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WEEK 1

LoagIsTIcS

Ta: John Hopper

Email: jshopper@math.ucla.edu, (jshopper@g.ucla.edu also works)
Office: MS 3921

OH: Monday Thursdays 12:30-1:30pm

GENERAL PROOF WRITING

Exercise 1.1. Write out truth tables for P, Q, PV Q (or), P = Q, Q = P, not
P — not @, and not Q = not P. Are any of these the same?

The following is an interesting exercise into proving or statements, it may be
helpful to think of the above truth table.

Exercise 1.2. Let a and b be integers, prove that if ab is even, then a or b is even.

You can define a to be even if it can be written as a = 2k for some integer k£ and
odd if it can be written as 2k + 1 for k£ an integer. You may assume that a number
either even or odd but not both (in fact try one proof with this fact and try a proof
without it).

Solution: The idea is if I want to prove an “or” statement there are generally
two good ways.

(1) is by contrapositive that is in this case show if neither a nor b is even (that
is they are both odd), then ab is not even (i.e. odd). This works well when the
negative statements are well characterized as in this case ‘not even’ is ‘odd’ and
still something useful to assume in the proof.
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2 JOHN HOPPER

(2) is by cases that is in case 1 assume a is even, in this case we are automatically
done. In case 2 assume a is odd, and now show that if a is odd and ab is even then
b is even. (this second method is annoying to do rigorously in this case, but there
are other ‘or’ proofs where this method is the easier of the two). Another way to
think of this is to note that a or b on a truth table is the same as not a implies b.

(3) As with most math there are other options, these are two of the most common
ones.

The following is some practice on for all and there exists statements

Exercise 1.3. Determine which of the following is true, for those that are false
what is the negation of the statement?:

(1) For all n,m € N there exists an p € N where p > m - n.
(2) Yn e N, Vm € N, 3p € N such that p > m/n.

(3) ¥n € N 3p € N such that for every m € N, p > n-m.
(4) 3p € N such that ¥n,m e Np > n-m.

INDUCTION

The following is in my mind the most classic type of induction problem, it is 1.1
from the book, after it I have a similar one you can do on your own.

Exercise 1.4. Show that for all n € N that tn(n+1)2n+1) =1+ ---+n? =
> i (Bonus: do higher sums you can find the formulas here:
http:// www.math.com/ tables/expansion/power.htm)

Proof. We only need one base case when n = 1 and we can see that §(1)(1+1)(2-

1+1) = 123 =1 which is indeed equal to 3;_, i> = 12 = 1.

For the Inductive step we have the following inductive hypothesis, (IH): for some
n €N that gn(n+1)2n+1) =Y %

We want to show that assuming the IH that the statement is true for n+ 1, that
is 2(n+1)((n+ 1)+ 1)2n+ 1) +1) = L2,

To show this we start with §(n+1)((n+ 1)+ 1)(2(n + 1) + 1) and simplify and

make it look like something plus gn(n + 1)(2n + 1) to use the IH:

é(n +1)(n+2)(2n+3

= é(n +1)(n)(2n +3) +

gn+D«n+D+Jﬂﬂn+D+J):

)
%n+D@n+$
2
6

= é(n+1)(n)(2n—|—l)+ [(n+1)(2n+3)—|—(n—|—1)(n) .

We can now apply the IH to see that
é(n +1)((n+1)+1)2n+1)+1)= ZZQ + %[(n +1)(2n+3) + (n+ 1)(n)]

If we simply we can see that (n+1)(2n+3)+(n+1)(n) = (n+1)(3n+3) = 3(n+1)?,
and thus we have that

n+1
é(n—l—l)((n—l—l)—i—l)( n+1)+1) Zz+ [n—i—l (2n+3)+(n+1)( } Zz—i—n—i—l Zz



DISCUSSION NOTES - MATH 32A 3

We have thus shown the inductive step and the base case and thus by the principal
of induction we have shown that all n € N that gn(n+1)(2n+1) =1+---+n? =

Z?:l i |
I like 1.11 from the book

Exercise 1.5. For each n € N let P,, be the statement that n? + 5n + 1 is even:
1. Show that P, = P, 1
2. Is it true that P, is true for all N, why?

Some fun Fibonacci sequence proofs:

Exercise 1.6. Let F,, be the nth term of the Fibonacci sequence i.e. F} = F5 =1
and F, 1o = F,, + F,,+1. Show that Z?:l F; = F,,12 — 1 (how many base cases do
you need?)

