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Abstract

In this thesis, we construct a new anticyclotomic Euler system (in the sense of Jetchev-
Nekovai-Skinner (JNS)) for the Galois representation attached to a newform f of
weight 2k twisted by an anticyclotomic Hecke character x of infinity type (I, 1),
denoted by V}(x), when the Heegner Hypothesis is not satisfied. The main ingredients
for our construction are the Bertolini-Seveso-Venerucci (BSV) diagonal classes and
the Lei-Loeffler-Zerbes norm maps. We then show some arithmetic applications of
the constructed Euler system, including the rank 0 Bloch-Kato Conjecture for V¢(x)

when k£ > [ + 1, using the explicit reciprocity law of BSV and the machinery of JNS.
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Chapter 1

Introduction

1.1 Motivation

Classical Iwasawa theory relates special values of the Riemann zeta function ((n) to
the ideal class groups of cyclotomic fields by an equality of the ideal generated by
the Kubota-Leopoldt p-adic L-function and the characteristic ideal of the ideal class

groups. Since then, its theory and philosophy have been generalized to connect the

two sides
e \ 2 \
Analytic side Arithmetic side
Special values of — Selmer groups of
\ (p — adic) L — functions ) \ Elliptic curves, Galois representations’

via an equality of the ideal generated by the p-adic L-function and the characteristic
ideal of some corresponding Selmer group over an appropriate Iwasawa algebra. To

show such an equality of ideals, it’s quite natural to prove that each side divides the



other:

(analytic)|(arithmetic)

(arithmetic)|(analytic).

In their proof of the classical Iwasawa Main Conjecture (IMC) for GL;, Mazur-
Wiles [MW84] first connect the p-adic L-functions of even Dirichlet characters to
the cuspidal subgroups in the Jacobian of modular curves, then use the geometry of
the latter to construct sufficiently large quotients of the ideal class group, obtaining
(analytic)|(arithmetic). This so-called ‘automorphic approach’ is well studied and
has been used to prove the (analytic)|(arithmetic) divisibility for GLs using Eisen-
stein series for U(2,2) by Skinner-Urban [SU14]. To produce the opposite divisibility
for GL;, Rubin [Rub00] used Kolyvagin’s Euler system [Kol90] of cyclotomic units
to produce many principal ideals and hence obtained that ideal class groups are as
small as expected. Note that showing one divisibility is enough for the IMC for GL;
due to the existence of the analytic class number formula. For GLs, though, one does
not have such luxury. However, Kato [Kat04] did prove (arithmetic)|(analytic)
and in combination with Skinner-Urban, this resulted in the IMC for (most) ellip-
tic curves at ordinary primes. In the works of Rubin and Kato, L—functions enter
the arithmetic world, transforming into Euler systems and producing one divisibility
(arithmetic)|(analytic). In this thesis, we will construct a new Euler system for yet

another p—adic L—function.

1.2 The Heegner points story

In this section, we recall the construction of Heegner points [Gro91] together with

some of its impactful applications.



Set-up.
1. Let E be a rational elliptic curve of conductor N.

2. Let K be an imaginary quadratic field. Let K[n] be the ring class field of

conductor n, for each positive integer n.

3. Assume that all prime factors of N split in K. This condition is normally called
the Heegner Hypothesis. From this, we can choose and fix an ideal n of Ok
such that Ox/n = Z /N Z. Note that this condition implies the root number

w(E/K) = —1.

4. Let p be an odd prime such that E has good reduction at p, and Gal(Q(E[p]/ Q)
= GL(Z /pZ).

By the modularity theorem, we have the modular parametrization map ¢y from
the modular curve Xo(N) to E. Combining with results from complex multiplication

theory we obtain:

Pic(Ok) — Xo(N)(C), explicitly, [Ok|——[C/Og — C/n7Y]
\ N \ ]bN
E(C) y € E(K[1]).

We also define

yk = Trgpyxmn € E(K).

Now, in place of Ok, we can do the whole construction over the order of conductor n,
O,, = Z+4nOk, and get y,, € E(K[n]). A key property of {y,} is that Tr g, ki Yn =
ai(E)yy for (nl,2Ndg) = 1 and [ inert in K. The Kummer map E(K[n]) ® Z, —
H}(K[n], T,(E)) can then be used to construct the (anticyclotomic) Euler system of
Heegner points [Gro91]. By focusing on the set of ‘nice’ primes I (where Frob (g, q)!

is conjugate to the complex conjugation, which implies that [ is inert in K and splits
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completely in Gal(K (E[p])/K), normally called Kolyvagin primes) Kolyvagin can

show the Rank 1 result assuming that yx ¢ pE(K):

yr has infinite order = rankzF(K) = 1.

The method is robust enough to be called the Kolyvagin system’s argument (note
that it also implies the finiteness of the Tate-Shafarevich group of E over K).

The Gross-Zagier formula [GZ86], which relates the Néron-Tate height of yx with
L'(E/K,1) (hence yk has infinite order iff ords—; L(E /K, s) = 1), and results of Koly-
vagin that we recalled above, then show that the Birch Swinnerton-Dyer conjecture

holds for analytic rank 1, i.e.

ord_  L(E,s) =1) = rank;FE(Q) =

1.3 About anticyclotomic Euler systems

The Euler system we construct is an ‘anticyclotomic’ Euler system (in contrast with
the ‘cyclotomic’ Euler system of Kato [Kat04]). The general description of such an

Euler system is as follows. More details can be found in Section 4.3.

Notation.
1. pis an odd prime.
2. K/Q is an imaginary quadratic field.
3. K(n) is the ring class field of K of conductor n.
4. K|[n] is the maximal p—subextension of K (n).

5. The infinite extension K(p>) = [, o K(p") contains the anticyclotomic Z,-
extension K = |, >, K[n] that satisfies: Gal(K_ /K) ~ Z, and Gal(K3,/Q) =

4



Gal(K /K) x Gal(K/Q), where Gal(K/Q) = {1,c} and cgc = g~ for all g €
Gal(K_/K). (compare with K1, the cyclotomic Z, extension of K with ¢ acting
trivially on Gal(K1/K)) (see [MN19]). Denote by Ay = Z,[Gal(K/K)] the

anticyclotomic Iwasawa algebra.
Set-up.

1. Let ®/Q, be a finite extension and O be its ring of integers. Let @w € O be a

uniformizer and denote by F = O/wO the residue field.

2. Let V be a finite-dimensional conjugate self-dual (V¢ ~ V(1)) representation
of G over @, unramified outside a finite set of primes X, and let 7" C V be a

Galois stable O—lattice.

3. Fix a choice of the Greenberg Selmer group H},.(K[m], V), consisting of ele-

ments that are unramfied at w { p and some (well-behaved) conditions at w|p.
4. Assume that there exists o € G such that:
(a) o fixes K[1](fpe)
(b) dimeV/(ec — 1)V = 1.
This condition is called Hyp(o).

5. For each positive integer n, the set of split-o Kolyvagin primes level n, denoted
Z7, is a collection of primes [ € Q such that:
(a) 142p, and [ splits in K such that [ = [L.
(b) V is unramified at [ and I.

(c) Frob; lies in the Gk conjugacy class of ¢ in Gal(Q,/K), where T, =
T/w"T, Q, = K[1]K (py)K(T,), and K(T,) denotes the smallest exten-

sion of K such that Gg(r,) acts trivially on T,.



6. Denote £ = {primes [ of K such that [|I for some | € Z7}.

7. For £ a set of primes of K, we write N (.£) = {a = p{*...p* C Ok, where
pi € ZL,a;=1if p; {p, and p; # p;, p;}.

Notation. Given .Z; a set consisting of primes of K for i € {1,2}, we write 4 D>.%

if the natural density of (% \ (£ N.Z)) is 0.

Definition. (Euler system) Let .2 be a set consisting of primes of K such that
LOLE for some n > 1. A (split-o) anticyclotomic Euler system for (7,.%) (in
the sense of Jetchev-Nekovai-Skinner) [JNS] is a collection of cohomology classes

¢ = {¢wm, where m € N (&)} such that:
1. ¢w € HE, (K[m],T), where m = Normy, g(m)

2. For ml € N (), where [ is a prime of K with | = Normg, (), we have the

following norm relation:
COTeS K [mi]/K[m] (Cm1) = P[(Frobl_l)cm

where P(X) = det(1 — Frob, ' X|TV(1)).

Ezample 1.3.1. Alonso-Castella-Rivero in [ACR21] obtained such an anticyclotomic
Euler system for V; ® V,(x) (a 4—dimensional Galois representation where f, g are

newforms, and y is some Hecke character).

Ezample 1.3.2. Kolyvagin’s famous Euler system of Heegner point [Gro91] is also an
anticyclotomic one. Though the cohomology classes lie in K[n| for n divisible by only

inert primes (not split!) in K.

In this thesis, we will construct an Euler system originating from algebraic cycles,
which cannot give a full Euler system but only an anticyclotomic one. The following

lines are a heuristic explanation for this phenomenon given by Loeffler. By Shapiro’s
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lemma, one can think of an Euler system as a collection of classes ¢, € H'(K,V (x)),
where y runs on some finite order characters of G . Either x varies over all finite order
characters, which gives us a full Euler system, or y varies over only anticyclotomic
characters (assume that K is CM) which give us an anticyclotomic Euler system.
Coming from an algebraic cycle, i.e. by a geometric construction, ¢, will likely land
in the Bloch-Kato subspace H. Now if 0 # ¢, € H(K,V(x)), the Bloch-Kato
conjecture tells us that L(VV(1)®@x %, 0) = 0. The only way to force many L—values
to vanish systematically at s = 0 is by ‘sign reasons’ (not because of poles of I'—factors
as our classes come from algebraic cycles, and should correspond to central L—values).
This happens only when Ind%V(X) is self-dual, forcing x to be an anticyclotomic

character (at least if V' is self-dual).

1.4 Construction of an anticyclotomic Euler sys-
tem and the main theorems

We now describe our construction. Let f be a modular newform of weight k& level
I'o(Ny). Let K be an imaginary quadratic field. Let ¢y, 15 be two Hecke characters of
K with infinity types (1—1[;,0) and (1—I5, 0) respectively and such that 2|k+1; 415 and
the central characters satisfy: X, X4, = 1. Corresponding to these Hecke characters
we have theta series 0y, € Sy, (Ny,,X,,) [Miy89]. Let N = lem(Ny, Ny,, Ny,) and
denote by Y (m) the open modular curve of level I';(Nm) for each integer m coprime

with Np. From the diagonal embedding

Y(m) S Y(m) x Y(m) x Y (m),



Bertolini-Seveso-Venerucci (BSV) constructed a diagonal class [BSV21], which can be

pushed-forward to a class

fime € H'(Q, Hy (Y (1) x Y (m) x Y (m)g, £) ® Q,(2 — 1)),

where r = (k — 2,1y — 2,1y —2) € {(r1,re,13) € Z;O such that r = (1 + 19 +713)/2 €

Z and r; +1; > 1y, for all 4, j, k}.

For a triple of cuspidal eigenforms of weight 2, the p—adic Abel-Jacobi image of
the generalized Gross-Kudla-Schoen (GKS) cycle [DR14] (under a comparison isomor-
phism) equals (up to sign) the BSV diagonal class (see Proposition 2.5.1). The GKS
cycle is essentially the diagonal Xj93 = {(z,7,7),z € X} in X3, where X = X;(N),
modified to make it null-homologous. More precisely, fix the cusp co € X at infinity
as base point and follow Gross-Kudla and Gross-Schoen [GK92], [GS95], define A to
be the class in the Chow group CH?*(X?) of codimension 2 cycles in X up to rational

equivalence of the formal sum

Xiog — Xjo — Xyz — Xog + X + Xo + X3,

where X; = {(z,00,00),2 € X}, Xi2 = {(z,z,00),2z € X} and likewise for the
remainings. The GKS A cycle appears in a p—adic Gross-Kudla formula of Darmon-
Rotger [DR14] and also in a complex one by Yuan-Zhang-Zhang [YZZ], relating the
first derivative L'(f, g, h,2) to the Beilinson-Bloch height of A.

Now, we look at the case k = [ = I = 2. First we project onto the Hj ®
H}, ® H}, component of the Kiinneth decomposition of HS, and then project each
piece to the corresponding geometric realization VgV of the two-dimensional Galois
representation attached to a newform ¢ (where g is one of f,6y,,0,,). Here V;]V is

the maximal quotient of H} (Y1(Ny),Z,(1)) ® ® on which the Hecke operators T}, (d)’



acts as multiplication by a;(g) and x,(d) respectively, where (Id, N,) = 1 and [ is a
prime (®/Q, is some finite extension containing the Fourier coefficients of g). Fix
a Gg—stable lattice va C VfV. After pushing forward the cohomology class, we

essentially use the decomposition
Ty, @ Ty =IdZ0, -+ ® ndZ0,,+ = IndgO,, 1,1 & IndF Oy, -1y,

and then project to the first direct summand. Finally, we use Shapiro’s lemma to

obtain:

Kpaom € HY(K[m], VY (1= 2)(0)

where y = v, ' ' N~! is anticyclotomic of infinity type (1,—1). Due to the
geometric nature of the construction, it can be shown that sy, ., lands in the Bloch-

Kato Selmer group H}(K[m], V(1 — g)(X))

The results in [BSV21] not only construct diagonal classes attached to a triple
(f,g,h) but also to a triple of Hida familes, so we can substitute one theta series with
a CM family passing through it. It turns out that by doing a similar analysis for the
case (2,2,2) but over the anticyclotomic tower for the weight (k,[,2), one can show

the following result (see Theorem 4.3.4):

Theorem 1.4.1. Let f be a p—ordinary newform of even weight k. Let 11,19 be
two Hecke characters over K of infinity types (1—1,0), (—1,0) and conductors {1, fa,
respectively, with | even. Assume that p = pp splits in K and (p, hixfi1f2) = 1. For
m € N(L7) such that m = Normyg q(m) is coprime to pN; D Normgg(fif2), the

classes constructed in Theorem 5.2.2

H?i/’l,wmm S Hé‘r<K[mpoo]7 T}/(l - k/2)X12£B)



orm an anticyclotomic Euler system for (TY (1 —k/2 X12,$K’U , where
f 1

Y12 = w;lw;lel/Q

is an anticyclotomic of infinity type (1/2,—1/2), and the Greenberg Selmer group is
defined by FF (V) =V and F; (V) = 0.

Remark 1.4.1. By Shapiro’s Lemma, we can think of 7, ,, , as an element of the
space H'(K[m], V(1 —k/2)(x0) ® Ag). Absorbing the xo, the inside module is a de-
formation of V,(f)(1 — k/2) which p-adically interpolates the twists of V,,(f)(1—k/2)
by the anticyclotomic Hecke characters y, and hence the class will admit specialisa-

tions to H'(K[m], V(1 — k/2)(x)).

1.5 Applications of the main theorems

The novelty of our work is that we construct an Euler system even when the Heegner

Hypothesis does not hold. In particular, throughout this section, we assume that:

Assumption 1.5.1. (non-Heeg): N; = N;Nf_ where N;' and N} are the product of
split and inert primes in K, respectively, and that N, is a squarefree product of an

odd number of inert primes.

Let iy, = coresgp) i (Proj (K3, y,1)s 1-e. first taking the Iwasawa cohomol-
ogy class of conductor 1 from Theorem 1.4.1 and then taking the norm down to
HY(K, V(1= k/2)(x)), where x has infinity type (I/2, —1/2) for [ even. Feeding our
Euler system into the JNS machinery, we show the following result, (see Corollary

5.1.2) :
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Theorem 1.5.1. (Rank 1 result) Under the same hypotheses as Theorem 1.4.1, if

f is not of CM type and | > k:

Ky 70 = dimg Hy (K, V(1 —k/2)(x)) = 1. (1.5.0.1)

Next we use global duality to compare local conditions of the Bloch-Kato Selmer
group with the Greenberg Selmer goup, the reciprocity law of [BSV21] that relates the
cohomology class with the triple product p—adic L—function, and a non-vanishing of
central L—values with anticyclotomic twists result of Chida-Hsieh [CH18b] to obtain
(see Theorem 5.1.3):

Theorem 1.5.2. (Rank 0 Bloch-Kato) Assume the same hypotheses with Theorem

1.4.1 together with:
1. k>4, (Ny, Dg) =1 and T} is residually absolutely irreducible ,

2. the local sign E‘Z(V}%ﬁwz) = 1 for all primes q|N (see details in Assumption
J1.1),

3. p>k+2andp{ NiDg.

If x is an anticyclotomic Hecke character of infinity type (1/2,—1/2) such that
(pN; D, cond(x)) = 1,

then

L(f, x, g) #0 = H{(K,V/(1-k/2)(x)) =0. (1.5.0.2)

In other words, the Bloch-Kato conjecture holds in this analytic rank 0 case.

Note that the (non-Heeg) condition combining with L(f, x, &) # 0 force k > 142.

The case k = 2 and | = 0 was already worked out by Bertolini-Darmon in [BD05]

11



and generalized by Longo-Vigni in [LV10]. The case k > 4 and | = 0 was obtained by
Chida in [Chil7], using the same methods as [BD05|. Kings-Loeffler-Zerbes [KLZ17]
achieved a similar result in the case of the Rankin-Selberg product of two modular
forms f and g (i.e. for a twist of f by a ray class character, not just a ring class
character). As they require xrx, # 1 while we require x; = x, = 1, we do obtain
a new case for the Rank 0 Bloch-Kato Conjecture. Moreover, our method has the
advantage of being generalizable to totally real fields, which is not known for the

Euler system of Rankin-Eisenstein classes that was used in [KLZ17].

1.6 Main motivation

By the modularity theorem, we can associate a newform f of weight 2 to each rational
elliptic curve. Let y be an anticyclotomic Hecke character of K of infinity type

(n, —n). We have the following table ®):

®) w(E/K)=-1 w(E/K)=1
1%¢ quadrant 27 quadrant
n=>0 e(E,x)=-1 e(E,x)=1
Euler system of Heegner points 77
n>1 3'4 quadrant 4™ quadrant
e(E,x)=1 e(E,x)=-1
77 My diagonal Euler system

The 1°* quadrant is the classical Euler system of Heegner points [Gro91] con-
structed by Kolyvagin. It also comes with the formula of Gross-Zagier [GZ86| relat-
ing the Néron-Tate canonical height of the Heegner point yx to the first derivative
at s = 1 of the Rankin L-function L(f ® 0k, s).

We put ?? into the 2°¢ and 3" quadrants to indicate the absence of a geometric

construction of an anticyclotomic Euler system. There have been efforts to go from

12



the 1% to the 3" using a p—adic Gross-Zagier formula by Bertolini-Darmon-Prasanna
[BDP13] that relates special values of an anticyclotomic p—adic L—function to image
of some Heegner cycles under the p—adic Abel-Jacobi map. To go from the 1% to the
274 Bertolini-Darmon [BD05] used the theory of congruences between modular forms
on quaternions algebras and the Cerednik-Drinfeld interchange of invariants to realise
the Galois representation E[p"] in the p™-torsion of the Jacobian of certain Shimura
curves for which the Heegner point construction becomes available, leading to results
similar to Theorem 1.5.2 but with some ‘level raising’ conditions (see Remark 5.1.3
for details).

