). (Indeed, 7-'($) must be the minimal fixed point of .
Since F is order preserving and bounded below by zero, this minimal fixed point must be
the one starting from X = 6.) Since l:"(o) is increasing as a function of 3, we see that T-1is
increasing. .

We conclude this section with a proof of existence of natural ascents

Proposition4.8. Let p denote any non—zero density. Then there is a unique natural ascent
passing through p.

Proof.  To prove the above, we will use the H—functional and a certain modification to be
explained below. The usual strategy in situations of this sort would be to maximize H via a
maximizing sequence and compare (favorably) the functional evaluated at some limit of the
sequence with the maximized H. We will do something along these lines after we implement
our modifications. In any case, by Lemma 4.7, if we arrive at an object which maximizes H
it must be a natural ascent; and we will tend to uniqueness in the final portion of the proof.
First some standing notation: For a general ascent I" we will denote the derivative by y and
the inverse of the associated y by X.

Let us start by examining the final piece of H namely ?TA&. At fixed ¢ > 0, reiterating
the arguments of Lemma 4.1 — and already discussed in the context of (4.50) — we have
~ L n t );i ZI-I:I Clij)%' R X
Vi Y ayh = g =i — = (4.60)
=1 X+1) a5 !

Now if 1} is subcritical then when we sum the result we get 1 — X and, similarly, in the
critical cases since here X anyway vanishes. Thus, provided the correct relation between
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X and the norm of ¥ is enforced, the final term in the functional can be replaced by the
integral of 1 — §§ We (re)make one more observation: Consider the first two pieces, the
integral of £(y, T"). It is noted that the contributers to the integrand satisfy

o~ od o A
VilogT = E[Fi logl'; — I'}] (4.61)
and
orap = 14 (CTAD) (4.62)
VAT S ' '

Therefore the integral of these objects depends only on p and not the ascent itself. Thus,
for all intents and purposes, these term may be omitted from our considerations.

Thus (assuming the appropriate relation between i and X) the H—functional is furnished
by

. 1] . L .
I(F,X) = / (£, 1) =) pilog + 1 — Xldr (4.63)
0 i=1

Now for given X : [0, |p]] — [0, 1] (with X(0) = 1) and 1&()7, t; X) ttlat is defined by
the formula in (4.2) without regards to normalization we shall consider I(I", X). Obviously

sup I(I,X) > sup H(). (4.64)

Fe2(p).X Fe2(p)

Eventually, we will establish that these are equal, for now, we consider the auxiliary problem
of maximizing (-, -)
To this end, let (I'™, X™) denote a maximizing sequence for I(-, -) i.e.,

lim /(I'™, X"y = sup I, X).

nee Fe(p).X

In accord with the above convention, we use 7 as notation for the derivative of I'®.

Since all quantities are bounded, we may extract convergent subsequences e.g., weak L?
convergence for the 7’s and X’s and e.g., uniform convergence for the I'’s. We assume, for
ease of notation, that the subsequence is in fact, the original sequence. We let the unadorned
7, X and I' denote the sequential limit; it is noted that |y| = 1 (since this is linear).
Furthermore since the convergence of ['® is rather strong it is clear that [' € 2(p). Thus
in the first, second and also the fourth term the limit of the maximizing sequence agrees
with the corresponding quantities evaluated at their limits.

Letus turn to the third item which is the most serious of the pieces. Consider the individual
O\m
goal is minimization. We claim that as a functional of [’s and Xs this object (without the
minus sign) is convex.

In particular, focusing on i = 1 we claim that

components: — 7; log Vidt. Let us, for simplicity, dispense with the minus sign — so the

L
X1 log 1&, (x,1; X) = x; logx; — X, log [X +t Z a[J)?ji|

j=1
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is convex as a function of (¥, X) (provided all quantities are all in an appropriate range).
Since the principal objects of interest concern differentiable functions and we are in finite
dimensions, the following is sufficient: Let (x(s), X (s)) denote affine functions (which for
s in some range keep all quantities positive). Then defining

L
F(s) := &1(s) log 51 (s) — 1(s) logX(s) +1 Y ay,3,(s)],

j=1

convexity of the full object is equivalent to convexity of F(s). (This is easily seen by appeal
to the definition of convexity according to supporting planes.) For brevity, let x;(s) =
yo+ sy :=yand X(s) + ¢ Zj a;Xj(s) = Zy + sZ' := Z. Then

1
F'(s) = — (/Z - yZ')? > 0. (4.65)
vZ

Having established convexity of 7; log V; the remainder our treatment is straightforward.
We may use a theorem of Mazur to construct convex combinations of the (™, X®), which

we shall denote by (' M X, that converge strongly to (7, X). Then, e.g.,
B e om Al .
lim — [ 7" log 1 (p™, X™)dr = — f 71 log ynidt
m—»00 0 — 0

v

11 R
lim — PP log Yy (P ™, XM)dr.  (4.66)

n—o0o 0

And finally, manifestly, lim,,_, fo‘p X" at = fo‘pl Xdt.

