246 A Homework 7 Due Dec. 7

1. Suppose that € C C is open, simply connected and has compact closure. Let
f : € — D be one of the univalent maps found in Problem 7 on the last homework.
To obtain a proof of the Riemann Mapping Theorem, we need only show that f is
onto. Suppose not and let wy € D be a point not in the range of f.

(a) Show that there is a univalent function r : Q — D so that

r(z)? = Mo f(2)

where M; is a disk automorphism taking w to 0.
(b) Choose a disk automorphism M, so that

9(2) = My or(z)

obeys ¢g(zp) = 0 and ¢'(z9) > 0.
(c) Rearrange the above to find ¢ : D — D so that f(z) = ¢ o g(z).

2. Continuing from the preceding problem:

(a) Use Schwarz Lemma to see that |¢'(0)| < 1.

(b) Now get your hands dirty and actually compute ¢'(0).

(c) Conclude that any maximizing f from Problem 7 must be onto.
(d) Show that f is actually unique.

This completes the proof of the Riemann Mapping Theorem, at least if {2 has compact
closure in C. (In class, we will see how to treat more general 2 by reducing them to
this case.) This extremal argument is due to Koebe. The alternate argument given in
class is closer to Riemann’s original vision, relying on the solvability of the Dirichlet
problem.

3. (a) Suppose u : R? — R is continuous and u(—x1, 9, . .., zq) = —u(z1, 29, . .., T4).
Show that if u is harmonic where z; > 0, then it is harmonic throughout R

(b) Fix d > 2 and let ¢ : R%~* — R be bounded and continuous. Show that there
is a unique bounded continuous function w : [0,00) X R¥™' — R that is harmonic on
(0,00) x R¥! and obeys u(0,y) = ¢(y) for all y € R

(c) Give an example of an unbounded harmonic u : R? — R that vanishes on {x :
x1 = 0}, thus showing that boundedness is necessary for uniqueness in part (b).

4. (a) Given a,b € R and 0 < r < R < oo find the solution to the Dirichlet problem
in the region Q := {x € R?* : r < |z| < R} with boundary values u(z) = a when
|z| = r and u(z) = b when |z| = R.

(b) Show that if u : R* — R is subharmonic and bounded from above then it is
constant. (This is false for R? when d > 3 as u(z) = max{—1, —|z|*>~?} shows.)

5. Show that if u : R? — R is harmonic (with d > 3) and bounded from above then
it 1s constant.