What I do in my thesis is to fill in the 4" quadrant with a new diagonal Euler
system, then pass to the 2 quadrant by p—adic methods and the reciprocity law of
[BSV21]. It is worth mentioning that building on the Bertolini-Darmon-Prasanna for-
mula for Heegner cycles [BDP13], Castella-Hsieh obtained similar results to Theorem
1.5.1 and 1.5.2 but in the w(E£/K) = —1 setting by using p—adic methods [CH18a).
Note that analogously to the Gross-Zagier formula, a result of Yuan-Zhang-Zhang
[YZZ] relates the first derivative L'(f ® g ® h,2) to the Beilinson-Bloch height of A,
whereas our diagonal Euler system should be thought as a project of the image of

this A under the p—adic Abel-Jacobi map.

1.7 Future research directions

We recall possible directions for future research.

1. The first project is to upgrade the divisibility of the Iwasawa Main Conjecture
without L—function (obtained by the [JNS] machinery) to the divisibility of
the Iwasawa Main Conjecture with L—function when weight(x) >weight(f)/2,

in the spirit of Perrin-Riou [PR87].

2. Another direction is to go from the 4" quadrant to the 3" quadrant using

13



congruences like in [BD05] and [Chil7|, by substituting our modular curves

with Shimura curves over totally real fields [Dis17].

. We can also apply similar ideas from my thesis to other situations of special cy-
cles on certain Shimura varieties, such as those appearing naturally in the Gan-
Gross-Prasad setups. One direction would be to specialize the Euler system of
cycles, constructed by Jetchev et al. [Jet], [BBJ20] at points where the Galois
representation decomposes (analogously to Ind3 Oy, @ Ind}0,, = Ind2 Oy, gy @
Ind%@w1 soc). These cycles are higher-dimensional counterparts of Heegner

points, getting from the diagonal embedding U(1,1) — U(2,1) x U(1,1).

14



Chapter 2

Preliminaries

2.1 Modular curves and Hecke operators

We give a precise description of the modular curves and Hecke operators that will

appear in our construction. This section follows [Kat04, §2], [BSV21, §2], and [ACR21,

§2].

2.1.1 Modular curves

Let M, N,u,v be positive integers such that M + N > 5. Define Y/(M, N) to be the

affine modular curve over Z[1/M N|, that represents the functor:

isomorphism classes of triples (£, P, Q) where E' is an elliptic curve over S,
S+ ¢ P, Q are sections of E over S such that M - P = N - Q = 0; and the map
Z/MZxZ/NZ — E, mapping (a,b) — a- P +b- @ is injective
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for S a Z[1/M N]—scheme. More generally, we also define the affine modular curve

Y (M(u), N(v)) over Z[1/M Nuv| that represents the functor:

(
isomorphism classes of quintuples (E, P,Q,C, D) where (F, P, Q) is as above,

P € C'is a cyclic subgroup of E of order Mu,

Q@ € D is a cyclic subgroup of F of order Nv such that

{ C' is complementary to @) and D is complementary to P

for S a Z[1/MuNv]—scheme.

Let H be the Poincaré upper half-plane and define the modular group:

10 M  Mu
I'(M(u), N(v)) = { v € SLy(Z) such that v = mod

0 1 Nv N

When either u = 1 or v = 1, we drop the (1) from the notation. The Riemann surface

Y (M, N)(C) admits a complex uniformisation:

(Z /M Z)* x T(M,N\H = Y (M, N)(C)
— (C/Z+Zzmz/M,1/N),

(m, 2)

and similarly for Y (M (u), N(v))(C).

Let [ > 2 be a prime. There is an isomorphism of Z[1/IM N]—schemes:

o1 Y(M,N(I)) — Y(M(l),N)
(E,P,Q,C) — (E/NC,P+NC,I"Y(Q)nC+ NC,(I"Y(Z-P + NC)/NC)),

which under the complex uniformisation is induced by the map (m, z) — (m,[- z).
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2.1.2 Degeneracy maps

We have the natural degeneracy maps:

Y(M,Nl) =Y (M,N(l)) ==Y (M, N)

|

Y (M, N1) — Y (M(1), N) ——Y (M, N)

where :U’Z(EupvQ) = (E,P,l ’ Q7ZQ)7 VI(E7P7Q7C) = (E7P7Q)7 and /Ilu v, are

defined similarly. We also denote:

pry := v 0 iy ie. pry: Y(M,NIl) = Y(M,N)
(E,P,Q)— (E,Pl-Q)
pr,:=v0op o e pr;:Y(M,NI)— Y(M,N)

(E,P,QQ) » (E/NZ-Q,P+NZ-Q,Q +NZ-Q)

On the complex upper half plane H, the map pr,, pr; are induced by the identity and
multiplication by [ respectively. Moreover, the degeneracy maps py, (i1, v, ;, pry, PI;

are all finite étale morphisms of Z[1/M N] schemes.

2.1.3 Relative Tate modules and Hecke operators

Fix an integer > 0. Let S be a Z[1/M Nlp]—scheme where p is a fixed prime. For
each Z[1/M Nlp]— scheme X, denote the base change Xg = X Xz1/mnipy S. Notate
A = Ax to be either the locally constant sheaf Z /p™ Z(j) or the locally constant
p—adic sheaf Z,(j) on X (see [FK88, Def 12.6]) for some fixed m > 1 and m, j € Z.

To ease the notation, we may write - for M (u), N(v) (i.e. Y(:) =Y (M (u), N(v))).
Denote E(-) the universal elliptic curve over Y (). Then one obtains a natural degree

[ isogeny of universal elliptic curves under the base change by ¢fE(M(l),N) —
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Y (M, N(1)):
Nt E(M,N(l)) = ¢r(E(M(1), N).

Denote by v. : E(-)s — Y(:)s the structure map. We also use v, 7, and \; for the

base change to S of the corresponding degeneracy maps. Set:

T(A) = R, Z,(1) @z, A and 7*(A) = Homu(Z(A), A)

where R7v., is the g—th right derivative of v, : E(-)¢ — Y (-)et. When A = Z,,, this
gives the relative Tate module of the universal elliptic curve, in this case we will drop
the Z, in the notation.

The (perfect) cup product pairing combined with the relative trace:

T @y, T — R, Z,y(2) = Z,(1)

allows one to identify .7/(—1) with .7*. The smooth base change theorem ([Mil80,
Chap IV, Cor 4.2]) implies that Z/(A) and its dual are locally constant p—adic
sheaves on Y(+)g, of formation compatible with base change along morphisms of

Z[1/M Nlp]—schemes S” — S. Define:

Z (A) = Tsym", .7 (A) and .7, (A) = Symm’,.7*(A),

where given any finite free module M over a profinite Z, —algebra R, TsympM is
the R—submodule of the symmetric tensors in M®", and Symm/%M is the maximal
symmetric quotient of M®". When the level is clear, we may simplify the notations,

writing:
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For this rest of this section, let .#" be either .Z .(A) or .7 ,.(A). By the proper base
change theorem [Mil80, Chap VI, Cor 2.3] and a commutative diagram for the struc-

tural maps (see equation (9) in [BSV21]), one has natural isomorphisms of sheaves:

Hy(Y(M,N(1))s, ' nw) He (Y (M), N)s, Fyayn)
and traces

Y(M, N)s,
Hy(Y(M,N(1))s, Z v nay) D), N)s, Z vay.n)

The finite étale isogeny \; induces morphisms:
Al N@) Pl (ngf‘ ~) and A (J\M(l),N) = TN
which allow one to define a pushforward
P := Q1 0 Ay Hét<y<M> N(l))& y?w,zv(l)) — Hét(Y(M(l), N>Sa y;/f(l),N)

and a pullback

®f = N ol t Hy(Y(M(1),N)s, Z ) = He(Y (M, N(1))s, Zhyn)-
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We define a Hecke operator and a dual Hecke operator acting on the cohomology

group H, (Y (M, N)s, Zy n) by:
T, = o®Pp oy and T = v, 0 P o iy

142 * * * *x * * ~k _ T
By writing pr = p; o v, prj = pj 0 ®f o I, pry, = Viy © iy, DTy, = Upr © iy 0 puyy, One
obtains:

deg(uu)T; = pry, o pry, and deg(u)T] = pry, o pr;

Remark 2.1.1. These definitions agree with [BSV21], but differ from [ACR21] where

they define 1, = v, T = U« 0 Dy to kill the extra factor deg(yy) for T;.

For d € (Z /M N Z)*, one can define on Y (-) the diamond operator (d) which is

defined on the moduli problem by
(E,P,Q,C,D)— (E,d"-P,d-Q,C,D).

There also exists a unique diamond operator (d) on the universal elliptic curve making

the following diagram cartesian:

B()s ~ B()s

Y()s— V(s

This induces automorphisms (d) = (d)* and (d)’ = (d), on H, (Y (-)s, Z.).
For each profinite Z, —algebra R and finite free R—module M, the evaluation

map induces a perfect pairing:
Tsym, M ®p SymmpM* — R

where M* = Homp(M,Z,). This gives us a perfect pairing .2, ®z, 7 — Z,, i.e. a
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cup product:
(v Hy (Y (D)ge £ (1) @z, He oY () ) = HG (Y (1) Zp(1)) = Zy,

which is perfect by Poincaré duality after inverting p. The Hecke operators T, 77, (d),
(d)" induce endomorphisms on the compactly supported cohomology Hg, (Y (-)g,-r)
and from the construction, (7},7]) and ((d), (d)’) are adjoint to each other under

(-,-)n. Moreover, the Eichler-Shimura isomorphism [Shi71]
Hy(Y1(N)g, %) ®z, C = My19(N,C) @ S,42(N,C)

commutes with the action of the Hecke operator on both sides.

2.2 Bloch-Kato Conjecture

In this section, we state our convention of L—functions attached to a Galois repre-
sentation, and the statement of the Bloch-Kato Conjecture, following [Bel].

Let p be a prime. Let V be a p—adic geometric representation of G over P,
where K is a number field, and ®/Q, is a finite extension. We first define the local

Euler factor L,(V,s) of V at a prime v of K:

det(1 — Frob, - g, *|V )t if v1p,
LU(V>S> =

det(l —¢- q;S’DCT’is(V|GFU))_1 if v|p,

where s is a complex argument, Frob, is the geometric Frobenius, ¢, = p/* is the size

of the residue field of K at v, and ¢ = ¢/* with ¢ the crystalline Frobenius. We then
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define the L—function of V' as an Euler product:

L(V,s)= [] Lo(V.9).
v prime

For V' geometric and pure of weight w (recall that H*(X,Q,)(n) is pure of weight
i—2n), L(V, s) is holomorphic on R(s) > w/2+ 1. Furthermore, if V' is automorphic
i.e. we can associate to V a cuspidal automorphic representation 7 of GL,(Ak)
where n = dimg V/, then by results of Hecke (for n = 1), Jacquet-Langlands (for
n = 2), and Jacquet-Shalika (for n > 3) that L(V,s) = L(w, s) admits a meromorphic
continuation on the complex plane. For such a V', one can complete the L—function
by adding the ‘Euler factor at infinity’, and obtain A(V, s) together with its functional
equation:

AV, 8)e(V, ) = A(VY(1), —s),

where €(V s) is entire and non-vanishing.

For 7 € Aut(K/Q), let V™ be the representation of Gk over the same vector space
V but g € Gk acts as ogo !, where o € Gg such that to o|x = 7. We say that V
is polarized of weight wq if V7 (wg) = V'V for some 7 € Aut(K/ Q). If that happens,
as V7 (wg) and V'V are pure of weight w — 2wy and —w, respectively, we must have
wy = w. We record a fact that if an automorphic representation V' is self-dual i.e. K
is a totally real field and 7 is trivial, or V is conjugate self-dual i.e. K is a CM field
and 7 is the complex conjugate, then V' is regular (i.e. distinct Hodge-Tate weights).

For V' geometric, polarized, pure of weight w, and automorphic, as:
AVY(1),—s) =A(VY,1—5)=A(VT(w),1 —s) = A(V,w+1—s),

the functional equation of V relates L(V,w + 1 —s) and L(V,s). Hence (1 + w)/2 is

called the center of the functional equation (it also forces e¢(V, (14+w)/2) = £1). If we
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replace V by V(32) (pure of weight —1) then the center of the functional equation

1s s = 0.

Conjecture 2.2.1. (Bloch-Kato) Let V' be a p—adic geometric irreducible repre-
sentation of G over ®, where K is a number field, and ®/Q, is a finite extension.

Then one has:

dime H} (K, V(1)) = ords—oL(V, 5) + dime (V¥ (1)°%),

where H} is the Bloch-Kato Selmer group.

Remark 2.2.1. The last term will be zero unless V' = ®(1).

Ezample 2.2.1. For V.= Q,, L(V,s) = (x(s) the Dedekind zeta function, and its
order of vanishing at s = 0 is 7 + ro — 1. The Kummer map induces O ® Q, 5
H}(K,Q,(1)), which tells us that dimg, H}(K,Q,(1)) = rank O. Hence the Bloch-

Kato conjecture in this case is just the Dirichlet’s unit theorem.

Example 2.2.2. For E an elliptic curve, denote by V' = V,(E) the Tate module of
E over K. Assuming the finiteness of the Tate-Shafarevich group of E over K and
using the Kummer map E(K)®Z, < H;(K,V), we also obtain that the Bloch-Kato

conjecture for V = V,(E) is equivalent to the Birch Swinnerton-Dyer conjecture.

2.3 Galois representations associated to newforms

Let f = >_,51a.,q" be a normalized newform of weight k > 2, level I';(Ny), and
nebentype xs. Let pt Ns be a prime. Fix an embedding i : Q — Cand ip - Q— @p.
Let L/ Q be a finite extension containing all values i (a,) and i o x;. Let p be
the prime of L above p with respect to i,. Denote S = {prime I|[pN} U {oo}. Then
Eichler-Shimura (for & = 2 in [Eic54], [Shi58]) and Deligne (for £ > 2 in [Del71])
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construct a p—adic Galois representation associated to f:

Pfp: GQ,S — GLQ(LP) (2301)

that satisfies: for all [ ¢ S
1. Trace(py,(Froby)) = ip(w)

2. det(pyp(Froby)) =i, (x s (1)IF1)

3. pyp is irreducible, hence absolutely irreducible as the complex conjugate has £1

eigenvalues [Rib77].

4. Here Frob; is the geometric Frobenius.

2.3.1 Scholl’s motives

Scholl [Sch90] constructed geometrically a Grothendieck motive M C h*1(Z) @ L
where Z is a suitable smooth compactification of the (k — 1)—dimensional Kuga-Sato
variety over Y (Ny) (say Ny > 3). The p—adic realisation of M is M, C H* 1(Zg, L®
Q,), free of rank 2 over L®Q, = Hp Ip L,, with its p —component My being ps,. Note

also that My is pure of weight k& — 1.

2.3.2 Deligne’s construction

Before Scholl, Deligne [Del71] also constructed a geometric realisation V; of py, but

by using étale cohomology with non-constant coefficients.
Definition/Proposition.

1. The geometric realisation V; of p;,, can be defined as the largest subspace of

Hg (Yi(Np)g, 7 k—2) @ Ly,
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on which 7; acts as multiplication by a; for all [ { Nyp and (d)’ = (d), acts as
multiplication by xf(d) for all d € (Z /Ny Z)*.

2. Its dual va can be interpreted as the maximal quotient of
He (Yi(Ny)g, Li-2(1)) ® Ly,
on which the dual Hecke operator 7} acts as multiplication by a; for all [ { Nyp
and (d) = (d)* acts as multiplication by x(d) for all d € (Z /Ny Z)*.

3. Denote the ring of integer for L, as O,. We obtain O,—lattices T, va , which
lies inside V; and V)’ respectively, as the image of Hj (Y1(Ny)g, - k-2) @ O,
and HY(Yi(N))g, Zi2(1) © O,.

4. It can be shown directly by the Hochschild-Serre spectral sequence that M and

V; are the same (isomorphic representations).

5. In general when N¢|N, the subspace (where T}, (d) acts as above) we get from

H(Yi(N)g, L k—2) @ Ly is Vi(N) = @fi(lN/Nf)Vf non-canonically. And we have

a similar story for V().
Properties.

1. Vy is 2—dimensional, irreducible, and a direct summand of the corresponding

1
Hét-

2. For I { pNy, Vy is unramified at [ and the Euler factor at [ with respect to the

geometric Frobenius is:

Pl(Vf, t) =1- aﬂf + lk_1Xf(l)t2

3. If f is ordinary at p, i.e. iy(a,) € Ly is a p —adic unit, the restriction of V; to
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G, is reducible and we have the following exact sequence of Ly[Gg ] —modules:
0=V =V, =V, =0

with dim(V;") = 1. The equation 2% — a,z + x(p)p" ™ = 0 has two distinct
roots: one is a, the p —adic unit and the other is §,: which is 0 if p| Ny and is
xf(p)p" /ey, if pt Ny. The sub-representation VfJr is unramified, with Frob, €
Gy, /I, acting on V;* by ay,. Poincaré duality shows that V) ~ Vi(k —1)(x;'),
i.e.

Vi = (Vf+)v(1 - k)(Xf)
. V' = Vz(k — 1) where f=f® X]TI.

. When f is ordinary at p, by duality, we also obtain an exact sequence for va
restricted to G, :
P

0=V "=V =V =0 (2.3.2.1)

with dim(va’i) = 1. The sub-representation va’f is unramified, with Frob, €
Gq, /I, acting on va’_ by a,. If we adopt the convention that Q,(1) has Hodge-
Tate (HT) weight —1, then the HT weight of va’f is 0 and the HT weight of

Vs 1 — k.

. For an elliptic curve E/Q corresponding to a newform f by modularity, Vy ~

Hy(Eg, Q) = Vo(E)(-1).

2.4 Lei-Loeffler-Zerbes norm map

In this section, we will explain our conventions on Hecke characters together with their

properties. Then we will recall the ‘norm map’ of Lei-Loeffler-Zerbes (cf. [LLZ15,

Sec 4]), which they used to construct a cyclotomic Euler system attached to a weight
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2 modular form twisted by a Hecke character over an imaginary quadratic field K.

2.4.1 Hecke characters and theta series

Definition/Proposition. Let K be an imaginary quadratic field. Fix an embedding
o : Q@ = C and ip Q— Qp. For a prime p that splits in K, let p |p be the prime

of K with respect to i,, i.e. p=pp.

1. For a pair (a,b) € Z*, an algebraic Hecke character v of K with infinity type
(a,b) is a continuous homomorphism: Aj/K* — C* such that ¢ (7) =
@ 7% . Such a character 1 is called anticyclotomic if it is trivial on Aé. The

e ehagooh

x
conductor of ¢ is the largest integral ideal f of K such that 94(u) = 1 for all

u € (1 + fOKﬂ)X — qu.