We thus conclude that our limit (ﬁ, X) is a legitimate maximizer of I(-,-). It remains
to show that X and g@ satisfy the appropriate relationship. To this end, let us start with
the consideration of a generic t where v is supposed to be critical but, nevertheless, X is
positive. Under these conditions (for two reasons) the t‘lvﬁ would have norm less than 1.
Let us consider the pointwise change if X — X — §X with 0 < §X « 1. Then to within
0(6X),

PisX

—— = —Pilog ¥ — t7'P6X.
X+t Zle a;y;

~Pilogr — —7ilog ¥ —

Upon summing, there is a loss of 7! |1ﬁ |6X which (due to the final term in / that is linear in
X) is offset by a gain of §X. Clearly, in the region that is supposed to be critical, the value
of the functional can be improved unless X is actually zero. A similar argument shows that
in the subcritical regions, the functional can be improved unless X is such that ! |1ﬁ| =1.

It is now indeed evident that (4.64) holds as an equality and that there is a tangible
maximizer for H(-,0,|p) in &(p). By Lemma 4.7, this maximizer is a natural ascent. We
turn to uniqueness.

Suppose, then, that there are two maximizing ascents. We shall denote these ascents by
(7,X) and (7, Y) although we may now assume (for a.e. t) the proper normalization of
the corresponding Y—functions. We shall work in the language of the /—functional. Non—
uniqueness for the maximizers implies that strict concavity of the —7; log I/Af,- term must fail,
a.e., for any convex combination of the solutions (since otherwise the combination would
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do better). Let > 0 denote a generic time and let us assume linearity of the y; log ; — term
under convex combinations of minimizers. We denote by (7, X) anf (7, Y) the extreme
solutions and (E (s), W(s)) the linear interpolation with interpolation parameter s. Then
(4.65) implies

Y =1
X—Y-{-IZJ.L:Oaij(J?j — ﬁj)

1~
;1/fi(§(S)) =

i.e., isindependent of the parameter s. Applying (4.50) to y, then 7] then g: (s) itself —using the
constancy of 1& — yields that W(s) is given by the corresponding convex combination of X
and Y. With this in hand, the constancy of v implies that the numerators and denominators
in the expressions for ¥ (7) and ¥ (/) are separately equal so, in particular = 7 and we
conclude there is only one maximizing ascent. .

4.5. Main Proofs

Proof of Theorem 2.6. Consider any (non—zero) p. By the considerations of Theorem 4.2
and the definition of S,, in order to establish (2.15) it is sufficient to show

sup H(T,0,15]) = W(p). (4.67)
Fe2(p)

By Proposition 4.8, we can evaluate this supremum along natural ascents and, as will be
demonstrated this indeed yields W ().

It is observed that in the subcritical region of a natural ascent, [= 1/A/ and the integrand
of H vanishes identically. We are done with the cases of subcritical (and critical) p’s and
turn to the supercritical cases.

Here we let o* denote the (unique) point of entry of the ascent into the critical region.
Then, for t > |p*|, we have 1/}(t) = p* and e = (o — p*)/(p] — |p*]) Then, from the
definitions in (4.6) and (4.5), all quantities can be integrated directly which yields

1l A
E(, 1) — &(I, y)dt = () + (1) + () + (IV)
[6*]
where

L

M) = [(pilogp; — pi) — (5} log 7 — 7)),

i=1
1
an = —E@TA/B — (51" ApY),
() = —[|4] — 1511 Z — g| 2h;
avy =15l - 15*|. (4.68)

(Item (IV) may seem a bit mysterious but it is recalled from earlier discussions that in the
critical region, the final piece of the H—functional reduces to the integral of 1 — x ! and
here x ! is zero.)
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The combination of (I) + (IIT) + (IV) yields ZI.L:I pilog p;/p;. As for (II), we write
Ak Ak 1 A A Ax A Ax Ax A
—(pTA/O (017 Ap") = E(pTAp + [0 1A — p*) — [p*17Ap)

and use the fact that [p*]TA(p — 0*) = |p| — |p*|. The proof of (4.67) is complete and the
uniform convergence clause of this theorem follows from Theorem 4.2. .