Exercise 1.7. Show that Y. | F? = F,F,11.

Exercise 1.8. Show that if n = 1,2 mod 3 (that is n is not divisible by 3) then
F,, is odd and if n = 3k for some k € N, then F), is even by strong induction.

Back to top
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WEEK 2

Warm up:
1. Determine if the following sets are bounded from above or not, if so state
their supremum:
(1) {1} u{4}u{e}
(2) {22:2>0}
(3) {—z*+4:z € R}
(4) {"T_l :n € N}
2. Determine if the following sequences converge if so state their limit:

1) n $in(n %)
(2) n®—n
(3) (52
(4) 3

nl
Exercise 2.1. Suppose that S;,S2 C R both are bounded above and have the
property that they contain their upper bound, that is sup .Sy € 51 and sup S2 € Ss.
Show that S; U Sy is bounded above and contains its own upper bound, sup(S; U
SQ) € 51 US,.

Exercise 2.2. Is this true if we change union with intersection? That is it true that
51N S5 is bounded above and contains its own upper bound, sup(S;NSs) € S1NSs.
Prove or find a counter example.

Exercise 2.3. Suppose that S is a set that is bounded below. Let L be the greatest
lower bound i.e. L =inf{z: 2 € S}. Show that for all positive numbers ¢ > 0 that
there is an ¢ € S where L <z < L +e.

Hint: What does it mean for L + € not to be a lower bound.

Proof. We can argue that for all € > 0 that L+ € is not a lower bound, and as such
we know that the following statement is not true: “every z € S, x > L+". The
negation of that statement is exactly “there exists x € S where x < L+¢€”. We can
note that since x € S and L is a lower bound we know that = > L, thus we have
shown that there is an x € S where L < x < L+¢€, so certainly L <x < L+4e. O

The following are two follow up exercise on the same idea, the first is a partial
converse, the second is a connection with sequences.

Exercise 2.4. Suppose that S is a set that is bounded below. Let L be a lower
bound for S. Suppose further that for all € > 0 that there is an x € S such that
L <z < L+e. Show that L = inf{z: z € S}.

We can note that there are analogous statements that U is the sup of S if for all
€ > 0 that there is an x € S where U — e < & < U. Use this and your knowledge of
limits to solve the following;:

Exercise 2.5. Suppose that a, is an increasing sequence, that is a,, > a,, for
n > m. Suppose further that there is some R where a,, < R for all n, that is
{an}nen is bounded above. Show that lim,, 1 a, = sup{a, : n € N}.

Here is some more limit practice:

Exercise 2.6. Suppose that {a,}.en is a convergent sequence with limit a, and
r € R, r > 0 show that {r - a, }nen is also a convergent sequence with limit r - a.
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Proof. Fix € > 0. We want to show that there is an N € N such that for all n > N
that |r-a, —r-al <e.
Let ¢ = €/R, not that since ¢ > 0 that ¢ > 0. We can use the fact that
lim;, s o0 @, = @ so there is an N’ € N such that for all n > N’ that |a,, — a| < €.
Let N = N’, then notice that for all n > N,

|r-an—7-a|l=|r(an —a)|=r||a, —a| =r|a, —a| <re =e.
Where |r| = r since r > 0, as such we have shown that for all n > N that
|r - a, —7-a| < e which is what we wanted to show. (]

Exercise 2.7. Suppose that {a,}nen is a convergent sequence with limit a. Show
that {a2, : n € N} is a convergent sequence with limit a.

Exercise 2.8. Prove that a, = 2 is a convergent sequence with limit 0.

o
Hint: expand the power and the factorial as a large product and compare to a
simpler sequence, say %

Exercise 2.9. Prove the squeeze theorem if a,, > 0 is a sequence and b,, > a,, is a
different sequence that converges with limit 0 then a,, converges with limit 0.
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WEEK 3
Warm up: Solve the following algebraic expressions
1 2z—-1=2z
(2) sz—l —
(3) 22 =2

Given that following sequences s, converge to s, determine the possible values for
s.