2. We can identify ¢) with a character on the set of ideals on O that is coprime
to § (i.e. a character of Hj, the ray class group of K with conductor f) by
defining (a) = [[, Yq(w9q)" @, where w, is a uniformizer at g, such that
P((a)) = a=%a~? for all principal ideals () such that a = 1 (mod f). By
restricting to Ag, we obtain a Dirichlet character modulo Ng/q(f) such that

Y((n)) = n~*"bx(n) for all integers n coprime with N/ o(f).

3. Denote recy : Ax — G322 the geometrically normalized Artin reciprocity map.
The (0, 0)—infinity type Hecke character ¢ (z)x 222" will be a ray class charac-
ter, hence it will take value in a finite extension L/K. Denote primes P|p|p of
L/K/Q respectively with respect to i,. We attach a p—adic Galois represen-
tation ¢y to ¢ as follow: for g € Gk, first denote its image ¢’ € G52, then we

take € A% such that reck(z) = ¢’ and define

b(g) = iy 0 g ((2)2 070 )arg . (24.1.1)
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Such a 1y will be called the p—adic avatar of 9.

Let 1) be a Hecke character of K with infinity type (—1,0), conductor f, taking
values in a finite extension L /K. Denote by x the unique Dirichlet character modulo
Ni/q(f) such that ¥((n)) = nx(n) for all (n, Ng/q(f)) = 1. The theta series attached
to v is:

Op = > b(a)g"=e® € Sy(T'y(Ny), xex)
(avf:]-)

where €k is the quadratic Dirichlet character attached to K. The cuspform 6, is new
of level Ny = Ni(f) - disc(K/ Q) [Miy89, Thm 4.8.2].

Fix a prime p > 5 unramified in K with (p,f) = 1 and primes B|p|p of L/K/Q
respectively. Let O C Ly be the ring of integers. Let 13 be the p—adic avatar of 9,

then the p—adic representation attached to 60y, is:

Vo, = Ind% (1)) and its dual Vei = Ind%(wil).

2.4.2 Hecke algebras and norm maps

Let n be an integral ideal of K such that f|n and let N = Ng,/q(n)disc(K/ Q). Let
K, be the ray class field of K with conductor n, and let H, be the ray class group of
K modulo n. Let K? be the largest abelian p—extension of K of conductor dividing
n, ie. Gal(K?/K) = H{ is the largest p—power quotient of H,. For an ideal & of K
coprime to n, let [£] be the class of ¢ in H,.

Let T'(N) be the subalgebra of Endy(H'(Y;(N)(C),Z)) generated by the diamond
operators (d)’, T} for [ 1 N, and U] for [|N.

Proposition 2.4.1. [LLZ15, Prop 3.2.1] There exists a homomorphism ¢, : T'(N) —
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O[H,| acting on the generators as follows:

on(l) = > e
fmti

on((d)") = x(d)ex (d)[(d)].

Proof. By specializing at a characters p of H,, we would want a system of eigenvalues

corresponds to 6y, which exists, again by [Miy89, Thm 4.8.2]. O

For n' = nl, where [ is a prime ideal and (n',p) = 1, let N' = N, q(n)disc(K/ Q)

and define the norm map:

NI O[HD] @vviyezy 6, HE(Y1I(N)g, Zy(1)) — OLHP] @pn)ez, 60 Hi (Yi(N)g, Zy(1))
(2.4.2.1)

by the following formulae (see [LLZ15, Def 3.3.1, Prop 5.2.5]):

1. If l|n then

Nr?, =1 ® prl*

2. If [t n is split or ramified in K/ Q then

/ n[r
Nt? :1®pr1*_w®prl*
3. If [t nis inert i.e. [= () then
/ D[l
Ny :1®pr1*—%®pr”*

4. We extend the definition of " to any pair of ideals n|n’ by composition.

Assumption 2.4.1. (T): p = pp splits in K. If p|f we assume that p 1 f and wolx(p is

not congruent to w, the Teichmiiller character modulo .
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Remark 2.4.1. This condition is so that the maximal ideal Z, of the Hecke alge-
bra associated to ¢, is non-Eisenstein, and p—distinguished (i.e. p—ordinary+ non-
Eisenstein) (see [LLZ15, Rem 5.1.3]). Later on, we will assume (p, f) = 1, hence this

condition will be automatically satisfied.

Theorem 2.4.2. Let A be the set of integral ideals n of K, generated by prime ideals
coprime to p, and let A; = {nf : such that n € A}. Assume (T) holds, then there is

a family of Galois equivariant isomorphisms of O[H,Sp)] modules for any n € Aj:
vn 2 O[HP] @1 (vyezy00 He(Yi(N)g, Zp(1)) — Indy, O(vy")
such that for any v € A with n|n’, the following diagram commutes:

O[HY) @v(nnyezy0y Hi(Yi(N') g, Zy(1)) —os Ind2, O(yis")

n
/ ’
NE Jv Normj l

OHY) @352y HE(V1(N)g, Zyp(1) —2 Ind, O(1g")

where Normﬁl is the natural norm map (see the discussion leading to equation (3.1.0.6)

below).

Proof. See Proposition 5.2.5 and Corollary 5.2.6 in [LLZ15] for details. Nevertheless,
we will roughly sketch the key ideas for going from level NI to level N, where [ =

77 1 pN is a prime that splits in K:

1. The main problem is a discrepancy on the Hecke action of the integral cohomol-
ogy groups of different level modular curves. Concretely, if we write H'(Y;(N1))
for H'(Y1(NI)(C),Z), this has an action of U; € Tpy; while H*(Y;(N)) has
an action of T, € Ty. But by creating an artificial Hecke algebra Ty :=

Tn[X]/(X? = T,X + (1)) (cf. [Wil95]), one can unify the two Hecke algebras
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via the following commutative diagram:

U ¢ Tyy—— Ty 2 T;

U €T Bl Ty
2. Next, we use Ihara’s lemma [Tha75]. The version here is borrowed from [DDT97,

Lem 4.28], which gives the surjectivity of the following horizontal map:

pry, @ pry, : H' (Yi(NI)) —— H'(Y1(N))**

\ lN

Ty ®ry H(Y1(N))

The vertical isomorphism is just (a,b) — a — b(T; — X)/Il. Here, X is acting
. - T =0 iy . .
on H'(Y1(N))®* via the matrix . By localizing at a non-Eisenstein
[l 0

maximal ideal Z of Ty of characteristic p ¥ NI, we also get H'(Y1(N))z is a free
(Tn)z module of rank 2. Hence the following map ¢ = pry, — pro, (7} — X)/l is
an isomorphism [LLZ15, Thm 4.2.8]:

v (Tn)z @ry H' (Yi(ND)z = (Tw)z @1y H' (Y1(N))z

3. Now the isomorphism v, is obtained by simply patching all the V},ip for twists of
1 by character p of Hép ) into one big isomorphism (which can be shown easily

by specializing at a finite order character p of Hép ) and obtain Ve\;p).

4. We obtain the ‘norm map’ N via base extension, i.e. extending ¢, from Ty
to Ty by defining T} — X — (7)[7].
In the end, we get a commutative diagram for n’ = nl where [ is a split prime of K

coprime with Normpg,g(n). Lei-Loeffler-Zerbes show that such a result is also true
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when [ is inert, and also in the Hida theory setting (cf. [LLZ15, Sec 4.3]).

To obtain a diagram for arbitrary n’ with n|n’, we order the set of ideals in A; by
divisibility (f = no|fp1 = ny|fp1p2 = ng|- -+ i.e. adding one prime at a time), acquire
a commutative diagram for n;jn; (i > j), and then define all the cohomology class
for m|n; by corestriction. Note that in order to rigidify the system of isomorphisms,
there is a fixed choice of units of O[H,Sp )] for each level n, see more in [LLZ15, Cor

5.2.6). 0
Remark 2.4.2. We sketch a proof of the following version of Thara’s lemma: the
following map is injective:

H'(To(N), Z /LZ) & H'(To(N), Z /IZ) — H'(To(gN),Z /i Z).

By a theorem of Thara that

IMMwmmmm=RWﬂ@x

one obtains the Lyndon exact sequence:

1
H'(To(N, Z[2]), Z /1Z) — H(To(N),Z /1Z)* — H'(To(qN), Z /I Z),
q
and so it suffices to show that H!(To(N, Z[%]), Z JIZ) = 0. Now, an element of such
cohomology group corresponds to a group homomorphism: ¢ : T'o(XV, Z[%]) — Z /L.
Because SLQ(Z[%]) satisfies the congruence subgroup property, ker(y) will contain a
principal congruence subgroup. Therefore, if (I, N¢(N)) = 1 then ¢ = 0. This version

is used in the ‘level raising’ paper of K. Ribet [Rib84].
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2.5 Bertolini-Seveso-Venerucci diagonal classes con-
struction

We sketch the construction of the diagonal classes in the triple product of modular
curves Y) (V) using classical invariant theory, following Section 3 in [BSV21].

We recall some notation used in Section 2.1.3. Here, Y1(N) = Y1(N)q, E1(N) =
E,(N)g the universal elliptic curve over Y;(NN) together with the structural map
v : Ei(N) — Yi(N). The relative Tate module of the universal elliptic curve is
J = R',Z,(1), and its dual is J* = Homg,(7,Z,). The cup product pairing

combined with the relative trace:

T Rz, T — R*v, 7,(2) 2 7,(1)
gives a perfect relative Weil pairing

(BN + T @z, T = Lp(1),

which allows .7 (—1) to be identified with 7.
For A either the locally constant sheaf Z /p™ Z(j) or the locally constant p—adic

sheaf Z,(j) on X¢ for some fixed m > 1 and m, j € Z, recall that
Z.(A) = Tsym} 7 (A) and .7,.(A) = Symm'y T *(A),

where given any finite free module M over a profinite Z, —algebra R, TsympM is
the R—submodule of the symmetric tensors in M®", and Symm’, M is the maximal
symmetric quotient of M®".

For a fixed geometric point 1 : Spec(Q) — Yi(N), denote by G, = 7 (Y1(N),n)

the fundamental group of Y7 (V) with base point 7. The stalk of .7 at n, denoted .7,
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is a free Z, —module of rank 2, equipped with a continuous action of G,. Fix a choice
of Z, —module isomorphism ¢ : 7, & Z, ® Z,, such that (z,y)g,(v),. = ((¥) A ((y)
(where we identify A\’ Z: with Z,, via (1,0)A(0, 1) = 1). One then obtains a continuous

group homomorphism:
pn 2 Gy — Auty, (7)) = GLa(Zy).

By [FK88, Prop A 1.8], the category of locally constant p—adic sheaves on Y; (V)
is equivalent to the category of p—adic representations of G, via the map .7 — 7.
Using p,,, one can associate with every continuous representation of GLy(Z,) over a
free finite Z, —module M a smooth sheaf M® on Y;(N) such that MS* = M.

Let S;(A) be the set of 2—variable homogeneous polynomials of degree i in A[zy, z2]
equipped with the action of GLy(Z,,) by gP (21, 22) = P((x1,22)-g) for all g € GLy(Z,)
and P € S;(A). Its A—linear dual L;(A) is also equipped with a GLy(Z,)—action by
g7 (P(z1,22)) = 7(97 ' P(x1,29)) for all g € GLy(Z,), P € S;(A), and 7 € L;(A). As

sheaves on Y;(N)q, one has:
Li(A)ét = .,S/ﬂl(A) and SZ'(A)ét = yZ(A) (2501)

Hence 9 = Ly(Z,) and Z,(1), = \* .7, = det™'. This implies that for any j € Z,

and any p—adic representation M of GLy(Z,):
H°(GLy(Z,), M @ det ™) — H"(G,, M ® det ™) = H} (Yi(N), M*(5)). (2.5.0.2)

Assumption 2.5.1. Let r = (ry,re,r3) such that r; € Zsg, (r1 +re +13)/2 =1 € Z>o,
and r; +r; > 1y, for all permutation (i, 7,k) of (1,2,3). We call this the balanced

condtion.
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Under the assumption 2.5.1, let
Se = Su(Zy) @z, Sry(Zp) ®2, Sry(Zy)
a GLg(Z,)—representation, and let
Sy =58 =S (Ly) Rz, S 1, (Ly) @1, L 1o (Ly).

We identify S, with the module of 6—variable polynomials Z,[x1, s, Y1, Y2, 21, 22]
which is homogeneous of degree r1, 7, and r3 in the variables (z1,z3), (y1,92), and
(21, 29) respectively. By the Clebsch-Gordan decomposition of classical invariant the-

ory, the following is a GLy(Z,)—invariant of S, ® det™" (cf. the balanced condition)

r—rs3 r—ro r—ry

T1 T2 T T2 Y1 Y2
Det}y := det det det

Y1 Y2 A 1 22

i.e. Detly € H%(GLy(Z,), Sy ® det™") and denote its image under (2.5.0.2) as:
Deth, € HY (Y1(N), Z(r)). (2.5.0.3)
Let p; : Y1(N)? = Yi(N) for j € {1,2,3} be the natural projections and denote

’y[r] = p’{ yrl (Zp) ®Zp p§ yTz (ZP) ®Zp p§ yTs (ZP>7

Wy yp = Hg’t(Yi(N)(%, ym(?‘ +2)).

As Y1(N)g is a smooth affine curve over Q, Hg(Yi(N)3, 1 (r +2)) = 0. By the

Hochschild-Serre spectral sequence,
HP(Q, H{(Yi(N)G, S (r +2))) = HE(Vi(N)g, 1 (r +2))
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one obtains

BS : HA(Vi(N)', 1 (r +2)) — H'(Q. W),

If we let d : Y1(N) — Y1(N)? be the diagonal embedding, then there is a natural
isomorphism d* .y = ., of smooth sheaves on Yi (V). As d is an embedding of

codimension 2, there is a pushforward map:
d. : Hy(Yi(N), 7+(r)) = Ho(Yi(N)?, 7 (r +2)),
and we define the class
(HS o d,)(Dety) € H'(Q,Wy.).

A result of Nekovai-Niziol (see [NN16, Thm 5.9]) then tells us that this class is un-
ramified at all primes different from p and is geometric at p, i.e. lands in H ;(@, Wyr)
where Wy = Wy ®Q, (see the definition of H 91 in equation (4.3.0.1) below, see more
in [BSV21, Prop 3.2)).

Dually, by the bilinear form det* : L;(Z,) ®z, Li(Z,) — Z,®det™" defined by
det* (1 ® 0) = 7 ® o((w1y2 — 2y1)") that becomes perfect after inverting p, we can

define an isomorphism of GLy(Z,)—modules:
si: 9i(Q,) 2 Li(Q,) ®det’, ie. s;:.7(Q,) ¥ .Z:(Q,) ® det’ (2.5.0.4)

by the equivalence of categories. We then similarly define the sheaves ., on Y;(N)
and 2 on Y1(N)?. Set

Ve = HG(Yi(N)S, Lm(2—7)) and Vy, =Vy,®Q,. (2.5.0.5)
Let s, = sy, ® 8¢, ® 8y, Which gives an isomorphism: Wy, — V.. Finally, we
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arrive at the following geometric class
(Sex 0 HS 0 d, ) (Detly) € Hy(Q, Vivy). (2.5.0.6)

Remark 2.5.1. Note that by [BSV21, Rem 3.3, going back and forth from S;(Q,)
to L;(Q,) introduced an extra factor that divides i!. Therefore, we can obtain an

integral class by multiplying with ¢! if necessary.

We record the following fact (see [BSV21, Prop 3.6]) that compare the generalised
Gross-Kudla-Schoen diagonal cycles Ay, (see the second paragraph of Section 1.4
for the idea of the construction, more details are in [DR14, Def 3.3]) with the class

we constructed above in equation (2.5.0.6).

Proposition 2.5.1. There exists a natural isomorphism that maps the p—adic Abel-

Jacobi image of (A, 12.r912.r5+2) to (HS o d,)(Dety) (up to sign).
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Chapter 3

Main theorems

3.1 Tame norm relation for weight (2,2,2)

In this section, we will construct cohomology classes using results from [BSV21] and
[LLZ15] recalled above, prove that they satisfy the norm relation, and obtain an
anticyclotomic Euler system.

Let f € Sp(Lo(Ny¢)), g € Si(Ng, xg), and h € S,,(Np, xn) be three newforms such
that x,xn = 1. Let L/K be a finite extension that contains the Fourier coefficients

of these newforms. Let N = lem(Ny, Ny, Nj,) and denote
Y(m) =Y (1, Nm) =Y, (Nm)

(i.e. level I';(mN)) for every positive integer m.
Let r = (ry,79,73) be a triple of non negative integers such that the balanced

condition holds. Denote:

%r] - ogl,Nm,rl (Zp) ®Zp jl,NmJ‘g (Zp) ®Zp gLNm,rLQ, (Zp)
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We define a cohomology class:

Fime € H'(Q, H3 (Y (M), L) ©z, Q)2 1))

which is the BSV class sy« oHS o d,(DetY,,,) in Section 2.5. By Remark 2.5.1, the only

possible denominators of x! . are diviso
1 : vp (W ; :
Kpnr With p »(¥) we obtain an integral

of notation.

Proposition 3.1.1. For a prime number q and a positive integer m, if (mq,pN) =1

then

(pri*a prj*u prk*)"ivlnq,'r = (*)K

where

rs of w := (k—2)!(I—2)!(m—2)!. Multiplying

class, which is also denoted &, . by an abuse

1

(4,7, k)

*

q,1,1

L,

—_

b

)

5

L,

)

L,

=

Y

_ R

—_Q

4,

I

4,9,

(
(
(
(
(
(

)
)
)
) | ¢ (g —1)(Ty,1,1)
)
)

(q - 1)(Tqv 17 1)
(Q - 1)(17Tq7 1)
(¢ —1)(1,1,T5)

qrir2 (q - 1)(17 Té? 1)

qT_TB (q - 1)<17 17 Té)

If (g,m) =1 then we also have

(i,J,k)

*

(¢,9,9)

(1’171) (q2 - 1)

(¢ = 1)q"

Proof. See equation (174) and (176) in

[BSV21].
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Define:

2

i = (Pl 1, D € HY(Q, HG (Y (1) X Y (m)g, L) ®z, Q,(2—7)) (3.1.0.2)

where pr, . is the composition of pr, ,, if we write the prime factorisation of m as

IT; e

m* e;x)

We use the Kiinneth decomposition of H}:

Hgt(y(l)Q7 Zﬁ) ® Hgt(y(m)@v gm) & Hgt(y(m)@a $T3)>

Hgt(Y(l) X Y(m)?@,g[r]) = @a+b+c:3

(3.1.0.3)
cf. [Mil80, Chap VI, Thm 8.5] (note that we drop (1, Nm) in the notation of .Z,.).

Project the class &7, . to the Hj ® Hy, ® H§ component and obtain:

Fime € H'(Q, Hg, (Y (1), £, (1)) © Hg (Y (m)g, £, (1)) ® H (Y (m)g, £, (1)) (=1 — 7))

(3.1.0.4)
Set-up. Here are some notations and assumptions for this subsection:

1. f e S (To(Ny)) is a newform.
2. K is an imaginary quadratic field.