Corollary 4.9.  For p supercritical, V(p) < 0.

Proof. While, in principal this follows directly from (2.14), we instead shall look at the
integrand of H in the supercritical region. For simplicity, let us revert to the w 7 language
ie., I _y,l“_l//—i—tyforr =1t —1t"> 0. We have

L
(£, D) = Pilog(Ws + T9) — P Y ag (P + T7) (4.69)

j=1

s0, of course [£(, ") — £(p, ¥)]; vanishes at T = 0. Differentiating with respect to :

d __ . a
QD -, = 1}_}_——%2%7//

1

< [;2 - Z &iavz} —0 (4.70)
o

Vi

where the last identity follows from the fact that y is the critical (and maximal) eigenvector
of B‘T&. It is noted that, at least for some i, the inequality is strict for T > 0. "

Proof of Theorem 2.7.  Let B, be the event that all components in 4 (n, p) are of size r or
bigger, and recall that S, is the event that all components in & (n, p) are of size smaller than r.
Then for all  with0 < 7 < p,

P (é(en, np) = 1LﬁnJ)

L L nin(pin—nin
= e [l_[ (Lp "J)} P Bo)Pupei o) [T (1= )™y
n

1 \L7in] byl

where the error term comes from rounding (and is uniformly bounded). Following the proof
of Theorem 2.5, we note that for each 7 € . we have % nn] € . for sufficiently large n.
We will also use that for m > |p|/€, we have K; C B,, C K,,. Now for a lower bound we
fixan € % with 7] > 0, combining Theorem 3.1, Theorem 2.6, and direct calculation gives

lim inf lim 1nf —log P (9(6)’1 n,p)=— Lﬁn])

e—0 n—-oo n

>S@H,P)+EM+YP—H—0AP—H. (4.72)
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For an upper bound, since 6(en, n, p) can take only polynomially many values, we have

. . 1
P(@(en,n, p) € /) =e”" sup P (9(611, n,p) = —|in J) ) (4.73)
n

ne.s
Note also that for any nonzero 7, and particular (finite) n we have
P(@(en,n, p) =7~ (1/n,...,1/n) = e”VP@(en,n, p) = 7), (4.74)

(although we would be willing to accept any sub-exponential correction). Thus using
Corollary 3.5 we may replace the P, ;(B,,) term in (4.71) with a uniform upper bound
of exp(nE (7)) + o(n)). Furthermore, using Theorem 2.6, we may replace the P, ;_;(S.,)
term with a uniform bound of exp(o(n) + nW (o — 7)), in which the o(n) term requires us
to first take n — oo followed by € — 0.

Thus from (4.71) and (4.73) we have

1
logP(9<en n,p) €.7) < o(l) +sup[SH, p) + E@M) + ¥ (p — 1) — 1TAGB — D]
nes

4.75)

Taking n — oo, followed by ¢ — 0, we get the desired upper bound, and prove the
result. .

Proof of Theorem 2.1. By Theorem 2.7, we will have proved Theorem 2.1 if we can show
that

S, p)+EM + V(P —n) —HTAPB—1) (4.76)

is maximized only when #; = éi*(,é) for all i. The easiest way to see this is to use an
idea mentioned in [4] following Theorem 2.1 therein: Dropping the W term and taking
exponentials, we find

HSGAHED—ATAG-D] _ gotm 1‘[ [(Lpﬂﬂ) e~ T )" (¢~ X “vﬁj)@f‘ﬁ””} .
Lin]
4.77)

Well known results regarding binomials give us that the right hand side is exponentially

L o
~L=1%%  which is to say that 7); must satisfy (2.2) for all i. We can

small unless Z—j ~1l-—e
also get this result by maximizing S(#, p) + E(1, p) — 1TA(p — 7)) directly, and we note
that the maximum is zero (as, indeed, it must be). If p is critical or subcritical, this finishes
the proof, since U(p) = 0 (and Lemma 2.2 shows that 6*(p) = 0).