(1) spy1 =28, —1

B

(3) snt1 =5

also: Determine if the sequence s, 12 = S,415, converge if s1 = 1/2 and sy = 47

What if s = 1/2 and s = 07 The professor wanted me to go over the following
homework problem which is the squeeze theorem:

Exercise 3.1. Suppose that (s), (as), (bs) are all sequences where for all n € N
we have that a, < s, < b, and we know that lim, ;1o ayn = s = lim, 400 by
Show that lim, 4o S = S.

Exercise 3.2. Suppose that (¢,) and (s,) are sequences where |s,| < t, for all
n € N, conclude that if lim, 4 ¢, = 0 then lim,,, - s, = 0.

The following is a problem closely related to one of your homework problems:

Exercise 3.3. If (a,) is a sequence and lim,,_, - a, = a and (b,,) where b, = a,
for all but finitely many n € N. Show that lim,,_, ;- b, = a.

The following is an exercise around recursively defined series.

Exercise 3.4. For this whole exercise we will be working with the recurrence

relation: x40 = %

(1) Show that 2Zns2ffnst — 2Tntl®on for o]l € N, conclude that 222t —
2“% for all n € N.

(2) Show that 2|zp+2 — Tpt1| < |Tpt1 — Tnl-

(3) Argue that 2|w,45 — 22258 | < |24, — 22220 for all n € N.

(4) Argue that for all n € N that |2,42 — 22| < Z{ay — ay].

(5) Conclude that the sequence x,, converges to 2“52%

Back to top
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WEEK 4

Warm-up: Determine if the following sequences are increasing, decreasing, and/or
bounded.
n!
(1) Tn = (=n)™
(2) z, =log(n+1)
(3) @, = log(n)

n

MONOTONE SEQUENCES AND e

Here is a fun-ish exercise proving the existence of the number e.

Exercise 4.1. Consider the sequence s, = Z?:l % First compare with the se-

quence T, =1+ ", ﬁ and argue that s, is bounded. Conclude that there is

sum number e = +_of L.
1= 2
Exercise 4.2. Show that if z,, > 0 is a bounded increasing sequence if and only if

is s, = log(x,) a bounded increasing sequence.

Exercise 4.3. Using that x,, = (1+ )™ is a bounded increasing sequence. Bonus:
Using the fact that lim,, 1 log(z,) = log(lim, — 1 o ) to show that the limit of
the above problem is e (hint: it will be useful to use the hint twice)

INFINITE SEQUENCES AND CAUCHY SEQUENCES

Exercise 4.4. Suppose that z,, > 0 for all n € N and lim,,, oz, = +00 let

1

$n = (11 ;) show that lim, 4 s, = 400

Hint: If you know that there is an N where s, > M for all n > M is there a
time where s, > M/2?

Exercise 4.5. Suppose that lim, . s, = —00, show that there the sequence s,
is bounded from above.

Exercise 4.6. Show that if x,, is a Cauchy sequence, the show by hand (without
limit theorems) that the sequence s,, = x,+1 — x, is Cauchy. (Bonus: what is its
limit?)

Exercise 4.7. Suppose that z,, is a Cauchy sequence. Let t,, be a sequence given
by the recurrence relation t,, = t,—1 + x, — x,—1 and t; = 100. Show that the
sequence t,, is Cauchy.

Back to top
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WEEK 5

Warm-up: Which of the following have an increasing subsequence? Decreasing
subsequence?
(1) an=(=1)"-2

(2) bn = (7)"
(3) en = 232%9
(4) d, = —n?
0 n=3k
Exercise 5.1. Suppose that z,, = ¢ 22 n = 3k + 1 show that there is no subse-
23 n=3k+2

quence that converges to 12.

Exercise 5.2. Show that if lim,, 4 a, = 400, then every subsequence a,, we
have that limy_, 4 ap, = +o00.

Exercise 5.3. Using the previous exercise, conclude that there is no decreasing
subsequence of a,, (same a,, from above).

Exercise 5.4. Suppose that b, has no decreasing subsequence. Show that b, is
bounded from below.

Hint: A proof by contrapositive may be helpful

Exercise 5.5. Show that if every subsequence of a,, is bounded then the original
subsequence is bounded.

Hint: It may be easier to do a proof by contrapositive.
Back to top
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WEEK 6

Warm-up which of the following are continuous functions on R\ {0}?
1
(1) cos(1/x) )
(2) sin(x?)el/*
(3) sinl(m)
(4) cos(1/z)x? — sin(1/z)

Exercise 6.1. A function f: R — R is said to be a-Hélder continuous if |f(x) —
f(W)] < (z —y)®. Show that for any 0 < oo < 1 an a-Hélder continuous function is
continuous.