3. 11,1y are two Hecke characters over K, both of infinity type (—1,0) with con-
ductors f;, fo respectively. As recalled in Section 2.4.1, there are associated

theta series 0y, € Sa(Ny,, Xy, ) and Oy, € Sa(Nyy, X, )-
4. Assume that xy, Xy, = 1.

5. Let p > 5 be a prime that splits in K and such that (p, fif2) = 1, as in Section
2.4. Take L/K to be a finite extension, assumed to be large enough so that its
ring of integers contains the Fourier coefficients of f,0y,,0,,. Choose primes

Blplp of L/K/Q respectively and let O C Ly be its ring of integers.
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6. A newform F' € Si(Np, xr) will generate g, an automorphic representation of
GL2(Ag). For any Ng|N, denote Si(N, xr)[7r| to be the F—isotypic subspace
of Sg(N, xr) attached to the automorphic representation 7. With a basis given
by {F(dz)}aj(n/Ng), this is a 0¢(/N/Np)—dimensional vector space with elements

being called test vectors.

We now combine our triplet (f,6y,,6y,) with the constructions in Section 2.5.

Since f, y,, 0y, all have weight 2, we will take |r = (0,0,0) |

Important choices. Fix a choice of test vectors:

f€S2<N)[f]7 g€S2<N7X¢1)[9¢1]7 he S2(NaX¢2)[0¢2]
and a choice of maps (recall Y (m) = Y;(Iem(Ng, Ny, , Ny, )m)):

He (Y (1)g, Zp(1)) = He(Yi(Np)g, Zp(1))
He (Y (m)g, Zy(1)) = He (Yi(Ny,m)g, Zy(1))

Hi (Y (m)g, Zp(1)) = Hg (Y1(Ny,m)g, Zy(1)).
Notation.

1. Let %k be the set of split primes [ of K.

2. Given .Z a set of prime ideals of K, let N'(.Z) be the set of squarefree ideals m
of K which is generated by prime ideals of . i.e. m =[[.[; and [; € £, such

that [; # ;,[; for all i # j (i.e. pairwise distinct and conjugatedly distinct).

Let m € N(Zx) such that m = Normg,g(m) is coprime to p. Let [ € Lk be a

split prime of K such that [ = Normg,g([) is coprime to pm. After tensoring with
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O, we can project 5, . in (3.1.0.4) to:

K?%ﬂﬁmm < HI(Q’ va ® H(élt(m(N¢1m)@>Zp(1)) ®T/(sz1m) O[H&p)]@)

H} (Yi(Nyym)g, Zy(1)) @y, m) O[HL(—1)),

where in here we are using the ¢, ¢z maps and construction from Proposition 2.4.1
of Section 2.4.2 for the second and third pieces.

Remark 3.1.1. Notice that the numbering here changes from m to m, as we will
construct an ‘anticyclotomic’ Euler system. See more details in Section 4.3.

As (p,f.f2) = 1, condition (f) is satisfied for both 4, 9. We then use the

isomorphisms from Propositions 2.4.2:

Um = Hi (Vi (Nyym) g, Zy(1)) @1y, my OTHY] = Indyey O(thry)

vn t Hiy (Vi (Nyym)g, Zp(1)) ©1(vyymy O[H] = Tnd ey O ()
to obtain a class:
K o € H'(Q, T @0 Indy O(di5) @0 Indigy () (1)) (3.1.0.5)

We write Ind%i(’)(z/};ﬁ) = Ind‘}%@% [HY)], the notation O, means the twisted by x
1—dimensional Galois representation O(x), and recall that HP ~ Gal(KP/K) is the
largest p—quotient of the ray class group of K modulo m.

Since we assume that p > 5, p will be coprime to |Oj;|. Given a positive integer n,
the ring class field of K of conductor n is the finite abelian extension K [n| of K such
that recy : K*/K*Q 0% = Gal(K[n]/K) = Pic(0,), where O, = Z+nOy is the
order in Ok of conductor n. Its Galois group, denoted H|[n], is called the ring class
group of conductor n. Denote H|[n]® as the maximal p—power quotient of H[n], and

K[n]® as the maximal p—extension inside the ring class field K[n).
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Furthermore, as m € N (%), its norm satisfies m = mm. Explicitly, we have

the following exact sequences (we will take the p—part ultimately) for the ring class

group:
Ok R (O /mOxk)*
/s (Z /mZ)>

— H[m| — H; — 1,
and the ray class group:

Ok

1=
O N K™!

— (Og/mOk)* — Hy — Hy — 1.

Assumption 3.1.1. The prime p does not divide the class number of K, i.e. p{ |H;|.

Under this assumption, since (Ox/mOg)* = (Og/mOk)* x (Og/mOk)*, and

combine with the natural projections HY — HP and HY — Héf ). we obtain an

isomorphism:

HP X H®) x gP),

Theorem 3.1.2. For a prime p > 5 that does not divide the class number of K, by

identifying H&p) X Hép) with HY as above, the following sequence is exact:

1= (Z /mZ)*® 2 7O 5 gP 2 gim)®) 1

13 1) < (1]

for a prime | such that (I,mp) = 1. If | = U splits, the image of a prime ideal [ in
the ray class groups Héf’) and H,%p) will both be denoted [l]. Under quotienting by the

image of the diagonal A,
1] % [] 22 Frob,

where now Froby will be the Frobenius of | for the ring class field.
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Before applying this theorem, we make some remarks about the functorial prop-
erties of Galois and group cohomology [Mil]. If we have M, M’ a G— and G'—module
respectively, together with compatible homomorphisms: a : G’ — G and b : M — M’
in the sense that b(a(g’)om) = g’ ob(m), then one can define homomorphisms of com-
plexes of cochains and hence H"(G, M) — H"(G', M') for any r € Z>o. In practice,

we use the following compatible pairs:

1. H < G a subgroup, and Ind$ (M) — M where ¢ — ¢(1¢), which induces the

Shapiro’s lemma isomorphism:

H"(G,Ind%(M)) = H"(H, M).

2. G % G the identity map, and M — Ind%(M): m — ¢, where ¢,(g) = gom,

which induces the restriction homomorphism:

H"(G, M) —— H"(G,Ind%(M))

~
res

H"(H, M)
where the vertical isomorphism is the Shapiro’s lemma.

3. G5 @ the identity map, and Ind% (M) — M: ¢ = > 50 0 ¢(c™") where

G = U, ey 0 H, which induces the corestriction homomorphism:

H"(G,Ind%(M)) — H"(G, M)

~
cores

H"(H, M)
where the vertical isomorphism is the inverse of the Shapiro’s lemma morphism.
4. Given H 9 G, G — G/H is the natural projection, and M — M is the
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inclusion, which induces the inflation homomorphism:

H™(G/H, M™) 2 H7(G, M).

5. Given Hy C H; both subgroups of G, we can define the map:
Norm : Ind$, (M) — Ind$, (M)

where ¢ + Norm(¢) with Norm(¢)(g9) = >, cp,/m, @ © ¢(¢7'g). This map,
induced from the corestriction homomorphism above, makes the following dia-

gram commute:

H"(G,Ind§ (M)) —— H"(Hy, M) (3.1.0.6)

N orml lcores

H'(G,Ind§ (M)) —~— H"(H,, M)

We are now in the position to use the quotient map from Theorem 3.1.2 to define

the quotient:

0df 0,1 [HY] @0 ndf 0, [HY] —— ndR 0, A [HY x HY] (3.1.0.7)

x yA

Ind% K Oytyz [Hm] @],

where the horizontal map is f ® g — &(f ® g) with £(f ® g)(t) = f(t) ® g(t).

Lemma 3.1.3. The following diagram is commutative:

Ind 0, (H| @0 Indi0,, [ L J— Indg 01,1 [H{mi] )] (3.1.0.8)

ml

Norm“‘[%Norm‘l‘[ lNorm” !

]nd%(’) [H(P)] ®Ro IndQ(’) [H(P)] . [nd@o [H[m](:ﬁ)]

wlr_p wgcp
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where each of the Norm maps is a natural one, and the two horizontal maps are &a,

the diagonal map in equation (3.1.0.7).

Proof. Under our assumptions, we first identify H > (» ) > g [) X H . We also identify
HE)/HY = HE) /P <« HP /P, and HY)/HE (mod A) = H[ml]®)/H[m]®
Combining with the explicit natural norm map recalled in equation (3.1.0.6), one

obtains the result. O

The image of the class £}, ,, n in (3.1.0.5) under the composition of (3.1.0.7)

gives us a class:
K% 1y € H'(Q,TY @0 IndgO, o1 [H[m]](~1))
and by Shapiro’s lemma, we can rewrite the group cohomology:
K rnm € H (K m] P, T (Uigitoagt) (—1))-

In the end, the diagram (3.1.0.8) from Lemma 3.1.3 implies that we have the

following commutative diagram:

HY(Q, T} ®0 0,1 [HY)] ©0 ndZO, A [HZ](~1)) — H (K[ml]®, T} (Y1) (~1))
1®N0rmm[%Norm{:‘ JNorm%’
HY(Q, T} ®0 0,1 [H'] ®0 ndZ. O, 1 [HY](=1)) —— H' (K [m]®, T} (1) (=1))
(3.1.0.9)
We define

HY(TY, Ny, (m), Nij, (m)) == H'(Q, T} © H,(Y1(Nyym)g, Zy(1)) @1y, m) OHY]

® Hy (Yi(Ny,m)g, Zy(1)) @rv(ny,my OLHE|(—1)).

Together with Proposition 2.4.2 (where Norm™ corresponds to ™), the diagram
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(3.1.0.9) is just:

HY(TY, N2 (ml), N% (ml)) — H(K[ml]®, T} (Vihtz) (=1))  (3.1.0.10)

1®N.;?'%N,‘:," lNorm mi

HY(TY, N}, (m), N}j, (m)) —— H'(K[m]®), T} (Y15359) (— 1))

Proposition 3.1.4. Let m € N (Zx) such that m = Normg g(m) is coprime to p.
Let L € Ly be a split prime of K such that | = Normg,q(l) is coprime to pm. Assume
further that (ml, Np) = 1, then we have:
Y1 (D2(0) D (O0Y2(D)
o0, ) = (= ) () = 220y g - 2020y

(1 - 200y m) (K8 pm) (31.0.11)

Proof. For simplicity, we will drop the subscripts f, 11,1, and only keep track of the

numbering, m, and [. Tracing back the %, we calculate:

(LN @ NT) (kr) = (L NT' @ NFY) (P 1, 1) (1)
:(prm*a 17 1)(prl* ®Nr?11[ ® Nﬁt?f)</€7lnl)

:(prm*v 17 1) (prl* X(l ® Pry, — wl(l[)[[] ® prl*) X (1 ® Prie — w ® prl*)) (Kolnl)

:(prm*a 17 1) (prl*a Pl prl*) - ¢1 ([> [[] (prl*a PIy,; prl*) M(prl*a Pl prl*)
wl( ;;ﬁ ([) [[] prl*’ Py Pliy )

(1~ )(pr. 1,1) (m, 1= 206, 2P0

N Y1 (D2 (1) -

[0 [T+ 1) ) (k)

AC 33}2( D10 x M +1)) (52)

0 )
—(—1) ((Tl’ L) z/q(lt)[l] LT - (LT 1)w2<f)[]
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Here we use the table in Proposition 3.1.1 for =.

This implies that its image also satisfies:

(LN @ N) (k)
~-n(@an - 200 g - gy O
+ 200 1) )
== 1) () 20 + 00 - 010 + 0@ L
+ 200 1) )
~(t- 1) () - 2020y gy - 200
e )
where we use for the =, the fact that x* lands in an isotypical piece that can be

described by the map in Proposition 2.4.1. Now showing the norm relation for * is

enough to conclude the proof thanks to the commutative diagram (3.1.0.10). O

Remark 3.1.2. The (I—1) factor appears due to deg(y;)7; = prjopry, and deg(u)1] =
pry, o prj, i.e. because of the j; degeneracy map. In the next subsection, we will get

rid of this extra factor.

Remark 3.1.3. We want to emphasize that this proposition is the key result for the
construction of our Euler system. Indeed, if we can get rid of (I — 1), the remaining
factor on the RHS of Proposition 3.1.4 can be massaged to be equal to the Euler
factor of the Galois representation Tr(1)112)(2), giving the correct norm relation which

means that our class form an anticyclotomic Euler system.
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3.1.1 The fix

Follow the above remark, we attempt to get rid of of (I — 1) using some ideas from

[DR17, Sec 1.4].
Notation.
1. For this subsection, denote Y;(N,a) = Y (1, N(a)).

2. For a given prime [ # N and for i € {1,[}, define the natural degeneracy maps:

Yi(NT)

J/ pri
o

where y; is a cyclic Galois covering of degree [—1 and 7; is a non-Galois covering

of degree [ + 1.

3. Denote D,, = {({(d),(d)) : d € (Z/NmZ)*,d =1 (mod N)}, the set of dia-

mond operators acting diagonally on Y;(Nm)?.

4. Let Wi(Nm) = (Yi(Nm) x Y1(Nm))/D,, and denote by d,, : Yi(Nm)? —
W1(Nm) the natural projection map, which is an étale morphism of degree

¢(m).

One can obtain a class using the BSV class in (3.1.0.1):
km € H'(Q, HS (Y1(N,m) x Wi(Nm)g, Z,)(2)) (3.1.1.1)
where we look at the case r = (0,0, 0) such that

(Homes D) o = D) o (3.1.1.2)
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Then for (m,q) =1, as ¢(m)(q — 1) = ¢(mq), we have the following updated table,

which gets rid of the ¢ — 1 factor in Proposition 3.1.1:

Proposition 3.1.5. For a prime number q and a positive integer m such that (m,q) =
1 and (mgq,pN) =1,

<7Ti*7 DT prk*)ﬁmq = (*)ﬁm

where
(1,5, k) * (i, 5, k) *
(¢, 1,1) | (T:1,1) | (¢, 1,9) | (1,75,1)
(Lg,1) | (1,T5,1) | (¢,9.1) | (1,1,T})
(1,1,¢) | (L,1,T,) | (1,1,1) | (g+1)
(Lg,q) | (15, 1,1) | (¢,9,9) | (¢+1)

Now we want to proceed as above to obtain the correct norm relation (i.e., without
the ¢ — 1 factor). This requires to be careful with the étale cohomology of Y1 (N, m) x
Wi(Nm).

We begin with the Hochschild-Serre spectral sequence:

EY? = HP(Dy, HY, (Yi(N,m) x YI(Nm)3, Zy)) = HEH(Yi(N,m) x Wi(Nm)g, Z,).

ét,c ét,c

This leads to an exact sequence:

E — H, L)

ét,c

0,3
(Yi(N,m) x Wi(Nm)g, Z,) 20h BQ3 2y 22

where E is a canonical subquotient of E,*@® F5"'. From this, we see that the difference

between the two middle pieces are classes coming from Hg,

(YN, m) x Vi (Nm)3, Z,)
with ¢ < 2. From the Kiinneth decomposition here (see (3.1.0.3)), because of the

condition ¢ < 2 either HY

ét,c

(Yi(N,m)q,Zy) or H

ét,c

(Y1(Nm)g, Z,) appears as one of

the factors. What we will do later is localizing at a non-Eisenstein maximal prime
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ideal Z of Ty, which will kill these factors, hence obtain an integral isomorphism of

3
Hét,c

Yi(N,m) x Wy(Nm)g, Z,) 22y pos — g3
Q) #p 2

ét,c

(Yi(N,m) x Yi(Nm)3, Z,)) "
(3.1.1.3)

By Poincaré duality we also obtain a map:
1,dmx
H3(V((N,m) x Wi(Nm)g, Z,) <2220 13 (Vi(N,m) x Yi(Nm)%, Z,)) b, (3.1.1.4)

whose kernel and cokernel will also be annihilated by localization at (the dual of) the
ideal Z.

The following lemma essentially tells us that by localizing at a non-Eisenstein
maximal ideal, there will be no difference between X;(N) and Y;(N), between H'

and H.

Lemma 3.1.6. For I a non-Eisenstein maximal ideal of Ty
HL(Yi(N)g. Zy)r ™ H'(Xi(N)g. Zy)r ™ H'(Yi(N)g. Z)r (3.1.1.5)

Proof. The Manin-Drinfeld theorem tells us the existence of many primes [ such that
(14+1—T)) kills H'(0X(N)). The non-Eisenstein property tells us that we can choose

[ such that (141 —T;) ¢ Z, which will be invertible after localizing at Z. O

We now recall more details from [LLZ15] besides those already recalled in Section

2.4.2. Firstly, for p t m = mm, we have the composition map
T),, 22 Op[Hy] 25 0, — O,/P

and define Z,, to be its kernel. By [LLZ15, Prop 5.1.2], Z, can be checked to be non-

Eisenstein (equivalently the associated residual representation is irreducible), ordinary
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and p—distinguished. At a later step, we will look at the following module
OHY) @1 (Nmyazy b Ha(Y1(NM)g, Zy(1)),

and it is clear that the map from H} (Y;(Nm)g, Z,(1)) to this module factors through
completion at Z,. One can choose an auxiliary prime [ { Nmp such that 1 + [ —
a(F) € Z, and Ni;tl—a_lj(}) ¢ T, which annihilates Hg (Y1(Nm)g,Z,(1)) and also
HZ (Yi(Nm)g, Zy(1)) which fixes the F—isotypical piece that we are interested in.
These invertible elements after localization at Z, will annihilate Hf (Y1(N,m) x

Yl(Nm)?@,Zp) for ¢ < 2. We then use Lemma 3.1.6 to see that after localization

at non-Eisenstein maximal prime ideals, we acquire a map:

1,d7L
H3 (Yi(N, m) x Wy (Nm)g, Z,) 225 HL (Vi(N,m)g, Z,)®

Hélt(YI(Nm)Qa Zp) XD,y Hélt(YI(Nm)@ Zp))‘

Define: k], = (s, 1, 1)Kp. One can adapt the notation, and mimic the construc-
tion of k. for our modified x],, beginning with equation (3.1.0.4) to Proposition
3.1.4. The key difference here is that the tensoring in equation (3.1.0.5) is over O,

while our class will land in:
HY(Q, T} ®0 Ind, O(th13) @opp,) Ind%gO(¢;£)(—1)). (3.1.1.6)

Now, taking the D,,-coinvariant is compatible with the £ map because D,, lands in
its kernel. Indeed, for ((d),(d)) € D,,, we have ¢n((d)’) X ¢z({(d)') = [d] x [d] € A

(by Theorem 2.4.1 and 3.1.2). In the end, we arrive at a class:

K o € H' (K [m]®, T} (i3 ) (—1)).
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Proposition 3.1.7. Let m € N (L) such that m = Normg,g(m) is coprime to p.
Let L € Lk be a split prime of K such that | = Normg,q(l) is coprime to pm. Assume
further that (ml, Np) = 1, then one has:
m U1 (1a(D) OO F -
ot (K, ) = () — 107200 ¢ g - 2020
P1(Da(l -
(1— )= 32 Wiy (K} gy o) (3117)

Proof. Same as Proposition 3.1.4, but instead of Proposition 3.1.1 we use Proposition
3.1.5. O
Let P(X) = P(1—X-Frob(Tt(11%2)(2)). Then we have the following congruence

of endomorphisms of H'(K[m]®), Ty (¢1ythom)(—1)):

P;(Froby) =1 — a( f)WM D oby + (Mmobf)

é( - al(f)w”i?( ) Frob + (Wbl?( )Frob[) + —¢1(13§b2<l>+

;( U ( )%( )H » [[])Q[ (mod 1 — 1)

where @y is the factor in the RHS of equation (3.1.1.7). The congruence = is due to

Yi(l) = Ixy,; (1) and xy, Xy, = 1. The congruence = is because of Theorem 3.1.2, where

one has Frob; = [I] x [l] and FrobFrob; = 1 as an endomorphism of H'(K|[m]® —).
Combine this congruence with Lemma 9.6.1 from [Rub00] (which is about the way

to modify the Euler factor of a constructed cohomology class in order to obtain an

Euler system, given some congruent conditions), one obtains the following theorem:

Theorem 3.1.8. Let m € N (ZLx) such that its norm m = Normg,g(m) is coprime to
NNy, Ny,p. Assume that H*(K[m]®), TJY(w;ﬁw;ﬁ)(—l)) is torsion-free for all such
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m. Then there exists a collection of classes:

Zfin apem € H (K[m]P) T (higitby) (—1))

such that given | € Lk a split prime of K satisfying (I, NyNy, Ny,pm) = 1, where

[ = Normg,q(l), one has the following norm relation:

K[ml](®)
NormK{m]](p) (Zﬁqpl,l/&,m[) = P[(Fl”ob[>(2’f7¢17¢2,m)

where P(X) = P(1 — X - Frob| T (¢112)(2)).