If 5 is supercritical, the W—term may be negative, i.e., if p — 7, is still supercritical.
However, the contribution from the remaining terms certainly does not exceed the value
acquired at n = 6* (which happens to be zero). Thus we are finished if we can show that
p— 6* is not supercritical — again forcing W = 0. Supposing, to the contrary that o — 6* is
supercritical. Let & denote the solution to the appropriate mean—field equation:

&= (p — 0}‘)(1 —e Zszlaijfi)
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purported to be not identically zero. Then, consider T which is given, componentwise, by
the sum 7; = éi* + k;. Then it is not difficult to show that 7 satisfies the original mean—field
equation, 2.2 i.e., T, = §;(1 — e~ i %% Thus, the conclusion that & is not identically
contradicts the maximality — and uniqueness — of the 6* solution to the mean—field equation,
(2.2).

We may thus conclude that, p — 0* is indeed not supercritical and, therefore, in the cases
where p is supercritical, the maximum of S(3, ) + E(#) + ¥ (6 — ) — HTA(p — 7)) is only
achieved at /) = 6*. .

5. THE FINAL STAGE

We finish this note with a proof of Theorem 2.8 which requires one additional preliminary
lemma:

Lemma 5.1. Let K, (AKA B,,) be the event that all components of 4 (n, p) are of size at
least en, and recall that K| is the event that 9 (n, p) is connected. Then for all pV and p®
with p® > pO > 0 and sufficiently small € > 0,

limsup sup — 1og P,,,)(KC | Ke ) (5.1

n—o0 55N <p<p@ N

Proof.  Given vertex sets 2, % C V¥, let K,,| o~ represent the event that 4 (n, 6) has m or
fewer components when restricted to 2", and let 2~ <> % represent the event that there
are no edges between vertices of 2" and % in ¥ (n, p). Then with m = |p|/€, we have

K.NK; C U (7 I\ &K &K, ] 52
A CV:| | =en,| ¥\ |>en
and so
P, (’Ce n ch) < eo® sup (LpinJ>Pn,,s(Km ,V/)Pnp(K |V\W) —nﬁTA(ﬁ*ﬁ)’ (5.3)

[7in]

n:lf|=en,| p—i|=en

where &/ C ¥ is a set with (&) = |nn]. Since the “cost” of moving a vertex from .« to
¥\ & (or the reverse direction) is at most polynomial, we can add the requirement that both
nn and | pn] — [fn] are bounded below by (1,..., 1) without altering the error term. By
applying Corollary 3.5 (and immediately dropping the added requirement on 7), we have

L A
Pn,ﬁ (IC€ N K;:) < eo(n) sup l_[ <I"(jinj)e"(E(ﬁ)+E(ﬁ—ﬁ)—(ﬁ—ﬁ)TAﬁ)_ (54)
il ze|p—ilze Lnin]

From this and Theorem 3.1, if we let
1
h(p 1 —pTAp, 5.5
7)) = ZV gt +2V % (5.5)
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we get (using uniform convergence)

i 1 ¢ ~ A A A
limsup  sup  —logP,;(K|Ke2) < sup  h(H) +h(p— ) —h(p). (5.6)
n—>00 4550 <p<p@ n /31/3(1)5,55/3(2>
A:lflzen,| p—il=en

By writing &; = t Y-, a;f); and 5; =t Y -, ;; p;, we find, after some calculations,

dJ[1 . ~ A N
a4 [;(h(m) + (5 — ) - h(rp))}

L X 3 ) ~
! Ll o Ie @ e
2 o 5 T 0= M) =i oy T P =|. (5.7
2 & [nx [ —o T & =T a5, TS |- O

It is not hard to show that x }f::i = x coth(x/2) is strictly increasing on (0, 00), and so (5.7)

shows that t~'[A(t7)) + h(t(0 — 1)) — h(¢p)] is decreasing in ¢ for any applicable choice of
1. Then by taking + — 0, we find

h(@) + h(p — 1) — h(p) < @) +g(p — 1) — g(p). (5.8)

L g
where g(y) = Zf:l 7: log M As a final step, we differentiate with respect to oy,
which yields

d A a . (Ve — Puki)*
—(2(A) + g(h — ) — g(p) = ——=——. (5.9)
dory Xk — Xi)Vx
Thus g(17) + g(p — n) — g(p) is increasing as ay, — 00, but a brief examination shows

lim  g() +g(p — 1) —g(p) =0. (5.10)

Q1100250 ULL =

Combined with (5.8), this means that () + h(0 — 1) — h(0) < 0 for all applicable p and
1. Since h is continuous and we are working on a compact set, this proves the lemma. =

Proof of Theorem 2.8. From the independence of edges in ¢ (n, p), we have

. 1
P, (Qf |6(en,n, p) = ;Lﬁn]) = P,; (K} | Ko). (5.11)

The result then follows from Lemma 5.1. .
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