Exercise 6.2. Prove that the function is not continuous at 0.

xTr =

sin(l/x) z#0
0

Exercise 6.3. Show that if f is continuous at 0 and g is not continuous at 0, then
f -+ g is not continuous at 0.

Exercise 6.4. Find a pair of functions f and g that are not continuous at zero,
but f 4 g is continuous at zero.

. +oo 1
Exercise 6.5. Show that 1 Tge < too.

n=

Exercise 6.6. Show that 375 snln) 4

n=2 'n,3/2

+o0 n!
n=1 (ny1)2"

Exercise 6.7. Determine if :;2 ((721312); converges or not. Similiarly if >

converges.

Back to top
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WEEK 7

Exercise 7.1. Prove that for any constant r € R there is an angle 6,. € [0, 5] where
sin(6,) = cos(r6,).

Proof. Consider the function f(z) = sin(z) — cos(rz) note that f(0) = —1 and
f(w/2) > 0.

Case 1: If it is equal to zero we are done as sin(7/2) = cos(rm/2).

Case 2: If f(r/2) > 0 by IVT we know that there is a x € [0, 7] where f(z) =0
and this x solves the problem. ([

Exercise 7.2. Given that /z +y — /2 < \/y for 2,3y > 0 show that f(z) = /z is
uniformly continuous on [0, 4+00).

Exercise 7.3. Let g(x) be a continuous function on [0,+00) with the property
that for all € > 0 there is an N € N such that if x > N x € R that |g(x)| < e. Show
that g(z) is uniformly continuous.

Proof. Fix € > 0.

There exists and N such that if x > N then g(z) < §.

We can note that ¢ is continuous on the closed interval [0, N + 1] and thus
uniformly continuous, that is there is a ' > such that if |z — y| < § with z,y €
[0, N + 1] then |f(x) — f(y)| <e.

Let 6 = min{d’,1}. If |z — y| < § then either z,y > N or z,y < N + 1. In the
first case we have that |f(z) — f(y)| < |f(@)|+|f(y)| < €/2+¢€/2 = € by the triangle
inequality. In the second case we have that z,y € [0, N 4+ 1] and |z — y| < ¢’ so

[f(@) = fly)l <e O

Exercise 7.4. Suppose that f(z) : [0,+00) — R is a continuous function that
is uniformly continuous on [1,000, +00) show that f in uniformly continuous on
[0, +00).

Proof. Fix € > 0.

Note that f is continuous on the closed and bounded interval [0, 1,002] and thus
uniformly continuous on this interval. Thus, there exists a d; > 0 such that if
|z —y| < &1 and z,y € [0,1002] then |f(z) — f(y)| < e.

We are given that f is uniformly continuous from [1000,+00) so there exists
d2 > 0 such that if |z — y| < d2 and x,y > 1000 then |f(z) — f(y)| < e.

Define § = min{dy, d2,2}. If [x —y| < 0 < 2 and x,y € [0, +00) then we can note
that either 0 < z,y < 1002 or =,y > 1000 (this is because otherwise if < 1000
and y > 1002 then |z — y| > 2 contradiction that |z — y| < d).

In the first case we have that z,y € [0,1002] and |z — y| < & < §; so we know
that | £(z) — £(3)| < .

In the second case we have that x,y € [1000, 4+o00) and that |x —y| < d < d2 so
we know that |f(x) — f(y)| <e.

Thus, in either possible case we have that |f(z) — f(y)| < €, so we have shown
that if |z — y| < 6 then |f(z) — f(y)| < € proving the statement. O

Exercise 7.5. Show that the sequence a, = e/2 -

Cauchy sequence.

n J .
el et/ = H?:lel/2 is a

Exercise 7.6. Show that if f : R — R is continuous (but not necessarily uniformly
continuous on all of R) and a, is a Cauchy sequence, then f(a,) is a Cauchy
sequence.
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Remark 7.7. The above exercise 7.6 does not show that general continuous functions
send Cauchy sequences to Cauchy sequences. For example f(x) = % is continuous
on R\ {0} but it sends the Cauchy sequence 1/n to the sequence n which is not
Cauchy, so the assumption that f was continuous on all of R was important for
the exercise (as failing to be continuous at a single point in R allows for counter

examples).

Back to top
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