Remark 3.1.4. We assume the torsion-freeness because we want to use Lemma 9.6.1
from Rubin, in order to get an equality for the norm relation, not just a congruence
modulo (I — 1). It will be satisfied if we have Ty being residually irreducible. Never-
theless, in practice, we only care about the p—power dividing [ — 1 (for the Kolyvagin

system’s argument) which means that we can drop the torsion-free condition.

3.2 A —adic tame norm relations for weights (£, [, 2)

In this section, we will generalise the construction in the previous one, from three
newforms to three Hida families along the anticyclotomic extension, hence obtaining

Ky a.m L0 more general weights. The machinery for doing this comes largely from

[ACR21, Sec 5] and [BSV21, Sec 4].

3.2.1 Hida families

We recall the notion of a Hida family.
Notation.

1. Let p be an odd prime.
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2. Let A =7Z,[1 + pZ,] be the completed group ring.

3. The formal spectrum of A: W = Spf(A) is known as the weight space. Explicitly,
for any extension L/Q,, W(L) = Home(1 + pZ,, L*).

4. An arithmetic point of W is an homomorphism v, such that v, : z — €(z)2"

where 7 € Z>( and € is a finite order character.

5. A classical point will be an arithmetic point with a trivial character €, often

denoted v, = v, ;.
6. The weight of an arithmetic point v, is k = r 4 2.

7. We can generalise these notions to A’, a normal domain finite flat over A and
let the weight space be Wy, = Spf(A’). A point x € WA/(@p) is arithmetic or
classical if it lies above an arithmetic point v, . or a classical point v, of W(@p),

respectively. The weight of z is still k =r + 2.

Definition. For a positive integer N such that (IV, p) = 1, an ordinary Hida family

of tame level N and character x : (Z /MpZ)* — Q; is a formal g—expansion:

£= 3" a.(f)q" € Aclal.

n>1

where Ag is a normal domain finite flat over A, such that for any arithmetic point

r € Wy, (Q,) lying over v, the power series

f, = Z a,(f)(z)q" € Qp[[Q]]7

n>1
called the specialization at x, is the g—expansion of a p—ordinary cuspidal eigenform
in Si(Mp®, xew™). Here s = max(1, ord,(cond(e))). A Hida family f is primitive if
the specializations at arithmetic points are p—stabilized newforms, and is normalized
if aq (f) =1.
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Definition/Proposition. Let f be a normalized primitive Hida family of tame level
N. For each arithmetic point x € WAf(@p), let f, be the newform that corresponds
to the specializations f,. There exists a locally-free rank two Af —module V¢, called
the big Galois representation attached to f, coming with an action of Gy such
that the specialization Vi ®4, , @p recovers the G representation Vf\; attached to f,.

If the specialization at one (equivalently at all) arithmetic point 2 € Wy (Q,) of V¢ is

residually irreducible (i.e. T Jé is residually irreducible), then V¢ is a free Ay module.

3.2.2 Continuous functions and distributions

The two sets T' = Z; x Z, and T" = pZ, x Z; come with a right action of

7y Ly Z, Z,
g and  Xj(p) = .
DLy Ly D L Zp

Eo(p) =

respectively on row vectors. Let E/Q, be a finite extension, O its ring of integers,
and m the maximal ideal of O. Let Ct(Z,, Q) be the space of continuous functions
from Z, to O. For a character v : Z; — F, one can define the following O—modules

equipped with the m —adic topology:

A, ={f:T = 0st. f(l,2) € Ct(Z,,0); fla-t)=v(a)f(t)VaecZ,, tcT}

A, ={f:T = Ost. f(pz,1) € Ct(Z,,0); fla-t)=v(a)f(t)VacZ;, t €T}

The dual @—modules:

D, = Homy(A,,0), and D, =Homy(A,,O),

are equipped with the weak-x topology. The right action of ¥y(p) on T induces a left

(resp. right) ¥o(p) action on A, (resp. D, ). We also have similar actions of ¥{(p) on
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T', A, and D,,.

3.2.3 Group cohomology and étale cohomology

Let N, m be positive integers such that N, m and p are coprime pairwise. Let

Y =Y (1,Nm(p))|and I' = I'(1, Nm(p)). Let £ — Y be the universal elliptic curve

and denote by C), the canonical cyclic p—subgroup of £. Let .7 be the relative p—adic
Tate module of £ over Y. We fix a geometric point 7 : Spec(Q) — Y and define an
isomorphism:

%gZP@ZP

such that the Weil pairing on the left is identified with the determinant map on the
right, and the reduction mod p of (0,1) generates C,,. Let G = n¢'(Y,n). The
action of G on 7T yields an action of G on Z,®Z,, i.e. a continuous representation
p: G — GLy(Z,), where g - (x,y) = (z,y)p(g)~*. Since the action of G preserves
the canonical subgroup, p : G — I'g(pZ,) C GL2(Z,). Note that the anti-involution
v = v :=det(y)y" on T'h(pZ,) allows us to consider the group action either as a
right or a left action.

For a topological group G, define M((G) as the category of finite G—sets of
p—power order. Let M (G) be the category of G—modules which are filtered unions
U;M; such that M; € M(G). Let M(G) C My (G)Y be the category of inverse
systems of objects in M (G). By taking the stalk at 1, one has an equivalence of
categories between S (Yz ), the category of locally constant constructible sheaves with
finite stalk of p—power order at 1, and M;(G). One can define S(Y;) similarly to
M(G), and hence obtain an equivalence of categories between M(G) and S(Y). We
also have a functor M(I'g(pZ,)) — M(G) coming from p. We adopt the following
choice with regards to this functor: if F € M(I'g(pZ,)) is given as a left (respectively

right) T'o(p Z,)—module then we define the action of G via p (respectively p~1).
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For an inverse system of sheaves F = (F;);en € S(Ys), we denote by Hgt(Y, F)

the continuous étale cohomology defined by Jannsen. We also write:
L m HJ, I (Y, F;).

Similarly we can define the compactly supported cohomology groups Hy, C(Y F)

and H

ét,c

v, (Y, F).

(Y,F). Note that there is a natural surjective morphism HZ (Y, F) —

There is an isomorphism 7¢*(Yg, 1) = I, which induces the natural isomorphisms:
H}(Yg, F) = H'(I', F) = H'(T, F) (3.2.3.1)

where F € M;(G) is a discrete G—module, corresponding to F € Sy (V).

Let F € My(I'o(pZ,)) be a left I'g(pZ,)—module and assume that the I'o(pZ,)
action extends to a left action of 3;(p). Let S = X5(p) N GLy(Q) then the pair (I, S)
is a Hecke pair in the sense of Ash-Stevens [AS86a, Sec 1.1]. There is also a covariant
(left) action of D(T,S) the Hecke algebra on H(T', F) (notated (T, S) in [AS86a,
Sec 1.1]). Denote for each g € S, T(g) = I'gI" € D(I', S). Define for positive integers

n and a, where (a,p) = 1, the Hecke operators [GS93, Sec 1]:

rTn

0 n 0 1 0 a

For each (b, N) = 1, choose 3, € I'o(Npm) whose lower right entry is = a (mod N),

and 3! € T'o(Npm) whose its lower right entry is = a=! (mod N). Let

[a]N = T(ﬁzz)? [a}/N = T(ﬁ;)

In order to specify the maps between different levels, let Y (m) = Y (1, Nm(p))
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and let I'(m) be the corresponding modular group. Fix a positive integer s and let
r=1+wv,(s). Let 1, : Spec(Q) — Y (ms) be a geometric point lying above the point
n fixed above. Choose an isomorphism .7, = Z, @ Z, such that the Weil pairing on
the left is identified with the natural determinant map on the right, and the reduction

mod p" of (0,1) generates the canonical subgroup Cpr .. One can then compare the

group cohomology and the étale cohomology via the following commutative diagrams:

pry

HY(Y (ms)g, F) = HL (Y (m Hg (Y (m)g, F) —

|

SN—
@ I
Al

Hét(Y(ms)@,.’F)

Hl(r(ms)vf)L}Hl(F(m)uf) Hl(F(m),}")Lﬂl(F(ms),}")
s 0

For u, = € YXy(p), we have the following commutative diagram, and we
0 1

let pr,, be the composition of maps in its lower line:

HL(Y (ms)g, F) =225 HL (Y (ms)g. 5(F)) —23 HL (Y (1(s), Nm(p))g. F) —2 HL(Y (m)g, F)

; | |

H'(F(ms), F) —" H'(D(ms), ¢}(F)) —"= H'(L(1(s), Nm(p)), F) —=— H'(L(m), F)

Similarly for [y = € ¥y(p), we have the following commutative diagram,
0 s

and we let pry be the composition of maps in its lower line:

HL(Y (m)g, F) 2 HL(Y (1(s), Nm(p))g, F) =2 HL(Y (ms)g, #5(F)) — HL(Y (ms)g, F)

| | |

HY(T(m), F) —=— H'(T(1(s), Nm(p)), F) —Z— H'(D(ms), ¢3(F)) —— H'(D(ms), F)

R &

In these diagrams:
1. ¢i(F) is F with the action of I'y(p" Z,) conjugated by us.
2. A& is induced by F — ¢%(F): ¢+ ug - c.
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3. s is induced from: T'(1(s), Nm(p)) — T(1, Nm(ps)) — T'(ms), v — u; yuy;

and ¢3(F) = F, c—c.
4. ! is induced from ¢%(F) — F: ¢ — I - c.
5. % is induced by: T'(ms) — T'(1(s), Nm(p)), v — I;19ls; F — p*(F), c = c.

It can be shown that deg(s,)Ty = pry, o prs and deg(yy)T, = pry, o pr}, i.e. under
(3.2.3.1) the covariant (left) action of T, T} on the étale cohomology corresponds
to the covariant action of Ty, T; on the group cohomology respectively. Similar
correspondences hold for (d), (d)’ and [d]y, [d]’y. Now the anti-involution ¢ turns a
left (resp. right) action of ¥y(p) into a right (resp. left) action of ¥j(p), i.e. for any
F € M(I'y(pZ,)) whose right action of I'y(pZ,) extends to a right action of ¥y (p)
there is an isomorphism:

H;, (Yo, F) = H'(T, F).

The contravariant (right) actions of Ty, Ty, (d), (d)’ on the Hj (Yg, F) correspond to
the contravariant actions of Ty, T}, [d]n, [d]y on the H'(T, F).

Denote

a b , 1 0
P<Zp) = S GLQ(ZP) , P (Zp) = S GLQ(ZP)

0 1 pc d

AsTy(pZ,) acts transitively on 7" and P(Z,) is the stabilizer of (0, 1), we can identify

T" with P(Z,)\I'o(pZ,). Similarly we can identify 7" with P'(Z,)\I'o(pZ,). Let

p

b
Ly(p’ Z,) = ¢ € GLy(Z,) st. c=0 (mod p’),d=1 (mod p’)
c d
b
(' Z,) = ¢ € GLy(Zy) st. a=1 (mod p’),b=0 (mod p’ ')
pc d
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for any j € Z>1.

For any i € Z>1, we define the following left O[3 (p)]-modules:

( )

Lii = F T Z)\Do(pZy) — O/ m' st. fla-y)=v(a) f(v), Va € Z,, |

and v € I'y(p? Z,)\I'o(pZ,)

\

( 3

A=< f: l_‘/l(pj Zp)\Fo(pr) - O/mi St fla-v) = V(‘%) - f(7), Ya € Zp,
and v € T (p? Z,)\I'o(p Z,)

\
Let A;; = ligj A,i; and A, = lim A ;. Denote by A, € S(Y) the object cor-
responding to {A;;}; € M(I'o(pZy,)). Define the right O[X;(p)]—modules D; ; =

Denote by D, € S(Yg) the object corre-

V1,19 7

Homp (A, ,;,O/m') and D, = im D, ;.

sponding to {D;,; € M(T'o(pZy))}s. There are natural morphisms of O—modules:

Hélt(Y@7 Ay) — Hét(y@7 Au) = Hl(r7 “41/)
H(Yg, D) — Hy(Ye, D;) = H'(T, D)

H}

ét,c

(Y, D) = H;

ét,c

(Yo, D;) = H)(I',D,)

which are Hecke equivariant, where HI(I',—) = H’~}(T, Homgz(Div’(P}(Q)), —-)).
These isomorphisms allow us to define continuous Galois actions on the group co-
homology.

For a character x : Z; — 0%, let O(x) be the module O with an action y o det of
I'o(pZ,). The natural G—equivariant map A;, ®p D;, — O gives a Galois equivariant

cup-product pairing:
HYT,A) ®0 H:(I',D,) — O(—1) (3.2.3.2)

under which the covariant Hecke action on the left is adjoint to the same operators

acting contravariantly on the right. Let det : 7" x T'" — Z7 where ((a,b), (¢,d))
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ad — bc and det,, = v o det. Evaluation at this function gives a G—equivariant map

D!, ® D, — O(—v) and hence induces a Galois equivariant cup-product pairing:

H'(T,D) @0 H:(T,D,) = O(v)(-1), (3.2.3.3)

where v = v 0 €.y : Gg — O, under which the contravariant Hecke operators (e.g.
T;,) on the left are adjoint to the contravariant Hecke operators (e.g. T}) on the right

and vice versa.

3.2.4 Ordinary cohomology

For any Z, —algebra B, denote by S,(B) the set of homogeneous polynomials of
degree r in Blz,y]. We let ¥y(p) act on the left S,.(B) by: (¢- P)(z,y) = P((x,y) -
g). Corresponding to the p—adic I'g(p Z,)—representation S, = S,(Z,) is a locally
constant p—adic sheaf .7, on Yy (see (2.1.3.1)). There is then the following Hecke
equivariant isomorphism:

H;(Yg, ) = H'(T, S,)

with the Hecke operators acting covariantly on both sides. Via this isomorphism, we
define a Galois action on the group cohomology.

Dually, let L,(B) = Homp(S,(B), B) and let ¥y(p) act on the right of L,(B) by:
(H-v)(P(z,y)) = H(y - P(z,y)) where H € L.(B), v € ¥;(p) and P € S,(B). Cor-
responding to the p—adic I'y(p Z,)—representation L, = L,.(Z,) is a locally constant

p—adic sheaf .Z, on Yy (see (2.1.3.1)), and there is a Hecke equivariant isomorphism:

H,(Yy, &) =2 H'(T,L,)

with the Hecke operators acting contravariantly on both sides. Using this, we can

define a Galois action on the group cohomology.
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The evaluation map S, ® L, — Z, is I'y(p Z,)—equivariant and induces a Galois
equivariant pairing:

H'\(T,S,) ®z, H, (T, L,) = Z,(—1) (3.2.4.1)

which becomes perfect after inverting p. Here the covariant Hecke operators on the
left are adjoint to the contravariant Hecke operator on the right.

Denote by v, : Z; — Z; the character where z — 2. Evaluation at (zy; —
zay1)" € S, ® S, defines a I'g(p Z,)—equivariant map L, ® L, — Z,(—v,), and hence

induces a Galois equivariant pairing:

HY(T, L,) ® H'(T, L,) = Z,(r — 1) (3.2.4.2)

which becomes perfect after inverting p. Here the contravariant Hecke operators (e.g.
T;,) on the left are adjoint to the contravariant Hecke operators (e.g. 17) on the right.

From (3.2.4.1) and (3.2.4.2), one can define a Galois equivariant morphism:

st HY(T, 5,(Q,)) = H'(T, L. (Q,))(—7) (3.2.4.3)

which intertwines the covariant Hecke operators on the left (e.g. 7,) with the con-
travariant Hecke operators (e.g. T;) on the right. Notice that one can also define s,
directly via S,(Q,) = L,(Q,)(v) (see equation 2.5.0.4): the denominators appeared
are bounded by rl, ie. s, (im(H'(T,S,) = H'(T,S,(Q,)))) C im((H'(T,L,) —
HY(T', L,(Q,))))/r!, by Remark 3.3 in [BSV21].

By viewing two variable polynomials as functions on 7" we obtain a morphism
of left Z,[Xy(p)]—modules : S, — A; . Dually, we also have a morphism of right
Zy[Ey(p)]—modules: D; — L,. These induce Hecke and Galois equivariant mor-
phisms:

H'(T,S,)— H' (A, ), H'(,D,)— H'(T,L,)
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By applying Hida’s (anti-)ordinary projector e, 4 := lim, (7)™, these morphisms

become isomorphisms:
6'ord]¥1 (F> S?“) = e.ordfll (Fv A‘V’,-)? eérdfl1 (Fa DV,) = e;)rdHl (F> L?“)

Note that the pairings (3.2.4.1) and (3.2.4.2) correspond to the pairings (3.2.3.2) and

(3.2.3.3) respectively under these isomorphisms.

3.2.5 A—adic Poincaré pairing

For d € (Z /Np"7Z)* such that d = a (mod N) and d = b (mod p"), the diamond
operator (d) will be written as (a;b). We write ey : Gg — (Z /N Z)* for the mod N

cyclotomic character (factoring through Gal(Q((x)/Q)). Define for each s € Z>;:
Gs=1+pZ/p°Z) CTs:=(Zp°Z)"

together with its Z, —coefficients associated group rings:

A = LGl = Ay = Z,[T), A =lmA, = Z,[1 +pZ,)] — A =limA, = Z,[Z)].

S

For each i € (Z /(p — 1) Z), define idemopotents:

eizpél Z Cil[dej\

CG/J,p,1

Let
kit Ly — N ki(z) = W'(2)[(2)], (3.2.5.1)

and K; = K; 0 €y 1 G — A,
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Dropping the 1 and N, we put X (p*m) = X (1, Np*m) and let:
Hét(*)(m(m)@? Zp) = @Hgt(X(psm)Q, ZLyp).

There is a natural action of A, and A on the cohomology with the group element [a]
acting as the diamond operator (1; ).

Following [DR17, Sec 1], we fix a norm-compatible collection {(ps }s>1 of primitive
roots of unity of p—power order, and then similarly define Atkin-Lehner automor-

phisms wy: and w for the curve X (p*m). These actions satisfy the following relation:

W = (Lieee(0)wpr, w7 = (en(0); Dw, for o € G,

and we let them act on cohomology via pullback.

The Galois equivariant pairing:

()e. 1 el (X(p'm)g, Zpy) x eiHg (X (p'm)g, Zy) — As(=1)

(0.6)c, = Y _(0°,6)0",

JEGS

where (., .)s, on the left hand side is the natural Poincaré pairing, is linear in the first

and anti-linear in the second argument. The modifying pairing
[0, 0], = (0, wwpr - (T5)" - d)c,
is Galois equivariant and A;—linear in both its arguments:

[ e, - eiHa (X (p"m)g, Zp) x eiHg (X (p'm)g, Z,)((ex'11)') — As(ri) (1)

The pairing [., .]¢, are compatible with the pr;, map in the sense that the following
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diagram commutes:

_ [»]GS
i (X (0" m)g, Zp) x e HL (X (0 m)g, Zy)({ey' 1)) — Aspa (i) (=1)

PTiy Xprl*l

e HL (X (pm)g. Z,y) % e:Hh (X (p'm)g, Z,)((ex's 1)) —— % Ay (k) (1)

Taking the inverse limits, this yields a perfect Galois-equivariant A—adic pairing:
e HY (Xoo (), Zp)™ x € Bl (Xoo(m)g, Z,)™ (5 1)) = Au(mi) (=1)  (3:2.5.2)

where H!(—)d = ¢/ H'(—). The Hecke operators are all self-adjoint under this

pairing.

3.2.6 The big Galois representation

We upgrade the constructions in the previous Sections 3.2.3 and 3.2.4, from O-
modules to A—modules.

Let my be the maximal ideal of A. Let Ct(Z,, A) be the space of continuous
functions from Z, to A. Let & be one of the ; : Z) — A* (so k(z) = w'(2)[(2)]).

Define the following A —modules equipped with the m, —adic topology:
A, ={f:T = A st. f(pz,1) € Ct(Zy,A); fla-t)=v(a)f(t)VaecZ;, t €T}

Similarly we define its A —dual: D!

K

= Hom (A, A). These are also A[¥(p)']-
modules.
For any i,j € Z>1, we define the following left A[X{(p)]-modules:

Rz Z,) A s, @) TSGR eem L

and v € T'y(p? Z,)\Io(pZ,)
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K7Z7J

Let A, = @j Ay and AL = lim A ;. Let AL € S(Ye) be the object cor-
responding to {A] ;}i € M(['o(pZ,)). Define the right A[¥{(p)]-modules D ; =
Homy (A ;;, A/ mjy) and D, = Jim, D, ;- The object D; € S(Yy) corresponds to

{DLi € M(To(pZp))}i

There are natural morphisms of A —modules:

Helt(Y@“'A;) — Hét(Y@a A:-s) = Hl(Fa A;),
Helt(Y@>D:s) — Hét(YQvtp;/s) = Hl(F,D;),

H}

ét,c

(Yo, D) = H

ét,c

(Yo, D) = H, (T, D),

which are Hecke equivariant. These isomorphisms allow us to define continuous Galois
actions on the group cohomology. The natural G—equivariant map A, @ D, — A

gives a Galois equivariant cup-product pairing:
HYT,A) @y HY(T,D.) — A(-1) (3.2.6.1)

under which the covariant actions of Hecke operators on the left are adjoint to the
same operators acting contravariantly on the right.

Recall the notation I' = I'(1, Nm(p)). Let S = {(p) N GL2(Q) and for r € Zs,;
define:

/ s Zp Zp / T T
i (p") = ;S =X1(p")NGL(Q), T =T(L,Nm(p')).
P Ly 1+p 7y

We say that the Hecke pair (I',, S,) is compatible to the Hecke pair (I, S5) [AS86a,
Sec 1.1] if (T, S,) C ([, 5,), S, Ty = S5 and T'yNS 1S, = T, (note the changing

left-right conventions). If I', has finite index in I'y then for any S.—module M we
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define the induction, equipped with a right action of Si:

Indp M ={¢:Ts = M s.t. ¢(zy) = d(y)z~ ' Va el y € T}
(¢ 9)@)= > ¢()ygrVéediM, ge S,
ye€l\T'NSpzg~?!
Note that by definition, the Hecke pair (I';, S,.) is compatible to the Hecke pair (I, S;)
if r > s and also to the Hecke pair (I, S). Let

A T o7y — A, s, TR T ey L

and v € I'1(p* Z,)\I'o(pZ,)

and D; . = Hom(A; ,A;). One obtains D; = Hm_ Dy ..

Let S, act trivially on Z,, and consider the right Z,[S;]—module Ind?i Z,. The

map

Indf Z, = Dl c o [f s > o(r)f(r)]

rel\T1

is an isomorphism of right Z,[S;]—modules, hence induces the natural isomorphisms:
Hl(Fla Dllﬁl) = @Hl(rb Df,-;,r) = @Hl(rﬂzp)?

which are Hecke equivariant (following [AS86a], both corestriction and the Shapiro
map commute with the action of (I', .S) via restriction of Hecke algebras).
Denote

Hgt(Yw(m)@? Zp) = I&H Hélt(y<1a Nprm)@ Zp)a

where the inverse limit is with respect to pry,. Then

H'(T1,D,) = Hy (Yoo(m)g, Zyp) (3.2.6.2)
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where we use: lim Hg (Y/(1, Np'(m))g, Z,) = lim H'(T';,Z;) (one needs to choose
a compatible system of geometric points for Y (1, Np"(m)) and suitably compatible
bases for the corresponding Tate modules). Here, the contravariant Hecke operators
(e.g. Ty, [d]ly, [a];) on the left correspond to the contravariant Hecke operators (e.g.
T7,(d; 1)",{1;a)") on the right (defined via the compatibility with pr,,). Since x = &;,

the restriction maps yield a Hecke equivariant isomorphism:
H'(T,D,) = e;H' (1, D)
i.e. one obtains from (3.2.6.2):
H' T, D)) = e;Hy (Yoo (M) g, Zyp) (3.2.6.3)
and also

HA(T, D)) = e}, (Yoo (m)g, Z,) (3.2.6.4)

using [AS86b, Prop 4.2].

3.2.7 Proof of the A —adic tame norm relations

Following [ACR21, Sec 6] we adopt the constructions in [BSV21, Sec 8|, which applies
to three Hida families f, g, and h. Then we specialize to f a newform, g a CM Hida
family, and h a CM form attached to a Hecke character of infinity type (—1,0).

We first recall the set-up:
Set-up.
1. k,l > 2 are positive even integers.
2. f € Sk(T'o(Ny)) is a newform, ordinary at p.

3. K is an imaginary quadratic field.
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10.

. 11,19 are two Hecke characters over K of infinity type (1 —,0), (—1,0) with

conductors fi, fo respectively. As recalled in Section 2.4.1, one can associate

with 1, and 1y two theta series 6,, € Si(Ny,, Xp,) and Oy, € Sa(Nyys Xus)-

. We do not need to assume that 11 and 19 satisfy condtion (f) because p will

be chosen to be coprime with f;fs.

. We assume that ., xy, = 1.

N = lCIIl(Nf, qu, N¢2).

. p > 5, is a prime such that p = pp splits in K and (p, hxfif2) = 1, as in Section

2.4. Let L/K be a finite extension, large enough so that its ring of integers
contains the Fourier coefficients of f,0y,,60y,. Fix primes P|p|p of L/K/Q

respectively and let O C Ly be its ring of integers.

'y is the unique Z, extension of K unramified outside p. Following [BL18,
Sec 3], denoted by )y the unique Hecke character of infinity type (—1,0) of
conductor p whose p—adic avatar factors through I';. Then 9, can be written
uniquely as awé’l where « is a ray class character of conductor dividing fip
(using the fact that the quotient of these two characters has finite p—power

order with conductor dividing p and that p{ hg).

Hj po is the maximal pro—p quotient of the ray class group of K of conductor
fip>°. Let [a] be the image of a in Hj,yeo under the geometric Artin map. Note

that p { hx implies that Hj,peo = Hf(lp) x Ty,

The formal g—expansion [LLZ15, Sec 6.2]

o= Y [alg"o® ¢ O[Hju~]ld]
(a,f1p=1)
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can be specialized to

g= > al@o(@ale"2 € OIr][o) = Agldl
(a,ﬁp:l)
Under the identification of I'y with I' = 1 + pZ, (via I' = O%?p — Iy s =
arty(s)~'), one can view g as a primitive Hida family passing through the ordinary
p—stabilization of 6,,. Explicitly, for a general Hecke character 1) = azp{;f)*l such that

Y((m)) = m*~tx(m) for all integers (m, Nk, q(f)) = 1, one has x = aw' " and

o= > )l (@)g" @ € S (Nyp, aw' oe).
(a’flpzl)

Let xq be the adelic character attached to x, xx = xq© Nk/q, and ¥* = X' . Note

that the Hida family g* attached to 1* (defined similar as above) is just g @ y .
Let (r1,79,73) = (k — 2,1 —2,0). Let x = r,, and choose the square root x'/? of

this character defined by x'/2(s) = w(s)™/?[(u)'/?]. Following [BSV21, Sec 8.1], we

obtain a class
Ky, € HY (Y (1, Nm(p)), Ay, © Al @ Ag(—k"? — 17, 2))

by specializing the Hida families f and h to f, 6, respectively (note the change
from working with modules of locally analytic functions in [BSV21] to working with
modules of continuous function in [ACR21]). Following the notation of [BSV21], we

define:

i = (€ord ® €lrg @ €ora) 0K o HS 0 d,(Det) ") € H'(Q, H'(Y (1, Nm(p)), A,,)"®

HY(Y (1, Nm(p)), A7) @ H'(Y (1, Nm(p)), Ao)™ (K2 + 2 +11/2))

where k!/2 = g1/2 O€cyc, and K comes from the Kiinneth decomposition (see definitions
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of HS and d, in Section 2.5).

Proposition 3.2.1. For a prime number q and a positive integer m if (mq,pN) =1

then
(PTis DT DTV himg = ()i,
where
(i, 5, k) *
(q,1,1) (¢ = (T3 1,1)
(1,4,1) (¢— 1)1, 13,1)
(1,1,9) (¢—1)(1,1,77)
(Loa.q) | (a—1)g*62(q)(T,1,1)
(0:1,9) | (¢ —1)r~"2(q)q" (1, Ty, 1)
(@:0,1) | (q—1)s"2(q)g"/*(1,1,Ty)
If we also have that (q,m) =1 then
(¢,7,k) *
(1,1,1) (¢*—1)
(@:4,9) | (¢® = 1)g"/*k"?(q)
Proof. See equations (174) and (176) in [BSV21]. O

3.2.8 Another fix

This subsection will largely follow Section 3.1.1 in order to get rid of the unwanted
factor (¢ — 1) in Proposition 3.2.1. The pairings in (3.2.6.1) and (3.2.6.4) induce a

map:

H'(T'(1, Nm(p)), A,) — Homp(H; (U(1, Nmp), Dj,), A)(—1)

=~ Homy (e, H,

ét,c

(Yoo (Nm)g: Zp), A)(—1)-
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By localizing at the p—ordinary maximal ideal Z, of T'(1, Nmp™)uq corresponding
to the Hida family g* (using condition (})), one can go back and forth between coho-
mology of the open and closed curves, and étale cohomology and étale cohomology
with compact support:

HY, (Yoo, 23 = 1]

ét,c

(Koo Z)3 2 HY (Yoo, T2 (3.2.8.1)

(see Lemma 3.1.6). Note that this choice is compatible with taking the inverse limit

of the map
bayr s T(1, Nyymp" ) g — O[H‘%}r]

ord

attached to ayx % (see Proposition 2.4.1) to get:

oo - T(L, Ny,mp™)..q — O[Hgpe] = O[HP] @ O[T, ].

ord

Combining with the pairings (3.2.5.2) and (3.2.6.1), one obtains a morphism:
Mg H'(T(1,Nm(p)), A)™ = er, Hy (Yoo (NM)g, Zp)2 (€35 1)) (= K)

which is Galois equivariant, where the covariant action of T, [d]Yy, [a]; on the left

corresponding to the contravariant action of Ty, (d;1)", (1;a)" on the right.
Following Section 3.1.1, we obtain our amended class: ¢(m)x2, = (fmxs A )KL,

where

k2, € H'(Q,H' (Y (1, N(p)), A,)"®

H' (Y (1, Nm(p)), A)™ @op,; H' (Y (1, Nm(p)), o)™ (&2 + 2 + r1/2)).
(3.2.8.2)

We also have a parallel lemma with Lemma 3.2.1, but getting rid of the (¢ —1) factor
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as expected, similar to Lemma 3.1.5.

Important choices. Fix a choice of level N test vector g for g and let :

fESk(N,Xf)[f], g*:g@)x_la BESQ(N7X¢2)[6’¢'2]'
Fix also choices of maps (recall Y (m) = Y (1,lem(Ny, Ny, , Ny, )m):

Hg(Y(1,N(p))g, £, (1)) 1, Hg(YA(Np)g, £, (1)) = Hg(Yi(Ny)g, £r, (1)),
Hélt(YOO(Nm)@»Zp(l))ord — Hélt(YOO(N%m)Qva(l))orda

HA(Y (1, Nmi(p))g. Zo(1)) 5 HA(Y (1, Nmp)g. Z,(1) = HE(Y (1, Nyym)g, Z,(1)),

which are compatible with f, g*, and h.

Let m € N(Zx) such that m = Normg,g(m) is coprime to p. Let [ € L be a
split prime of K such that [ = Normg,([) is coprime to pm. Assume further that

(ml, Np) = 1. After tensoring with O, we can project (3.2.8) to:

o OIHP 00 O[]

ki € HY(QTY © Bl (Yao(Nyym)g Zp(D) (55 1)) (—71%)

®O[Dm] Hélt(Y(la Nwzm)@7Zp(1)) ®’H"(1,Nw2m) O[Hr(np)}(—k/Q)) (3283)

Using the geometric normalised Artin map, we identify I'” = Gal(K_/K) with the

anti-diagonal in (1+pZ,) X (1 +pZ,) =~ (’)g}p X Og?ﬁ and define:

Kae : I — Z,  where ((1 +p) V2 1+ p)Y) = (1+p)

Koo : T7 = A where  ((L+p) "2 (14+p)Y%) = [(1+p)].
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We then obtain a Galois equivariant isomorphism of AO[Hg )]—modules:

H (Yoo (Nypym) g, Zp(1)) (e 1)) (—6712) @4, . O[HY] @0 O[]

= Indiy Ao(Vigr*Re ) (—12/2),
see [ACR21, Eq 6.4]. Combining with the map:
v - He (Y (1, Ny,m)g, Zy(1)) QT(1,Ny,m) O[Hg))] = Ind%g(?(%%)
and using the {, map from equation (3.1.0.7) as in Section 3.1, we arrive at a class:
wh € HYQTY (-k/2) @ Ind2 ) Ao(Uiimni k) (—12/2).
Using Shapiro’s lemma, we rewrite the cohomology group as:

i € HY(K[m)?, T} (—k/2) © Ao(Uigthaphit *kol*) (—12/2)). (3.2.8.4)

Definition. For any L—valued Gk representation V' with a Galois stable O—lattice

T, the Iwasawa cohomology is defined as
Hllw(K[mpoo],T) = @ Hl(K[mpT](p)7T)

that lies in

Hllw(K[mpooL V) = Hllw(K[mpoo]a T) ® L,
where the inverse limit is taken with respect to the corestriction maps.

Under this notation,
w € Hiy (K [mp™), T} (1 = k/2)x12pr;2?)
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where x12 = 1 '; 'N""2/271 is an anticyclotomic Hecke character of infinity type

(1/2,—1/2). We are now in the position to state the ‘A —adic tame norm’ relations:

Theorem 3.2.2. Let m € N (ZLx) such that its norm m = Normg,g(m) is coprime
to NyNy, Ny,p. Assume that H* (K [mp"], Ty (1 — k’/2)X12<pl€Z2c/2) is torsion-free for all

such m and r > 0. Then there exists a collection of classes:
K??wlﬂbz,m S H}w(K[mpooL T}/<1 - k/2)X12‘)3)

such that given | € Lk a split prime of K satisfying (I, NyNy, Ny,pm) = 1, where

[ = Normg,q(l), one has the following norm relation:

Kml® , 00
NormK%m}}@) (Hfﬂ/h,wmm[) = P[(FrOb[fo,%,iﬁz,m)

where B(X) = P(1 — X - Frob| T (1)) ((k +1)/2)).

Proof. Similar to what we did in the proof of Theorem 3.1.8, using the fact that the
morphism .#g+ interchanges the degeneracy maps pr;, and pr;,, one obtains the result
but for T/ (1 - k/ 2)X12‘B’<¢220/ ?. Now we use the twisting result of Rubin (see [Rub00),

Thm 6.3.5]) to finish the proof. O
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Chapter 4

Triple product p—adic L—functions

and Selmer groups

4.1 'Triple product p—adic L—functions

We start with three primitive Hida families f, g, h of tame level N¢, Ng, Ny with
character xr, Xg, Xn and coefficients in Ag, Ag, Ay, respectively, such that x¢xgxn = w*
for some even integer a. For our application we want g and h to pass through
the ordinary p—stabilizations of 6,, and 6,, at some arithmetic points yy and z
respectively.

We may assume that Ag is a finite flat extension of Ap and consider only the
arithmetic points of W, (Qp) lying in Home o(Ag, @p). Moreover, despite the fact
that Ag and Ay, might not be regular, we can still consider the A —adic families g and
h coming from embedding Ag and Ay, into the rings of functions of suitable wide open
connected subsets Ug and Uy, of W(@p) defined over some finite extension L (with O
its ring of integers) of QQ, containing 1o and 2, respectively. We denote these rings

also by Ag and Aj. They are non-canonically isomorphic to O[T (so regular). The

prime ideal generated by 1 — [ in Ag corresponding to the point y, and similarly for
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(m — m) in Ay, with the point z.

Define k¢ and /ii/ > to be the composition /e A o Af and the fixed
choice of square root n,lnl/Q, respectively, as in equation (3.2.5.1). Define rgn(u) =
w(u) T )Mt as a character Zy — (Ag ® Ap)* (recall u = w(u)(u)) and also
choose its square root li;/lf . Denote Afgn = A¢ ® Ag ® Ay, and consider the self-dual
Galois Afgn —module:

-1 —1/2 —1/2
cyclif ’igh

VT

fgh = Vf@Vg@Vh(Efgh) where Efgh = €

where V,, is the big Galois representation attached to ¢ for ¢ € {f, g, h}. Its ‘spe-

cialization’ as a Ay —module:

Vi = Vi ® T,®@T3,(Eggn) where gy = €27/ kg2

cyc

is also Galois self-dual.
Definition.

1. Given a triple of integers (a, b, c),

balanced ifa+b>cb+c>a,c+a>0b,

(a.b,¢) is called f-unbalanced if a > b+ ¢,
a,b,c) is calle

g-unbalanced if b > a + ¢,

\ h-unbalanced if ¢ > a +b.

Moreover, ¢-unbalanced for ¢ € {f, g, h} is also called unbalanced.

2. Given a set ¥ C Z?, ¥ is called balanced if all of its elements are balanced.
Similarly, we have the same definition for unbalanced, f-, g-, and h-unbalanced

set.

78



For each choice of a triple of test vectors (f .8, Fl) for (f, g, h) of level N, Harris-
Tilouine [HTO01] (for N=1) and Darmon-Rotger [DR17]| construct a triple product
p—adic L—function:

LI(f, g, h) € Frac(Ag)® Ag & Ay,

that interpolates the square root of the central critical values
L(fi ® 91 ® hyn, ) = L(VI . (1),0),

where ¢ = (k+14+m —2)/2 given that k > [4+m (i.e. f-unbalanced) (see the explicit
definition of the LHS in [DR14, Sec 4.1]).

Subsequently, Hsieh [Hsi21] constructed an explicit choice of test vector for which
£(f, g h) € Ar& A& Ay

and satisfies a precise and simpler interpolation formula in the same range k£ > [ +m

(i.e. f-unbalanced).

Assumption 4.1.1. (})

1. ged(Ng, Ng, Ny,) is squarefree, (imposed for the local Rankin-Selberg calcula-

tion).

2. There is a triple of arithmetic points with weights (k, [, m) such that the local
sign eq(VIk g h,) = 1 for all primes ¢|N. Because the local sign at infinity
depends on whether the weights are balanced or unbalanced, this condition
implies that e(VIk g, h,) €duals to 1 in the unbalanced range and —1 in the

balanced range.

3. There is a classical point k such that V%, is residually absolutely irreducible

and p—distinguished. This implies the Gorenstein property of the local ring
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A¢ by Mazur-Wiles [MW86, Sec 9, Prop 2| and Wiles [Wil95]. Hida [Hid88]
then proved that the congruence module of f is isomorphic to A¢ /(¢) for some

nonzero ¢ € Ag, (¢) is normally called the congruence ideal of f.

The following theorem is Theorem A in [Hsi21]. The p—adic L—function con-
structed there is unique up to a choice of generator ( of the congruence ideal of f.

Nevertheless, the ratio by ( is a genuine p—adic L—function.

Theorem 4.1.1. Under the assumption (1), there exists a choice of a triple of test
vector (f,g,h) for (£,g,h) of level N and an element ﬁ;f(?,g,fl) € As @A ® Ay
such that for all triples of f—unbalanced arithmetic points (k,l,m), Eg’c satisfies the

following interpolation property:

L(V}, 1,0 0)
T £,

LH(E, g.0)*(k, 1, m) = Crim

where C 1 s an explicit nonzero constant depending on {p,fy, g;, hy}, fk# is the
newform associated to the p—stabilized form £y, and (,)n, is the Peterson inner prod-

uct.

Recall that we will choose g and h to pass through the ordinary p—stabilizations
of 0y, and 6,, at some arithmetic points y, and 2, respectively. We can specialize
Theorem 4.1.1 to obtain the existence of test vectors (£, g, h) for (£, g, h) of level N
and an element

LI, G, 1) € A

such that its square LI(f, g, h) = ££7C(f, §,h)? interpolates L(VIk oh»0)- Even though
LZJ;’C depends on the choice of ¢, the principal ideal it generates in A¢ will be indepen-

dent of that choice.
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4.2 The reciprocity law

For ¢ € {f, g, h}, assume that the Galois representation attached to ¢ is residually
absolutely irreducible and p—distinguished (for the definition, see [Hsi2l, p. 415]).

Restricting to Gg,, Vg admits a filtration:
J’_ —
0=V, =>Vy =V, =0

where Vi is free of rank one over Ay. The Frobenius acts on V; as multiplication by

a,(¢). One obtains the following filtration of Gq,—stable of Aggn —modules:
0C Vi, C FVl,,C F'VE  cVl,,

where
FVign = VEQVE @V (Eegn)
TV = (VEQVEQV+ Vi@V, @V + Ve & V] & V) (Zegn)

F! V}gh = (Vi @Vg®@Vp+ Ve @VEQ VL + Ve @ Vg @ VE) (Zegn).
If we also let

h _ A ~
VE" =V @V @V,
Vit =V QV; ® VY,

f ~ Ay
Ve = ViRV @V,

then

FVE | TPV, 2 VER e ViR e Ve, (4.2.0.1)

A similar notation will be used when we specialize to (f, g, h).
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Important choices. The class k3 in (3.2.8.3) that corresponds to the choice of

level N test vectors given by Hsieh’s construction in Theorem 4.1.1, gives a class
k(f,g,h) € Hl(@,VIgh) by the augmentation map O[H" x H?] — O (but as we

assume (p, hx) = 1, this map is constant). Corollary 8.2 in [BSV21] tells us that
I‘eSp(li(f, 9; h)) € H&al(Qw Vi‘gh) = im(Hl(va }\2 VI‘gh) L> Hl (sz VI‘gh))

As i is an injection, we may view res,(k(f, g, h)) € H'(Q,, F° Vigh).

Then the projection onto the first direct summand of (4.2.0.1) gives a a map:
projg : Hy(Q,, Vi,,) = H'(Q,, V{"). (4.2.0.2)

Building on the work of Kings-Loeffler-Zerbes [KLZ17], Bertolini-Seveso-Venerucci
constructed a three-variable Perrin-Riou regulator map [BSV21, Sec 7.1] (see [ACR21,
Prop 7.3] for details)

Log¢ : HY(Q,, V{") — A

which is an injective Ay —module homomorphisms with pseudo-null cokernel such

that:

Theorem 4.2.1. (Explicit Reciprocity Law) One has the reciprocity law:

Log* (proje(res,(r(f, g, h)))) = LI (£, g, h) (4.2.0.3)

Proof. This is the reciprocity law attached to the triple (f, g, h), which is Theorem A
in [BSV21]. ]
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4.3 Anticyclotomic Euler systems

We discuss the theory of anticyclotomic Euler systems together with applications

constructed by Jetchev-Nekovar-Skinner [JNS].
Set-up.
1. Fix an odd prime p.

2. Let K be an imaginary quadratic field. For an integral prime ideal m of K,
denote by K (m) the maximal p—subextension of the ray class field of conductor
m. For a positive integer m, denote by K[m| the maximal p—subextension of the
ring class field of conductor m. Denote by K the anticyclotomic Z, —extension

of K.
3. Assume that p = pp splits in K.

4. Let ®/Q, be a finite extension and O be its ring of integers. Let @ € O be a

uniformizer and denote by F = O/wO the residue field.

5. Let V be a finite dimensional representation of G over ®, unramified outside
a finite set of primes ¥ (in practice we want V' to be geometric), and let T' C V/

be a Galois stable O—lattice. Let A = V/T.
Assumption 4.3.1.

1. There exists a non-degenerate symmetric O—bilinear pairing: (,) : T'x T —
O(1) such that (z7,y®¢ ") = (x,y)? for all z,y € T, 0 € Gk, where ¢ € Gy is
a complex conjugation. This implies that V¢ = VV(1), where V¢ is the vector

space V but with g € Gk acting as cgc™*.

(a) Note that if the above pairing is perfect then we also have 7°¢ = TV(1).
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(b) For a finite extension M /K where M is c—stable with w a finite place of

M, denote w = w°. Then we have local pairings (induced from (, )):
HY (M, V) x H' (Mg, V) — ®, and H (M, T) x H'(My,T) — O.

The isomorphism H'(My,V) = HY(M,,V®) (where Gy, — Gar,: 0 —

coc and V — V¢ z +— x) combined with V¢ = VV(1) implies that
H'(M,, VY(1)) = H (Mg, V),

and the above local pairing is just the natural cup-product pairing.
2. (abs-irr): V is an absolutely irreducible G'x —representation.
3. (res-irr): T = T/wT is an absolutely irreducible Gk —representation.
4. (per): The pairing (,) : T'x T'— O(1) is perfect.
5. Hyp(o): There exists 0 € Gk such that:

(a) o fixes K[1](fpe)

(b) dimeV/(e — 1)V =1
Note that this hypothesis can be deduced from the existence of an element
o € (G acting nontrivially and unipotently on V. In particular, verifying
this hypothesis relies on some ‘big image results’, which often hold in practice.

Hyp(o) will then be used to show some finite Galois modules are free of rank 1

in the ‘Kolyvagin system argument’ (see more in [Rub00, Chap 5, Sec 2]).
6. Hyp(v): There exists 7 € Gk such that:

(a) 7 fixes K[1)(yee, O;77)
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(b) V = (y—1)V (ie. 1is not an eigenvalue )

This hypothesis ensures the ‘rigidity’ of an anticyclotomic Euler system (see
[Rub00, Sec 9.1]). Specifically, the standard assumption that there exists a
Z,, —extension of K in which no finite prime splits completely cannot be satisfied

for the anticyclotomic extension K_ (inert primes split completely in K_).

7. Hyp(¢): There exists ( € Gk such that ¢ acts on T = T/wT as multiplication

by some scalar 1 # a. € F*.
Definition. We assume that Hyp(o) holds.

1. For each positive integer n, the set of split-c Kolyvagin primes level n, denoted

ga

n

is a collection of primes [ € Q such that:

(a) 142p, and [ splits in K such that [ = [L.
(b) V is unramified at [ and [.

(c) Frob; lies in the Gk conjugacy class of o in Gal(f2,/K), where T, =
T/w"T, Q, = K[1]K () K(T,), and K(T,,) denotes the smallest exten-

sion of K such that Gg(r,) acts trivially on T,.
2. Denote £57 = {primes [ of K such that [|I for some | € £°}.

3. For £ a set of primes of K, we denote N (&) = {a = p{*...p% C O, where

pi E$7ai: 1 lfpljfpv and pl#pjvﬁ]}

For each prime v € {p,p} lying above p of K, we choose a G, —stable O-
submodule F.F (T') of T and denote F, (T') = T/F,/(T'). Define: F,f (V) = F,(T) ®o
L, CcVand F, (V) =V/E}(V). Let M/K be a c—stable finite extension. For each

place w of M, define the Greenberg Selmer group:

HL (M, V) = ker (Hl(M, V)= ]

w

H(M,,, V)
He, (Mo, V)

85



where the local condition is defined as follow:

’

ker(H'(M,,, V) — HY (M V) ifwtp

Hey (Mo, V) = § ker(H (M, V) = H\(My, F; (V) if w|p

ker(H'(M,, V) — H'(M,, Fy (V)  if wlp.

\

In addition, instead of H}, (M,, V), we may choose the following local conditions for

w|p:

HY(My, V) = ker(H (M, V) = H'(M,,V ® Byg)) (4.3.0.1)

H(My, V) = ker(H'(My, V) = H'(M,,V ® Beyis)) (4.3.0.2)

and define the Bloch-Kato Selmer groups Hj(M,V) and H;(M, V) with these new
conditions.
We can also define the Greenberg Selmer group for T"and A = V/T by propagating

the local conditions as follows:
1. Hér(Mw, T) is the preimage of Hér(Mw, V') from the map Hl(Mw, T) — Hl(Mw, V).
2. H}, (M, A) is the image of H},.(My, V) from the map H'(M,,, V) — H'(M,, A).

Assumption 4.3.2. (orth) For all squarefree integer m which is divisible by only
primes | € £ and all places w of K[m] above p, the local conditions H},.(K[m]., V)

and H}, (K [m)g, V) are orthogonal complements under the local pairing
H'(K[m]y, V) x H(K[m]z,V) — ®.

Note that this holds for places away from p by [Rub00, Prop 1.4.2]. If (orth) holds,
H} (K[m]y, T) and H}, (K[m|g, T) are also orthogonal complements (see [Rub00),
Prop B.2.4]).

86



A special case (of interests) of the Greenberg Selmer group local condition at

v € {p,p} is when

1. Ef(V) =0, we call it the strict condition

v

2. FF(V) =V, we call it the relaxed condition.

v

If the Greenberg Selmer group is defined by the relaxed and strict conditions at p
and p respectively, i.e. FF(V) =V and F; (V) = 0, then (orth) is automatic. We

call it the ‘relaxed-strict’” Greenberg Selmer groups.

4.3.1 The ‘relaxed-strict’ Greenberg Selmer groups

In this subsection, we show that the classes constructed in Section 3 do land in the
‘relaxed-strict” Greenberg Selmer groups. We assume that Hyp(o) holds and we are
in the Set-up of Section 3.2.7.

As recalled in Section 2.3.2, since f is p—ordinary, we have an exact sequence for
V' restricted to G,

0=V "=V =V =0 (4.3.1.1)

with dim(VfV’i) = 1 and the sub-representation va’_ is unramified. Since our con-
vention is that Q,(1) has HT weight —1, then the HT weight of va’_ is 0 and the
HT weight of va’+ is 1 — k. If x is an algebraic Hecke character over K of infinity
type (a, b) then the HT weight of its p—adic avatar yq (see our convention in Section
2.4.1) is —a at p, and —b at p.

Denote by V = VY (1—k/2)(x12y), where x12 = ¢y '¢p; 'N7"/2 is an anticyclotomic
Hecke character of infinity type (1/2,—1/2), V*t = va’+(1 — k/2)(x12) and V~ =
va’_(l — k/2)(x129). Beside the relaxed and the strict conditions, we can also define

the ordinary condition as follows:

Fr (V) =V for v|p.
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Notation. Denote by H éﬂ the subgroup of H'(K,V) where classes are unramified
at all primes v 1 p and satisfy the conditions a, 8 at p and p respectively, where
a, € {rel;str,ord}, and these conditions correspond to the relaxed, strict, and

ordinary condition respectively.

Lemma 4.3.1. The Bloch-Kato Selmer group satisfies

HyyWl K V) i 1>k,
Hi(K,V) = (4.3.1.2)
Hygod K V) if bk >1+2.

Proof. By using the following table of Hodge-Tate weights:

% V=
HT weight
—k—l | k—2-1
2 2
at p
HT weight
-k k412
_ 2 2
at p

and looking at the Panchiskin condition ([Gre94], [BK07, Thm 4.1(ii)]), one obtains
the result (e.g. if [ > k, the HT weights of both V* at p and p are < 0 and > 0

respectively). O

Proposition 4.3.2. Let m € N (%) such that m = Normg, q(m) is coprime to

N¢Ny,Ny,p, then the class constructed in Theorem 3.1.8 satisfies:

2 pem € H (KIm], TY (Y1qtbay ) (1)),

where the Greenberg Selmer group is defined by the relazed and strict conditions at p

and p respectively.

Proof. If w t p, because V' is conjugate self-dual, and pure of weight (—1) [Nek93, Sec
8.3], we have H°(K[m],,,V) = 0= H*(K[m],, VY(1)) i.e. H*(K[m],,V) = 0. Hence
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H'(K[m],, V) = 0 by the local Euler characteristic formula.

If w|p, by [BSV21, Prop 3.2], the class ! is geometric at p, thus its restriction at
w lands in H 91. The geometricity is preserved after taking the (direct sum) quotient
a. Moreover, H equals to the Bloch-Kato subspace H} ([Nek93, Prop 1.24(2)]).

Because we are in the case k = [ = 2, using Lemma 4.3.1, we have H} = H{,. O

Definition. The Iwasawa Greenberg Selmer group is defined as:
He, (K[mp™],T) = lim He, (K[mp'], T)

that lies inside

HE, (K [mp™), V) = H, (K[mp™), T) @0 L.

Proposition 4.3.3. Let m € N(Z57) such that m = Normg,g(m) is coprime to

N¢Ny, Ny, p, the class constructed in Theorem 3.2.2 satisfies:

K;iﬁlﬂbz,m S Hé‘r<K[mpoo]’ va(l - k/2)(X12‘I3))

where it is propagated from the relaxed condition at p and the strict condtion at p.

Proof. Similar to Proposition 4.3.2, one can show that the class vanishes at all
prime v { p by showing that each layer H'(K[mp"],, V) vanishes. For v|p, by us-
ing that x! lands in the balanced Selmer group, our classes will land in the im-
age of Héal(Qp,V}%leM) under the (direct sum) quotient {x. Furthermore, the
reducibility of the restriction of V},Yp to the decomposition group Gg, allows us to
write VHZJ’JF = Oy~ and Vei’_ = O(Y~°) for ¥ € {¢1,12}. Finally, we interpret
the ¢ map as quotienting by the direct summand (V' @ O(¢; ") ® O(¢, %) & VY ©
O @ Oy 1)) (1 — (k +1)/2), and we can show that the local condition at p is

V(1= k/2)(xa2p) (i-e. relaxed) and the local condition at p is 0 (i.e. strict). O
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4.3.2 About split-c Kolyvagin primes and the anticyclotomic
Euler system

For this subsection, in order to define an anticyclotomic Euler system, we will assume

that Hyp(o) holds.

Notation. Given .Z; a set consisting of primes of K for i € {1,2}, we write 4 D>.%

if the natural density of (% \ (£ NZ))) is 0.

Definition. (Euler system) Fix a choice of the Greenberg Selmer group. Let &
be a set consisting of primes of K such that £5>.£%7 for some n > 1. A (split-
o) anticyclotomic Euler system for (7',.Z) (in the sense of Jetchev-Nekovai-Skinner)

[JNS] is a collection of cohomology classes ¢ = {cy, where m € N (£)} such that:
1. ¢w € H, (K[m],T), where m = Normy, g(m)
2. For ml € N(.Z), where [ is a prime of K with [ = Normg,g(l), we have the
following norm relation:

COTES K [mi]/K[m] (Cm1) = P[(Frobfl)cm (4.3.2.1)

where P(X) = det(1 — Frob, ' X|TV(1)).

Remark 4.3.1. The asymmetry comes from Z7. In particular, for each | € Z7, there
is only one prime M|l of .Z% such that Froby lies in the conjugacy class of o in

Gal(Q,/K).

Definition. Fix a choice of the Greenberg Selmer group and given a set . consisting
of primes of K such that 525 for some n > 1. A (split-o) Ax —adic anticyclo-
tomic Euler system for (T',.Z) is a collection of cohomology classes Coo = {Cmoo €

HE, (K[mp™],T), where m € N(.Z) and m = Normg,g(m)} that satisfies the same
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norm relation (4.3.2.1). In this case, we have the following map (where v is a topo-

logical generator of Ay that maps to (1 + 7T') under the isomorphism Ay = Z,[T7])

- - oy /0D
H,, (K[mp™], T) = Hg, (K[m], T® Ag) = Hg, (K[m],T)

where the first identification is by Shapiro’s Lemma, and we denote its composition as
PO ¢y Then ey 1= Proj ey (Cmoo) € He, (K[m], T) forms a (split-o) anticyclotomic
Euler system, and we say that ¢ = {¢n, m € N(.Z)} extends along the anticyclotomic

7., —extension.
The main contribution of this thesis is the following theorem:

Theorem 4.3.4. The classes constructed in Theorem 3.2.2

Hjocyoi/fl,wz,m € H1Gr<K[mpoo]’ T}/(l - k/2>X12‘]3)
form a Ay —adic anticyclotomic Euler system for (T} (1 — k/2)x12, L), where
X12 = 7 05 'NTY2 s an anticyclotomic of infinity type (1/2,—1/2).
Proof. By combining Theorem 3.2.2 and Proposition 4.3.3, we obtain the result. [
Before finishing this section, we record two applications of [JNS].

Theorem 4.3.5. [JNS] Assume that p splits in K, that (abs-irr), Hyp(o ),Hyp(vy),
and (orth) hold. Let c be a A —adic anticyclotomic Euler system for (T,Z) that
extends along the anticyclotomic Z, —extension. If coresgpjrci # 0 then HE, (K, T)

has O—rank one.

Notation. For a topological Z, —module M we denote its Pontrjagin dual

M* = Hom (M, Q, / Z,)
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Under a stronger assumption, the machinery in [JNS] also gives us one divisibility

of the Iwasawa Main Conjecture without L—function (see more in [Ski, Sec 4.3]).

Theorem 4.3.6. [JNS] Assume that p splits in K, that (res-irr), (per), (orth) and
Hyp(¢) hold. Let c be a Ay —adic anticyclotomic Euler system for (T, £) that extends
along the anticyclotomic Z, —extension. If co = coresg)/kCi,00 € Hér(Ko_o, T) is not

Ay —torsion then one has
rank,— (X*) = rankA;((HéT(K;),T)) =1, where X = H., (K, T ® A",

and the following divisibility of characteristic ideals:

HL (K= T)\?
charA;{ (Xiors) | chara (%) 7
K too

where X[, . is the torsion part of X* as an A module.
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Chapter 5

Applications

5.1 Main applications

In this section, we present the proof of the main arithmetic applications of the Euler

system constructed. First we make precise the setup of our main applications.
Set-up.

1. Let K be an imaginary quadratic field.

2. Let p > 5 be a prime.

3. Let k,l > 2 be two positive even integers.

4. Let f € Sp(I'o(Ny)) be a newform, ordinary at p.

5. Let 11,19 be two Hecke characters over K of infinity type (1 —1,0), (—1,0)
with conductor f;, fo respectively. As recalled in Section 2.4.1, there are two
theta series 0y, € Si(Ny,, Xy,) and Oy, € Sa(Ny,, Xy,) associated with 1, and

1y, Assume that Xy, Xy, = 1.

6. Let N = 1CH1(Nf,N¢17N¢2).
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7. We assume that p = pp splits in K, and (p, hxfif2) = 1 as in Section 2.4. Take
L/K to be a finite extension, and assume it to be large enough so that its ring
of integers contains the Fourier coefficients of f, 6y, ,0,,. Choose primes P|p|p

of L/K/Q respectively and let O C Ly = ® be its ring of integers.

8. Let x12 = ¥; ' 'N~Y/2. This is an anticyclotomic Hecke character of infinity

type (1/2,—1/2) of conductor dividing fif.

9. Note that since (p, hx) = 1, we have K[1] = K.

Theorem 5.1.1. (Rank 1 result) Let ry,,, = Projg (K, 4,1) be the base class of

the Euler system in Theorem 4.3.4. Then we have

Kfxia % 0 = dlm(p Hér(K7 va(l - k/2)(X12>> =1

where we also assume that f is not of CM type. The Greenberg Selmer group local

condition will be the ‘relaved-strict” condition i.e. F,X (V) =V and F;"(V) = 0.

Proof. The assumption that f is not CM implies the big image result ([Mom81],
[Rib85]), in other words the image of G (open in Gg) inside Aut(V)(1 — k/2) =
GLy(Lg) contains an open subgroup of GLy(Z,). This induces the irreducibility
(hence absolute irreducibility) over Gx. Moreover, the image of Gal(K /K*®") is open

inside SLy(Z,) (as the derived subgroup), fixing xi12 hence containing a nontrivial

1 a
element o = . This implies that Hyp(o) holds true (see more in [LLZ15, Sec

01

7.1]). The condition (orth) is automatic for the relaxed-strict condition. Now we
are in a position to apply the Jetchev-Nekovar-Skinner machinery (Theorem 4.3.5) to

our anticyclotomic Euler system in Theorem 4.3.4, which finishes the proof. [
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Corollary 5.1.2. Assume the same conditions as in Theorem 5.1.1 and assume also

that . Then we have:

Kfx12 7& 0 == d1m<I> H}‘(K7 va(l - k/2)(X12)> =1

Proof. By using Lemma 4.3.1 and Theorem 5.1.1, we obtain the result. O]

5.1.1 The case k > [+ 2

Now we focus on the case when |k > 1+ 2| Assume that f is not of CM type (i.e.
we can apply Theorem 5.1.1) and ky,,, # 0. By Poitou-Tate global duality [Rub00,

Thm 1.7.3], one has the following exact hexagon:

H3 (K, V) — Hyy o (K, V(1)
resp
Hrlel,ord(K7 V) Hsltr,ord(K7 VV(]'))V
m /
HY(K,,V res,
Hér;(lgp,‘)) : H(}rd,ord(Kﬂ VV(1>>V
(5.1.1.1)

where V' = V(1 — k/2)(x12). Here we use notations in Section 4.3.1. We also have

the following observations.

1. By Lemma 4.3.1, H}

ord,ord

(K, V) will be the Bloch-Kato Selmer group H;(K, V)
while H!

rel,str

(K, V) will be our Greenberg Selmer group Hg, (K, V) that g,

. 1 2 HI(K 7V) 1
lands in. Note that H_ (K5, V), Fim’ and Hy, o,

(K,V) (by Theorem
5.1.1) are all one-dimensional. Furthermore, as V' is conjugate self-dual, we

have H!

str,rel

(K, V(1)) = Hy

str,rel

(K,V°) = H!

rel str

(K,V), i.e. HL

str,rel

(K, V¥ (1)

is also one-dimensional.
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2. Recall that we are assuming xy,,,, 7 0. We have:

Kfxrs € Hig oo (K, V) = HY o G(K V).

rel,str rel,ord

Firstly, we use the explicit reciprocity law to obtain the surjectivity of res, (as

its range is one-dimensional, and also the projection of the reciprocity law proj

v

in Theorem 4.1.1 maps to va’_). This implies that res;

is injective, i.e. an
isomorphism (as both of its range and domain are one-dimensional). Hence we

have H1

str,ord

(K,VVY(1))Y = 0 by the exactness of the top sides of the hexagon
(5.1.1.1). Moreover, as res; = 0 (by the exactness at H'/H} ;), we obtain

H (K VY)Y = HL (K, VY (1) =0.

ord,ord str,ord

This shows that Hj(K,V) = Hg,g ,,q(K, V) = 0. In the end, we arrive at:

ord,ord

i 20 = Hi(K,V/(1—k/2)(x12)) = 0. (5.1.1.2)

Note that in order to be able to apply the reciprocity law as well as the interpola-
tion property, we need the following conditions to hold. They are assumption 4.1.1,
which come from the Hsieh triple product p—adic L—function contruction that we

recalled in Section 4.1:

Assumption 5.1.1. (})

1. ged(Ng, Ng, Ny) is squarefree. (for the local Rankin-Selberg calculation)

2. There is a triple of arithmetic point (k, [, m) such that the local root numbers

€q (VT

frg, n, ) = 1 for all primes ¢|N.

3. The Galois representation attached to f is residually absolutely irreducible and

p—distinguished.
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Using the observations above, we obtain the following case of the Bloch-Kato

conjecture:
Theorem 5.1.3. (Rank 0 Bloch-Kato) Assume (%). assume further that:

(a) (non-Heeg): For Ny = N/ N where N; and N are the products of split and
inert primes in K, respectively, N, is a squarefree product of an odd number of

(inert) primes.
(b) [ is a newform of weight k > 4
() (p large): p> k+2
(d) (Ny,Dk) =1 and pt NyDg

Then for all anticyclotomic Hecke characters x1o of infinity type (1/2,—1/2) such that

(pN¢Dp, cond(x12)) = 1, (5.1.1.3)

we have

LOVY(1—k/2)(x12),0) £ 0 = HHE,VY(1—k/2)(x12)) =0.| (5.1.1.4)

Y

Remark 5.1.1. Note that for conjugate self-dual representation V' ie. VV(1) & V¢
one has L(V,0) = L(V*,0) = L(VY(1),0) so we can write the Bloch-Kato conjecture
in this way. Also (non-Heeg) combining with L—value nonvanishing implies that

k>1+2and e(f, x12) = 1.

Proof. The Hypothesis (non-Heeg) implies that f is not a CM form i.e. we can
apply our main theorem about Rank 1 (Theorem 5.1.1).

For 12 an anticyclotomic character of infinity type (1/2,—1/2) with conductors
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satisfying (5.1.1.3), we want firstly the implication:
LVY (1= k/2)(x12),0) #0 = L(V}y, 4, ,0) #0 (5.1.1.5)

Note that changing the pair (1, %) — (1, ax ') where Y is a ring class character
does not change xi12. Also the decomposition of the Galois representation V;% 0,
gives:

LV, 5,.+0) = LV (1 = £/2)(x12), 0)L(V} (1 — /2) (p12), 0)

where p1y = 17 b, “N~2 an anticyclotomic Hecke character of infinity type (1/2 —

1,1—1/2). Changing the pair (11,15) — (V1x,¥2x ") replaces pya with pio-x 2. We

will show that for any given 1, 1) there exists a ring class character y such that
L(VY (1 = k/2)(p1ax"?),0) # 0. (5.1.1.6)

Indeed, such a x exists (and will have g-power conductor where ¢ is a prime not
dividing pN; D) by Lemma 5.1.4 below and [CH18b, Thm 5.9] under the assumption

that:
1. (Dg, N; ) =1 (which holds by (a)).

2. p{ NyDg, p > k — 2 (holds by (d) and (p large)) and the p—adic Galois

representation attached to f is absolutely residually irreducible (holds by %(3)).

Choosing such a y, i.e. (5.1.1.5) holds, and noting that (k,[,2) lies in the f-
unbalanced range so we can use not only the reciprocity law (Theorem 4.2.1) but also
the interpolation property of the triple product p—adic L—function (Theorem 4.1.1).
Furthermore, we would want the implication:

L(VfT@wl@wQ?O) #0 = Kf,g,h #0 = Kfpis @ Kfxis = Kfxio 7& 0 (5117)
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Here, p1o = 1 "5 “N~4/2 which is a Hecke character of infinity type (1/2—1,1—1/2).
The Selmer group H}, (K, VfTem%) decomposes under V;% 05, = V(1 —k/2)(p12) ©
VY (1=k/2)(x12) into Hp (VY (1—k/2)(p12)) ® HE, (VY (1= k/2)(x12)) (check that the
local conditions at both p and p for the first direct summand are va’+(1 —k/2)(pr2g)),
and the classes k¢ ,,,, K1y, are projections to the correspondingly summand. For the

= one would need &y ,,, = 0, which would follow from
H}(K7 va(l —k/2)(p12)) = 0,

i.e. the Bloch-Kato conjecture for V/(1 — k/2)(p12) would need to hold.

However, because the projection projg in equation (4.2.0.2) maps to va’_(wl_l%_l),
the image of k¢ g5 under proje will not see x¢,,,, i.e. we actually obtain the following
implication:

L(v} 0)#0 = proje(kegn) #0 = Kfy, #0. (5.1.1.8)

f@wl 911,2 ?

We finish the proof by using the observation (5.1.1.2) to obtain that (5.1.1.4) is true

for x12 of infinity type (1/2,—1/2). O

Lemma 5.1.4. Given p; an anticyclotomic character over K of infinity type (a, —a)
and conductor §. There ezists a prime q such that (q,pf) = 1, and a finite order G

character x such that
px = pr,
where p is anticyclotomic character over K of infinity type (a, —a) with conductor q,

and v is a finite order anticyclotomic character of q—power conductor.

Proof. We first choose a prime ¢ such that (¢,pf) = 1, ¢ = qq splits in K, and
g = 1 (mod 2|0%|). As there exists 1y a Hecke character of infinity type (1,0)

and conductor q, if we denote p = (¢p1b; “)* then p is an anticyclotomic character
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of infinity type (a, —a) and conductor q. Let ©» = p;p~!. Then ® is a finite order
anticyclotomic character of conductor fg. Now as K is an imaginary quadratic field

(a finite order character of A% will be trivial on KZ), ¢ will be a character of:

[Li¢p O5 x [Liep KX ~ Ay
o3 K’

where P is a finite set consisting of primes A 1 ¢f that generates the class group of
K, and Op is the set of P—units. Using this identification, we can construct a global
character y such that it is anticyclotomic, its conductor divides fg, and x% = 1, for
all A[f (where we use 2|Of| divides ¢ — 1 for the inclusions Og — O, Of in order
to kill the image of OF). In the end, if we denote by x " 2p1p~! = v then v is a finite

order anticyclotomic character of g—power conductor. O]

Remark 5.1.2. The case k = 2 and | = 0 was worked out by Bertolini-Darmon in
[BDO05] and generalized by Longo-Vigni in [LV10], using the Euler system for CM

points on Shimura curves. Hence the restriction to k£ > 4 is on the theorem.

Remark 5.1.3. The case k > 4 and [ = 0 was worked out by Chida in [Chil7]. The
proof in [Chil7] uses the same methods as in [BD05] for the ordinary case, and CM
cycles on Kuga-Sato varieties for the non-ordinary case combined with level raising
results. In order to obtain such a level raising result, Chida assumed the following
hypothesis on the residual Galois representation attached to f, (which will hold for

all but finitely many primes if f is not of CM type):
Hypothesis (level raising):
L p>k+2and #(F;)*" >5

2. The residual Galois representation attached to f, denoted py, is absolutely

-1

irreducible when restricted to Gal(Q/Q(V/1*)), where I* = (1) = 1.
3. py is ramified at g if either:
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(a) gIN; and ¢> =1 (mod p)

(b) ¢||N; and ¢ =1 (mod p)

4. If ¢*IN and ¢ = —1 (mod p) then the restriction of p; to the inertia group at g

is irreducible.

This is Hypothesis (CR") in [Chil7].

Remark 5.1.4. Kings-Loeffler-Zerbes [KLZ17] also obtained similar results in the case
of the Rankin-Selberg product of two modular forms f and g. Nevertheless, they
require xsx, # 1 for their ‘big image’ hypothesis [KLZ17, Rem 11.1.3], meanwhile
our result concerns about x; = x, = 1. Moreover, our methods can be generalized
to totally real fields, which is presumably not true for the Euler system of Rankin-

Eisenstein classes used in [KLZ17].

5.2 The work of Castella-Hsieh (and Magrone)

We recall the results and methods that were used in [CH18a|, where they obtained
the analytic rank zero case of Bloch-Kato conjecture but with the Heegner Hypothesis

(Heeg), which contrasts with our assumption (non-Heeg) in Theorem 5.1.3.
Set-up.

1. fis a newform of Si(I'o(IV)), where k is even.

2. K is an imaginary quadratic of odd discriminant —Dg < —3.

3. x is an anticyclotomic Hecke character of infinity type (I/2,—1/2), where [ is

an even integer, such that its conductor is prime to N.
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Assumption 5.2.1.
1. (Heeg): N is a product of primes that split in K.
2. p12(k—1)INp(N) is a prime that splits in K.

3. f is p—ordinary.

The following theorem is [CH18a, Thm A].

Theorem 5.2.1. [CH18a/(Rank 0 Bloch-Kato) Under Assumption 5.2.1, the fol-

lowing 1mplication holds:

LUK 40 = HIE VYL~ k/2)(x) =0

Remark 5.2.1. For this implication to be non-vacuous, the condition | |I| > & |is neces-

sary. Indeed, L(f, x, k/2) # 0 implies that ¢(f, x) = 1. Combining that with (Heeg),

we obtain |[| > k.

When ||| < k|, soe(f, x) = —1, the y—component of z; (some p—adic Abel-Jacobi

image of generalized Heegner cycles), form an anticyclotomic Euler system. In this

case, one has the following theorem [CH18a, Thm BJ.

Theorem 5.2.2. [CH18a/(Rank 1 result)
2iy 720 = Hy(KV/(1—k/2)(x)) = ®- 2y (5.2.0.1)

Remark 5.2.2. Under the generalized (Heeg), i.e. N~ is a squarefree product of even
number of inert primes, Magrone [Mag] in her thesis obtains a more general result
using the generalized Kuga-Sato varieties instead of generalized Heegner cycles, and

Brooks’ generalization of BDP in a quaternionic setting [Brol4].
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5.3 Updated picture

As a consequence of the results in this Section we can update the picture ®) described
in the Introduction.

Under the following setup:
1. fis a newform of S(I'o(N)) with k even,
2. K is an imaginary quadratic of odd discriminant —Dg < —3,

3. x is an anticyclotomic Hecke character of infinity type (1/2, —1/2), where [ is

an even integer, such that its conductor is prime to N,

4. N = N*TN~, where N* and N~ are the product of split and inert primes in K

respectively, and N~ is squarefree,

we obtain the following updated table

(Heeg) [CH18a],[Mag] (non-Heeg) This thesis
(number of inert primes [N~ is even) || (number of inert primes [N~ is odd)
1%¢ quadrant 274 quadrant
L<k e(f.,x)=-1 e(fixi2) =1
ES of generalized Heegner cycles Bloch-Kato conjecture for rank 0
34 quadrant 4™ quadrant
L=k e(f,x) =1 e(fixiz) = —1
Bloch-Kato conjecture for rank 0 My ES from diagonal cycles

We finish by noting that the modularity theorem associates each rational elliptic
curve a newform f of weight 2, hence our anticyclotomic Euler system fits right in
the 4" quadrant. But the Bloch-Kato result for analytic rank 0 that fits in the 27¢

quadrant was taken from [BDO05] and [LV10].
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Remark 5.3.1. Notice that we do not use any Hypothesis (Heeg) or (non-Heeg)
in our construction. With a slight modification in the construction, we expect a
new anticyclotomic Euler system in the 1% quadrant. Using a different reciprocity
law in Theorem 4.2.1 (projg that maps cohomology classes to £g), we get classes in
Hi(K, VY (1=k/2)(x12)) and HE, (K, VY (1—k/2)(p12)). By specialising to [I| > k, we
hope to recover the Bloch-Kato conjecture for rank 0 results of [CH18a] and [Mag] in
the 34 quadrant using the non vanishing result of Hsieh [Hsi1l4, Thm C]. In particular,
we expect the Euler system constructed in this thesis to control the arithmetic results

of the whole table!
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